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1 Introduction
Maxwell’s equation is concerned on the electric field E, the magnetic field B, the

current density J , and the electric charge density ρ, depending on the space-time variables
(x, t). Using the gradient operator

∇ = ∇x ≡

 ∂
∂x1
∂

∂x2
∂

∂x3

 , x = (x1, x2, x3),

and the outer and the inner products in R3 denoted by × and ·, respectively, it is given
by

∇×H − ∂D

∂t
= J, ∇ ·D = ρ, ∇× E +

∂B

∂t
= 0, ∇ · B = 0

with
D = εE, B = µH, J = σE,

where ε, µ, and σ denote the permittivity, the permeability, and the conductivity, re-
spectively. Assuming the the first two physical constants ε and µ are independent of the
media, we put them to be 1, to reach

∇× B − ∂E

∂t
= J, ∇ · E = ρ

∇× E +
∂B

∂t
= 0, ∇ · B = 0 in Ω, (1)

with the normalized light speed c = µε = 1, where Ω ⊂ R4 is a domain in space-time.
We take the case that this Ω is composed of two media, with the interface M forming

a part of smooth hyper-surface, and that the variables J and ρ are only piecewise regular.
We refer to [2, 3] for such a situation of the secondary current in magnet-encephalography,
because of the discontinuity of the conductivity σ and that of the primary current evoked
by the neuron activity.

Here we study (1), viewing J and ρ as given data provided with the piecewise regu-
larity. Then, our purpose is to clarify the components of B and E of which singularities
propagate accross the interface without suffering any effects from it. So far, such a prop-
erty is known to the stationary problem. To provide a uniform description for stationary
and nonstationary problems, we formulate the above described geometric profile of Ω in
a general setting as follows.

Definition 1. The domain Ω ⊂ Rn is said to have interface, denoted by M, if this
M is a non-compact smooth hyper-surface in Rn without boundary, and it holds that
Γ ≡ M∩ Ω 6= ∅.

In this case the domain Ω is divided into two parts by M, denoted by Ω±, and then
Γ = Γ± is distinguished as a subset of ∂Ω±:

Ω = Ω+ ∪ Γ ∪ Ω−, Γ± = ∂Ω± \ ∂Ω(= Γ).
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We suppose the connectivity of Ω± for simplicity. Hence they form domains in Rn by
themselves.

Our assumption is the piecewise regularity of J ∈ L2(Ω) and ρ ∈ L2(Ω) in (1),
precisely,

∇× J ∈ L2(Ω±)
3,

∂J

∂t
+∇ρ ∈ L2(Ω±)

3, (2)

where the differentiations are taken in the sense of distributions in Ω±.

Theorem 1. Let Ω ⊂ R4 be a domain with the interface. Let ν be the outer unit normal
vector on Γ−, extended smoothly on Ω. Let B,E ∈ H1(Ω)3 be the solution to (1), for
J ∈ L2(Ω)3 and ρ ∈ L2(Ω) satisfying (2). Then it holds that

□(ν0B + ν̃ × E) ∈ L2(Ω)3, □(ν̃ · B) ∈ L2(Ω), (3)

where

ν =


ν1

ν2

ν3

ν0

 , ν̃ =

 ν1

ν2

ν3

 , □ = − ∂2

∂t2
+∆x.

Since the system (1) implies

−∆B − ∂

∂t
∇× E = ∇× J, ∇ρ−∆E +

∂

∂t
∇× B = 0,

there arises that
□B = −∇× J, □E = ∇ρ+

∂J

∂t
.

The assumption (2) thus implies

□B, □E ∈ L2(Ω±)
3,

which, however, does not mean □B, □E ∈ L2(Ω)3. The conclusion (3), therefore, assures
that H2-singularities of ν0B+ ν̃ ×E and ν̃ ·B propagate through the interface under the
light speed, without suffering any effects from it.

In the stationary state, Et = Bt = 0, the system (1) sprits into

∇× B = J, ∇ · B = 0 in Ω (4)

and
∇× E = 0, ∇ · E = ρ in Ω (5)

where Ω ⊂ R3 is a three-dimensional domain. By Theorem 1, if this Ω is provided with
interface, we obtain the following facts because ν0 = 0 under the notation of Theorem 1:

1. If B ∈ H1(Ω)3 solves (4) with J ∈ L2(Ω) satisfying ∇ × J ∈ L2(Ω±)
3, it follows

that ∆(ν · B) ∈ L2(Ω), and hence ν · B ∈ H2
loc(Ω).

2. If E ∈ H1(Ω)3 solves (5) with ρ ∈ L2(Ω) satisfying ∇ρ ∈ L2(Ω±)
3, it follows that

∆(ν × E) ∈ L2(Ω), and hence ν × E ∈ H2
loc(Ω)

3.
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These results on stationary solutions are obtained by [7, 8] and [5, 6], respectively. In
the latter work, especially, the method of differential forms is developed and the results
are extended to arbitrary space dimension n.

To state details, we use several notations in the theory of harmonic integration [10],
recalling that Ω ⊂ Rn is a domain with interface. First, let Λp = Λp(Ω) be the set of
p-forms on Ω. Second, the outer derivative

d : Λp → Λp+1

and the co-differentiation
δ : Λp → Λp−1

are defined usually. Then it holds that

−∆ = δd+ dδ : Λp → Λp.

Analogous result is valid piecewisely to Λp
± = Λp(Ω±), the set of p-forms on Ω±.

Let Hq(Λp(Ω)), q = 0, 1, 2, be the set of p-forms of which coefficients are Hq functions
on Ω. We write L2 for H0. Hence it holds that L2(Λ0(Ω)) = L2(Ω), and we say, for
example, that

B = B1dx1 + · · ·+Bndxn ∈ L2(Λ1(Ω)), (6)
if and only if Bi ∈ L2(Ω) for 1 ≤ i ≤ n. For the moment we put

Hq(Λp) = Hq(Λp(Ω)), Hq(Λp
±) = Hq(Λp(Ω±)).

Given B ∈ L2(Λ1) as in (6), next, we put

Bν = (B, ν)ν, Bτ = B − Bν , (7)

where ( , ) denotes the Rn inner product. Here, the vector field ν = (νi) on Ω is identified
with the 1-form

ν = ν1dx1 + · · ·+ νndxn, (8)
and therefore, it follows that

(B, ν) =
n∑

i=1

Biνi.

Theorem 2 ([5]). For B ∈ H1(Λ1) the following facts hold true.

1. Suppose that dB = J and δB = 0 in Ω, and that J ∈ L2(Λ2) satisfies δJ ∈ L2(Λ1
±).

Then it follows that ∆Bν ∈ L2(Λ1) and hence Bν ∈ H2
loc(Λ

1).

2. Suppose that dB = 0 and δB = g in Ω, and that g ∈ L2(Λ0) satisfies dg ∈ L2(Λ1
±).

Then it follows that ∆Bτ ∈ L2(Λ1) and hence Bτ ∈ H2
loc(Λ

1).

Remark 1. In both cases of the above theorem, the 1-form B ∈ H1(Λ1) actually satisfies
∆B ∈ L2(Λ1

±) by −∆ = dδ + δd. This property, however, implies only B ∈ H2
loc(Λ

1
±),

which does not mean B ∈ H2
loc(Λ

1(Ω)). Since the trace of the component of B to Γ± is not
defined as an element in H1/2(Γ±), we use the paring between H1/2(Γ±) and H−1/2(Γ±)
to justify the proof of the above theorem. See §5.
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It is classical that (1) takes a representation of differential forms in the Minkowski
space. The unknown, however, is 2-form in this case, and therefore, we take the stratagy
of extending Theorem 2 on B ∈ H1(Λ1) to that on ω ∈ H1(Λ2), to prove Theorem 1.
The essential difference here is that this 2-form ω does not take any natural normal or
tangential components as in Bν and Bτ defined by (7), respectively, for the 1-form B. We
have to formulate, therefore, the component of 2-form, provided with analogous properties
to Theorem 2 on 1-forms.

Given a 2-form on Ω, denoted by

ω =
∑
i<j

ωijdxi ∧ dxj,

thus we define the 1-forms ω̂i by

ω̂i =
∑
ℓ

ω̃ℓidxi, 1 ≤ i ≤ n,

where

ω̃ij =


ωij, i < j
0, i = j
−ωji, i > j.

(9)

Recall that ν is identified with the 1-form as in (8). Then the result on 2-forms, comparable
to 1-forms on Theorem 2, is given as follows.

Theorem 3. Let Ω ⊂ Rn be a domain with interface and assume that ω ∈ H1(Λ2) solves

dω = θ, δω = 0 in Ω

with θ ∈ L2(Λ3) satisfying δθ ∈ L2(Λ2
±), Then it holds that

∆(ν, ω̂i) ∈ L2(Λ0), 1 ≤ i ≤ n.

Once Theorem 3 is obtained, Theorem 1 is proven by replacing the Euclidean metric
to the Minkowski metric.

This paper is composed of five sections. Taking preliminaries in §2, we show Theorem
3 in §3. Then Theorem 1 is proven in §4. Section 5 is an appendix, where a short proof
of Theorem 2 is provided.

2 Preliminaries
Henceforth D ⊂ Rn denotes Lipschitz domain, standing for Ω± or Ω in the previous

section. The trace operator γ : H1(D) → H1/2(∂D) is then well-defined. It holds that

H1/2(∂D) ∼= H1(D)/H1
0 (D)

by this homomorphism and C∞(D) is dense in H1(D). See [4, 9, 11] for the proof of these
facts. Then we write

φ|∂D = γφ
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for φ ∈ H1(D).
We confirm several fundamental facts on differential forms on the Euclidean space.

See [1, 10], for example, for the detailed proof. First, the Euclidean inner product of the
1-forms α =

∑
ℓ α

ℓdxℓ and β =
∑

ℓ β
ℓdxℓ is given by

(α, β) =
∑
ℓ

αℓβℓ.

Second, if λ = α1 ∧ · · · ∧αp and µ = β1 ∧ · · · ∧ βp are p-forms made by the 1-forms αi and
βi for 1 ≤ i ≤ p, we put

(λ, µ) = det ((αi, βj))i,j . (10)
Let Λp(D) be the set of p-forms on D. The outer derivative and the wedge product

of these differential forms are denoted by

d : Λp(D) → Λp+1(D) (11)

and ∧, respectively. The Hodge operator ∗ : Λp(D) → Λn−p(D) is defined by

ω ∧ τ = (∗ω, τ) dx1 ∧ · · · ∧ dxn (12)

for ω ∈ Λp(D) and τ ∈ Λn−p(D), and then it follows that

∗(dxj1 ∧ · · · ∧ dxjp) = sgn σ · dxjp+1 ∧ · · · ∧ dxjn ,

where σ : (1, · · · , n) 7→ (j1, · · · , jn). Then we put

δ = (−1)p ∗−1 d∗ : Λp(D) → Λp−1(D), (13)

to obtain
δd+ dδ = −∆ : Λp(D) → Λp(D).

By the definition, if
B =

∑
i

Bidxi

and
ω =

∑
i<j

ωijdxi ∧ dxj

are 1- and 2-forms, respectively, it holds that

δB = −
∑
i

Bi
i (14)

and
δω = −

∑
i,ℓ

ω̃ℓi
ℓ dxi, (15)

for ω̃ij defined by (9). Here and henceforth, we put

Bi
i =

∂Bi

∂xi

, ωℓi
ℓ =

∂ωℓi

∂xℓ

.
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Given ω ∈ Λp(D) and θ ∈ Λp−1(D), we have

(dθ, ω) dx1 ∧ · · · ∧ dxn = dθ ∧ ∗ω = d(θ ∧ ∗ω) + (−1)pθ ∧ d ∗ ω

and hence ∫
D

(dθ, ω) dx1 ∧ · · · ∧ dxn =

∫
∂D

θ ∧ ∗ω +

∫
D

(θ, δω) dx1 ∧ · · · ∧ dxn. (16)

The area element ds on ∂D, on the other hand, is defined by

νids = ∗dxi, 1 ≤ i ≤ n.

Lemma 1. It holds that

∗B = (B, ν) ds, B ∧ ∗C = (ν ∧ B,C) ds (17)

for B ∈ Λ1(D) and C ∈ Λ2(D).

Proof: Let

B =
∑
i

Bidxi, C =
∑
i<j

ωijdxi ∧ dxj, ν =
∑
i

νidxi.

First, a direct calculation implies

(B, ν) ds =
∑
i

Biνids =
∑
i

Bi ∗ dxi = ∗
∑
i

Bidxi = ∗B.

Second, it holds that

ν ∧ B =
∑
i,j

(νidxi) ∧ (Bjdxj) =
∑
i<j

(νiBj − νjBi)dxi ∧ dxj

and hence

(ν ∧ B,C) ds =
∑
i<j

(νiBj − νjBi)C ijds =
∑
i<j

C ij(Bj ∗ dxi − Bi ∗ dxj).

Here, we have
∗C =

∑
i<j

C ij ∗ (dxi ∧ dxj),

which implies

B ∧ ∗C =
∑
k

∑
i<j

BkC ijdxk ∧ ∗(dxi ∧ dxj)

=
∑
i<j

C ij(Bj ∗ dxi − Bi ∗ dxj).

Then it follows that
B ∧ ∗C = (ν ∧ B,C) ds.
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□
Henceforth, we write∫

D

· · · dx1 ∧ · · · ∧ dxn =

∫
D

· · · ,
∫
∂D

· · · ds =

∫
∂D

· · · ,

in short. Given θ ∈ H1(Λp(D)), we say, simply, that this p-form is in H1(D). Then
its trace θ|∂D of this p-form is said to belong to H1/2(∂D). The following fact is well-
known. We, however, present the proof, noticing its validity for differential forms on the
Minkowski space.

Proposition 1. Let φ, B, and J be 0-, 1-, and 2-forms in H1(D), respectively. Then it
holds that ∫

D

(δB, φ) =

∫
D

(B, dφ)−
∫
∂D

(B, ν)φ (18)∫
D

(dB, J) =

∫
D

(B, δJ) +

∫
∂D

(ν ∧ B, J). (19)

Proof: Having (φ,B, J)|∂D ∈ H1/2(∂D), we apply (16) for ω = B and θ = φ. Since

θ ∧ ∗ω = φ · ∗B = φ(B, ν) ds

it holds that (18). For (19) we put ω = J and θ = B in (16). There arises

θ ∧ ∗ω = B ∧ ∗J = (ν ∧ B,C) ds

and hence the conclusion. □
Henceforth, X ′ denotes the dual space of the Banach space X over R, and 〈 , 〉 denotes

the paring between X and X ′. We put H−1/2(∂D) = H1/2(∂D)′.

Proposition 2. Let p be a 0-form in H1(D).

1. If ∆p ∈ H1(D)′, then (dp, ν)|∂D ∈ H−1/2(∂D) is well-defined, and it holds that

〈(dp, ν), φ〉 =
∫
D

(dp, dφ) + 〈∆p, φ〉, ∀φ ∈ H1(D). (20)

2. The 2-form ν ∧ dp|∂D ∈ H−1/2(∂D) is well-defined, and it holds that

〈ν ∧ dp, J〉 = −
∫
D

(dp, δJ), ∀2-form J ∈ H1(D). (21)

Proof: Equality (20) follows if p ∈ H2(D) is the case from (18) for B = dp, because
δd = −∆ on Λ0(D). To extend this identity for p ∈ H1(Ω), we regard its right-hand
side as a functional on H1/2(∂D) ∼= H1(D)/H1

0 (D), noting ∆p ∈ H1(D)′. Well-posedness
of this functional holds if its value is independent of the choice of φ ∈ H1(D) for given
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φ|∂D ∈ H1/2(∂D). This property is reduced to confirmirming that the right-hand side
becomes 0 for φ ∈ H1

0 (D). Finally, this identidy is obvious again if p ∈ H2(D), and then
we can extend it to p ∈ H1(D) because C∞(D) is dense in H1(D).

The proof of the second case is the same. First, equality (21) for p ∈ H2(D) follows
from (19) applied to B = dp by d2 = 0. Then, given p ∈ H1(D), we regard its right-hand
side as a functional on 2-forms in H1(D). This functional is actually regarded as an
element in H−1/2(∂D) becasue H1/2(∂D) ∼= H1(D)/H1

0 (D) and the right-hand side is 0
for J ∈ H1

0 (D). Finally, this property is obvious for p ∈ H2(D) and hence extends to
p ∈ H2(Ω) because C∞(D) is dense in H1(D). □

3 Proof of Theorem 3
We recall the key identity used in [7]. If Ω ⊂ Rn is a domain with interface and

p ∈ H1(Ω) is a 0-form, we have ν ∧ dp|Γ±
∈ H−1/2(Γ±) by Proposition 2. Then we define

[ν ∧ dp]+− = ν ∧ dp|Γ+
− ν ∧ dp|Γ−

as an element in H−1/2(Γ).

Lemma 2. It holds that [ν ∧ dp]+− = 0.

Proof: Recall that ν is the outer unit normal vector on Γ− extended smoothly on Ω.
Given the 2-form J ∈ C∞

0 (Ω), therefore, we obtain

±〈ν ∧ dp, J〉 =
∫
Ω±

(dp, δJ).

Then it follows that
[〈ν ∧ dp, J〉]+− =

∫
Ω

(dp, δJ),

of which right-hand side is equal to 0 if p ∈ H2(Ω) by J ∈ C∞
0 (Ω) and (19) for B = dp

and D = Ω. Then this equality is extended to p ∈ H1(Ω) because C∞(Ω) is dense in
H1(Ω). □

Proposition 3. If p ∈ H1(Ω) is a 0-form, it holds that[
νipj − νjpi

]+
− = 0 in H−1/2(Γ), 1 ≤ ∀i, j ≤ n,

where pi =
∂p
∂xi

.

Proof: The result is a direct consequence of Lemma 2 because

dp =
∑
i

pidxi

and
ν ∧ dp =

∑
i<j

(νipj − νjpi)dxi ∧ dxj.
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□
Given a 0-form f , let

(ν, d)f =
∑
i

νifi =
∂f

∂ν
, (22)

recalling fi =
∂f
∂xi

. Given a 2-form ω, recall also ω̂i defined in Theorem 3.

Proposition 4. If ω ∈ H1(Ω) is a 2-form, it holds that[
δω +

∑
i

[(ν, d)(ν, ω̂i)dxi

]+

−

= 0 in H−1/2(Γ).

Proof: Since (15) holds for

ω =
∑
i<j

ωijdxi ∧ dxj,

it suffices to confirm[∑
ℓ

ω̃ℓi
ℓ − ∂

∂ν
(ν, ω̂i)

]+

−

= 0 in H−1/2(Γ), 1 ≤ i ≤ n. (23)

Henceforth, we write A ∼ B if A− B ∈ H1(Ω). It then follows that

[A− B]+− = 0 in H1/2(Γ).

Fix i, put Bℓ = ω̃ℓi, and define the one form

B =
∑
ℓ

Bℓdxℓ(= ω̂i).

It follows that ∑
ℓ

ω̃ℓi
ℓ − ∂

∂ν
(ν, ω̂i) =

∑
ℓ

{
Bℓ

ℓ − νℓ(ν,B)ℓ
}

with
(ν,B) =

∑
k

νkBk.

We thus obtain ∑
ℓ

ω̃ℓi
ℓ − ∂

∂ν
(ν, ω̂i) ∼

∑
ℓ

Bℓ
ℓ −

∑
ℓ,k

νℓνkBk
ℓ

=
∑
ℓ

Bℓ
ℓ −

∑
k,ℓ

νkνℓBℓ
k

=
∑
ℓ

{
Bℓ

ℓ − νℓ(ν, d)Bℓ
}
.
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For p = Bℓ we have

Bℓ
ℓ − νℓ(ν, d)Bℓ = pℓ − νℓ(ν, d)p

=
∑
k

{
(νk)2pℓ − νℓνkpk

}
=

∑
k

νk(νkpℓ − νℓpk)

Then (23) follows from Proposition 3 as[
Bℓ

ℓ − νℓ(ν, d)Bℓ
]+
− =

∑
k

νk
[
νkpℓ − νℓpk

]+
− = 0 on H−1/2(Γ).

□
Proof of Theorem 3: Since ω ∈ H1(Ω) is 2-form satisfying δω = 0, it holds that[

∂

∂ν
(ν, ω̂i)

]+
−
= 0 in H−1/2(Γ), 1 ≤ i ≤ n (24)

by Proposition 4. Using dω = θ ∈ L2(Ω) and δθ ∈ L2(Ω±), we obtain

−∆ω = (dδ + δd)ω = δθ ∈ L2(Ω±)

and hence there exists −∆(ν, ω̂i) ∈ L2(Ω±), denoted by hi
± for 1 ≤ i ≤ n:

−∆(ν, ω̂i) = hi
± in L2(Ω±).

Define hi ∈ L2(Ω) by hi = hi
± in Ω±. Equality (24) then implies∫

Ω

hiφ =

∫
Ω

(−∆φ) · (ν, ω̂i), ∀φ ∈ C∞
0 (Ω)

by (18), and hence
−∆(ν, ω̂i) = hi ∈ L2(Ω), 1 ≤ i ≤ n

in the sense of distributions. □

4 Proof of Theorem 1
We confirm the structure of differential forms in the Minkowski space R4 ∼= R3,1, using

x = (x1, x2, x3) and t = x0. Let D ⊂ R4 be a domain in this space and Λp(D) be the set
of p-forms on D. The outer derivative and the wedge product are denoted similarly by d
in (11) and ∧, respectively.

Given 1-forms

α =
3∑

i=1

αidxi + α0dx0, β =
3∑

i=1

βidxi + β0dx0,
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first, the Minkowski inner product is defined by

(α, β) = −
3∑

i=1

αiβi + α0β0. (25)

Then the Minkowski inner product for p-froms on D is defined similarly by (10).
The Hodge operator ∗ is now defined by (12), where ( , ) is replaced by the above

described Minkowski inner product. It then holds that

∗(dx0 ∧ dxi ∧ dxj) = −dxk, (i, j, k) = (1, 2, 3)

∗(dx1 ∧ dx2 ∧ dx3) = dx0

and

∗(dx0 ∧ dxj) = −dxk ∧ dxℓ

∗(dxj ∧ dxk) = dx0 ∧ dxℓ, (j, k, ℓ) = (1, 2, 3).

Putting δ as in (13), this time we obtain

dδ + δd = □ ≡ − ∂2

∂t2
+∆x : Λp(D) → Λp(D).

Then Maxwell’s equation (1) takes the form

dω = 0, d ∗ ω = −j in Ω, (26)

for

ω = E2dx0 ∧ dx1 + E2dx0 ∧ dx2 + E3dx0 ∧ dx3

−B1dx2 ∧ dx3 − B2dx3 ∧ dx1 − B3dx1 ∧ dx2

j = J1dx0 ∧ dx2 ∧ dx3 + J2dx0 ∧ dx3 ∧ dx1 + J3dx0 ∧ dx1 ∧ dx2

+ρdx1 ∧ dx2 ∧ dx3

and

E =

 E1

E2

E3

 , B =

 B1

B2

B3

 , J =

 J1

J2

J3

 .

This (26) is equivalent to
dθ = j, δθ = 0 in Ω

for θ = − ∗ ω.
Henceforth we write ω and θ for j and θ, respectively. Thus we handle with

dω = θ, δω = 0 in Ω (27)

for

ω = E2dx0 ∧ dx1 + E2dx0 ∧ dx2 + E3dx0 ∧ dx3

+B1dx2 ∧ dx3 +B2dx3 ∧ dx1 +B3dx1 ∧ dx2

θ = J1dx0 ∧ dx2 ∧ dx3 + J2dx0 ∧ dx3 ∧ dx1 + J3dx0 ∧ dx1 ∧ dx2

+ρdx1 ∧ dx2 ∧ dx3.
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In this setting of Theorem 1, therefore, the domain D ⊂ R4 is provided with interface
and ω ∈ H1(Ω) is 2-form satisfying (27). As in Theorem 3, therefore, if

δθ ∈ L2(Ω±), (28)

it holds that
(δd+ dδ)(ν, ω̂i) ∈ L2(Ω), 0 ≤ i ≤ 3 (29)

in accordance with the Minkowski inner product (25).
First, since

δθ = −
(
∂J2

∂x1

− ∂J1

∂x2

)
dx0 ∧ dx3 −

(
∂J1

∂x3

− ∂J3

∂x1

)
dx0 ∧ dx2

−
(
∂J3

∂x2

− ∂J2

∂x3

)
dx0 ∧ dx1 +

(
∂J1

∂x3

+
∂ρ

∂x1

)
dx2 ∧ dx3

+

(
∂J2

∂x0

+
∂ρ

∂x2

)
dx3 ∧ dx1 +

(
∂J3

∂x0

+
∂ρ

∂x3

)
dx1 ∧ dx2.

the condition (28) is equivalent to (2).
Second, we obtain

ω̂0 = ω̃01dx0 + ω̃20dx2 + ω̃30dx3 = −B1dx1 − B2dx2 − B3dx3

and hence
(ν, ω̂0) = ν1B1 + ν2B2 + ν3B3.

It holds also that

ω̂1 = ω̃01dx0 + ω̃21dx2 + ω̃31dx3 = B1dx0 − E3dx2 + E2dx3

and therefore,
(ν, ω̂1) = ν0B1 + ν2E3 − ν3E2.

We obtain, similarly,

(ν, ω̂2) = ν0B2 + ν3E1 − ν1E3

(ν, ω̂3) = ν0B3 + ν1E2 − ν2E1.

Hence (29) is equivalent to (3). The proof is complete by

−(δd+ dδ) = □ = − ∂2

∂t2
+∆x.

□
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5 A short proof of Theorem 2
This section is an appendix. We give a short proof of Theorem 2, taking regards to

the trace to Γ = Γ± carefully. Recall that Ω ⊂ Rn is a domain with interface,

B =
∑
i

Bidxi ∈ H1(Ω)

is a 1-form, and Bν and Bτ are defined by (7). Recall (14) and (22) also,

δB = −
∑
i

Bi
i ,

∂

∂ν
=

∑
k

νk ∂

∂xk

= (ν, d),

and put

δνB = −
∑
i

νi∂B
i

∂ν

δτB = δB − δνB = −
∑
i

(
Bi

i − νi(ν, d)Bi
)
. (30)

Lemma 3. If B ∈ H1(Ω) is 1-form, it holds that

[δτB]+− = 0 in H−1/2(Γ).

Proof: In (30) we have

Bi
i − νi(ν, d)Bi =

∑
k

νk(νkBi
i − νiBi

k)

Then it holds that [
νkBi

i − νiBi
k

]+
− = 0 in H−1/2(Γ)

by Proposition 3. □
Lemma 4. If B ∈ H1(Ω) is a 1-form, it holds that

[δBτ ]+− = 0 in H−1/2(Γ). (31)

Proof: We have

δBτ = δ(B − ν(ν,B)) =
∑
i

(
−Bi

i + (νi(ν,B))i
)
.

As in the proof of Proposition 4, therefore, it holds that

δBτ ∼
∑
i

(
−Bi

i + νi(ν,B)i
)

∼
∑
i

(−Bi
i) +

∑
i,ℓ

νiνℓBℓ
i =

∑
i

(−Bi
i) +

∑
i,ℓ

νiνℓBi
ℓ

= −
∑
i

(
Bi

i − νi(ν, d)Bi
)
= δτB,

and the result follows from the previous lemma. □
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Lemma 5. If B ∈ H1(Ω) is a 1-form, it holds that

[dBν ]+− = 0 in H−1/2(Γ).

Proof: Since
Bν =

∑
i

(B, ν)νidxi

it holds that

dBν =
∑
i<j

[
((B, ν)νj)i − ((B, ν)νi)j

]
dxi ∧ dxj

∼
∑
i<j

{
(B, ν)iν

j − (B, ν)jν
i
}
dxi ∧ dxj.

Then we obtain the result by Proposition 3. □
Proof of the first case of Theorem 2: Given the 1-form B ∈ H1(Ω), we have

δB = δBτ + δBν in Ω,

where equality (31) is applicable for the first term on the right-hand side. For the second
term we use

δBν = δνB
ν + δτB

ν

and Lemma 3 for the second term on the right-hand side. Since

δνB
ν = −

∑
i,k

νiνk((B.ν)νi)k ∼ −
∑
i,k

(νi)2νk(B, ν)k

= (ν, d)(B, ν) =
∂

∂ν
(B, ν)

we see that δB = 0 in Ω implies[
∂

∂ν
(B, ν)

]+
−
= 0 in H−1/2(Γ).

Then we obtain
(dδ + δd)B ∈ L2(Ω)

similarly to the proof of Theorem 3. □
Proof of the second case of Theorem 2: Since

0 = dB = dBτ + dBν in Ω

we obtain
[dBτ ]+− = 0 in H−1/2(Γ) (32)

by Lemma 5.



570

Given 2-form J ∈ C∞
0 (Ω), we have∫

Ω

(dδBτ , C) =

∫
Ω

(Bτ , dδC)

by Lemma 4, while equality (32) implies∫
Ω

(δdBτ , C) =

∫
Ω

(Bτ , δdC).

Hence we obtain −∆Bτ ∈ L2(Ω). □
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