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1 Introduction

In this paper, we investigate the stability of time-periodic flow of the compressible
viscoelastic system

Op + div(pv) = 0,
p(Ow +v - Vo) — vAv — (v 4+ )Vdive + Vp(p) = B2div(pF 'F) + pg, (1.1)
OF +v-VF = (Vvu)F

in an infinite layer €:
Q={r=(,23); 2 = (z1,22) ER* 0 < 23 < 1}.

Here the superscript '- stands for the transposition; p = p(z,t), v = v(z,t) = T (v!(x,1),
v (z,t),v3(z,t)), and F = F(a,t) = (FY(x,t))1<; j<3 are the unknown density, velocity
field, and deformation tensor, respectively, at the time ¢ > 0 and = € Q; p = p(p) is the
given pressure; v and v/ are the viscosity coeflicients satisfying

v>0,2v+3/>0.

We also assume that ”;, < 1 for some positive constant vy > 0. S > 0 is the strength
of the elasticity. In paticular, if we set 5 = 0, the system (1.1) reduces to the usual
compressible Navier-Stokes equations. We assume that p/(1) > 0, and we set v = /p/(1).
g is a given external force which has the form

g= g1($3>t)617 €1 = T<17070)7 gl(oat) = gl<17t) = 07 (12)

with ¢! being T-periodic function of time ¢, where 7" > 0.
The system is considered under the non-slip boundary conditions

U|gg=01 = 0, (1.3)
and the initial condition
(p, v, F)|i=0 = (po, vo, Fo). (1.4)
We also assume that (pg, Fp) satisfies the following identities
div(po "Fy) = 0, podetFy = 1. (1.5)
According to [15, Proposition 1], the conditions (1.5) are invariant for ¢ > 0:
div(p'F) = 0, pdet F = 1.

Under a suitable condition on g, the problem (1.1)-(1.3) has a T-periodic solution u =
(p, v, F') satisfying the following properties:

p=1, =0 (x5, t)er, F = F(xs,t) = (V(z — " (w5,t)er)) .
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Here 9! is a function satisfying
D (gt +T) = 9\ (5,4), O = o'

The aim of this paper is to study the stability of the time-periodic parallel flow .

The system (1.1) is given as one of the basic models describing motion of compressible
viscoelastic fluids. We refer to [5, 12, 16] for the physical details and [3, 6, 7, 8, 14, 15]
for the recent progresses related to the mathematical analysis.

Let us mention the related work about the stability of parallel flows. The parallel flow
is given as the simple example of the shear flows in the hydrodynamic theory. For the
usual compressible case, Kagei [10] studied the stability of stationary parallel flow, and
Brezina and Kagei [2] and Brezina [1] investigated the stability of time-periodic parallel
flow. As for the mathematical study of the stability of parallel flows of viscoelastic fluid,
the incompressible case is studied by [4]. It was shown in [4] that the parallel flow is
exponentially stable even if the space-periodic condition is not assumed. The compressible
viscoelastic case with large [ is considered in [9]. It was shown that the velocity part
of the non-stationary parallel flow in [9] decays exponentially as ¢ — oo and its stability
holds for v > 1, v > 1, § > 1. Moreover, the result in [9] differs to that in [10] when
v> 1, 7v> 1. In fact, when § = 0, the solution behaves like the stationary parallel flow
with non-zero velocity as ¢ — oo. On the other hand, if § > 1, the solution tends to
some motionless state with a nontrivial deformation as t — oo.

In this paper we extend the analysis of [9] to the case of time-periodic parallel flows.
We shall show that the time-periodic parallel flow is exponentially stable under sufficiently
small perturbations, if v, v and B are assumed to be sufficiently large compared to g'.
We briefly explain the main result of this paper in a more precise way.

We denote a periodic cell by D:

D ={z = (2, 23);0' = (x1,m3) € Il_ T2x, 0 < 3 < 1}.

Here T2z = R/ (Z-”) Z,o;>0,j=1,2

The main result of this paper states that if v > 1, v > 1, § > 1, then (1.1)—
(1.5) has a unique global solution (p,v, F') such that (p,v,F) € C([0,00), H*(D)) and
1(p(t),v(t), F(t)) — (1,9(t), F(t))|| = — 0 exponentially as ¢t — oo under a small initial
perturbation (py — 1,v9 — 9(0), Fy — F(0)) € H*(D).

The proof of the main result of this paper is given by an argument similar to that
of Qian [14] which is based on the Matsumura-Nishida energy method [13]. To estab-
lish a priori estimates, we consider the following problem for the perturbation w(t) =

(@(t),w(t), G(t)) = (p(t) — Lv(t) — (), F(t) — F(1)):

Oyp + 0104, ¢ + divw = fy,

Ow + 010, w — vAw — oV divw + 2V — B2divG

+ (w30, 0" )er + v(¢d2, 0Y)er — B2div(GTE) — BAH(GBO2 4 )er = fo,
0,G +9'0,,G — Vw — (Vw)E + w?0d,,E — (V)G = fs,

Vo = —div'G + "Ediv'G + f4,

{ Was=01 =0, uli=o = uo = (¢o, wo, Go)-

(1.6)
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Here 7 = v+ v and £ = F — I; I is the 3 x 3 identity matrix; f;, i = 1,2,3,4 are
nonlinear terms. To derive the L? energy estimate of u, we make use of the displacement
vector ¥ (z,t) = x — X (x,t) as in [3, 14, 16]. Here, X (x,t) is the inverse of the material
coordinate (X, t) which is constructed by the flow map:

W) = o((X.0).1), 1> 0

z(X,0) =X e .
Under suitable conditions on F' and X, F' is written by using ¢ as follows
F=F—FV (@ —v'e)) F+h(V(p—1vler)).

Here h satisfies h(V(¢ — ¥ (t)er)) = O(|V(¢ — ¥ (t)er)[?). Applying a variant of the
Matsumura-Nishida energy method [9, 14] to (1.6) and estimating the interaction between
the time-periodic parallel flow and the perturbation, we obtain the estimate:

t
Hu(t)”%ﬂxHQXH?’ +/ eicl(tis)”u(S)H?ﬁxmxm ds < CeicltHUOH?T{?xHZxH?n
0

provided that v > 1, v > 1, > 1, and the initial perturbation is sufficiently small. In
9], it is assumed that the external force g converges to some stationary force exponentially
as t — 00, from which it is expected that the time dependence of ¢ can be regarded
as a simple perturbation of the stationary force. Indeed, by taking into account the
exponential convergence of g, the non-stationary parallel flow is decomposed into the
stationary solution with zero velocity field and the exponentially decaying part; and the
latter part is treated as a simple perturbation of the former part because of its exponential
decay in time; in particular, the velocity field of the parallel flow converges to zero,
together with its time derivative. In contrast to the situation of [9], in this paper, the
parallel flow @ under consideration is time-periodic, and hence, the time fluctuation of
the parallel flow @ remains for all ¢. This requires a more detail analysis of the interaction
between the time-periodic parallel flow and the perturbation.

This paper is organized as follows. In Section 2 we introduce some notation and
function spaces. In Section 3, we state the existence of the time-periodic flow and then
give the main result of this paper. In Sections 4 and 5, we give a proof of the stability of
the time-periodic parallel flow based on the Matsumura-Nishida energy method [13]. In
Appendix, we prove the estimates for the time-periodic parallel flows.

2 Preliminaries
In this section, we prepare notations, function spaces and lemmata which will be

used throughout the paper. In this paper, we consider functions that are a;—periodic in
z; (j = 1,2) and therefore, we define D as

2
D:=]] T, x(0,1),

i=1
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where Ty, :=R/(a;)Z, a; >0 (j =1,2).
LP(D) (1 < p < 00) denotes the usual Lebesgue space on D, and its norm is denoted by
| - ||z2. Similarly H™(D) denotes the m-th order Sobolev space, and its norm is denoted

by [ - [[m-
H} (D) denotes the completion of C§°(D) in H*(D), where

Cy (D) :={f € C*| supp(f) : compact in D}.

We abbreviate {w = T (w!, w? w3)| w! € LP(D)}, and {w = T(w', w? w?)| wi € H™(D)}
as LP(D) and H™(D), respectively, and their norms are denoted by || - |[zr and || - || gm,
respectively.

The inner product of L?(D) is denoted by

(f.9) = /D f(@)g(@)dz, f.g € I3(D).

The partial derivatives of a function u in ; (¢ = 1,2, 3) and t are denoted by 0,,u and
Oyu, respectively.
We denote the usual divergence, gradient and Laplacian with respect to x by div, V,
and A, respectively. For any functions ¢, w = T (w!, w? w?), G = (G¥),<; j<3, we set
a¢ = {81’1¢7 ax2¢}7
ow = {0,;w')i =1,2,3,j = 1,2},
0G = {0,,G"]i,j =1,2,3,k = 1,2},
A= 831 + 8§2,

V' w' = 0y w' + Op,w?”.
We recall the Sobolev inequalities.

Lemma 2.1. The following inequalities hold:
HUHLOO(O,I) S CHuHHl(O,l) fOI' u € Hl(O, 1),

|ul|ee(py < Cllullg2(py for u e H*(D),
||u||L4(D) S C’||u||H1(D) fOI‘ u € Hl(D)

To estimate the linear terms whose coefficients include the time periodic parallel flow,
we use the following lemma.

Lemma 2.2. Let f € H'(D) satisfy the Poincaré type inequality || f|| 20y < C||V fll12(p),
and g € L*(0,1). The following inequality holds:

l9.f 20y < CligllL200 IV fll2(0).
This can be proved in a similar manner to [4, Lemma 7.6]. So we omit the proof.

Lemma 2.3. [10, LEMMA 8.3.] Let m be the nonnegative integer and 1 < o < s.
Suppose that F(x,t,y) is a smooth function on  x (0,00) x I, where I is a compact
interval in R. For |a| +2j = k there hold

1020 [F (. t, f)] fell e
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< {%(t,fl(t))nﬁnk_l+cl< FUONL+ DAl ™ HID Al [l
= Colt, ) Fllims + Calts AL+ D AN D Al L]l

where
(5]

L2k == Q197 fo D7),

IV f1(t)] 22, m = 0,
D m = 1
HBA {([[wwn%ﬁ DA )Y m>1
Colt, W)= S swp |l (et (e, 1),
(B < (), (B.1)#(0,0) *
Ci(t, f1(t)) := > sup |020L00F (2, fi(z,1))|.

. e
(8,1)<(e,3),1<p< o+

3 Main Result

In this section, we first introduce a time-periodic parallel flow, and then give the main
result on the stability of the time-periodic parallel flow.
We consider the time-periodic parallel flow defined as (p, v, F’), where

p=1, v =10 (x5, t)e;, F = F(x3,t) = (V(m — &1@3’25)61))—1 ,

?71(333,t +T) = 171(563,1%), zﬁl(xg,t +T) = zﬁl(xg,t), ot =o',

Here T' > 0 is some constant.
We also assume the compatibility conditions for g':

029'(0,t) = 02g'(1,) =0, t >0, j =0,1,2. (3.1)
Then the following assertions hold true.

Proposition 3.1. Let k = min {y } Assume that g* € HY(0,T; H*(0,1)) satisfies the

compatibility conditions (3.1). Then the system (1.1) has a time-periodic flow (p,v, F) =
(1,0 (z3,t)er, (V(z — 1/_}1(:173,75)61))_1) satisfying the following estimates:

C

7 1
1 2
sup s < =21 <1 + ) |
oy 19" ()55 0,1) 5 19" 371 0 722101

C 1
ol (1) 12
sup |[v-(t < — (1 + _> . 7
1e[0T] lo°( >HH“(O,l) 2 12 g ”Hl(O,T,H4(O,1))

sup ||8t271(t)||%12(071) <C (1 +

g .
s ) T
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The proof of Proposition 3.1 can be shown as in [9]. The detail will be given in the
Appendix.

We next consider the stability of the time-periodic parallel flow ( L0, F).

We set U(t) = (6(t), w(t), G()) = (p(t) — 1,v(t) — 5(t), F(£) — F(£)). Then the per-
turbation U(t) should satisfy the following initial-boundary problem

(0 + 0'0,, ¢ + divw = f, (3.2)
Ow + 110y, w — vAw — DV divw + y*V¢ — f2divG
+ (w0, 0t )er + v(¢02,0 ey — B2div(GTE) — B2(GPBO2,¢ )er = fo, (3:3)
0,G +v'0,,G — Vw — VwE + w?0,,E — ViG = fs, (3.4)
Vo = —div'G + "Ediv'G + f4, (3.5)

\’LU|13=0,1 =0,Uli=0 = Uy = (¢0, wo, Go)-
Here 7 =v+ 1/, E=F — I =V(¢'e;) and f;,i = 1,2, 3,4 denote the nonlinear terms;

fl = —le(¢w)7

_ v 2 -1 ve : 2¢
fo=—w-Vw+ m(—Aw +0,,0°e1) — delvw 17 ¢ . —I— 5 VQ(o)
B¢ T 2 71y 33 B T ST TE T
1+<bdlv((G E) 4 (92,4")G%er) + 1 +¢d1V(G G+o(F G+G F+G'G)),

f3=—w-VG+ VuG,
f1=—div(¢'G),

where )
Q6) = ¢ /0 PY(1+ s¢)ds, VQ = O(¢)Vé for || < 1.

Now we mention the main result of this paper about the stability of the time-periodic
parallel flow (1,0, F).

Theorem 3.2. Under the assumgtwn of Proposztzon 3.1, there are positive numbers vy, V1,
and By > 0 such that if v > vy, = +V > 72, ﬁ > (2, the following assertion holds. There is a

positive number €; such that if ug = (o, wo, Go) satisfies ||uo| m2xm2xmz < €1,wo € Hy(K2),
Jo @odx = 0, then there exists a unique solution (¢(t),w(t), G(t)) € C([0,00); H*(D)) of
the problem (3.2)-(3.5), and the perturbation U(t) = (¢(t), w(t), G(t)) satisfies

t
()12 222 +/ = luls) [ zrods < O™ luoll 2o
0

fort > 0.

Theorem 3.2 is shown by combining local in time existence theorem and a priori
estimate.

Proposition 3.3. Let to > 0 and (¢, w,G)|i=t, = (Po, w0, Go). If we assume |¢o| <

9 fQ (bodﬂ? 0 Wo - HI(Q),dIV((l =+ ¢0)T(G0 +F( _))) (1 + ¢0)d1V(G0 + Fo(tg)) 1
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then there are some numbers t1, C independent of ty such that the solution (¢, w,G) €
C([to, t1]; H*> x H* x H?) of (3.2)~(3.4) satisfying (¢, w,@)|i=, = (do,wo,Go) exists
uniquely and the following assertions hold:
8t¢7 atC’Y S C([t07 tl]? L2<Q))7
w e L*([to, t1]; H*(Q)), dw € O([to, t1]; L*(2)) N L2([to, t1]; H*(Q)),
1(@(t), w(t), GE) | m2xm2x iz < C|l(do, wo, Go)|| 2 x 2 x 72
Proposition 3.3 is proved by using Proposition 3.1 in a similar manner to [11, 14, 17].

We omit it.
We next state the a priori estimate.

Proposition 3.4. There are positive numbers vy, v1, b1 such that if v > vy, Vl—i > ~2,

’8—2 > 32, the following assertion holds:
5

There exists a positive number &g such that if ||uo||m2xm2xmz < do, then the following
inequality holds:

t
()22 2122 +/ M) G2 rreds < Ce™Mluoll gz oo
0

fort > 0.

4 Basic estimates

In this section, we establish the basic estimates to show the Proposition 3.4. We first
introduce notations:

Here
By = |06l 72 + 107w][7: + 8210 G,
D} = v||[V&w|2, + 7| dive’w||2.,
NG = 2210 1, 0°0) | + (9 fo, O w)| + (9 f, G

Proposition 4.1. There exists vy > 0 such that if v > vy, the following estimate holds:

d ¢ /e : 1 Bye .
— < - 6|7 L0l -+ — IG||72 :
S Fy+ Do < V(}j:;na Bl + 10:,91132) + (5 + V)j}ﬂjn& Gl +CNo

Proof. We take the inner product of (3.2) with ¢ to obtain

1d

§d_tl|¢||%2 + (@la:clgb? gb) + (leU)?gb) = (f1,§l5)
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By integration by parts, we have (v'9,,¢, ¢) = 0, and therefore

=0l + (divar, ) = (£1,0) (4.1
We take the inner product of (3.3) with w to obtain
1
5 jt w32 + (@' 0p,w, w) + (W0, 0", W) + (—vAw — PV divw, w)

+v(¢d7,7", w') + 77 (Vo w) — B(div(GTF), w) — B(G¥0; 4, w') = (fo, w).
By integration by parts, we have
(' 0w, w) =0,

(—vAw — pVdivw, w) = v||Vwl|32 + 7||divw]|?s,
and
(Vo,w) = —(divw, ¢).
We thus obtain
5 g wllze + (W0, w') + v |[Vw|fe + Plldive|z. + (6050, w')
— A (divw, §) — FA(diV(GTF), w) — FAGBEE i wh) = (for ). (42)
We take the inner product of (3.4) with G to obtain

L NG + (0.,C.0) + (WP, T, G) — (VuT, €) — (V7G,G) = (5, C).

By integration by parts, we have
(7'0,,G,G) =0, (VuF,G) = —(div(G'F), w).

We thus obtain

—1 . —
NG + (025G + (div(GTF).w) — (V0G.C) = (f5.G).  (43)
It follows from % x (4.1) + (4.2) + 3% x (4.3) that
1d
2 — (1122 + wlzz + BIGIIL) + VIVl Lz + 7lldive]|7.

= —(w 38@,31} wl) - V(¢823v ,wh) (4.4)
+A(GR2P wh) — B2, GP) + BA(VTG, G)
+’72(f17 Qb) + (f27 w) + BQ(]%? G)

Since [P ||lwseo1) = O <,6’2> and [|0"|wsce0,1) = O (L) by combining Proposition 3.1
and Lemma 2.1, we obtain

1d

2 dt (7 ||¢||L2 + ||7~U||L2 + 62||GHL2) + ’/HVWHL2 + 1/||d1vw||L2
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< (w0, 7", wl)!+V!( 0y, 0t w'))|
+82(G¥ a0 )|+ﬂ2l( 020", G| + B (VUG G)|
+7%(f1, )!+|(f2, )|+52|(f3, Gl

C 3v 52
< (5 + %) 1wl + ol + 0 (5 + ) e

+ 22 (fr, 9) + [(fos )| + B2|(f3, G-

We take v > 0 so that & < &. It then follows from (4.4) that

2dt (’Y 117> + Hme + BGlIL2) + v VwlL: + 7lldivw|7,

C
;H¢HL2+C( )HGHia
+9°1(f1, )!+|(f2, w)| + 82|(f5, G)l.

Hence we obtain

d 2
Similarly we can show that
d J J < J 32 J J
%Eo + Dy < —H8 oll7. +C 1G72 + ONG, 5 =1,2.
This completes the proof. O

2
We next estimate Z 107G||32. Let # = x(X,t) be the material coordinate defined by
=0
the solution of the flow map:

‘Z’ (X, 1) = v(x(X,1),t)
z(X,0) = X.
We set ¢ = x — X. Then we see that 1) satisfies
oY —v=—-v-Vy
{¢|x3=o,1 =0.

F is rewritten as F' = I + Vo + (V)2(I — Vap)~'. We set ¢ = 1) — 1). We then see that
¢ satisfies (|{z3=01) = 0 and

O+ 100, —w + w?’&%w e1 = fs, (4.5)
where f5 = —v - V(. By using (, G is rewritten as
G=F—-F=V(+EV(+V(E+EV(E + hy, (4.6)

where hy = —(FV()?(I — FV()™
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Lemma 4.2. There are positive numbers By and 0y such that if 5% > B2, ||V <]l < do,
the following inequality holds:

2 2 2
CTY V)T <D NG < C> IV
j=0 j=0 j=0

Proof. Let § be the positive number. We assume that |V(|[zz < d < 1land > 1. It
follows from (4.6) that

1 1
|Gl 2 IV Gz = (55 + 53 ) IVl = CITE 9]
1 1
> [Vl = € (5 + 5 + 19¢0m ) IVC2e
1 1
Gl < IV Gz +C (55 + 5 + 19¢0e ) IVl

We take 8 and dy so that 1 — C(% + % + 5()) > \/Li We thus have ||G||2, > £||V(]2..
Similarly we obtain ||G||3. < 2||V(||3.. Similary, we estimate &’G to have

2 2
Y NG < C Y IV
§=0 j=0

We set , \ ,
Ey:=Y E{ Di:=Y D Ny:=> N,
§=0 =0 §=0
where

Bl = (0'w,0/C), Di := 3% V(7.

We note that Ey+ E; and D; are equivalent to Ey and Z?:o |07G||3,, respectively under
the assumption in Lemma 4.2.

Proposition2 4.3. Th26re are positive numbers (1,71, M, V2,01 > 0 such that if B> >
Bt 4% =7, 5—2 > 12, % > v, [[VC||g2 < 01, the following estimate holds true:

d 1 1 11 1 C i~
— — < < — — — _ — J 22 22 .
thl + 4D1 = {2 +C (V + V32 + 1/252) }DO + 32 (;1 107972 + 1|10z, 0]17 ) + N

Proof. We take the inner product of (3.3) with ¢

(Oyw, ¢) = v(Aw,¢) — D(Vdivw, ¢) + 7*(V, () — f*(divG, ()
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+ (00w, 0) + (W?0,,0", 1) + v(602,7'.¢") — B(div(GTE), ¢) — B(GP02 6, ()

= (f~27 C)
By integration by parts, we have

—(divG, ) = (G, V()
= || V¢|[Z: + (EVC + VCE + EV(E, V() + (h1, V()

1 1
e (@ ; @) V¢ — IV [9¢

1 1
> V¢l — VeI = IVl
and

v(Aw,() + v(Vdivw, ¢)
— —u(Vw, V¢) — #(divw, dive)

v v, .. v, ..
< 21V wls + 21Vl + 2 ldivels + i3

il VN

v v, ..
= §D8 + EHVCH%z + EHleCH%%

We thus obtain

2
(8w, ¢) + FIVCIIE +7*(V, Q)
| )
< 5D + SlIVCIEa + 3 lldive]3
_(@18110111)7 C) - (wgaﬂﬂsﬁlv Cl) - V((baisﬂl’ C1>
+B2(div(GTE), ¢) + BAGP2 0", ¢ + (f, 0.

It follows from (3.5) that B )
Vo =—("F)'div' G + fi,

where fy = (TF)~'fy. Since (TF)™' =1 — TE, we have
Vo= —div' G+ "Ediv' G + f4.
We take the inner product of (4.8) with —( to obtain
—(V6,0) = (div'G,¢) — (TEdiv'G,¢) — (f1,¢).
Since G = V(4 EV( + V(E + EV(E + h, we have
(div'G,¢) = (div'(V(),¢) + (div (EV( + V(E 4+ EV(E), () + (div' hy, €).
By integration by parts, we have

(div' (V(),¢) = (Vdiv(, () = —|div¢] .

(4.7)

(4.8)

(4.9)
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Hence we see from (4.9) that

(V) +ldiveZ: B
= (divT (EV( + VCE + EVCE),¢) — (TEdiv' G, () (4.10)

+(divTha, €) = (fa,0).
We take the inner product of (4.5) with w to obtain

_ —1
(06, w) + (0°05,C, w) — (w72 + (w?0ey ') = (f5,w).
Since ||w||3, < LD§, we see from this identity that

(0. w) < 3 D§ — (10, w) — (P07 w') + (fo, ). (4.11)

It follows from (4.7) +~?% x (4.10) + (4.11) and Z(w,¢) = (9,(, w) + (¢, Oyw) that

2
O+ IVl + 72||diVC||i2

e
§+;) YISl + v
— (0w, ) — <3am;1,<>—u<¢6§;1,<1> (4.12)

+B2(div(GTF) ¢)+ BAGB?Y, ¢Y) + 42(div (EVC + V(E + EV(E), C)
(TEdwTG ) — (0'0,,C,w) — (WD, w")
(f27 Q) =7 (f1.¢) + (f5,w) +7*(div "y, Q).

We set

Ry = —(0'0p,w, () — (w*8,,0", ¢") — v(¢02 7", ¢) + *(div(GTE), ()

+ BGBRP ) +A(divT (BVC + VCE + EVCE), ()
P(TEdiv' G, () — (0'0,,C,w) — (W30, 0, wh),
= (f2,0) =7 (f1, Q) + (f5, w) + 7*(div "Iy, C).

Then we see from (4.12) that

d 62 2 2133 2
a(w,o + 5 IIVEllze + ||011V<||L2
1 C

By using the Schwartz inequality, we obtain

1 2 42 c( 1 1
mos{aere(+ T D) oivan+ € (o + ) ob+ Sivel

for any e > 0. This, together with (4.13), yields

2
7@, Q)+ S IIVCIZ2 + 77|l dive]
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1 1 1 1
{2+C( WY, )}Dg

Y Y
+ {45% +052(62 +@+56) IVl
C
+ @HWH% + Y.
We set ) )
v V+9V
Ii= {48+ 08 (55 + T+ 05) + 5 VGl
and choose € = % Then we see that
2 ~
_ b5 9 7_ bl v+ 9 9
= ivei + o (5 FT gt o) IVCl

We take 52,72, v, so that C(z + g_i + g_z 4y <

o then we have I < %QHVCH%Q
Thus we obtain

1
]

d o Lo o (1 111 O C
- <= i el ) )
ZED + DY < {2+0< tomt 2ﬁ2)}D0+62HV¢HL + N

Similarily, we can show the following estimate for j = 1, 2:

d 1 1 1 - C e .
EE]—" TDi< { +O< yﬁz 252)}D%+@H3]¢||L2+Nf-
This completes the proof. [
We set

E2 = E() + El,

2
B2+ 2
D = D D a] 2,
2 o+ D+ V1 ;H ol
2
Ny o= No+ Ny + D (107 full 3z + [ldivd’™ Tha[22),

j=1

Proposition 4.4. The following estimate holds true:

d 11 ,
%Eg+3 Dy < C( @)||ax3¢|yL2+CN2. (4.14)

Proof. We first show that

ZHMHLKO(@Z 516)D1+CZ(|W il + divo T E). (415)



79

We see from (4.9) that

Op; 0 = —0,,(div¢) — (div (EV( + VCE + EVCE)Y — (div b)) + (f2)7, j=1,2.
(4.16)

Therefore we obtain

2
106]l 2 < V|2 + Y |(div (EVC + VCE + EVCE)Y || g2 + [[div Al g2 + || full 2.

j=1

Since

B 00,300y 0 0 AR
div (EVC) =div | 8,,30,,0 0 0 | =0nd | 0,0, |,
0,,(*0,, 0 0 0 Ors Ory

0 0 0
div'(V(E) = div 0 0 0
gt 00, " 00yt 00, D0y 0, (P

0
pu— 0 9
Dy O, CY + Dy Dy 00y C2 + Dy (D 0, ()

0 0 0 0
div' (EV(E) = div ( 0 00 ) = ( 0 ) :
(0,,0')20,,C* 0 0 (040 202

2
we have Y [|(div' (EV¢ + V(E + EVCE) )|, < %Hvaq@. It then follows

j=1
061 < 01+ 5 ) IVOCE + v s + 1l
Similarily, the following inequality holds :
%0l < Of (1+ 55) IVORCIEs + 10l + ivo a3}

Therefore we obtain

64

2 2 2
S0l < C(1+ 23) S IVHCU +C D (107 falfa + ive? ™ a3
Jj=1 j=1 j=1

2
< C(% + %)Dl + O (17 fulle + dive? ™ Tha2).

i=1
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By combining Proposition 4.1 and Proposition 4.2, we have

d
—FEy+ Dy

dt
2 2 '
Z 197]122 + 90 dl122) + c( b ) S VO + Oy
=0

1
2) Dy + CNy.

_ i 4112 2 _
- ;g 76l + 10elia) + C (5 + o

By (4.17) and Proposition 4.3, we obtain

d

1
dt(EO + Ey)+ Do+ -Dy

4
<{31( i im0 )P

+(y + ) (Z |070113: + 102,013 ) + C(No + Na).
j=1

(4.17)

We take v, 3% so that § + C(; + 5 + ;252) < 15, C(5 + ;52) < 15, and then we have

167

d 1 2
Byt B+ (Dot D) < O+ )(Z 1071132 + 102,122 ) +C (No+N2).

d 32

It follows from 531“;2 X (4.15) + (4.18) that

d 1 B4 7 = a2
dt(E0+E1) 16(D0+D1)+ DD ;H@ |72

<c(;+5) (i 76132 + 10:,911 )
j=1
2 2

+C{V+V< +%>+m< 52>}D1

2
+ O No+ Ny + D (10 fullEa + ldiver™ i}

=1
We take v + 7,72, 32 so that
C<%+%> S%'ﬁjif 'C{yi (H;D*( 1 )54<1+22>}§3i2

. It then follows

d 1 152+’y
- (Bo+ Ey) + 16D0+3—2D1+— Z|I0”¢||Lz

(4.18)
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1
< C(; )H@xgchLz + C{No + Ny + Z 1097 fall 2o + || dive? 1 Thy |2, )}

7=1
This completes the proof. O

We set . . .
Ey:=Y E},Ds:=>» Dj Ny:=>» Nj,
j=0 §=0 j=0

where

E} = v| Vo w2 + o||divdiw]|2. — 292(8 ¢, divdiw) + 26%(G, VI w),

Dj = (|00 w]| 72,

N := =40 fy, divd?w) + (& fo, 0,07 w) + B*(’G, VI w).
Proposition 4.5. The following inequality holds true:

v+ v N v +v)
Pyt (B +97)
2 1 2
+B—+—+1+ +—+@+ﬂ >D2+CN3

Proof. We take the inner product of (3.2) with divw to obtain

d
- < 2,
7B D3 < Cll0r 63 + O

(019, divw) + (00, ¢, divw) + ||divw||72 = (f1, divw).

Since (0,9, divw) = (¢, divw) — (¢, divdyw), we have

%(qﬁ, divw) — (¢, divoyw) + (0 0y, ¢, divw) + ||divw||7s = (f1, divw). (4.19)
We take the inner product of (3.3) with d;w to obtain
10,w]|2: — v(Aw, Qw) — &(Vdivw, dw) +v*(Vo, dw) — f*(divG, d,w)
+ (W0, 0", Q') + (V' 0y, w, Oyw) + v(902,0", Opw') — B*(div(G ' E), Gyw)

- ﬁZ(Gggaggwlaatwl) = (f2, Qw).
We set

Ry = — (00w, Qyw) — (W0, 0", Oyw') — u(gb@gs@l, ow')

+ B2(div(GTE), yw) + BA(GB2 0, dpwh).

By integration by parts, we have

—v(Aw, Ow) — p(Vdivw, dyw) = v(Vw, Vow) + v(divw, divo,w)
1d

= S IVl + Pldive]3s),
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(V¢, atUJ) = —((b7 divat'UJ), (leG, atUJ) = —(G, Va{lﬂ)
We then obtain

1d
3 Vel + Pdivul) + [l

—72(¢, divopw) + (G, Vorw) = Ry + (f2, Ow).
We take the inner product of (3.4) with Vw to obtain

(OG, V) — |[Vw[2, + (3'0,,G, V)
+(w3amgw7 ax3w1) - (V’UJE, VU)) - (VEGa VU}) = (f37 VUJ)

Since (0,G,w) = L(G, Vw) — (G, Vduw), we have
(G, Vw) — [[Vw|Z + (00, G, V)
HWSOR Y, Opyw?) — (VWE, V) — (VOG, V) = (fs, Vi),
It follows from —v? x (4.19) + (4.20) + 2 x (4.21) that

1d .
5 7 VIVwliz + 7ldivi |7z = 29%(4, divw) + 28%(G, V) + |9

= | Vwlf2, + 2| divw]|2, + Ry + 7*(0'0s, ¢, divw)
+B*(w? 02,1, Opyw') + B*(0'0,, G, V) — BH(VwE, Vw) — 2(VoG, V)
—2(f1,divw) + (fa, Ow) + B2(f3, Vw).

We set
Ry = By + 720100, 6, divw) — B2(w®02, 0, 0u") — 52(0'0,, G, V)
+ BA(V1G, Vw) + B (VwE, V).
We then see that (4.22) is rewritten as

1d
2dt( v||Vwlz: + ol divw]7: — 29*(¢, divw) + 26%4(G, Vw)) + [|0w]|72

=7 ||le’LUHL2 +62||VQUHL2 + Rg + N??

v

Since 72||divu||2, + B2]|Vw|2, < (ﬁi + lj)pg, we have

1d

5 dt( ||VwHL2 + VHleUJHLz — 2v%(¢, divw) + 26%(G, Vw)) + H@thLz

2
(5 >D0 + Ry + NY.
By using the Schwartz inequality, Ry is estimated as

1 1 C C

4 4
I6]
c (1 ) 106]12 +O||a$3¢||p e (1 2 ) (IGIEs + 9GI).

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)



By combining (4.23) and (4.24), we obtain

1d
2 dt

2 11
< (ﬁ +—+1+ L

1
(W IIVw||L2 + 7| dive|[7. — 29*(¢, divew) + 26%(G, Vw)) + S| dwllzs

’Y4 B 2 2 0
+0(1+ ||a¢||Lz+c||am¢||Lz+c(1+ “)UIGIE: + 19G132) + NS.

Similarly the following estimate holds

%(V”V@’UJH%Q + 7||divow||32 — 27*(09, divc?w) +2B8*(0G, Vow)) + ||0,0w]|3»

4 2
2 g 2 4112 B 1 1 )
< o(lool + Lol ) +o(L+ Zr1e Ly D)y
+ + 3 JUI0GIIz: + [[0°GlIz2) + N
We thus obtain

d
—F D
pTR + D3

< C(110n 0122 + 110 ||2)+O—74 " ool +0(52+—+1+1+ )P0
< OI0esdlzz +109112) + 257 2 1070l
J:
4
1
+C<1+ﬂ> G2 D1+ CNs

v+D v + D)
< Clondls +C( g5 + apar o)
52

1 2
+—+—+1+ +—+@+5 )Da + CNs,

This completes the proof.

Now we estimate 0,,¢. We define é by
¢ =0+ (T+w)-Vo.

We see from (3.2) that ‘ )
¢ = —divw + fi,

where f; = —¢divw. We next set

1 1 1
Ey:=Y Ei,Dy:=Y» DjNy:=> Ni,
§=0 j=0 §=0
where

D3=—Dy+——D
3= 61 2+ﬁ2+72 35

33

(4.25)
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Ei = ”ajaxs(:bl‘%??
62+7 v+

D} = — [0V 001172 + g (179172 + 11802, 01 72),
) ) ) v+v vV+v v+ U
Ni = \(8jf6,8]813¢)| B2+ QHa]leH ﬁ2+ QHajf1HL2 B2+ 2H8]f6“L2

Here by > 0 is a constant independent of v, 7, 72, 42, and fg := ——=f6 — 0wy (T+w)- Vo),
fo .= ()’ + B(f1)® + (v + 0)Ou, 1.
Proposition 4.6. The following inequality holds true:

d
— <
th4+D4 2D3—|—CN4

Proof. 1t follows from (4.25) that

1
. C _
D @Iz < = Do+ Cllfille: (4.26)
and )
D20 = =0y § — 0y (V' ) + O i (4.27)

We see from the 3rd equation of (3.3) that

—(v + )02, w* + 7?0y, ¢ — 520, G
= — 0w + VAW + 00, (V' - w') 4 B?(0p, G + 0,,G?) (4.28)
—T' 00, w% + 200, 0, G + (f2)°,

We see from (3.5) that
a$3¢ + 8I3G33 = _aﬂh G13 - aI2G23 - axsalamgb + (f4)3' (429>

By (v +7) x (4.27) + (4.28) + 5% x (4.29) to eliminate 97 w® and 9,,G**, we obtain

(Y + )0 + (v + 0) sy
= —0w® + VAW 4 00, (V' - ') + B%(0r, (G? — G'3) + 0, (G* — G®)) (4.30)

— B0y Dy + 200, 00, GF — Ty 0% + [
We take the inner product of (4.30) with 0,,¢ to obtain

(V2 + B[ 0u5 0122 + (v + 7) (020, Oy 8) i
—(0w?, 0y ) + V(A'W3, 04, 0) + D(0py (V' - W), Oy @) — B2(0py 00 Oy b, Oy &)
B2y 00, G2, 0,y ) — (00, wP, Oy &)
+52(ax1 (G31 - Glg) + ax2<G32 - G23)7 a:ﬂgd)) + <f67 813¢>

By the definition of ¢, the left hand side of (4.31) is calculated as

(7" + 810201172 + (v + 0) (2,0, Oy )

(4.31)



1 . d _ _
= 5+ 7) 2 l10u8l12 + (77 + ) 100022 + (v + 7) (02 (0 + w) - V), Dy ).
On the other hand, the right hand side of (4.31) is estimated as

_(atw3’ Oy ®) + V(Alwgv Oy @) + V(0ny (V' - '), Oy ) — ﬁQ(amsvﬁlﬁxlgzﬁ, N0))
+B2 (O 00, G, 01,0 — (00, 0?01y 0)
+52(8CC1 (G31 - Gls) + 3$2 (GSZ - G23) $3¢) (f6'7 (9333@5)

B2+ 2 4 3012 %% ¢
< 20 1023072 + @Tg”@w 172 + 7 JrCﬁ||2vaw||pz e ||(9¢||L2
2
+m||aG||L2 + VQ(@Q—)HV wl|7. + e ||8G||L2 (f6 x3¢)~
Hence we obtain
1 . d 24+ _ _
5+ 7) 2 110u8l172 + 0,812 + (v + 7) (0, (T + ) - V6), 01y )
4 Cv? C
< +m\|atw3“%2 + WHV&M@ + WHCMH%?
C , C C
+ WHOGHH + Iﬂ(ﬁQ—HHV wlte + 5 ||3G||L2 + (f6, 05 9)-
Dividing this inequality by v + 7, we have
162 +’V
R T A e O 1

_ C
T () ~)
+ B*|0G||7 +3 ||VwHL2) + (fo, 0wy ®),

(HatngLQ +V||Vowllz: + [|09]l7: + 0G|

Similarly, we obtain the following inequality

ﬁ“rv

||8aa:3¢||L2 +
< C
(Pt

=+ (52 —+ 1)HV82CHL2) + (af67 aazs(b)

— (1002, 8172

(Ilat(?wllp + V2 IVP i + — IIVf?wIILz +[10°¢][7:

x (4.30), we have

52—1—7 - | v+
V—|— $3¢ /B2+ 2 xg(b
1
— —0, A/ 3 ~ s . /
\/(1/+ﬂ)(ﬁ2+72)( Ow® + vA'w? 4+ 50, (V' - w)
+62<8x1(G31 _ G13> + 8962 (G32 _ G23))

— 8205, Op b+ 20y 0p, GF — D 0,0 + f).

By ——L
Y o) @)
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We thus obtain

52 +7 12
T 0n01 |
+
<0(;+”ﬂ@@m2 R L1 1
1 v+r 9
+ (1 + I/2<I/ + ﬁ)Q) 62 _'_72 HvawHL2 (432)
Pl g —— (s
(v + ) (52 +2) BT w0 (82 ++2) L
2 ]‘ 2
vaHL2 + (V + l;)(ﬂz _}_72) ||f6||L2)

By adding (4.32), the following estimate holds true:

d ! 2 2 i+1, 112

EE4+D4 - (524_7 y—|—y JZO ||ata]wHL2+V ”Vaﬁ_ wHL2
+;ﬂVWWMrHW”%ﬁr+@LHNWWHQ@)+N4

C 1 v+v 1 ~
< 242 — (1+))Ds +CN
AT\ g (1)) Pk on
1~
§D3 + CNy.
This completes the proof. O

We estimate 92, ¢. We set D, := D5 + Dj.
Proposition 4.7. The following inequality holds true:

v+

d B+7 -
020l + — 19z Mm+%m+gﬂiwé
C v+ pr+1
< oVwl||i. +C V20wl + C —1|00,,G||32
= ( )( )H t wHL + 62_|_ 2” stL + (52_’_72)<V_'_V)H 3 HL
1 1 ~
+C Dy + |(0ny f5,02.0)).
( ) a0 22,0)
Proof. By applying ﬁ@zg to (4.30), we have
2
020+ b +7 2,
Uty
— 1,03 2 /
—F( Oy w® + 10y, A'w® + D02 (V' - ) (4.33)

+ﬁ2(8x18x3(031 G13) + 8@813(032 — G23))
— 820, (0 Dy ) + BP0y (Dpy ' O, G33) — D,y (010, w3) + oy f5 ).
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We take the inner product of 92,¢ with (4.33) to obtain

T

102 1+ T 2 gl + (0 4+ w) - V). 82,0)
1
= = (=0,0,,w° + VO, Aw® + D02 (V' - w) (4.34)

v+u

+ﬁ2(6x18x3(G31 Gl?’) + 8362813(G32 — G23))
— 320,y (D 01y ) + 20, (Dy © Oy G33) — By (0 0y %) + Dy fis, 02, 8.

We have the estimate for the right hand side of (4.34) in a similar manner to Proposition
4.7

16%+ _
Loz ol + 2 e ¢ﬁru%4w+w>vw,m@
C pr+1
< Vw72 cr V20, »+C —[100,,G||%
= (62 +’72)( )H t wHL + /62_’_ 2” 3w||L + (62+72)(V+V>|| 3 ||L
1 1 ~ 5 o9
e (u+ A +72> Da 410, fo, 0291
This completes the proof. [

We next estimate higher order derivatives of w and G. We set

Ey:=E @1 By + By + 1|02,6] %,
m—aﬁy+ﬁ|wm

N5 := N. 62 1 N3+N4+ |(ax3f67 ¢)‘>
ﬁs—Dy+m+”n 02,011 + s Tl

Proposition 4.8. There exists a positive number 33 > 0 such that if 3> > 7, then the
following inequality holds true:

d 32 v
—HangII%Q + — 1102 Gllz2 + bl@HVsz%z

1 1 1 ~ 2
HVQHHl + C ( B4 ﬁG + 1/_58) D5 + ’ (ang?, + %8xsh1>ast> ‘ :
Proof. We first introduce the following quantity
q =vw+ 2.

. 2
Since w = %q — ’%Q we have

YV = —vq— 5—2vc
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62

g Bz(EVC—i—V(E—l—FVCE) —hl.

:—Vq——G+

By inserting this to (3.4), we obtain

2
g G = lVq — w0, E —0'0,,G + VwE + VoG
2
(EVC + VCE + EVCE) B—hl + fs.

atG + —
52 (4.35)

By applying 0., to (4.35) and taking the inner product of 9,,G, it holds the following
identity:

1d 32 )

2dt||8x3G||L2 + ||8553G(||L2

— L(Vona awSG> — (g (W2 0"), 05, G") — (01, (0101, G), 01, G)
1%

+(Ors (VwE)a 023 G) + (00 (VOG), 00, G) + 7(6173 (EVO7 025 G)

ﬁ2 BQ ﬁQ
V ( T3 (VCE) 8I3G) v ( T3 (EVCE) 81‘3G) (ang?) + 78503}51’896361) .

The right-hand side of (4.36) is estimated by

B 5
S (3 5) 105 + IVl
1 1 1\ - 2
+ C<— + — + —>D5 + ‘ (8w3f3 + B_ax:shl’ 8:(:3G> ‘ .
v v v
We thus obtain

H3x3G|!L2 +Z H8373GHL2

11 32
HVqHH1 i C(F tEt o >D5 n ‘ (8x3f3 i 7ax3h1,ax30) ‘ .

This completes the proof. 0

Proposition 4.9. The following inequality holds true:

(B +)0* | (v +D)
~ +
v+ 32
v+v 1 1
+V+52_‘_72+_ 52>D5+CH8£3G”L2
+ C@E N filldn + 1fll72 + B2l )

Proof. By simple calculation, we have

IVali3: < (82 ++7+

IVallzn = 11Vallz: + IVqll72 + 1105,all7> < C(v + %) Ds + 11074l
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By using ¢ and ¢, it follows from (3.3) that

dw — Aq+ Vo + 2V + 00, w + (WD, 1) e

~v(¢02,7")er — Fdiv(GTE) — B2G¥ (0,0 e (437)
—32div(EV( + V(E + EV(E) '
=~V fi + fo+ B2divhy,

which gives

i 1
18, allZe < Clowwlie + 72[IVolZ: + (v + DIIVEIIL: + [10%]7: + — [ Vwl:
+ Gz + 190Gz + V¢ + 721 filli + 1f2llZ2 + B2 Rall7)

<Ot CEDE L TOED 4y 2P 2 D) Ds
+ Cl02,Gll72 + C(@ (| fillz + [ follZ2 + B(lha 7).
This completes the proof. [
We introduce the following quantities to estimate V2@
By = By = 01,62
7(82+7%)

S B 2
Dg := D5 + WH@BGHLQ,
Na = Mot st (Lol + ol + Tl

| (e n) 7))

Proposition 4.10. The following inequality holds true:
d 52
ZIVIGIR: + 7HV2GII%2

¢ 2 2 1
S?”@VWHL” -V w||H1+C( +@+@+1+ >D6

2 2
+O(’< (f3+6—h),V2G>' u+V||f1||H2+ ||f2||H1+ ||f4||H1 ||h1|\§{2)'

Proof. By applying V? to (4.35) and taking the inner product of VG, we obtain

: dtnv%:up +Lywa,

1 v
< Zivop. + O(V—ﬁznvi”qniz ol + 5 IVulin)  (439)

HV s+ T 726
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The estimates of each terms are given as follows

u62 — G5 = HVQGHLQ + o (HangHm +110G72) + ;2 IGII7
< SHIviG. +C<W +2 2,
<S5 ”V2G||L2+C< VBl %)DG
Since
VWl = [ViwlZe + [[V*wl|7: + [Vwlz.

C
< =D+ [[VPwlLz + [ VPwllZe.

we need the estimate for [|[V*wl||%2,, k = 2,3 to complete the proof. To derive this, we
show the following estimate for |V?¢||2,.

Lemma 4.11. The following inequality holds true:
1
?HV?’Q 172

C
—Q(Ilatilliz +[IV*GIZ2)

2

+C< +%+<1+g2><1+2>

+ 1 62_‘_ 2
+/BI;+V2(/B4+72)'V52+ Al B47)>D6
(v +7)°

1
+ 11172 + 62|!f2||?{1+ Hf4||H1+ thHm

v

Before starting the proof of Lemma 4.11, we introduce the following estimate for the
solution to the Stokes system.

Lemma 4.12. Let r € H*(Q) and s € H*(Q) with [,rdz = 0. If (u,p) satisfies the
Stokes system

divu = r in §,
—Au+ Vp=sin Q,
u=0on {z3=0,1}.

Then there ezists a positive constant C' independent of (u,p) such that

V52l V5 sz < Clrlees + sl + 1 Vull2). (439)

Proof. Tt follows from an easy calculation that

1
—IVidllz: = — (!\V23QI\L2+II 2sl22)-
B
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We see from (4.16), (4.25) and (4.37) that (0,,¢,0.,q) (j = 1,2) satisfies the following
problem

divd,;q = r; in €,
—ADy,q+7*VO,,0 = s in Q,
02,4 =0 on {x3 = 0,1},

where

Tj - _Vaqug - Ban]-(b - 52&53%13%&51(3 - Vazj.fl — BQ(diVThl)j + 62(f4)j;
8; = =040y, w — 005, 0y, w — (0, w3, 0 ey — DV Oy, 0
(0,002 TV ey + B2div(0y, GTE) + B2(0,, G50,,0 ey
+82div(EVO,, ¢ + VO, ,(E + EV,,(F)

—ﬁvaxj fl + 8xj fg + BQdivaxjhl.

It follows from Lemma 4.12 that

G

L1 B )
tat gt T>D6
+C((v + 02 fill e + 1 foll T + B fall e + B2 [ 772)-

IV20q]2: < C((82+ 731 +v +7) +

We see from (4.37) that

02.q= 0w — Nq+ Vo +7°Vo + 00w + (00,0 ey — V(020" e
— Bdiv(GTE) — B(G¥0%4 )er — B2div(EV( + VCE + EVCE)
+ ﬁVfl — fo— B2divh1.

By differentiating in x5 and taking L?-norm to this equation, we have

102,qll72 < C{H@VwIIiz +IVOPq|122 + 72|Vl 2n + (v + 1) V|20
1
+ ;(HVwH%Q +[|[Vow||72) + |\G||§I2}
+ C| fill%e + | f 20 + BB ||%2)
< C([|o, Vw3 + [|[V?G]|72)
B2 +~?
v+

4 v+v 1 1\ <
+ (v +1)[3’2+72+F+E>D5

+ C((v + 0|l Aallze + L foli + Bl ).

+O<62+u+52-
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Hence we obtain

Vﬁzgv?’qllm
—(Il&:leliz +[V*G|1Z2)
1 72 v
+C( + gt (1+ @><1+;>
(v+2)(8' ++* )>D5

(VBZ()ﬂ“r’V) , e 7
+
+%||f1||m gl fllin + S falli + -l

Proof of Proposition 4.10 (continued)
We see from (4.38) and (4.40) that

2
: dtuv?Gan + 2|V,

1 1 v
2 2 3,112 2 2
<Ziviep. + O (7 IV2l: + Gl + 51V wlie)

(e (e 20) 70

2 C Cv

—HV2G||2L2 + —2||V2GH%2 + V—BQHatva%z + kg
11 72 7\ (B2 +Y)

+C(W+@+ +§+<1+@)<1+—>+T)D6

2 2
re(|( (f3+5—h)7V2G)1 T N + S Alfs + Al

We take v, 8 so that ;<1< fz Then we obtain

(IV*wlZz + [ V:wllZ2)

d 2
£||V2G|I%2 + 7||V2G|I%z

C 1
?H@Vwﬂig—l— ||V2w||H1+C’( +@+@+H >D

v
2
re(|(v (f3 ) 6|+ Il

2
i)

This completes the proof of of Proposition 4.10.

1
+ ?Hﬁﬂfql + Hf4HH1 +—

We set
V(3% ++2)?

E7 = 52

Es + ”sz”%??

(4.40)

52
+ =),
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V(B ++%)?

D, = B—Dg + —||V2w||L2 + —||V2G||Lz,
2 2
Ny %N 0+ L v+ >|rf1nH2

1 B
bl + 1l + Sl
Proposition 4.13. The following inequality holds true:

51Vl < —

1 v+
7 < ||ati\|L2+c( ) -

Py
v+ ) 1
+ o{ I i+ V—gﬁ”ﬁ“?ﬂ ggalbll+ gt}

Proof. 1t follows from ‘fw VC that

fﬁ

62!|V3w|!L2

< C (559"l + SR

2

< (0050l +1V61) + 55 (5 + 5 + (14 T (1+ )

3 3
+ v 1 (8% 4
+BZ+;2(64+72)'V52 + A 34 ! >>D5
(v + 1)

1 1 1 1
TﬂleHz +— ||f2||§11 + V—62Hf4|ﬁql + V—BQthHfm + V—BQHGH?{?}

lavul. + (3 o 2 )

32 _+52+ 2
1 1
+c{< 22 Ml + gl + sl + )

This completes the proof. [

We set )
D; = gD+ —\!V3w|\Lz

Proposition 4.14. The following inequalities hold true:

1 B4 1 v+
2
,<O(—. 7~ 4=

0013 < €5 s + o gy
4 1 52 _
2 b 2

101 < (Gt + ot + e+ p) P+ O

Proof. We see from (3.2) that

s ) Dr 4 Cl Al

10egllz> < C(lldivelgz + (7705, 61172 + I fullZ2)
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~ ) D + CHfl“%?

1 B 1 v+v
< (o * i) O WAl
4

10:GI7> < C([[7'0:,Gl72 + Vw2 + [ VwE] 72
—1 _
+lw0s, v Iz + IVOGLa + [ fsl7:

1 1
<c(z+ L5t o) Do+ Ol

B 1 B
S C(VQ(/BZ +,}/2>2 + VQ(ﬁ2 _’_72)2 + V3(B2 +

This completes the proof. [

35 ) D7 + Cll sl

Proposition 4.15. The following inequality holds true:

1 1d
FEZ {2 dt(v 18:6||22 + ||9sw]22 + B20,G|%2) + v|| Vw22 + I/Hdw@thLg}

(1 v C
e i,
v+v
+0( + gr23) Do+ 101 + 10GI)
2 2

1
v 52”7721@]3, 00|+ G 510uf B0) + 555|012 DG

Proof. We obtain the following estimate by similar argument to the proof of Proposition
4.1

)IVowls.

1d
th(v 1072 + l0cwl72 + B2[10:GI72) + w0 Vwl72 + Plldivosw] 7.

< V(0,01 00, 0), 0:0)| + (040 Oy w), Oyw)| + |(O(w® 0y, 1), D)
+ 1](9,(002,7Y), Owh)| + B2|(0,(div (G E)), dw)]
+ B21(0(GP02,8"), 0wt | + B2|(8,(7'0,,G), G)| + B|(8(VwE), 8,G))|
+ B0, D), 0,G™)| + B2|(0.(VTG), 8,G)|
+ (D f1,0u8)| + |(Dpf2, Oyw)| + B2 (D f3, DG

The right-hand side is estimated by
V*(0:(7" 0z, 0), 0:0)] + (047" 0, w), Opw) | + (94(w?0r, 7Y, Q)|
+ V|(at(¢82 _1) atwl)| + B2|(at(d1V(GTE)), aﬂU)‘
+ B0 GPO2E), 0t )| + B2 (001 0,,G), BiG)| + B2 (O(VwE), )|
+ BP0, 0G| + B2(0(VTG), )|



+ Y18 f1, 060)| + |(Ocf2, Orw)| + 57| (0 fs, 0, G)
v C
< (Z + ;) HV@twﬂiz

2 4 A2 ~
o(ﬂ ‘ g +V+V)D6+C (1186122 + |0:C[%)
+9°|(0:fr,0:0)| + (0 fo, Osw)| + 52|(8tf3,8t ).
We thus obtain

B2+

2di'
1 v C :
<t +72)>”Vat“’””

+0( + gr23) D+ 1001 + 10GI)
+7—21(af a¢)\+#y(af 0 )!+6—2\(8f 9,G))|
54 't J1, O B2 A2 tJ2, OtW B2 4 2 )3, YTl

This completes the proof.

1 (1d
E { VN0lze + 10wz + 810Gl 72) + vIIVOw]z + V||dlvatw”L2}

5 Proof of Proposition 3.4

We see from (4.14) and Proposition 4.5 that

d 1
(E2 n Eg) 4 —Dy+——Ds
dt vy

62_'_2
<5+ 5+ 5) Il

1
v+ v Y oN2 /1 1
+C{(52 e <52 +72> (Vﬁ i VQ)
2

ER
2

+(1+1> fir 1 (1+1+1 1>}D
V3 ﬂ2+’72 1762_}_,}/2 52_'_,}/ 62

+C<N2+ﬁ i7 NS)

If BZI”Q < 1, 1, 7 <1, then the right-hand side of (5.1) can be estimated as

1 1
C<_ T 5 +62 ) H x32¢HL22 1 1
v+4v v
+O{ B+ 27 <ﬁ2 + 72> (E i ﬁ)
1 2 72

1 1 1 1
+<u+u3>62+72+1/62~|—72+,62+'y2(+1/+V3+B2 2

+0(Ny + 52%721\@

1 1 1
<O(5+ 5+ 55 ) 100l +

1
— Dy + C'| N
7y 2+ O(Nat

1
—N>,
64 B2+ ~2 3

95
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and hence,
d 1 1 1
— E —E> —D —D
i Y ) T T et
1 1 1 1
< Z _— .
<5+ 55+ gy 0ol + O (Mot 55 —55)

It follows from (5.2) and Proposition 4.6 that

d
FEsy +
dt<2 B2+ 2
1~ 1 1 v+
<-D o(— — )
=9 3+ V+52+52+72 B2 4+ ~2

N3 + N4)

E3+E4)+153+D4

4

+O(N2+B i

Moreover by taking v, 7, 32,42 so that C(% L4+ 52+7 )fﬁiig < %, we have

CZ(EﬁB - E3+E4> 2(D3+D4)<C<N2+ N3+N4>

B2+ 2

By combining (5.3) and Proposition 4.7, we obtain

d C
~F p 0, Vw2, c ~100,.G|1%
1%
+C |IV28U)”L2 + CN5

/62+2

It follows from Proposition 4.8 and Proposition 4.9 that

Lo, Gl + 0.,

~ ~ 2 2
<C< y;2+62;272.V(VVjLﬂ)—i_y_:y'l;J '5121772
%—F V41ﬁQ + lﬂlﬁQ + V; + Vgﬁ + st)ﬁg) + V%QH&ESGH?LQ
+ (Tl + sl + SInul) + | (0 i+ Z0um.0,6 )

1 v+v i
<C< —
+52+ v +V(V—i-17)

+

. C )
>D5 + V—ﬁgHastHL?

(5.2)

(5.3)

(5.4)

N 1 1 32
+ (LNl + Al + il ) + \ (0nsfa+ Z0n,m,0.,6) \ (5.5)

By combining (5.4) and (5.5), we have

d . 1 C
—F, —Dg <
&t BT e )
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We next estimate ||V2w||3,. We see from Proposition 4.9 that if C <% + lz) < 3, then

B
1 2. 112
W“V w7
¢ 2 112 Cp? 2
< VQ/BQ(/BQ +72>2”v QHL2 + VQ(ﬁQ_i_,}/Q)QHGHHI
1 C 5=
< 3D+ S @Al + 1 f2lze + 820 l7)- (5.7)
It follows from (5.6) and (5.7) that
d 1
—E D - 2 2
dt 6 + 6+ /8 (/82 ) ||v w||L2
C

C .~
< om0Vl + O8Nt IR + IRl + BIml). (69

By coupling Proposition 4.10 and (5.8), we obtain

d Vﬁ2+722 1/52_’_72
K R | S R IVl + 2oz,

7 o
v(B? ++%) .
O<B4(v+ﬂ) u62>”atvw‘|ﬂ+ — IV ||L2+O< +§+E+1+ )D
2 2
+O(MB+MN6+|(V2(f3+%hl)’VQG)’ V+V||f1HH2

L B L B e
ol Bl + Al + Il

Hence we have

d 1 1 Cv
B+ oDy < (52 )||ati||L2 T IVl + ON. (5.9)
We see from Proposition 4.13 and (5.9) that
d 1 Cv
EE7+ D7+F||V3w||%2
<C( +L+ )||8ti||L2+C( lﬂtﬂpfrcm
B vp? B2 B2 +?
Hence we obtain
d 1~ 1 1
EE7 +5 D7 < (52 + iz +- >||8ti||Lz + CNy. (5.10)

We next estimate for time derivatives of (¢, w,G). By combining Proposition 4.14 and
Proposition 4.15, we have

d/ 1 , 32
dt(ﬁ2 Hatd)“L2 + o —52_'_72

10:G 3 )
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1072 + 5 IVowlli: + —— Hdlvﬁtw\lm +10.G1z

EEE 7

v+uv 72

Gryaa) Dot O + 57—
2

s
+ a0, 6) + 1)) (5.11)

<o+ 5 1(0:11.019)]

1
+ m“atf%atwﬂ

We see from (5.10) + (5.11) that

d ~2 1 32
A G Quatasnm GOl + 575101
+ D+ 00l + 1 ||atw||Lz + la.GI2:
2 1
)D6+C<N7+Hf1||L2+

V4
mK@fh@t@Hm

e

. 52%2,@ f3, G + 113

e e T
+ﬁ1(atf2,atw)!+ 5: (@ufa, G|+ 1 fall72 )-

We set

< C’( (O fa, Oyw)|

2 1 , 62
Eg = E7 + 52 + 3 H&tqﬁHLg + = m
1%
Ds == D7 + [|09]7> + _2||vatw||L2 + [16:G]|7
2

Ng = N7+ ”fl”%Q + 62"_ 2|(8tf17at¢)|

1 32
+ m“@tfg, atw)] +

10.G1L-

32 _'_72\(8,5]”3,8,56’)\ + ”f3|‘%2

It then follows

d
—F, Dg < C' Ng.
o s + g < 8

We note that there exists a positive number C; > 0 such that Eg < C}Dg. This leads to

d
EES + C1(Es + Dg) < CNg,

and hence,

¢ ¢
Es(t) + Cy / e~ =9 Dy(s)ds < Ce™ M Eg(0) + C’/ e~ (=% Ny (s)ds.
0 0

We see from the third equation of (3.3) that

v+

1 B4
02,2 < € (5 10l + 1Vow|3 + b+ IV




1
_va”L2+ (HGHL2+”8GHL2) ;Hfz!liz)

4 4

Eg.

We finally introduce the followmg quantltles

E(t) :=2CEs(t) + B4+ 4|| w(t)]|72

D(#) := 20 Dg(t)
N(t) == 20Ny (1).

Then the following inequality holds true:

t t
E(t) +/ e~ =9 D(s)ds < Ce” M E(0) + C/ eI N(5)ds.
0 0
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(5.12)

To complete the proof of Proposition 3.4, it remains to estimate N (¢). We shall show

that N(t) is estimated in the following way.

Proposition 5.1. There exists a positive constant §; > 0 such that if E(t) < ¢, then it

holds the following estimate
N(t) < C(E(t): + E@)D(t)  (t>0).

Direct applications of Lemmata 2.1-2.3 yield Proposition 5.1. The proof of Proposition

3.4 now follows from combining (5.12) and Proposition 5.1.

6 Appendix: Proof of Proposition 3.2.

In this section, we will give a proof of Proposition 3.2.
Proof of Proposition 3.2. We set (p,v, F) = (p, v, F) = (1,0"(z3,t)ey,

(V(z— &1@3’15)61))*1) in (1.1). Since

10
F=V(z+¢'e)={0 1
00

p(Bw + v - Vv) — vAv — (v +V/)Vdive + Vp(p) = (9,0 — v02, 0"

B2div(pFF) 4 pg = (B°92,0" + g )ex,

)617

O

we see from the 2nd equation of (1.1) that ¥' should satisfy the following time-periodic

problem:
Ot = PR — v W = g,
$1(0,1) = PH(1,t) =0,
¢ (ZL’3,t+T) ¢ (.173,2(,')
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For simplicity we assume that i—ﬁ is not integer.

We set
0 -1
A= ( ) |
—p%02, —vo2,

It follows that the problem (6.1)—(6.3) is written as

@Dl Pt 0 QZ (l’g,t +T) 77[_)1({L‘37t)
A = . A4
8 <U + 1_)1 gl ) @ (.Tg, t + T) 1_)1(‘7;3,'[;) (6 )
To solve (6.4), we consider the Fourier-sine expansions;

o0
5 wk sin(kmas), ' E U (t) sin(kmxs),
k=1

g' = Zgi(t) sin(kmaxs).
k=1

We see from (6.4) that (o5, ) satisfies
d (U N et +T)  (Un(t)
E(’Uk) +A(’Uk) - (ﬁi)’ (ﬁk(tJrT)) N (ﬁk(t)) (65)

A 0 —1
A= ( B2k*m? vk*n? ) '

The solution of (6.5) is given by

Cf: ((tt))> B /too e (ﬁ,;()s)) ds. (6.6)

tA

where

From [9], the solution semigroup e™** is represented as

1 a1 N -l
—tA _ thy A +
DV (6 (—A+>\_ /\+)+e (/\+/\_ —A_))’

where
—vk?n? £ \/12kAnt — 482k2 72
Ay = :
2
We note that Ay are the characteristic roots of —A satisfying the following properties
p? 1 22
A =—+0 5 , Ao = —vk*r® 4+ 0(1) for k>1,
v
Al = B

It then follows that 1 (t) and 0,(t) are written as

. t 6)\+(t s) _6)\_(t s) N
o = [ =Sk,

—00
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A t Y e>‘+(t_5) _ /\_ekf(t—s) .
Up(t) = / * V. g (s)ds.

—00

By integration by parts, we see that ¢, (¢) and 9y, (¢) are rewritten in the following forms:

- 1 Poa_ert=s) )\ eA-0ms)
= q; (t ) (s)d 6.7
) = st + [ AT gy gas (6.7
. t e>\+(t—s) _ 6)\,(15—3) v
autt) = [ (31 (s)ds. (6.5)
VS VS

Let us estimate ¢, and 0, by using (6.7) and (6.8).
We first prepare the following inequalities shown in [9] to estimate (6.7) and (6.8):

6)\+t _ e/\_t 1 .
< K 6.9
N — | = Bkr 4 vkt (6.9)
A Apt A At
' ¢ - )\+e < Ceert, (6.10)

Based on (6.7) and (6.10), we have

t

()2 < 6‘%4 . (| ()y+/_me‘c”“ I(31)' (s )\ds)2
g#@i(tﬂzﬂL#(/_;em“ (g )’(s)|ds)

¢ ~1 ¢ 2 C ! —cn(t—s)d ! —ck(t—s)|(Al\/ 2d
= 64k4 719:(0)] +W e s e |(92)"(s)["ds

C ~1 2 C ' —ck(t—s)|(1\/ 2
S i g ()" + 1744 € [(gx)'(s)|"ds.
BAkAm KkBAKATY J_

2

In the case that i—f is a positive integer, we can deduce above estimates by using the

following forms with k& = %:

~ 1 R 1 t 252 B
Ui (t) :ng(t)er/ e v ) (gh) (s)ds
2 ¢ 2%
b [ (=9 TG (s

A ! _28% o a 4 ¢ 8% 1o
) == [ (=9 TG s - o [ e Tl s

—00

Hence, we obtain the following estimate for 0 <1 <6

¢ ' —ck(t—s -
105, () Z20.1) < ||0l 0" (D)2 + / e 0,05, 9" ()| 720,1)ds

KBt
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C
< @Hgl(t)!\?mo,n + "f2—ﬁ4t§(l)%} 109" () 37201y

C’ 1
< ﬁ4 1+ g 13 (0,T,H4(0,1))"

As a result, ¢! (t) satisfies

- C 1
sup ‘Wl(t)”%ﬁi(m 54 <1+ ) ”9 HHl (0,T,H4(0,1))"

te[0,7)

Similarly, we obtain the estimate of sup H@l(t)\ﬁ#(m) by using (6.8) and (6.9).

te[0,T

The estimate of sup H@tﬁl(t)H?{z(m) is immediately proved by using (6.1). This com-

t€[0,T]

pletes the proof of Proposition 3.2. B
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