Advances in Mathematical [)

[ ] [
. . . GAKKOTOSHO
Sciences and Applications G TOKYO JAPAN
Vol. 30, No. 2 (2021), pp. 507-520

RANDOM DISCRETIZATION OF O'HARA KNOT ENERGY

JUN OKAMOTO *

Graduate School of Mathematical Sciences
The University of Tokyo
Komaba 3-8-1 Meguro Tokyo 153-8914, Japan.

(E-mail: okamoto@ms.u-tokyo.ac. jp)

Abstract. In this paper, we consider the random discrete approximation of O’Hara
energy. O’Hara energy is the energy defined for a knot, and O’Hara energy was introduced
for defining the standard shape for each knot class (equivalence class by ambient isotopy)
by variational method. If the exponent is taken so that the energy is invariant Mdbius
transformation, O’Hara energy is called Mobius energy. Although discretization for vari-
ous Mobius energies has been defined to analyze the shape of the minimizer so far, only
I'-convergence to the original energy has been shown for a conventional discretization.
In this study, we are successful to show locally uniform convergence and compactness of
discrete energy in a space involving the optimal transport theory, by introducing ran-
dom discrete approximation of O’Hara energy using random variable and we can show
convergence from the minimizer to the minimizer.
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1 Introduction

Let A be the set of all closed regular curves that is parametrized by arc length in R?, with
no self-intersections and with total length £ ie. A = {y € COYR/LZ,R?) | |¥ ()| =
1 ae.z € R/LZ}. For a,p € (0,00), the O'Hara («, p)-energy 7 : A — R U {400} is
defined as follows:

EYP(y) == / MP(y)dzdy, (1)
(R/LZ)?

where
1 - 1 )p
v(z) =y D(y(x),y(y)~) ’

and D is the length of a shortest arc of the curve v connecting the two points v(z) and
V(). ie.

(z,y) € (R/LZ)*  (2)

per) ) = (

D(y(x),7(y)) = min{L — [z —y|, |z — y[}. (3)

This energy was introduced and investigated by O’Hara in [6]-[9] for defining the standard
shape for each knot class by variational method. In the case of a = 2,p = 1, due to
energy invariance under Mobius transformation, this energy is called "Maébius energy”.
It is possible to show the existence of minimizer in the ”"prime knot”. R. Kusner and
J. Sullivan conjectured the minimizer in composite knot class may not exist [13]. This
conjecture was established by numerical calculation with discretization of Mobius energy.

In this paper, we introduce the weighted O’Hara energy &3 : A — R U {400} with
weight p : R/LZ — Rs( defined

ESP(y) = /( e MP(y)p(x) p(y)dzdy. (4)

Our main goal is to construct random discretization of this O’Hara energy and to show
['-convergence in a space involving the optimal transport theory. We even show locally
uniform convergence and compactness.

1.1 Known results

Various discretizations of O’Hara energy are defined not only for numerical calculation
but also for shape analysis of minimizer.
First, D. Kim and R. Kusner constructed a Mébius energy for polygonal knots in [3].
This energy, defined on the class of arc length parametrizations of polygons of length
L with n segments, is given by

n

1 1
P =3 [Py pap ~ e e e

1,j=1
i#]
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where a;’s are consecutive points on R/LZ, or interval [0, L] if we consider the polygon
parametrized over an interval. This energy scales invariant. A slight variant would be to
take 271 (d(ag_1, ar) + d(ag, apy1)) instead of d(asy1, ax).

S. Scholtes proved that this discretization I'-converges to the Mébius energy in [17].
He furthermore showed that this energy is minimized by regular n-gons.

Second, J. Simon [5] defined the so-called minimal distance energy for a polygon P by

EMP)=E"(P)—EMRy) +4

S

with
5 B | Xl | X

- ; . )27
N dist(X;, Xj;)
where R, is the regular n-gon. Note, that this energy scales invariant. Third, Mdbius
invariant discrete energy is introduced in [15] and show I'-convergence is established in
W% metric sense. The definition of that energy is as follows:

AP||A;P 1 )
(P = Y oo (1 Gleos(a) + o))
dm(i,j)>1 7 i+1

where P(6;) is a vertex of a closed polygon, i = 1,2,...,m and AP := P(8;) — P(6,),
AP = AP, a;; be the angle of the crossing of the circles through at the points
P(6;), P(0;11), P(0;) and P(6;), P(0;1+1), P(#;) and &;; be the angle of the crossing of the
circles through at the points P(6;), P(0;11), P(0;11) and P(6;), P(6;41), P(6;4+1).

1.2 Main results

We introduce a new discretization of O’Hara (a,p)-energy using random variables on
R/LZ.

Definition 1.1 (Random O’Hara Energy). Let {X;},  be a sequence of i.i.d. random
variables on R/LZ with probability density function p.
Random O’hara energy R, ,£*?: A — RU {+o0} is defined as follow:

1 O 1 1 P
R, ,£YP () == — < — ) .
’ n’ ”2::1 7 (Xi) = (X)) Dy (Xy),v(X;))
i#]
Remark 1. Since {X;};en has the probability density function p, we always have
P(X; = X;) =0 for any i # j. Therefore R, ,£*? is well-defined almost surely.

Then we introduce the space for comparing continuous model and discrete model as
follows.
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Definition 1.2 (The T'L? metric space [10]). T'L? metric is defined on particular spaces
of the family

TLYR/LN) := {(n, f) | p € P(R/LN), f € LY(R/LZ; p)}

where 1 < ¢ < oo and P(R/LN) denotes the set of Borel probability measure on R/LN.
For (u, f) and (v, g) in TL? we define the distance

1/q
(0 . 09) o=t ([ (o=l 4 1) = g dnten))
wel(p,v) (R/LZ)2

where I'(u, v) is the set of all coupling (or transportation plans) between p and v, that
is, the set of all Borel probability measures on (R/LZ)? for which the marginal on the
first variable is  and the marginal on the second variable is v. It is shown in [11] that
drrq is actually a metric. The distance drpq is called a transportation distance between
functions defined on graph. The T L? topology provides a general and versatile way to
compare functions in a discrete setting with functions in a continuum setting. It is a
generalization of the weak convergence of measures and L9 convergence of functions.

Definition 1.3. Let {X;};en be a sequence of i.i.d. random variables and let us denote
by v, the empirical measure of {X;}ien:

n
1
Vy (= — E 5Xi7
n <
=1

where dx is the Dirac measure of X.

Definition 1.4. Let {X;};en be a sequence of i.i.d. random variables on R/LZ and v,
be an empirical measure of {X;};,ey and v be a distribution measure of {X;};en. We use

a slight abuse of notation: -, RGN 7 instead of (v, V) KGN (v,7). (Note that A C
LY(R/LZ,R%).) Thus A is not a metric space with the metric drrq« but only convergence
is defined.

The main results of the paper are

Theorem 1.1 (I'-convergence and locally uniform convergence). Let {X;}ien be a se-
quence of i.i.d. random wvariables with probability density function p on R/LZ. Then
R, ,E%P T-converge to £3P as n — oo in the TL' sense.

Moreover, we set F := {y € A | EXP(y) < oo}, then R, ,EYP|r locally uniformly
converges to ESP| r as n — oo in the TL' sense a.s. w € Q.

Theorem 1.2 (Compactness). Let p be bounded from below by a positive constant and
let2<ap<2p+1andl <qg< oo,
Assume {7 }nen C TLYR/LZ) satisfying

sup R, ,E€P () < o0.
neN

and we assume that there exists v € R/LZ and C € R such that v,(z) = C for all
n € N.
Then {Vn}nen s relatively compact in the TLY(R/LZ) sense a.s. w € €.
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The metric used in I'-convergence is the T'L' sense. Locally uniform convergence is
also in the TL! sense, which will be defined in Section 2.

Corollary 1 (Minimizer to minimizer). Under the assumption of Theorem 1.1 and The-
orem 1.2, let {7, }nen C A be minimizers of R, ,£*P then there exists 5 € A and subse-

quence {7V, bken with v, KN 4 such that 4 is a minimizer of £*P.

2 Preliminaries

2.1 TI'-convergence and locally uniformly convergence in the T'L?
sense

We recall notation of general I'-converge and locally uniform convergence in the T'L? sense.

Definition 2.1 (I'-convergence in the T'L? sense). Let F,, : A — RU{+00} be a sequence
of functionals. The sequence {F),},en I-converges to the functional F': A — R U {+o0}
as n — oo in the T'L? sense if the following inequality hold:

. . TL
i) For every z € X and every sequence {z, }nen with x,, — «

liminf F,,(z,) > F(x),

n—oo

ii) For every x € X there exists a sequence {x, },en and z,, RN satisfying

limsup F,(x,) < F(z).

n—o0

Definition 2.2 (Locally uniform convergence in the 7T'L? sense). A set K C A is sequen-
tially compact in the T'L? sense if it satisfies the following conditions. For all sequence
{Vn}nen C K , there is a subsequence {v,, }reny and a v € K such that ~,, ELN v as
k — oo. Let X be a space containing L9(v,) and LY(v), and let F,, : X — R and
F : X — R. The sequence {F},}en locally uniformly converges to F in the TL? sense if
it satisfies the following conditions. For any sequentially compact set K C X in the T'L4
sense,

lim sup |F,(v) — F(v)] = 0.

n=0 yeK

We first discuss an equivalent condition for locally uniform convergence in the 7T'L¢

sense.

Proposition 2.1. Let F : X — R is continuous in the TL? sense, ( i.e. 7, RGN v then
lim F(vy,) = F(v). ) and a sequence {F, }en locally uniformly converge to F in the T'L4
Sense.
if and only if
For any sequence {7V, }neny C X with ~, EEGN v,
lim F,(v,) = F(7).

n—oo
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Proof. This can be proved in a similar way to prove Ascoli-Arzela theorem [18, Theorem
7.25.]. For v € A and r > 0, we set B(vy,7) := {¥ € X | There exists an n € N such that

dTL‘I ((Vnu 7)7 (Vu ’7)) < T}’
First, we show that suppose K C X be a sequentially compact set in the T'L? sense,
Ne

then for any € > 0, there is a sequence {y;}~<, C K, such that UB(%,s) O K. If not,
i=1

there is a r > 0 such that for all {y;}I*, C K, K\U B(vi,r) # 0. We choose 7, € K and
i=1

n—1
inductively choose 7, € K\ U B(~;,r), then for all m,n € N,
i=1
r < drra ((Vm Vn), (v, ’Ym)) < drra ((Vm Vn)s Vim, ’Vm)) + drpa ((Vrm Ym), (Vs VM))
= drra ((Vn7 7n)7 (Vm7 ’Ym))

This is a contradiction to the fact that K is sequentially compact set in the T'L? sense.
Let €, > 0 with g, (0. and we set

Ko = {{7?}%”11 €K

Umzs’(w,gm 5 K} . (5)

i=1

Second, we show that for all € > 0, there exists a ¢ > 0 such that for all ;1,7 € K and
allm € N, if drrq ((Vn,’}/l), (v, "}/2)) < 0 then

|Fu(1) — Fu(e)] <e. (6)

If not, there exists an € > 0 such that for all n € N, there exists 77,75 € K and
my, € N such that drre ((vn, 7). (1,7%)) < 1/n, and |, (1) — F, (73)| > €. By the K
is sequentially compact, there exists a subsequence {7]"* }ren, {75" }ren, and v € K such

that )" EEGN v, VoF EEGN ~. Then

n n n n k—o00
e < P, (%) = Fon (05°)] < | B, (01%) = FO) + [F(7) = Fin,, (15*)] = 0.

This is a contradiction.

Third, we show that there exists a subsequence {F},, }ren such that for all j , {F,, (7;) }ren
is convergence sequence by a diagonal argument. By lim F,(v1) = F(711), {F.(7) }nen
n—oo

is bounded sequence on R. Therefore there exists a subsequence {F, k) }ren such that

{Fuk) (1) bren is a convergence sequence in R. In the same way, there exists a subse-

quence {F, 2k }ren such that {F, o) (72) bren is a convergence sequence on R. Further, in

the same way, we construct subsequence {Fn(p,k)}keN,p =3,4,...,and we set I, = Fy(r)-
Finally, let any n > 0, for sufficiently large m such that for all n € N, if

drra ((Vn;71)7 (v, 72)) < &, then

[Fn () = Fa ()] < /3. (7)
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Since {F,, (7/")}ken is a convergence sequence on R, there exists a number N such that
if k,0 > N then |F, (7/") — F,,(v™)] <n/2 for i = 1,2,..., N,,. Now, let v € K, by (5)
there exist an ¢ and n such that

drra ((Vna ’an)a (V7 7)) < Em-
By (6) and (7) if k,{ > N then

| (7) = Eny ()] < [Foyy (7) = Foy (07 4 [Fo (0") — Foy (7)) + 1 F0, (7) — Foy ()] (8)
<. 9)

Therefore {F),, (7) }ren is a Cauchy sequence. By the completeness of R, there exists
a F(v) such that limy_,o F,, (7) = F(7). In (8) and (9), suppose that [ goes to infinity,
then we get

[Fo () = F(0)] < (10)

This indicates that {F,, }ren uniformly converges to F' on K.

Assume that F' is continuous and that F;, locally uniformly converges to F' in the T'L4

sense and 7, EEGN 5.
Clearly, {v, | n € N} U{y} C X is sequentially compact in the T'L? sense.
Therefore

|Fn(vn) = F(V)| < [ Fu(vn) = F(y)| + [F () = F(7)]
< sup (|Fu(y) = F@)) + |F(w) — F(y)] == 0.

YE{ 1 }nenU{7}

2.2 The property of T'L? space and empirical measure

In this subsection, we consider the space based on optimal transport theory to compare

discrete and continuous models.
Given a Borel map T': R/LZ — R/LZ and p € P(R/LZ) the push-forward of u by
T, denoted by Tup € P(R/LZ) is given by:

Tyu(A) == u(T-1(4)), A € B(R/LT).
Definition 2.3 ([10]). We say that a sequence of transportation plans {7, },cy C I'(t4; fin)

is stagnating if it satisfies

lim |z — y|%dm,(x,y) = 0.

p, i € P(R/LZ), T, : R/LZ — R/LZ : transportation maps with T3, 4 = fu,.
We say that a sequence of transportation maps {7}, },en is stagnating if it satisfies

lim |z — T, (2)|%dp(z) = 0.
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Accept the following proposition introduced by [10]

Proposition 2.2 ([10]). Let (u,y) € TL? and let {(fin, Vo) }pey € TLY The following
statements are equivalent;

i) (ttnyyn) = (w0, ) in the TLA.

i) p, — p oand for every stagnating sequence of transportation plans {Wn}neN C
(4, pn)

[ b =) ey - o (1)
(R/LZ)?

i) p, — p and there exists a stagnating sequence of transportation plans {m,}, . C
(e, pin) such that

/ () — (@) (2, 3) — 0. (12)
(R/LZ)?

Moreover, if the measure u is absolutely continuous with respect to the Lebesgue
measure, the following are equivalent to the previous statement:

W) pn, — po and there exists a stagnating sequence of transportation maps {1}, oy (
with Ty pt = jin) such that

/R 1) =) Pt = o (13)

v) pn — p and for any stagnating sequence of transportation maps {T,}, . with
T, = lin)
n#,u Hn

/}R 1) =) ) =0 (14)

Remark 2. Thanks to Proposition 2.2 when p is absolutely continuous with respect to
TLP : : .
the Lebesgue measure 7, — v as n — oo if and only if for every (or one) stagnating

sequence {7}, }nen of transportation maps (with T, 4p = ) v 0 Ty, M v as n — oo.
Also, {up}nen is relatively compact in T'LP if and only if for every (or one) stagnating
sequence {7, },en of transportation maps (with Ty = p,) {un o T}, }nen is relatively
compact in LP(u).

We recall the following proposition.

Proposition 2.3 (Glivenko-Cantelli’s Theorem). Let {X;}ien be a sequence of i.i.d.
random variables on R/ L7, and let v is the distribution measure of { X;}ien, and v, is the
empirical measure of {X;}ien. Fn(x) := v,((—00,z]) and F is the distribution function
of {Xi}ien, then,

nh_r)xolo |F — Flloo =0 a.s. w e €.
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Theorem 2.1 ([12]). Let D C R? be a bounded, connected, open set with Lipschitz
boundary. Let v be a probability measure on D with density p : D — (0,00) which is
bounded from below and from above by positive constants. Let {X;}ien be a sequence of
independent random points distributed on D according to measure v and let v, be the
associated empirical measures. Then there is a constant C' > 0 such that for a.s. w € €}
there exists a sequence of transportation maps {1, }nen from v to v, (Thyv = v,) and
such that

if d =2 then
, n*2||Id — T, ||
hgl—igp (log n)3/4 <C
and if d > 3 then
_ M| Id — Tl
B logmpt =

3 [I'-convergence and locally uniformly convergence
Proof of Theorem 1.1

Proof. Let v, be an empirical measure of £L!|p and T}, : R/LZ — R/LZ be transportation
maps with T, L' p = v,

liminf inequality

Assume that v, — v in TL! as n — oo. Since Tn#ﬁl |p = vy, we change variables to
get

Rag ) = [ MO )0 (15
- / MEP (5, 0 Ty )p()ply)dady. (16)
(R/LZ)?2

By the way, we notice that

[ (Tn(2)) = m(Ta(®))] < Iyn(To(x)) = v(2)] + v(2) =y W) + 7 (y) = m(Tuly))]-

and

D(v(x),7(y)) < D), 1 (Tn(2))) + D(n(Tn(2)), Ya(Tn(y))) + D(m(Tn(y)), 7(y))
<o = To()| + D(yu(To(2)), 1 (Tu(W))) + [ Taly) —
< 2|75, — 1d|o + D(yn(Tn(2)), 1 (Tn(y)))-

By Proposition 2.2 we deduce v, 0T;,, — v in L*(R/LZ). Thus, by taking an appropri-
ate subsequence {7, © T, }rcn Of {10 Ty} we deduce vy, (Tp, (x)) — v(z) ae. x €
R/LZ, and therefore

neN?

lim inf M®P (v, 0 T,) > M*P(y) a.e. (z,y) € (R/LZ)*.

n—oo
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So that M*P(~, o T,,) > 0, using Fatou’s lemma we get
ligri)iorgf R p&57 (1n) = EXP (7).

limsup inequality
Assume that 7, — v in TL! as n — oo. If EYP(v) = oo, we are done, and so we
henceforth assume £7"7(y) < oo. We observe that

(@) =) < [v(2) = W (To(@)] + [ (To(2) = Y(Ta(w)] + [1(Tn(y)) — v(¥)],
and
D((Tn(2)), (T (y))) < D(vulTo(x)),v(2)) + D(v(2),7(y) + DY (¥), 1 (Tu(y)))-
In the same way as liminf inequality, we get

limsup M*?(y, 0 T,) < M*P(7) ae. (z,y) € (R/Z)?. Since £57(y) < oo, using

n—o0

Fatou’s lemma to M*?(y) — M®P(~, o T,,), we get

limsup R,, ,EP(y5,) < 5,?4)(7)-

n—oo

By Proposition 2.1, the proof is now complete.

4 Compactness

In this section, we would like to prove Theorem 1.2. We first recall several function spaces.

4.1 Function spaces

Definition 4.1 (Sobolev-Slobodeckij spaces). For s € (0,1) and ¢ € [1,00) we set

1/p
| 2yt w) @)
Ywsw = A [T wdu
/L7 J )2

WP(R/LZ,R?) := {y € LY(R/LZ,R?) | [y]ws» < 00}

and equip this space with the norm

[Yl[wea = [Vl £a + [Ywea
Furthermore, we let
WsUR/LZ,RY) = {y € WH(R/LZ,RY) | € WH(R/LZ,R?)}

and y
Y llwreea == (I Ees + 171 Ea)
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Definition 4.2 (Besov spaces). For s € R, 1 < p,q < oo and S(R/LZ,R?) is the
Schwartz space.

We set
Cf1ggsy . f1 @<id<
W‘{o CED A {o (€ < 1ol >8)

We set ;(§) = ¢(279¢) and 7(D)f = F - Ff] for 7 € S(R/LZ,R") and [ €
S'(R/LZ,R?). We recall Besov norms:

oo 1/q
[4(D) fll e + (Z quSH%(D)quLp) (1<g<o0)

[ (D) f e + sup 2°[| (D) fll v (¢ = o0)
je

1£lls;,, =

B (R/LZ,RY) :={f € S'(R/LZ,R?

Note that W*F agrees with B, |
We recall the following embeddlng results.

Bs , < OO}

Proposition 4.1 (Embedding Besov spaces). Let 0 < pg,p; < 00 and 0 < qo, q1 < 00
and —00 < 81 < ¢ < 00. Assume that sg — pio > 51 — p%’ then

B (R/LZ,RY) — B (R/LZ,RY).

Po,q0

Here — denotes a continuous embedding.

Theorem 4.1 (Kondrachov embedding theorem). Let 1 < p, g < oo and 1 <k, s.
Assume that k — Il) > 5 — %, then the Sobolev embedding

WHEP(R/LZ,R?Y) — W*(R/LZ,R?)
is completely continuous.

Proposition 4.2 (Embedding L' space for Besov space). Let s € R and 0 < g < oo,
then
L' — B?,q if and only if g = oo

The following theorem is based on [14] and explains conditions for which O’Hara
energy becomes finite.

Theorem 4.2 ([14]). Let v € A and a,p € (0,00) with ap > 2 and s := %}:1 <1
and p > 1, then E*P(y) < oo if and only if v € WIT52P(R/LZ). Moreover, there is a

C = C(a,p) such that
1Y 20 < CEXP(y) + 1V 1172)-

Lemma 4.3. Let {7V, }nen C A and we assume that there exists a x € R/LZ and C € R?
such that v, (x) = C for all n € N.
Then

SUP [l 2wy = sup Z\% i)| < oo.
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Proof. First, we show that there exists a M > 0 such that

max |v,(X;) —C| < M.

i=1,2,...,n
If not, there exists an € Nand i € {1,2,...,n} such that

Then a length of ~,, is more than £. This is a contradiction.
Thus

1 n
1Yol 21 ) = n Z |y (X
=1

IA

4.2 Proof of Theorem 1.2.

. ap—1
Proof. Let s := gp . By Theorem 4.2 we see

IV eze < C(EX7 () + 1VI3120) -

1 & 1 &
EZWn(Xz) - C| +EZ|C| < M+|C].
=1 i=1

By the Gagliardo-Nirenberg interpolation inequality, we choose © > 0 such that © <

(2p—1)q+2p ith L —
Gptap-2)a+3 <1, and ¢ with 5 1>1t, to get

[lwrar < flyllwreszz

= Il < ClSsss Il
Since L' — BY < B}, ,,, this yields
Yllwrze < Clirlgass 17122°-
Using Young’s inequality, for all € > 0, we get
0 2p(1-©
11520 < clwuiem,zpuvu A
2
H’VHLQ

Therefore, for sufficient small € > 0, we conclude that
IV Frsee < C(EP() + VIR -
Let {75 }nen be a sequence of TLY(R/7Z) with

sup Ry, ,€P () < 00,
neN
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and let T, : R/LZ — R/LZ be transportation maps with T}, .4 = i, Then

sup E)P (v, 0 T,,) < 0.
neN

Since p is bounded from below by a positive constant we deduce by Lemma 4.2 that

sup (€7 (yn 0 T) + || yn © T 1) < o0
neN

Therefore by (21) and Lemma 4.3, we see
sup ||y © Tllwitszr < oo.
neN

Since 1+ 5 — 2Lp = 2p++pp_2 >0> —%, Theorem 4.1 yields a compact embedding

L WESP(R/LZ,RY) s LYR/LZ,RY).

Therefore there exists an {ng ey C N and v € LY(R/LZ, p) such that v,, o T, — v in
LY(R/Z, p). By Proposition 2.2 we see 7, — v in TLY(R/LZ).
0
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