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1 Introduction

Maxwell’s equation is concerned on the electric field E, the magnetic field B, the
current density J, and the electric charge density p, depending on the space-time variables
(x,t). Using the gradient operator

V:sz Gy 5 xz(x1,$2,$3),

and the outer and the inner products in R? denoted by x and -, respectively, it is given
by
oD

0B
Vx H- == V.-D= VxE+4+-— = .B =
X y J, P, x B+ ; 0, V 0

with
D=¢FE, B=uH, J=0F,
where ¢, p, and o denote the permittivity, the permeability, and the conductivity, re-

spectively. Assuming the the first two physical constants ¢ and u are independent of the
media, we put them to be 1, to reach

OF
B-"" = E=
V x 5 =7 v P
VxE+—a£—0, V.-B=0 inQ, (1)

with the normalized light speed ¢ = pue = 1, where Q C R* is a domain in space-time.

We take the case that this 2 is composed of two media, with the interface M forming
a part of smooth hyper-surface, and that the variables J and p are only piecewise regular.
We refer to [2, 3| for such a situation of the secondary current in magnet-encephalography,
because of the discontinuity of the conductivity o and that of the primary current evoked
by the neuron activity.

Here we study (1), viewing J and p as given data provided with the piecewise regu-
larity. Then, our purpose is to clarify the components of B and E of which singularities
propagate accross the interface without suffering any effects from it. So far, such a prop-
erty is known to the stationary problem. To provide a uniform description for stationary
and nonstationary problems, we formulate the above described geometric profile of ) in
a general setting as follows.

Definition 1. The domain 2 C R"™ is said to have interface, denoted by M, if this
M is a non-compact smooth hyper-surface in R™ without boundary, and it holds that

F=MnO#0D.

In this case the domain 2 is divided into two parts by M, denoted by 2., and then
I' = T'y is distinguished as a subset of 9€).:

Q=0Q,UTUQ., T.=00.\0Q(=T0).
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We suppose the connectivity of Q0. for simplicity. Hence they form domains in R" by
themselves.
Our assumption is the piecewise regularity of J € L*(Q) and p € L*(Q) in (1),
precisely,
aJ
V x JeL*(0)?, S tVre L*(04)?, (2)

where the differentiations are taken in the sense of distributions in €2.4.

Theorem 1. Let Q C R* be a domain with the interface. Let v be the outer unit normal
vector on T'_, extended smoothly on Q. Let B,E € H'(Q)? be the solution to (1), for
J € L*(Q)3 and p € L*(Q) satisfying (2). Then it holds that

O0°B+ v x E) € L*(Q)*, O@- B) € L*(Q), (3)
where
2 82
I ~ 2 __ v
v=1| s | 7= 1/3 , O= 8t2—|—Ax.
0 v

Since the system (1) implies

0 0

8tv X VxdJ Vp + (‘3tv X 0,
there arises that 57
OB =-V x J, DE:Vp%—E.

The assumption (2) thus implies
OB, OF € L*(Q4)?,

which, however, does not mean OB, OOF € L*(Q2)3. The conclusion (3), therefore, assures
that H2-singularities of 1B + 7 x E and 7 - B propagate through the interface under the
light speed, without suffering any effects from it.

In the stationary state, E; = B, = 0, the system (1) sprits into

VxB=J V-B=0 inQ (4)

and
VxE=0, V-E=p in Q (5)

where 0 C R? is a three-dimensional domain. By Theorem 1, if this € is provided with
interface, we obtain the following facts because vy = 0 under the notation of Theorem 1:

1. If B € HY(Q)? solves (4) with J € L*(Q) satisfying V x J € L*(Q4)3, it follows
that A(v - B) € L?(Q2), and hence v - B € H (Q).

loc

2. If E € H'(Q)? solves (5) with p € L*(Q) satisfying Vp € L*(Q4)?, it follows that
A(v x E) € L*(Q), and hence v x E € H (Q)3.

loc
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These results on stationary solutions are obtained by [7, 8] and [5, 6], respectively. In
the latter work, especially, the method of differential forms is developed and the results
are extended to arbitrary space dimension n.

To state details, we use several notations in the theory of harmonic integration [10],
recalling that 2 C R” is a domain with interface. First, let A? = AP(Q2) be the set of
p-forms on 2. Second, the outer derivative

d: AP — APH
and the co-differentiation

§: AP — APT!
are defined usually. Then it holds that

—A=0d+do: AP — AP,

Analogous result is valid piecewisely to AL = AP(€.), the set of p-forms on Q..

Let H1(AP(2)), ¢ = 0, 1,2, be the set of p-forms of which coefficients are H? functions
on 2. We write L? for H. Hence it holds that L*(A°(Q)) = L*(Q), and we say, for
example, that

B = B'dz, + -+ + B"dz, € L*(A'(Q)), (6)

if and only if B* € L*(Q) for 1 < i < n. For the moment we put
HIAP) = HO(A(Q)),  HO(AL) = HY(AY(O.)).
Given B € L*(A') as in (6), next, we put
B'=(B,v)y, B =B-B (7)

where (, ) denotes the R" inner product. Here, the vector field v = (v*) on  is identified
with the 1-form

v=vldr, + -+ v"dx,, (8)
and therefore, it follows that

(B,v) = Zn: B
i=1

Theorem 2 ([5]). For B € H'(A') the following facts hold true.

1. Suppose that dB = J and 6B = 0 in Q, and that J € L*(A?) satisfies §J € L*(AL).
Then it follows that AB” € L*(A') and hence B” € H? (A").

2. Suppose that dB =0 and 6B = g in 2, and that g € L*(A°) satisfies dg € L*(AL).
Then it follows that AB™ € L*(A') and hence B™ € H? (A').

loc
Remark 1. In both cases of the above theorem, the 1-form B € H'(A') actually satisfies
AB € L*(AL) by —A = dé + 6d. This property, however, implies only B € H}_(AL),
which does not mean B € HZ, (A'(Q)). Since the trace of the component of B to T+ is not
defined as an element in H'/?(T'y), we use the paring between HY/?(T'y) and H™Y/?(I'y)
to justify the proof of the above theorem. See §5.
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It is classical that (1) takes a representation of differential forms in the Minkowski
space. The unknown, however, is 2-form in this case, and therefore, we take the stratagy
of extending Theorem 2 on B € H'(A') to that on w € H'(A?), to prove Theorem 1.
The essential difference here is that this 2-form w does not take any natural normal or
tangential components as in B¥ and B7 defined by (7), respectively, for the 1-form B. We
have to formulate, therefore, the component of 2-form, provided with analogous properties
to Theorem 2 on 1-forms.

Given a 2-form on 2, denoted by

w = Zwijdxi A dx;,

i<j
thus we define the 1-forms @' by

o =) @dr;, 1<i<n,
l

where g
- w", 1<
oY = 0, 1=17 (9)
—wt P>

Recall that v is identified with the 1-form as in (8). Then the result on 2-forms, comparable
to 1-forms on Theorem 2, is given as follows.

Theorem 3. Let Q C R™ be a domain with interface and assume that w € H'(A?) solves
do=10, dw=0 1in
with 6 € L*(A®) satisfying 60 € L*(A%L), Then it holds that
A(v,@")y € L*(A%), 1<i<n.

Once Theorem 3 is obtained, Theorem 1 is proven by replacing the Euclidean metric
to the Minkowski metric.

This paper is composed of five sections. Taking preliminaries in §2, we show Theorem
3 in §3. Then Theorem 1 is proven in §4. Section 5 is an appendix, where a short proof
of Theorem 2 is provided.

2 Preliminaries

Henceforth D C R™ denotes Lipschitz domain, standing for Q24 or €2 in the previous
section. The trace operator v : H'(D) — H/2(0D) is then well-defined. It holds that

H'(0D) = H'(D)/H}(D)

by this homomorphism and C*(D) is dense in H'(D). See [4, 9, 11] for the proof of these
facts. Then we write

SO‘BD =¥
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for p € H(D).

We confirm several fundamental facts on differential forms on the Euclidean space.
See [1, 10], for example, for the detailed proof. First, the Euclidean inner product of the
I-forms o = Y, a’dx, and 8 =Y, %, is given by

(a,8) =) a'B".
£

Second, if A = oy A--- Aoy and pp = By A--- A B, are p-forms made by the 1-forms «; and
B; for 1 < i < p, we put
(A p) = det ((as, 55)), ;- (10)
Let AP(D) be the set of p-forms on D. The outer derivative and the wedge product
of these differential forms are denoted by

d: AP(D) — APT(D) (11)
and A, respectively. The Hodge operator * : AP(D) — A" P(D) is defined by
WAT = (*w,7) dzy A -+ Ndzy, (12)
for w € AP(D) and 7 € A" P(D), and then it follows that
*(dwj, N--- Ndzxj,) =sgno-drj, ., N--- Ndzxj,,
where o : (1,--+ ,n) = (j1, -+ ,Jn). Then we put
§ = (=1)Pxtdx: AP(D) — AP7Y(D), (13)

to obtain
dd+ds = —A: AP(D) — AP(D).

B = Z Bidz;

By the definition, if

and
W= Zw”dasi Adzx;
i<j

are 1- and 2-forms, respectively, it holds that
0B=-> B! (14)

and

dw=—> @ du; (15)
(4

for @ defined by (9). Here and henceforth, we put

. 0B R
B = b _ _
! ze ’ we al‘g
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Given w € AP(D) and 6 € AP~1(D), we have
(df,w) dey A -+ Ndxy, = dO N sw = d(0 N *w) + (=1)PONd x w

and hence
/(d@,w) dxl/\---/\dxn:/ 0/\*w+/(0,5w)dw1/\---/\dxn. (16)
D oD D

The area element ds on 0D, on the other hand, is defined by
vids = xdz;, 1<i<n.

Lemma 1. It holds that

xB = (B,v)ds, BAxC=(vAB,C)ds (17)
for B € AY(D) and C € A*(D).

Proof: Let
B = ZBidxi, C = Zwijdxi Ndz;, v = Zuidxi.
i i<j i

First, a direct calculation implies
(B,v) ds = Z B'v'ds = Z B' x dx; = * Z B'dx; = *B.

Second, it holds that
vADB = Z(Vidxi) A (Bldz;) = Z(ViBj — v/ BYYdw; A dz;
irj i<j
and hence
(vAB,C)ds =Y (VB =1/ B)CYds =Y C?(B’ xdx; — B' x da).
i<j i<j
Here, we have
i<j
which implies
BAxC = Z Z B*Cdzy, A *(dx; A daj)
koi<j
= Z CY(B? % dz; — B' * dx;).
i<j
Then it follows that
BA*C = (v A B,C) ds.
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Henceforth, we write

/ dxl/\“‘/\dl'n:\/"', / dS:/ SN
D D oD oD

in short. Given # € H'(A?(D)), we say, simply, that this p-form is in H'(D). Then
its trace 6|, of this p-form is said to belong to H/2(0D). The following fact is well-
known. We, however, present the proof, noticing its validity for differential forms on the
Minkowski space.

Proposition 1. Let ¢, B, and J be 0-, 1-, and 2-forms in H'(D), respectively. Then it
holds that

(6B,¢) = [ (B,dp)— | (B,v)y (18)
J om0 = [ Bt |
/D(dB,J) :/[)(B,éJ)+/8D(uAB,J). (19)

Proof: Having (¢, B, J)|,, € HY*(0D), we apply (16) for w = B and 6 = . Since
ONxw=p xB=p(B,v)ds
it holds that (18). For (19) we put w = J and # = B in (16). There arises
ON*w=BAx*xJ=(vAB,C)ds

and hence the conclusion. O

Henceforth, X’ denotes the dual space of the Banach space X over R, and (, ) denotes
the paring between X and X’. We put H-'/2(0D) = H'/?(dD)'.

Proposition 2. Let p be a 0-form in H'(D).

1. If Ap € HY(D)', then (dp,v)|,, € H™Y*(0D) is well-defined, and it holds that

(dp,v), @) = /D (dp.dg) + (Ap, ), Vo € H'(D). (20)

2. The 2-form v Adp|y, € H Y?(0D) is well-defined, and it holds that

(v Ndp,J) = —/D(dp,éJ), V2-form J € HY(D). (21)

Proof: Equality (20) follows if p € H?(D) is the case from (18) for B = dp, because
dd = —A on A%(D). To extend this identity for p € H'(2), we regard its right-hand
side as a functional on H/2(0D) = H'(D)/H}(D), noting Ap € H'(D)'. Well-posedness
of this functional holds if its value is independent of the choice of p € H'(D) for given
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¢lop € HY?(OD). This property is reduced to confirmirming that the right-hand side
becomes 0 for ¢ € H}(D). Finally, this identidy is obvious again if p € H%(D), and then
we can extend it to p € H'(D) because C=(D) is dense in H'(D).

The proof of the second case is the same. First, equality (21) for p € H*(D) follows
from (19) applied to B = dp by d*> = 0. Then, given p € H'(D), we regard its right-hand
side as a functional on 2-forms in H'(D). This functional is actually regarded as an
element in H~'/2(9D) becasue HY/2(0D) = H'(D)/H}(D) and the right-hand side is 0
for J € H}(D). Finally, this property is obvious for p € H?(D) and hence extends to
p € H*(Q) because C*(D) is dense in H*(D). O

3 Proof of Theorem 3

We recall the key identity used in [7]. If Q@ C R" is a domain with interface and
p € H'(Q) is a 0-form, we have v A dp|., € H-'/?(T'1) by Proposition 2. Then we define

[vAdp]f = v A dply, — v Adplp.

as an element in H~/2(I).
Lemma 2. It holds that [v A dp]T = 0.

Proof: Recall that v is the outer unit normal vector on I'_ extended smoothly on ).
Given the 2-form J € C§°(Q2), therefore, we obtain

:t(uAdp,J):/Q (dp,6J).

Then it follows that

[(v A dp, J)]" z/ﬂ(dp,w),

of which right-hand side is equal to 0 if p € H*(Q) by J € C5°(Q) and (19) for B = dp
and D = Q. Then this equality is extended to p € H'(Q2) because C*(Q) is dense in
HY(Q). O

Proposition 3. If p € H'(Q) is a 0-form, it holds that
[v'p; — I/jpi}t =04n HV2(T), 1<Vi,j<n,

where p; = %.

Proof: The result is a direct consequence of Lemma 2 because
dp = sz‘dxi

and A ‘
vAdp= Z(Vzpj — vp;)dz; A dz;.

1<j
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Given a O-form f, let
; af
(v,d)f = EZ V'fi = o

recalling f; = g—i. Given a 2-form w, recall also @* defined in Theorem 3.

Proposition 4. If w € H'(Q) is a 2-form, it holds that

dw + Z[(V, d) (v, d)l)d:cl] =0 in HY2(I).

Proof: Since (15) holds for

w = Zwijdxi A dz;,

1<j

it suffices to confirm
3 +
[Z ol — —(v, w)] =0 in H YD), 1<i<n.
¢ Ov _
Henceforth, we write A ~ B if A— B € H'(Q). It then follows that
[A—B]f =0 in HY2(I).
Fix i, put B = @“, and define the one form
B =) Bldr(=d").
¢

It follows that

Z@ﬁ" — %(u, o) = Z {B; —v'(v,B).}

]
with

(v, B) = ZukBk.
k
We thus obtain
i 0

Zwﬁ - %(l/,w )~ ZBf - Zl/kaf

¢ ¢ 0k
= Z By — Z V"B

¢ k.l

= Y {B/ -V (v.d)B"}.

l

(22)

(23)
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For p = B’ we have
Bﬁ - Vﬁ(%d)Bg = Pe— IJK(V,d)p

= Z {(yk)ng — yeykpk}
k
= > Vre—vm)

Then (23) follows from Proposition 3 as

[Bf — V' (v,d) Be Z Ve [Vrpe — yépk}f =0 on H V().

Proof of Theorem 3: Since w € H'(Q) is 2-form satisfying dw = 0, it holds that

+
[(%(1/, w)] =0 in H7V2I), 1<i<n (24)

by Proposition 4. Using dw = 6 € L*(Q) and 66 € L?({24), we obtain
~Aw = (dd + 6d)w = 50 € L*(Q4)
and hence there exists —A(v,@") € L*(Q4), denoted by A’ for 1 <i < n:
~A(r,@") = h'. in L*(Qy).

Define h' € L*(Q2) by h' = k%, in Q4. Equality (24) then implies

[re= [(a0)- ), voecr@)
Q Q
by (18), and hence . ‘

~A(r, 0"y =h' € L*(Q), 1<i<n

in the sense of distributions. O

4 Proof of Theorem 1

We confirm the structure of differential forms in the Minkowski space R* = R*!, using
x = (71,72, 23) and t = x5. Let D C R* be a domain in this space and AP(D) be the set
of p-forms on D. The outer derivative and the wedge product are denoted similarly by d
in (11) and A, respectively.

Given 1-forms

3 3
a= Z a'de; + a'dxy, B = Z Bdx; + Bdw,
i—1 i=1
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first, the Minkowski inner product is defined by
3
(a,8) ==Y a'B' +a’p". (25)
i=1

Then the Minkowski inner product for p-froms on D is defined similarly by (10).
The Hodge operator * is now defined by (12), where ( , ) is replaced by the above
described Minkowski inner product. It then holds that

*(dxg A dx; Ndxy) = —dxy, (4,7,k) = (1,2,3)
x(dxy N\ dzgy A ds) = dxg

and

*(dxg A dxj) = —dzy A dwy
*(dxj A drg) = dxg Ndxg,  (4,k,0) =(1,2,3).

Putting ¢ as in (13), this time we obtain

2
dd+dd=0= —% + A, AP(D) — AP(D).
Then Maxwell’s equation (1) takes the form
do=0, dxw=—7j in €, (26)
for
w = FE?%dzg Adxy + E*deo A dxs + E3dzo A dxs
—BldCL’Q A dl’g - Ble’g A dl‘l - B3dl’1 N dl‘g
j = J'dxo Adwy Adrs + JPdxg A das A doy + JPdzg A dry A dag
‘l‘pdl’l A dZL‘Q N d$3
and

B! B! J!
E=( 2|, B=B|, J=| 2
Jog B J3

This (26) is equivalent to
A9 =4, 60 =0 in 9

for 0 = — *x w.
Henceforth we write w and 6 for j and 6, respectively. Thus we handle with
dw =20, )w=0 inQ (27)
for
w = E%dxg Adry + E*dwg A dxg + E*dwg A das
+Bldzy A dzs + B?dxs A dxy + B3dxy A dxs
0 = Jld.iU() AN d.ClIQ AN d&?g + J2d$0 AN d.Tg VAN dl’l + J3d:c0 A dSL’l N dl’g
+pdxry N\ dxg A dzs.
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In this setting of Theorem 1, therefore, the domain D C R* is provided with interface
and w € H'(Q) is 2-form satisfying (27). As in Theorem 3, therefore, if

60 € L*(Q), (28)
it holds that
(6d + dd)(v,0") € L*(Q), 0<i<3 (29)

in accordance with the Minkowski inner product (25).
First, since

oJ*  oJ* aJt  oJ3

oI O aJt  p

oJ*  0Op oJ%  Op
+ (8_% + a—@) drs N dz; + (8_1:0 + 8_1:3> dx1 N dxs.

the condition (28) is equivalent to (2).
Second, we obtain

(2)0 = (:)Oldl'o + (2)2de2 + (Z)godl’g = —Bldﬂfl — B2d$2 — B3d$3

and hence
(v,°) = v'B + 2 B* 4+ ¥ B3,

It holds also that
(2}1 = (:}Old.l’o + (DQIdZEQ + a)gldfbg = Blde‘O - E3dZEQ -+ E2de‘3

and therefore,
(v,o0') =1’B' + V*E® — VP E*.

We obtain, similarly,

Hence (29) is equivalent to (3). The proof is complete by

82

~(0d+d8) =0 =~

+ A,.
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5 A short proof of Theorem 2

This section is an appendix. We give a short proof of Theorem 2, taking regards to
the trace to I' = 'y carefully. Recall that 2 C R" is a domain with interface,

B =) Bldz; € H(Q)

is a 1-form, and B” and B7 are defined by (7). Recall (14) and (22) also,

7

and put
OB’
0B = - 8V
6.B=6B — 5,,3 =-> (B -V (v,d)B'). (30)

Lemma 3. If B € H'(Q) is 1-form, it holds that
[0.B]" =0 in H-V(T).
Proof: In (30) we have
Bl —v'(v,d)B" = Z V(B! — V' BY)
k
Then it holds that
[V*Bi —viBi]" =0 in H-Y*(I)
by Proposition 3. O
Lemma 4. If B € H'(Q) is a 1-form, it holds that
[0B7]"T =0 in H-V(T). (31)
Proof: We have

0B" =6(B-v(v,B)) =Y (-Bi+ (' (v,B))).
As in the proof of Proposition 4, therefore, it holds that

0B ~ > (=Bl +V'(v,B))

i

~ Z( B —I—ZUZVEBZ Z(—Bf)jLZViyzBé
il

%

= —Z (B! —v'(v,d)B") = 6. B,

and the result follows from the previous lemma. O
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Lemma 5. If B € H'(Q) is a 1-form, it holds that
[dBY]" =0 in HY/2(T).

Proof: Since

B = 2:(37 v)v'dr;

)

it holds that

dB* = Y [((B.v)); = (B, v)');] d; A da;

i<j
~ Z {(B,v)i) — (B,v);jv'} dx; A dx;.
i<j
Then we obtain the result by Proposition 3. 0]

Proof of the first case of Theorem 2: Given the 1-form B € H*(f2), we have
0B =0B"+6B" in (),

where equality (31) is applicable for the first term on the right-hand side. For the second
term we use
0B” =6,B" 4+ 9,B"

and Lemma 3 for the second term on the right-hand side. Since
0,B" = = VH((Bu )~ =Y (V)HB,v),
i,k ik

= (v, d)(B,v) = %(B, V)

we see that 6B = 0 in € implies

a +
[%(B, y)} =0 in H V(D).
Then we obtain
(dé + dd)B € L*(%)
similarly to the proof of Theorem 3. U

Proof of the second case of Theorem 2: Since
0=dB=dB"+dB” in ()

we obtain

[dB7]F =0 in H Y3 (32)
by Lemma 5.
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Given 2-form J € C§°(2), we have

/Q (dSB",C) = / (B, d5C)

Q

by Lemma 4, while equality (32) implies

/Q (0dB7,C) = / (B7,0dC).

Q
Hence we obtain —ABT € L?(Q). O
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