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Abstract.

In this article, we present a new mathematical /computational formulation for a mul-
ticomponent model to study the normal and pathological behaviour of red blood cells in
slow transient processes. We take into account (i) the lipid bilayer behaviour, (ii) the
cytoskeleton dynamics, (iii) the interaction activity between them, and (iv) the internal
cytoplasm flow. The formulation considers the cytoskeleton as a discrete non-linear elastic
structure. The first novelty is to couple it with continuum models of the lipid membrane
and of the cytoplasm, instead of the usual discrete/particle models. The second novelty
is that the interaction of the cytoskeleton with the membrane is through adhesion forces
adapted from efficient solid-solid adhesion algorithms. The model is tested with virtual
experiments such as relaxation towards equilibrium and stretching by optical tweezers.
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1 Introduction

In recent years, a multi-component approach in red blood cell (RBC) mathemati-
cal/computational modeling has been taking hold as new formulations and techniques
have been introduced. The biological motivation hinges on the same RBC composite ar-
chitecture. During its 120 days average life cycle, the RBC is subjected to strong stresses
and deformations, as it traverses the human circulatory system in capillaries of the order
of magnitude of its own size. Its ability to deform and assume the typical biconcave
shape again is closely connected with its physiological function of transporting oxygen to
tissues and organs. Hence, the need to consider the contribution of each component of
the erythrocyte structure to simulate the mechanical behavior exhaustively.

The human RBC physiognomy is rich and complex [1], but could be simplified for our
modeling objectives, as shown in Figure 1. With an average width of 7.5 um and height
of 2 um, the RBC is surrounded by a double layer made of phospholipid molecules (in
yellow in Figure 1), called lipid bilayer of 5nm of thickness. This cellular membrane is
complemented by a cytoskeleton, which contributes to the flexibility and stability of the
cell. Such network consists of long twisted strands of spectrin and actin filaments (in
Figure 1 colored in purple). Transmenbranic proteins allow the cytoskeleton to attach
(and detach) to the bilayer, contributing to an interactional adhesion between the two
components. Finally, the cytoplasm (in green in Figure 1) is the part of the cell which is
contained within the entire cell membrane. It is essentially a fluid composed of cytosol and
organelles and rich in hemoglobin, an iron-containing biomolecule that can bind oxygen.
In the RBC case, the nucleus is absent so that it can contain more haemoglobin to increase
oxygen carry capacity.

Figure 1: RBC main components structure. The illustration is produced by Arantxa
Deneb Goémez Pirela

It is a difficult task to succeed in synthesizing the multiple approaches adopted to try
to mimic mechanical behavior. All of them have strengths and elements of weakness [2].
Some reviews are been presented illustrating a general discussion of numerical simulation
challenges of flowing blood cells [3, 4]. However, we can opt to divide them into two
large classes: continuum-based and particle-based models. We propose in Table 1 a
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schematic overview and summary of the contributions that in some way represent the
best practices that have contributed to growth in the field of mathematical /computational
RBC modeling, and from which other works have followed. Continuum-based models arise
naturally when one aspires to describe fluid-structure interactions between the RBCs and
the surrounding flow. They have the advantage to benefit from the experience of the
well-established continuum mechanics community and of robust and accurate numerical
methods [5]. Some of them are represented by the implementation of boundary integral
method (BIM) [6, 7] and immersed boundary method (IBM) [8, 9]. In the case of simple
shear flows, they can be successfully adopted. On the other hand, particle-based models,
which treat both the fluid and the cell membrane as particulate materials, can easier take
into account the non-homogenuos RBC structure, introducing elements like cytoskeleton
spectrins, proteins, defects, and so on [10]. Nonetheless, although coarse-grained methods
are eligible, they usually are computationally very expensive for large-scale applications.
This class represents a very extensive field to which Multi-particle collision dynamics
(MPCD) method [11, 12], coarse-grained molecular dynamics (CGMD) techniques [13]
and dissipative particle dynamics (DPD) methods [14, 15, 16, 17] belong. They also reflect
the choice of some most recent and complete works for the whole cell study, consisting in
OpenRBC code [18] and LAMMS molecular dynamics simulator [19]. A special mention
deserves the work of Peng et al. (2010, 2011) [20, 21], for having well focused the idea
that, to model a RBC, an holistic vision on several levels is necessary. In addition, the
cytoskeleton is a component that has acquired space with dedicated studies. A common
choice in this direction is to adopt nonlinear elastic models of the worm-like chain type.
Finally, we aim to highlight approaches that use the curvature concept according to the
Camnhan-Helfrich model [22, 23, 24]. This assumption allows a continuous description
of the lipid bilayer and consequently lends itself to the use of efficient numerical methods
such as the finite element method (FEM). From this idea, very recently our group of
authors presented a two-component model that mimics the behavior of the lipid bilayer,
the cytoskeleton, and the interaction dynamics between the two parts [25, 26].*

The developments of various mathematical formulations and complementary numerical
techniques have led to continuous improvements and an ever-increasing differentiation of
the contributions of the various RBC components. The novelty of this work is to consider a
full-component model, i.e., simulating (i) the lipid bilayer behavior, (ii) the cytoskeleton
dynamics, (iii) the interaction activity between them, and (iv) the internal cytoplasm
flow. In a previous work, the authors justified the choice and the advantage to adopt the
continuum approach for membrane modeling; this new multi-components mathematical
formulation is presented and achieved based on the same line. The availability of the
model is tested with virtual experiments such as resting shape process, optical tweezers
stretching, and micropipette aspiration.

The remainder of this paper is organized as follows. The Section 2 concern the detailed
mathematical abstraction of the model, considering the various components and pointing
out the cytoplasm fluid introduction. In Section 3 we present the suitability of the model
to simulate classical RBC experiments and we provide some considerations of discussion.
Finally, in the Section 4, we summarize the article achievements and we suggest future

*We remark that another topic is the active nature of RBC flickering and thermal fluctuations of the
membrane; this subject, although of interest, is beyond the scope of this work [27].
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Table 1: Comparative summary review of RBC component models (best practices).
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Figure 2: Mathematical domain of the model.

applications of the model.

2 Methods and Models

We suppose that from the mathematical point of view, a RBC is a domain  C R3. The
frontier 92 models the lipid bilayer and we denote it with I'. The inside of the domain 2 is
filled with a fluid of constant viscosity jif, to simulate the cytoplasm. The bilayer receives
an interaction force from the cytoskeleton, this is in the real system through the possible
anchoring to the transmenbranic proteins. In our abstraction process, this adhesion form
is mimicked with a potential defined ad hoc. Finally, the cytoskeleton is schematized as a
set X of Nx nodes connected to each other by elastic links. We can see a representation
of such a domain in Figure 2.

2.1 Virtual work principle

We aim to describe the motion of Q C R? under the action of viscoelastic and external
forces. We opt for the application of the virtual work principle [31], that in our case reads

/E:Dz:—dé'p(z)—i-/f-z, Vz € Z, (1)
Q Q

being ¥ the tangential stresses tensor, & the elastic membrane energy, f in the net
interaction force with the surroundings, Z the space of virtual admissible velocities, and
Dz the virtual strain rate. The left side of (1) is the dissipation term due to the mo-
tion/deformation of I', while dfr(z) denotes the first variation of & along the virtual
velocity field Z.

The mathematical formulation (1) is very concise and therefore efficient. We consider
one unique domain € to describe the cytoplasmatic internal fluid and the lipid bilayer,
being it simply its border. This fact implies that we can use one only wvelocity field
W = {w]|w : T' — R3} to describe, for a given time instant, the configuration of both
components. Although we have one only variable w € W, however, the equations are
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defined according to the domain zone, as it happens for example in the case of dissipation
where we split the different contributions of the internal fluid and external membrane.
Furthermore, the integral over f contains not only external forces but also the contribution
in the form of interaction of the cytoskeleton to the bilayer. This explicit description
implicitly requires the formulation of the cytoskeleton dynamics. In the following sections,
we provide step-by-step the complete mathematical model, introducing assumptions and
detailing the components.

2.2 Dissipation and Boussinesq-Scriven law

As previously mentioned, we divide the dissipation term into 2 parts

/E:Dz:/Ep:Dpz+/Z:Dz. (2)
Q r Q

Let us focus firstly on the term concerning the lipid bilayer. It is preliminarily nec-
essary to introduce some notations and surface differential operators. For further infor-
mation, we suggest to consult the works of Buscaglia & Ausas [32] and Biria et al. [33].
Nonetheless, in this paper, we refer to the analog of the common symmetric gradient
Dz = (Vz + Vz")/2 to indicate the corresponding surface operator

1
lkzzzﬁPGﬁz—kVFZUP (3)
where the the tensor P is the tangential projector onto the surface T',

P=1-n®n, (4)

1 is the outward normal vector to I', and Vr is the tangential or surface gradient operator,
defined as

with ¢ : I' — R is any function and g an arbitrary extension of g to an open neighborhood
of ' € R3. We remark that the corresponding surface Laplacian Arg is given by Vi -
(Vrg). Finally, the surface gradient of a vector, as in the case of Vrz in equation (3) is
a matrix as follows

{Vrz}ij ={Vrz}y, (6)
being w; the i-th z component.
Once these geometrical and differential preliminaries are established, we introduce the

costitutive law for the rheology of the viscous interface. According to the Boussinesq-
Scriven law [34, 35, 36], the stress tensor related to I' is given by

Yr = (=ps + AVr - w)P+2pu Drw, (7)

where A and p are surface viscosity coefficients, and pg is a surface thermodynamic pres-
sure that requires a closure law. We assume also that the bilayer is an inextensible
membrane, i.e. an area-preserving interface. Therefore, the condition of inextensibility
holds

VF -w = 0. (8)
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Under the constraint (8), making A tend to infinity, we obtain the classical result that
there exists a surface tension o such that limy_, . (—ps + AVr - w) = 0. Consequently,
for an inextensible membrane, we have a closure law for pg and the (7) becomes

2[‘ = o]P’—i—Qquw (9)
That means that finally we can write the dissipation term for I' as follows
/EF . DFZ:/Z[LDFUJ . DFZ +/UVF'Z. (10)
r r r

Let us now consider the dissipation term of 2, concerning the internal bulk fluid of €.
In this case, the classical Newtonian law [37] reads

Y = ()\pr-w)]I—i—?ufD'w, (11)

where, Ay and py are fluid viscosity coeflicients, and I is the identity tensor (identity
matrix). Similarly to the previous case, we apply the incompressibility condition for the
fluid i.e., V-w = 0. By tending A to infinity we can introduce the variable internal fluid
pressure p, obtaining the explicit description of the dissipative term for the fluid

/E:Dz:/Zuwa:DzﬁL/pV-z‘ (12)
Q Q Q

which is the weak form of the usual result of the Stokes equations —prAw + Vp.

2.3 Laplace-Beltrami identity and Canham-Helfrich energy

We introduce one more variable, the mean curvature vector k; it is equals to H n, with H
the mean curvature), which defines a field over I". The geometrical equation for k satisfies
the Laplace-Beltrami identity —Arx = k that in weak form is

= ) _ ) 2
/FK, ¢ /FVFX Vr¢ /FP :Vr¢, V¢elL (F) (13)

where x is the identity mapping on I', i.e., x(x) = x,Vx € ', and Vpx = P.
The intrinsic bilayer energy £_ is assumed to obey the Canham-Helfrich model [38, 39],
according to

Ccn
&= [w (1)
T

We are interested in explicitly evaluating the term d&r(z) of equation (1), that is the
& variation as a consequence of a perturbation of the bilayer shape along a vector field
z defined on I'. We recall that the shape derivative of a functional Z in the direction of
a virtual vector field z is defined as dZ(z)(x) = lim M where € I'. When
the (14) holds, with some calculations (see [40, 24]) we obtain

dE0(2) = con /

1
[Vpn :Vrz — Vrz(Vrx + Viex?) : Vok + §(Vr k) (Vr - Z)] (15)
r

or equivalently, with respect to the tangential projector, the (15) can be written as

d&r(z) = con /

r

[(11 _OP)Vik : Viz + %(vF k) (Vi - z)] , (16)

that finally we consider in the formulation of our model.
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2.4 Inextensible membrane and osmotic equilibrium constraints

Because of (8), the tangential motion may be area preserving, being ‘fl—f = fr Vir-w =
0. In discrete time, nevertheless, this condition is not satisfied exactly; A can shift
from the correct value A*. For numerical purposes, the area restriction can be therefore

implemented as
A" — A(t)
Vi-w = — 2| 17
/r e TAA(t) )

in order to force A(t) to the A* value with the characteristic time 7.4.
Similarly, for the volume, the osmotic equilibrium establishes that the enclosed volume

may be fixed to a V* value. [fw-ndl =0= % = [ w-ndl'=0. However, similarly
to the area case we set Y Y
*—V(t
/ w-n = V' - vt) , (18)
Q TV V(t)

where 7y is the characteristic time to force V(t) to V*.
The Lagrange multipliers are the surface tension field and pressure field spaces (Boyle
law), for the volume and area restrictions, respectively.

2.5 Cytoskeleton component

The remarkable RBC mechanical properties are largely attributed to its cytoskeleton [41].
To subsequently quantify the cytoskeleton interaction with the lipid membrane, we briefly
provide a model for such a component. We can treat the cytoskeleton by following the
nature of its components, basically a spectrin fiber network with special joints [42, 43].
The typical length of a spectrin filament is 70nm, leading to about 10° edges for a single
RBC. This number, even large, is numerically treatable. In addition, coarse-grained
models have been developed to save computing effort [14]. For a comprehensive review
of RBC cytoskeleton modeling details, we refer the reader to [44]. As yet displayed
in the Figure 2, mathematically we can consider for the nodes a set of vertex points
X={X’]| X7 eR*CQ, with j=1 ... Nx} which forms a two-dimensional network
of triangles. The model considers this mesh made of a set of nodes (junctions) joined by
N, molecular chains (edges) represented by worm-like chains [45, 46].

In accordance with these preamble considerations, the elastic cytoskeleton mesh energy

Ex can be read as
kpTly (325 —223) kK,
— v 1
SRS ey e )

where ¢; is the filament length j, £, is the maximum extension of these filaments, z; =
Ui/l L, is the persistence length, kgT is the unit of energy and k, is a parameter.
We remark that the first term in the equation(19) is the pure worm-like chain (WLC)
attractive potential, while the second term is related to a repulsive force, called power
force (POW). This is the reason why some authors refer to this approach as WLC-POW
model [15].

By differentiating (19) with respect to the vector of nodal coordinates, we can obtain
the cytoskeleton force F7 on the j-th node. We remark that the real equations governing
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2 ; .
the cytoskeleton movement are m 2 dfg + g‘% = FJ, where m denotes the effective mass

of each node. However, the inertia is very small at the scale of the junction complexes,
so that for the mathematical formulation we adopt m = 0, i.e.,

_ 0&x
- OXI
From a numerical point of view, nevertheless, the complete equations are normally nu-

merically integrated with an implicit Newmark scheme, which is well established in solid
mechanics.

F/ (20)

2.6 Cytoskeleton-bilayer interaction

The interaction between the membrane and the skeleton mimics the adhesion between
these two components and the corresponding mutual transmission of mechanical prop-
erties. It deserves particular attention and is the last element for the closure of the
mathematical formulation of the model. In particular, since we hypothesize that there
are no other external forces onto €2, we define the last term of the right-hand side of the
(1). For this goal, we benefit from recent progress on the computational modeling of the
adhesion of soft bodies, adapting the formulation of Sauer [47] (see also [48, 49, 50, 16]).

Let us denote by T the adherent surface of the cytoskeleton. The general form for the
contact energy &, is given by

_ r T L 7.7
%wﬁéﬁﬁﬂw XT) dxt dx (21)

where ¢ is the interaction potential (in Joule/m?) and Br, Sy are dimensionless scalars. In
many applications, mathematical modelers are used to opt for the Lennard-Jones potential
[51], i.e., p(d) = ¢ (%0)1C —2¢ (%O)k/Q, where d is the distance between two particles and, r
and ¢ are length and energy scales, respectively. This potential has a minimum of value
—e at d = ry, it is repulsive for d < rg and attractive if d > ry.

The contact force on the bilayer resulting from this energy therefore consists in

T _ Y

feonl () — _ g /Tﬁwy(nxf —x"|) H))iF——xTH dx" . (22)

Attributing a spherical shape of radius R and center ¢ to T, this integral can be computed
analytically as an explicit function G(||x" — c|| — R, 7o, &) times the unit vector along
xI' — ¢. The function G diverges when d = ||x" — ¢|| — R tends to 0, since d < 0 implies
interpenetration. To improve the numerical resolution, the authors recently proposed a
variation of the regularized potential [25]. In a complementary manner, the force exerted

on a point z¥ of the adherent surface of the cytoskeleton by the bilayer I is given by

XF —XT

It — x|

fMWﬂﬁwﬁﬁ&MWme> i (23)

As we expected from the action-reaction principle, fr fooml” 1 fr feonT — (. For a more
detailed exposition of the formulation and calculations, the authors recently presented a



231

paper [26]. The contact force only acts along the surface normal. For this reason, it is
complemented by a drag force that models the tangential attachment of the citoskeleton
nodes to the bilayer anchoring proteins as

o) = [ (wit) - %) i) = [ (wi) %) x|
(21)

where 7 is a drag coefficient that depends on ||x" —x||. We highlight that the set {X?}%
concerns the coordinates of the centers of the nodes, while T consists of spheres Y7 of a
given radius around X7, i.e., the surfaces of the junctions. The net force per unit area
acting on the bilayer is thus f' = fenl 4 f&I' while the net force on node j, to be
equilibrated by the worm-like chains, according to the (20), is

Fi — /T (ETT) - £OT(T)) (25)

2.7 Model summary

We now are able to sum all components to obtain the model mathematical formulation
for the RBC configuration at a given instant time. We arrive at the following problem:

Stationary full model problem. Find (w,o,k,p) € W x Q x K x P such that

/QMwa:Dz—/pV-z+/2quw DFZ+/UVF z +
Q Q

+qm£kwnmvm m¢+(vp@<hz} ‘/fmf- (26)

[evew=202 [ e
/Fn-c:/nw:vrc (28)

% V/
V- -w= 29
Aq v ) (29)

%_ con, T/ T d, Y, Y
o = [T ) =t N (30
with,
N,
. = ]{ZBTEm (3($k)2 — 2({L’k)3) k}p .
Ex = Z[ 10,070 +or|s me= b/l (31)
k=1

xI — xT

fcon,F(XF) — ﬁp /I‘BT(#(HXF o XTH) m (32)

XF —XT

fcon,T(XT) = 6’{ \/F/Bng,(HXF o XTH) m (33)

o) = [ (we - B0) e
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V(z,£,¢,q) € W xQxK xTP.

Above W' is the space of kinematically admissible motions, i.e., essentially W = {z :
Q — R3, z € C* with k enough large} with opportune restrictions, such as inextensible
and volume-preserving motions. Then K is the mean-curvature-vector space that can
be equal to (H*(T"))3, the space Q = L?*(T") corresponds to the surface tension field, and
P = L?(Q) is the pressure field space.

Proposition 2.7.1 Assuming to have computed the cytoskeleton configurations gov-
erned by (30) — (30) and related cyto-bilayer contact forces (32) - (34), if

- I' is smooth enough,

- W ={z:Q— R3 z e CF with k enough large} with opportune restrictions,

- K = (H'(D),
- Q=1*(1),
- P =L3(®),

then, the stationary full model problem is well-posed.

Proof. Given a certain configuration of the cytoskeleton (and of the lipid bilayer), we
suppose to solve the equations for the cytoskeelton and to calculate the relative con-
tact membrane forces, as assumed in the hypothesis. In the following, we denote with
“smoothness” the property to possess a sufficient number of continuous derivatives over
the domain. The model solves a composite problem, which can be broken down into parts
to prove the well-posedness. Let us proceed in three steps:

(i) We can solve the Laplace-Beltrami equation (28) and find the smooth k solution.
It is possible integrating by part the right-hand side of (28) and because I', x and
P are smooth [52, 53].

(ii) We now neglect the constrains (27) and (29), set 0 = p = 0, and substitute the k
solution into (26). We obtain essentially 2 bilinear forms;

Bi(w, z) = / 2usDw : Dz By(w, z) = / 2uDrw : Drz
Q r

one resolving the Boussinesq-Scriven problem for the velocity w over I', and the
other one concerning the classical Stokes problem for the velocity w, here in the
domain (£2), respectively. In both cases, it is possible to choose an appropriate
space W C H'(Q)? such that the bilinear forms are coercive and therefore W
uniquely defined [54]. For example, a possibility is to choose W as the H'(Q)3
quotiented with rigid movements space.

(iii) We finally focus on ¢ and p. In (27) and (29) the Lagrange multipliers enforce the
area and volume preservation. Under these conditions, the existence and uniqueness
of these last unknown variables are proved satisfying inf-sup conditions, as yet shown
in similar in [24]. Tt is possible to verify that such requirements are fulfilled by

Q = L*T') and P = L?*(Q).
O
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2.8 Evolutionary model

In this section, we extend the previous model, which describes the system configuration
at a certain fixed time, to the evolutionary dynamics over time. In fact, if the previ-
ous case allows to study the model mathematically, from the computation point of view
and for simulation purposes, it is crucial to introduce the time dependence. In particu-
lar, we denote with €(¢) the configuration of the domain € at time ¢ and with X (¢t) =
{XI(t) | XI(t) e R® C Q(t), with j =1 ... Nx} the set of positions of all cytoskeleton
nodes at time ¢t. Our evolutionary generalization is expressed with an infinitesimal in-
crease in time, taking into account the families of velocity field over €)(¢) and of velocity
field of the cytoskeleton nodes Y (t) = {Y7(t) | Y7(t) = dX7(t)/dt, with j =1 ... Nx}.
We lead to the following problem.

Evolutionary model problem. In the presence of known initial configurations
(0) and X (0), compute the evolution of configuration Q(t) and X (t), convected by the
velocity field arising by solving the stationary full model problem and by choosing the
time increment dt such that

Vt, VXI(t) € X(t), dist(X7(t) + Y7 (t)6t, X' (t + t)) < C16t> (35)
Vt, Vo € T'(t), dist(x +w(zx,t)0t,T(t + 5t)) < Oyt (36)

for some C; and Cy and where dist(-,-) stands for both point-point and point-surface
distance, on a case by case basis.

3 Results/Discussion

In this section, we present the suggested discretization of the model and the methods we
use to numerically solve the evolutionary problem. We then show some results.

3.1 Discretization and numerical approach

Following the (35) and (35) assumptions, we define a time increment 6t inducing a time
distretization so that

tni1 = t, + 0t, with £y given, n=0,1, ... . (37)

Let us now proceed to discretize the space domain. The cytoskeleton component
is discrete by definition; so we do not need to discretize it. Concerning 2, we have
to distinguish the case of the boundary surface I' which solves the problem of Laplace
Beltrami and concerning the Boussinesq-Sciven law from the internal fluid where the
velocity and pressure arise by solving a Stokes problem in the three-dimensional domain
Q.

Therefore, concerning I' we consider triangulation surfaces, which for a fixed mesh
connectivity are uniquely described by the triangle vertex position set. The time sequence
of triangulation surfaces 'Y, T't, ..., T, ... are computed and we define the piecewise affine
finite element space

P ={f € C°(T"™) : f|x is affine, VK triangle in '} (38)
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and with the same I'™ we consider the approximation spaces for velocity, surface and
curvature set as

W, =(P')’/R, (39)
Qn = P, (40)
Kj = (P7), (41)

where, as suggested in the previous section, we can opt for R as the rigid movements
space, i.e., formally R={r :R> - R?|r(z) =w Az + B,w,3 € R*}.

Concerning €2, we similarly discretize the volume with tetrahedra, in order to obtain
a time sequence of tetraized volumes Q°, Q',....Q", ..., where we define the equal order
piecewise affine finite element space

PV ={f € C°(Q") : f|r is affine, VT tetrahedron in Q"} (42)

and the corresponding approximation spaces for the velocity and pressure fields in the
volume, i.e.,

Wy = (PV")’/R, (43)
Py = PV (44)

We note that we have used a little abuse of notation for the spaces approximating the
velocity, but the meaning, the analogy, and the passage between the superficial and vol-
umetric domain is easy to understand.

We therefore come to the following new discrete problem:

Discrete evolutionary model problem. Update the nodal positions x™ and X
of the €2 domain (i-th vertex of triangle on I' or tetrahedron in ) and the cytoskeleton
(center of the j-th cytoskeleton network node) respectively, according to

Xi,n—i—l — Xi,n + w2n+1(xi’n)5t, (45)

XPH = X 4y It (46)

such that the velocities w;" ™" and Y7 = (X1 — X91) /6t solve the following fully
discrete problem, that demands to find (w) ™, op ™ k! pi ) € W x QF x K x PP
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in such a way that

/ 2 Dwp T Dz—/ p’,:“V~z+/ 2 Drw} ™ Drz + / otV -
1
+ CCH/ {(H—QP)VFK,Z+1 : VFZ+§<V n+1) VF Z] / fconFnJrl * 2, (47)
l“n

Vw4 / o (Ve ol — gl - Vg = £, (48)

Tn n An TA Tn

/ B [ v e / P:vic, (49)
n F

Fn
/ qV - w, +1 —|—/ v (Vpy +1 —h})- Vqg= i / q, (50)
n n TV "
OELH! , yintl _ yin
S A A Ve S S
an,nJrl 6f 5t
— /r . (fcon,T,n-‘rl(XT,n—I—l) _|_fd,T,n+1(XT,n+1))7 (51>
with,
X P 4@;(1 — Z‘H) EZ—H ) ms
fcon,F,n+1( r, n+1) ,BF BT ¢/(||Xr7n+1 _ XT:n-‘rl”) XF,n+1 _ XT,n—i—l (53)
T+l ||XF,n+1 — x YT+l ” ’
Trnil/ T , gl N xImt+l _ 5 Yintl
f con,T,n _ n _ n 54
)= Fr [+l fr ' (JIx x 1 |[xDn+l — xTm+1||” (54)

ftmtt (XT’nH) = ’w"H(xF’”H) — M (55)
N Tn+1 77 h 6t 9

V(2,£,¢,q) € W xQp x K' x PP

We need to provide some notes to comment the new stabilization term introduced
and some generalizing additions compared to the evolutionary continuum model. The
stabilization terms of the (48) and (50)

[t rart =g - vre (56)

/ W (Vi — R - Ve, (57)

are similar; they aim to fix the checkerboard modes due to the equal order interpolation
of wy, o4, and py, benefiting from the same idea of the works (see [55]), In the (56) and
(57), v, and ) are parameters. Then g7 and h} are the L?(I')-projection of Vp 0"“
onto (Q7)? and L%(2)-projection of Vp;t! into (PF)? respectively, i.e.,

/ gn-z= Vreolt .z, Vz e (Qn)?, (58)
n I'n
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/ Nz = Vpitt -z, Vz e (P]) (59)
n Qn

In equations (48) and (50) is heuristically verified that the characteristic times 74 and 7,
can be set equal to 10 dt.
The other stabilization term concerns the Laplace-Beltrami equation (49); it is

— / 7, Ve w0 V¢ (60)

as provided by Bénsch [56] to increase the temporal stability. Rodrigeus et al. [24] suggest
to set 1, = Ot.
Furthermore, the equation (51) concerning the cytoskeelton dynamics was integrated

with the component - A
jn+1 ;Y -y
prY M 5
to allow the introduction of: (i) a friction term, being (; a constant parameter, and (ii)
the inertial effect due to the M7 masses of the cytoskeleton junctions. In the following
results, we consider these masses negligible, but the complete model can be numerically
integrated with an implicit Newmark scheme and solved by a Newton-Raphson iterative
procedure. Let us proceed to validate the computational formulation of the model through
numerical tests.

(61)

3.2 Equilibrium and resting shape

We opt to use a relaxing process to test our computational formulation. This virtual
experiment consists in letting the system tend to a minimum of energy (condition of
equilibrium) without applying any external force. This test has a value both from a
mathematical point of view to evaluate the numerical consistency of the model, but also
from a physical/biological point of view. In the case of the red blood cell, in fact, the
resting form of the cell, which in healthy conditions has the well-known biconcave phys-
iognomy, is closely related to its biological functionality. However, various states and
forms of disease can give different morphologies to the red blood cell, with mechanical
and physiological implications of various kinds. An example of a sample of diseased red
blood cells seen under a microscope is shown in Figure 3.

To compare the model with the results presented in the literature, let us consider a
sphere of radius r = 3.27um as the reference form, as in the works of [58, 20]. In such
case, the sphere surface area and volume are Agppere = 134.3709 and Vppere = 146.4643,
respectively. We suppose to gradually reduce the volume to a target value Vi4yget, defining
a reduced volume parameter as

V;farget

4/3mr3

Ureduced = (62)
According to the benchmarking values, a reduced volume v,¢quced = 0.60 corresponds to
the classical biconcave shape; but this depends also on the possible variation of the area.
For detailed studies of the resulting equilibrium shapes, we refer the reader to the articles

of [59, 57]
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Figure 3: Heterogeneous sample of RBCs affected by stomatocytosis and
echinocytosis under the scanning electron microscope and reported on
https://doi.org/10.1371/journal.pone.0215447.g001

[57].

In our case, we refer to the parameters setup listed in Table 2 for all the model
components, to solve our discrete model of equations (45) — (55). In the following test,
we have introduced a cytoskeleton of 741 nodes of radius R = 0.05 and a cytoplamatic
internal fluid of viscosity p; = 0.01.

Table 2: Setup of parameters of the relaxation process simulations.

Value Symbol Description Component

1.0 kT  energy unit (WLC)
2 n POW exponent (WLC)
1.0 Br bilayer interaction constant (INT)
1.0 By cyto interaction constant (INT)
6 k LJ potential coeflicient (INT)
200 € Interaction strength constant (INT)
0.05 o equilibirum cyto-membrane distance (INT)
0.05 R radius of cyto-sphere (INT)
1.0 L bilayer viscosity (BIL)
20.0 Cen Canham constant (BIL)
118.270  Aygrger  target RBC surface area (BIL)
67.747  Vigrger  target RBC volume (BIL)

0.01 iy fluid viscosity (FLUID)

The safe red blood cell biconcave morphology is obtained. As we can see from Figure
4, the biconcavity is particularly accentuated, due to a significant reduction in the target
volume. The nodes of the cytoskeleton are visualized to scale and the peculiar structure of
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the junction complexes can be seen, with the spectrins colored according to their tension.
The internal fluid reaches a substantially uniform pressure, as expected. The results
obtained are qualitatively consistent with those obtained with our two-component model

presented in [25]. In particular, the resulting values of the main quantities are reported
in Table 3.

Figure 4: Snapshot of the RBC system after the relaxing process test described in the
sub-section 3.2. The lipid bilayer is visualized in red scale according to the curvature
magnitude. A section of the internal fluid is displayed in sky-blue, according to its pressure
value. Indeed, the cytoskeleton network is plotted. The node size is in scale. The spectrin
colors are referred to the edge tension.

Table 3: Quantities of numerical solutions the relaxation experiment of multi-component

RBC model.
Case ‘ gF ‘ gX ‘ Scon ‘ p ‘
Biconcave relax | 10.38 x 107 | 1.4 x 10* | =5.6 x 10" | —6.0 |

Following the same idea of the work of [20], we test the possibility to reach the prolate
and stomatocyte shapes, imposing appropriate reduced volumes v,¢qyceq 0f 0.80 and 0.55
respectively. In Figure 5, we display with quantitative details the system configurations
in both cases. We remark that, according to our calculations, the internal cytoplasmatic
pressure in the prolate case is positive. Such results need to be verified in terms of
biological consistency.

The morphological RBCs change is a very interesting topic from a mechanical point of
view. It is known that, during the transition from the normal discoid shape to an abnormal



239

Figure 5: Snapshots of the RBC system reproducing the prolate and stomatocyte shapes,
occurring imposing a reduce volumes v,equceq 0f 0.80 and 0.55 respectively.

shape, the membrane shear, area, and bending moduli undergo significant variations [60].
The range of morphological irregularities of red blood cells is very wide [61, 62]. Specific
applications of the model on this type of variants can lead to evaluate measurements and
interactions for an eventual characterization of the membrane irregularities. In Figure 6
we show some main cases obtained with our code. The system configurations presented
in this paper are available in the GitHub repository https://github.com/LucaMeacci/
RBCshapesMultiComponentModel and can be visualized with the paraView open-source
application.

We conclude this section with a final remark. The relaxing process is important also
because it is related to the ability of the RBC to recover its original shape. It is proven
that the characteristic time for the resting shape is within the range of 0.1—0.3 [64, 65, 66].

If the virtual experiment of system relaxation can be considered useful for the veri-
fication of the computational formulation, on the other hand, we can better appreciate
the characteristics of the multi-component model in simulations that foresee transitory
states. For this reason, in the following section, we present a case of cell stretching with
optical tweezers.

3.3 Stretching by optical tweezers

We aim in this section to show the potential of the multi-component model when used to
study dynamic processes. The optical tweezers instrument provides for the possibility of
stretching a RBC by two opposite beads attached to the bilayer. Being optical controlled,
the beads can deform the RBC by applying a certain force. In Figure 7 we can see
how the RBC results at a certain time during this process, using our code to mimic the
experiment. It is possible to study the RBC response with respect to the force applied.
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Figure 6: Acanthocyte, elliptocyte, teardrop cell, and spherocyte example obtained with
the code. The source of the photo under the microscope is [63]

However, our multi-component model allows us to consider other details. Not only the
external deformation and curvature distribution but the internal RBC behavior can be
simulated. Figure 8 display the configuration of the internal cytoskeleton, that being
attached to the lipid bilayer is affected and contributes to the global deformation. We can
observe that the junction complexes closed to the regions attached by the beam present
the spectrins in over-tension. This fact is due to the force that the cytoskeleton receives
in the form of anchoring from the bilayer, through the interaction component of the
model. Moreover, the cytoplasm dynamics are not trivial. Unlike the previous relaxation
experiment, in this case, the fluid is not in a rest state. As we can see in the plot of
Figure 9, the cytoplasm pressure does not result to be homogeneous. In the volume most
prone to stretching and in the zone subject to folding, a non-trivial pressure distribution
is shown.

The model, considering each component as a distinct entity, allows us to study the
interaction phenomena between the parts, such as the detachment and reattachment of
the cytoskeleton to the bilayer. Such effects are still to be fully understood and for this
reason are of great interest; considered only in the most recent and advanced models
available [65].

In particular, the internal fluid viscosity is a sensitive parameter that affects the results.
With the same longitudinal elongation in the graph of Figure 10 we show how the RBC
transversal diameter Dr evolves considering a fluid viscosity py that varies from 0.01
to 10. The panels of Figure 11 display the extreme case and highlight as during the
deformation, not only as naturally expected, the internal pressure values are significant
different, but the RBC shape profile is notably dissimilar.
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Figure 7: Visualization of the lipid bilayer at a certain instant during the optical tweezers
stretching. The surface is colored on red scale according to the curvature magnitude.

Figure 8: Visualization of the cytoskeleton at a certain instant during the optical tweezers
stretching. The edges are colored based on its tensions.

3.3.1 Validation through experimental measurements

An optical tweezers experiment is a “testbed” to evaluate the deformation characteristics
of the red blood cell during the dynamic process. We aim to compare the transient
characteristics of the virtual red blood cell modeled with our model with the experimental
measurements in the laboratory and the best practices generated by other mathematical
models present in the literature. To this end, we introduce the quantities corresponding to
the relative diameters increase (in the elongation phase). Let us consider to denote with
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Figure 9: Visualization of the internal RBC fluid at a certain instant during the optical
tweezers stretching. The fluid is colored according to its local pressure.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time %1073

Figure 10: Trasversal RBC diameter D over the time, for a constant velocity of longitu-
dinal elongation, under various cases of internal fluid viscosity .

D, and D, the longitudinal and transverse diameters with respect to the velocity direction
of the optical tweezers, respectively. We define the longitudinal D! and transverse strain
Dy as follows

D; = (D, — Dg)/Dy, Dy =(D,~D))/D}, (63)

with superscript 0 referring to the initial dimension.
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Figure 11: Trasversal RBC diameter Dy over the time, for a constant velocity of longitu-
dinal elongation, under various cases of internal fluid viscosity .

Li and Liu [67] provided an experimental nanomechanical characterization of red blood
cells by applying stretching forces via optical tweezers. They have measured the cell
deformation directly from microscopic digital images over a set of cell samples. They have
considered five RBC samples with an original radius ranging from 2.87 ym to 3.31 ym. In
Figure 12, we plot the corresponding relative strains. For the reader’s reference, we list
the measurements in Table 4.

Other experimental /computational works concerning the stretching response of healthy
and defective RBC can be considered to validate our model. In particular, we consider the
results of the group of Suresh, Chang and Karniadakis [65, 68], considering the average
values of the relative strains of a healthy and infected RBC with the malaria parasite
plasmodium falciparum. As we can see in Figure 12 and Table 4, an evident effect due
to the parasitization by P. falciparum is a significant increase in the elastic stiffness. In
the data, this fact is reflected in greater transverse stretching than a fixed longitudinal
elongation.

Concerning our computational simulation scaling, we follow the similar setup of the
previous simulations. In particular, we consider an energy unit kg7 = 1, a Canham con-
stant C, = 20, and an interaction strength constant ¢ = 5000. The cytoskeleton consists
of a network of around 750 nodes of radius 0.05. We remark that the internal viscosity of
a RBC is five times higher than plasma, i.e., 6 x 1073 Pa - s [69], so that considering our
length scale of 1 pum it leads to set iy = 0.6. During the virtual experiment, we consider
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an opposite velocity of each micro-bead of 200um with respect to the unit time.

With the aim of evaluating the multi-component contribution of the model, we pro-
ceed to simulate the experiment by the degree of completeness: (i) assuming only the
lipid bilayer component, (ii) inserting the cytoskeleton, and finally (iii) also including the
cytosol. For generality purpose, we also considered two cases of small (RBC1) and large
(RBC2) RBCs of radius 2.85 um and 3.78 um, respectively. In Table 4, we report our
results and we compare them with the other data in Figure 12.

Figure 12: Comparison between experimental data and our numerical results.

Comparing our simulation results with the other data, as we can observe on the left
panel of Figure 12, they reside within the variability window of the results described in
the literature. In general, the transverse deformation grows monotonically with respect
to the longitudinal deformation with a certain slope and with a slight tendency to a
convex growth. On the other hand, by the zoom shown on the right panel, we can
highlight some different responses with respect to the physical components considered.
Our results show that the presence of the cytoskeleton softens the growth of the curve.
Such behaviour is physically consistent, being that the lipid bilayer, intrinsically fluid
in character, requires stabilization by association with an underlying cytoskeleton [70].
Considering the introduction of the internal fluid, from the trend of the graph, it seems
that the absence of the cytosol affects only relatively the RBC deformation. Moreover,
comparing the 2-component model with and without internal fluid, the results indicate
that for a fixed longitudinal elongation, the corresponding transverse diameter is slightly
less in presence of the cytosol. This result, which may appear to be counter-intuitive, is
explained by the behavior with respect to the axis perpendicular to the plane between
the two diameters. In Figure 13, we display the transient configuration of the system,
coloring the outer bilayer according to the magnitude of its curvature. The images suggest
a visible difference between the two configurations. Without the cytosol, the center of
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the biconcave disc digs less spherically, tending to make the fold of the membrane stretch
towards the microbeads. Such an effect is concomitantly reflected on the velocity field
profile of the bilayer, which in the same central disk region in the case with cytosol it is
on average lower than the case without cytosol. We remark that the internal pressure
field in the cytosol case is not homogeneous and assumes a corresponding behavior. We
can appreciate also the local influence on the pressure of the cytosol due to the presence
of the nodes of the cytoskeleton.

Figure 13: Visualization of our simulation configuration of the RBC1 at a fixed time
during the stretching process, performed by our model with and without cytosol.

The cytosol ability to avoid that the fold crosses for the entire longitudinal diameter
appropriately illustrates how the cytosol serves to maintain the cell volume and precludes
contact between different parts of the cell [28].

We finally remark that we have found a certain discord in our simulations on the
possibility that a cytoskeleton of an inactive nature (without the ability to rearrange
itself) can remain anchored to the bilayer for important efforts such as those present in
the work of Chang et al. [65]. Nonetheless, we agree that spectrin detachment events are
relatively infrequent and appear in extreme cases [65, 71]. Furthermore, the formation of
blebs (balloon-shaped membrane protrusions with no cytoskeleton content) turns out to
be a possible phenomenon with physiological and mechanical implications [72, 73]. Our
simulation results reinforce the idea that stress causes membrane rearrangements to adapt
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Figure 14: Visualization of lipid bilayer velocity field and cytosol pressure field of the
RBC1 at a fixed time during the stretching process, performed by our model with and
without cytosol.

to the load and, in particular, that the cytoskeleton is dynamic and can rapidly adapt to
major changes in the cell shape [74, 75, 76]. Another speculative explanation is that the
effective energy unit kg7 should be reduced, resulting in a lower cytoskeleton stiffness
(see [77]). In Figure 15, we show a zoom on the RBC of how the cytoskeleton can follow
the membrane movement included in the region adjacent to the stretching due to the
bead.

4 Conclusions

In this paper, a new mathematical /computational formulation for a multi-component red
blood cell model was presented. The emphasis of the work is centered on the possibil-
ity of performing the mathematical modeling of the following RBC components: (i) the
lipid bilayer behavior, (ii) the cytoskeleton dynamics, (iii) the interaction activity be-
tween them, and (iv) the internal cytoplasm flow. Furthermore, the model considers a
continuous definition of the lipid bilayer, allowing to use finite element methods. The
text contains a detailed description of the construction of the model and its mathemat-
ical well-posedness, and it is tested with virtual experiments to show the potential and
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Figure 15: Detail of the adhesive cyto-bilayer movement during optical stretching exper-
iment with weakened cytoskeleton (kgT = 1073).

advantages deriving from its implementation. Numerous studies and applications can be
developed, implementing simulations on the basis of experimental observations.
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Table 4: Experimental measurements and computational results on RBC deformation
using optical tweezers. Our simulations are performed by 1-component (only lipid bilayer),
2-component (lipid bilayer and cytoskeleton) and 2-component with cytosol (lipid bilayer,
cytoskeleton and internal fluid) models.

Test (sample) Original radius (um) T. strain D} L. strain D’
Li’s exp. 1 2.96 0.0596 0.1605
0.0786 0.2327
0.0801 0.3314
Li’s exp. 2 3.20 0.0526 0.1372
0.0707 0.2574
0.0979 0.3685
Li’s exp. 3 2.87 0.1096 0.4456
0.1309 0.4832
0.1400 0.5240
Li’s exp. 4 3.93 0.1656 0.6495
0.1845 0.7891
0.1875 0.9125
Li’s exp. 5 3.31 0.1523 0.2722
0.2014 0.3822
0.2241 0.5273
Suresh & Karniadakis’s healthy 3.80 0.1711 0.1842
0.2763 0.5132
0.3684 0.7105
Suresh & Karniadakis’s P. falciparum 3.80 0.1842 0.1842
0.3947 0.5263
0.4079 0.7105
Our sim. 1-comp RBC1 2.85 0.0102 0.0526
0.0226 0.0881
0.0449 0.1447
0.0877 0.2520
0.1465 0.3927
0.2449 0.6043
Our sim. 2-comp RBC1 2.85 0.0193 0.0912
0.0540 0.1888
0.1023 0.3570
0.1516 0.4612
0.1777 0.5321
0.2175 0.6372
Our sim. 2-comp with cytosol RBC1 2.85 0.0133 0.0725
0.0375 0.1428
0.0639 0.2139
0.1254 0.3553
0.1842 0.4963
0.2579 0.6702
Our sim. 1-comp RBC2 3.78 0.0022 0.0437
0.0110 0.0811
0.0184 0.1022
0.0269 0.1235
0.0545 0.1880
0.0728 0.2308
Our sim. 2-comp RBC2 3.78 0.0037 0.0481
0.0123 0.0907
0.0215 0.1226
0.0395 0.1758
0.0607 0.2290
Our sim. 2-comp with cytosol RBC2 3.78 0.0032 0.0361
0.0095 0.0686

0.0197 0.1090




