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Abstract. In this paper, we consider a class of optimal control problems for a one-
dimensional time-discrete constrained quasilinear diffusion state-systems of singular Allen—
Cahn types and its regularized approximating problems. We note that the control param-
eter for each system is given by physical temperature. The principal part of this paper
is started with the verification of a Key-Theorem dealing with the decompositions of the
subdifferentials of the governing convex energies of the state-systems. On this basis, we
will prove five Main Theorems, concerned with: the solvability and precise regularity
results of state-systems; the continuous-dependence of the solutions to state-systems in-
cluding convergences in spatially C''-topologies; the existence and parameter-dependence
of optimal controls; the necessary optimality conditions for approximate optimal controls;
precise characterizations of the approximating limit of the optimality conditions.
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Introduction

Let 0 < L < 0o and 0 < T' < oo be fixed positive constants, let @ := (=L, L) C R be a
one-dimensional spatial domain. Besides, we set X := L*(Q) and Y := H(Q).

The aim of this work is to give some advanced observations for the optimal control
problem, governed by the following Allen—Cahn type equation with singularities:

Ow — O, (% + yzagcw) + 0111 (w) + g(w) > Myu, in (0,T) x €,
dw(t,+£L) =0, t € (0,T),

w(0,x) = wy(x), = € .

(0.1)

The equation (0.1) is based on the modeling method of Visintin [19] as a possible math-
ematical model of solid-liquid phase transitions in a mesoscopic length scale. In this
context, the unknown w = w(t,x) is the nonconserved order parameter that indicates
the physical phase of material: w = 1 (resp. w = —1) corresponds to pure liquid (resp.
solid). Besides, wy € Y is a given initial data of w. The forcing term u = u(t, z) denotes
the control variable that controls the profile of the solution w, and physically, u is the
relative temperature. Furthermore, ¢ is a semi-monotone C'-function on R, and v > 0
and M, > 0 are fixed constants. In addition, 0|, yj is the subdifferential of the indicator
function I;_ 1) on the closed interval [—1, 1], that is defined as:

0, ifze[-1,1],

400, otherwise.

Iio1)(2) = {

Recently, Allen-Cahn type equations kindred to (0.1) have been studied by a lot of

mathematicians (cf. [6,15-18]), and in many previous works, the singular term —0, (|g’;—;‘;|)

is approximated by quasilinear diffusions:

— 0y (&C—w + 1/28xw> with a constant € > 0, (0.2)

Ve2+ |0,w|?

and the singular term 0I_;1j(w) of the set-valued subdifferential is approximated by
means of the Yosida regularizations, or the following C'-regularizations:

(0, if -1 <r<1,

~ —1)2 if1 <1496
Ol 4y(r) = 262]r|(r oL <ri< 1+,

172 1 1
—T——<—+—), if |[r| > 1+,

for r € R, and 6 > 0. (0.3)

o 2

The setting {(0.2),(0.3)} was adopted as a representative effective range of approximating
method for the singular terms. Indeed, the previous researches of [15-17] adopted the
setting {(0.2),(0.3)} to deal with the optimal control problems governed by (0.1), and
as a consequence, they obtained a distributional characterizations of the first necessary
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optimality condition for the optimal control. However, in the previous results, we still
have two unfinished issues.

The first unfinished issue is to make clear the effective range of approximating methods,
besides {(0.2),(0.3)}. From the viewpoint of application, it is beneficial if we could choose
a matching approximating method for specific property of each scientific/technological
background. In this light, it could be said that the current mathematical results would
not be sufficient to respond to the requirements for such flexibility.

In the meantime, the second unfinished one is concerned with the precise observation
for the distribution, which appears in the optimality condition, obtained in [15-17], and
is roughly expressed as:

¢° ~ 0, [0(0,w) 0] — [0111y] (w®)u® in D'((0,T) x Q), (0.4)

with use of Dirac’s delta 0, some operator [8] [_1,1]] ? corresponding to derivative of the
subdifferential 01, ;;, an optimal control u°, and a solution w® to the singular Allen-Cahn
type equation (0.1) when u = u°. The expression (0.4) looks ill-posed as a variational
formula. Nevertheless, it would be expectable that the support spt(¢°) of the distribution
¢° would be somehow associated with {0,w° = 0} U {|w°| = 1} (= {0,w° = 0}), and (°
would have some functional expression on the outside of the support:

spt(C°)° & {O,w° # 0} (= {0,w° # 0} N {Jw| < 1}).

For developments of the unfinished issues, we now let n € N be a fixed number,
define X := [X]", and consider the time-discrete scheme for the singular Allen—Cahn type
equation (0.1), with the time step size 7 := T'/n, as a simplified state-equation of our
optimal control problem. On this basis, we set our goal to study a class of optimal control
problems, denoted by (OP)®?) | with constant parameters ¢,§ € [0, 1].

(OP)E9): to find a sequence of functions u* = [u}, ..., u%] € X, called optimal control,
which minimizes the following cost functional &9 = 7(&9) (u) on X, defined as

T e X TO) = 2w -t + Pl € o) (09)
ie.
T (y*) = min{ SRI ‘ weX }7
where for any u = [uq, ..., u,] € X, the sequence of functions w = [wy, ..., w,| € Xis

a solution to the following time-discrete quasilinear equations, denoted by (AC)®9).

(AC)E9): to find a sequence of functions w = [wy, - -+ ,w,] € X, which fulfills

1
;(wi —wi_q) — 8x((f€)'(8xwi) + 1/28zwi) + K°(w;) + g(w;) 3 Myu; in Q,

Jywi(£L) =0, i=1,2,3,...,n,

starting from the initial value wy € Y.
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In this context, the equation (AC)®% ie. the case when ¢ = § = 0, corresponds to
the time-discrete scheme of the Allen-Cahn type equation (0.1), while the equations
(AC)E9) | for positive ¢,d, are its approximating equations. In this regard, the effective
range of approximation, brought in the first unfinished issue, will be presented in forms
of assumptions for:

— the regularization sequence {f°}.c0,1) C C*(R) for the function f®:r € R |r| €
[0, 00) of the absolute value;

— the regularization sequence {K 5}5€(0,1] C CYR) for the set-valued function K° :
r € R 0l_11)(r) € 2% of the subdifferential of indicator function.

In addition, we will obtain a positive answer for the second unfinished issue, as a conse-
quence of five Main Theorems. Here, we give their assertions, briefly.

Main Theorem 1: Existence, uniqueness, and H2-regularity of the solution w = [wy, ...,
w,] to the state-system (AC)E9) for every € € [0,1], § € [0, 1], initial data wy € Y,
and forcing term u = [uq, ..., u,] € X.

Main Theorem 2: Continuous dependence of solutions to the state-systems (AC)E®),
with respect to the constants € € [0,1], 6 € [0, 1], initial data w, € Y, and forcing

n

term u = [uy, ..., u,] € X, including the (strong) convergence in [C'(Q)]".
Main Theorem 3: Results concerned with the control problems.

(ITI-A)(Solvability of optimal control problems): Existence for the optimal con-
trol problem (AOP)(e"S), for every constants ¢ € [0,1], 6 € [0,1], and initial data
wy € Y with K°(wg) € LY(Q).

(ITII-B) (Parameter dependence of optimal controls): Some semi-continuous de-
pendence of the optimal controls, with respect to the constants e € [0,1], 6 € [0,1],
and initial data wy € Y with K°(wo) € L'(€).

Main Theorem 4: Derivation of the first order necessary optimality conditions for
(OP)©9 | via adjoint method, under ¢ € (0, 1] and 6 € (0, 1].

Main Theorem 5: The optimality conditions which are obtained as approximation lim-
its of the necessary conditions as ¢, | 0, and a precise characterization of the
limiting optimality conditions.

Details of the Main Theorems are stated in Section 3, after the preliminaries in Section
1, and the auxiliary results in Section 2. In particular, the Main Theorem 1 is proved
by means of the Key-Theorem which is stated in Section 3. The proof of Key-Theorem
is given in Section 4. After Section 4, the remaining Sections 5-9 will be devoted to the
proofs of the respective five Main Theorems 1-5.
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1 Preliminaries

We begin by prescribing the notations used throughout this paper.

Basis notations. For arbitrary ry, so € [—00, 00|, we define:

ro V 8o := max{rg, so} and rg A so := min{ro, so },
and in particular, we set:
]t :==rVvO0and [r]” := —(r A0), for any r € R.

Abstract notations. For an abstract Banach space E, we denote by | - |g the norm of
E, and denote by (-, -)g the duality pairing between E and its dual E*. Let [, : E — E
be the identity map from E onto E. In particular, when H is a Hilbert space, we denote
by (-,)g the inner product of H.

For any subset A of a Banach space E, let x4 : E — {0,1} be the characteristic
function of A, i.e.:

P (w) 1, ifw e A,
XA :WE L — Xalw) =
0, otherwise.
For two Banach spaces F and =, we denote by .Z(F; =) the Banach space of bounded
linear operators from E into =, and in particular, we let Z(E) := Z(E; E).
For Banach spaces Fy,...,Ey, with 1 < N € N, let £} x --- X Ey be the product

Banach space endowed with the norm | - |gx..xgy = |- |g, + -+ | |gy. However,
when all Hy, ..., Hy are Hilbert spaces, H; x - - - X Hy denotes the product Hilbert space
endowed with the inner product (-, )mx..xmy = (s )m + -+ + (+,-)uy and the norm
1
| iyseoscry = (|13, + -+ |- [3,) % In particular, when all E},..., Ex coincide with
a Banach space =, we write:
N times
—1N o
E]Y ==x--- xE.

Additionally, for any transform (operator) 7 : E — =, we let:
Tlws,...,wy] = [Tws,...,Twy] in [E]Y, for any [wy,...,wy] € [E]".

Specific notations of this paper. As is mentioned in the previous section, let (0,7) C
R be a bounded time-interval with a finite constant 7" > 0. Let Q := (—L,L) C R be a
fixed spatial bounded domain with a finite constant L > 0. Especially, we denote by 0,
the distributional spatial derivative.

On this basis, we define

X :=L*Q),Y = H'(Q) (CC(Q)), X:=[X]", and Y := [Y]", for any n € N.

Notations in convex analysis. (cf. [5, Chapter II]) Let H be an abstract Hilbert
space. For a proper, lower semi-continuous (l.s.c.), and convex function ¢ : H —
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(—o00, 00|, we denote by D(1)) the effective domain of ¢. Also, we denote by ¢ the
subdifferential of ¥. The subdifferential 0y corresponds to a weak differential of convex
function 1, and it is known as a maximal monotone graph in the product space H x H.
The set D(0¢) := {z € H | 9¢(z) # 0} is called the domain of 9. We often use the
notation “[zg, 23] € 0v in H x H”, to mean that “z§ € 0i(zy) in H for zo € D(0¢)”, by
identifying the operator 0v with its graph in H x H.

Example 1 (Examples of the subdifferential). As one of the representatives of the sub-
differentials, we exemplify the following set-valued signal function Sgn™ : RN —s 28"
with V € N, which is defined as:

f = [517 s 7§N] S RN = SgnN(f) = SgnN(él’ s 7§N)

DY, otherwise,

where DV denotes the closed unit ball in RY centered at the origin. Indeed, the set-valued
function Sgn® coincides with the subdifferential of the Euclidean norm |- | : £ € RY

|§| = V£%++§]2V S [0700)7 Le.
3| - (&) = Sgn™(€), for any £ € D(9| - |) = RV,
and furthermore, it is observed that:

01-1(0) =DV C [=1,1]% = [d,] - | x -+ x Dey| - [](0).

Finally, we mention about a notion of functional convergence, known as “Mosco-
convergence”.

Definition 1 (Mosco-convergence: cf. [14]). Let H be an abstract Hilbert space. Let
¥ : H — (—o00,00| be a proper, ls.c., and convex function, and let {,},en be a
sequence of proper, lLs.c., and convex functions ¢, : H — (—o0,00], n = 1,2,3,....
Then, it is said that ¢, — ¥ on H, in the sense of Mosco, as n — oo, iff. the following
two conditions are fulfilled:

(M1) The condition of lower-bound: lim o, (w,) > (W), if w € H, {i,}neny C H,

. n—oo
and w, — w weakly in H, as n — oc;

(M2) The condition of optimality: for any @ € D(v), there exists a sequence
{W, }nen C H such that w,, — w in H and 9, (w,) — ¥(w), as n — oo.

As well as, if the sequence of convex functions {@E}Ee A is labeled by a continuous argument
e € A with a range A C R , then for any ¢y € A, the Mosco-convergence of {YZE}EGA, as
€ — g, is defined by those of subsequences {@/Z)\gn}neN, for all sequences {e, }nen C A,
satisfying €, — €9 as n — o0.



459

Remark 1. Let H, 1, and {1, }nen be as in Definition 1. Then, the following hold.
(Fact1) (cf. [2, Theorem 3.66] and [9, Chapter 2]) Let us assume that

Y, — 1 on H, in the sense of Mosco, as n — oo, (1.2)

and
{ (w,w*] € Hx H, [w,,wi € 0¢,in Hx H,néeN,

w, — w in H and w; — w* weakly in H, as n — oo.

Then, it holds that:

[w,w*] € 0 in H x H, and ¢, (w,) = ¥(w), as n — oo.

(Fact 2) (cf. [6, Lemma 4.1] and [8, Appendix]) Let N € N denote the dimension con-
stant, and let S ¢ RV be a bounded open set. Then, under the Mosco convergence
as in (1.2), a sequence {2 },en of proper, Ls.c., and convex functions on L?(S; H),
defined as:

[t a
we L*(S; H) — @/Z)\f(w) = if ¢, (w) € L(S), forn=1,2,3,...;

oo, otherwise,
converges to a proper, l.s.c., and convex function @//J\S on L*(S; H), defined as:

/w )t if (z) € L(S),

oo, otherwise;

2 € LX(S; H) — ¢°(2)

on L*(S; H), in the sense of Mosco, as n — oo.

2 Auxiliary results

In this Section, we recall the previous work [10], and show some auxiliary results. Let
0<aeYand0< B eY be fixed functions, and let us set the following convex function
on X:

z€ X = &, 5(2) = Vo(z) + Ws(2); (2.1)
which is defined as a sum of two convex functions on X, defined as follows:

v € Y NC(Q), such }’ (2.2)

that |¢| < a on Q

2 € X = Vy(z) = sup{ / 20, p dz,
Q
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and

1
—/ﬁ\8x2|2dx, if z€Y,
2 Ja

oo, otherwise.

z€ X — Ws(z) = (2.3)

The functional V,, defined in (2.2), is a kind of generalized total variation, so that the
functional @, g, defined in (2.1), can be called a regularized total variation with nonho-
mogeneous coefficients a and 5.

Remark 2. (cf. [1,4]) The functional V,, coincides with the so-called lower semi-continuous
envelope of the following convex function:

ze WHH(Q) = Vo(z) = / a|0,z| dzx € [0, 00),
Q

more precisely,

Va(z) = jnf{ lim V(%) | {Z:}ien € WHH(Q), and 3 — 2 in X, as i — oo } ,

1—00

Remark 3. The functional Wj, defined in (2.3), is a proper, ls.c., and convex function
on X, such that D(Wjp) = Y. Moreover, the subdifferential 0Ws C X x X is a single
valued operator, such that

[2,2"] € OWs in X x X, iff. 80,2z € Hy(Q), and z* = —0,(80,z) in X.

Now, we refer to the previous work [10], to recall the key-properties of @, g, in forms
of Proposition.

Proposition 1. [10, Main Theorem] The subdifferential 0,5 C X x X of the convex
function @, 5 is decomposed as follows:

0Dy = OV + OWs in X x X,

i.e. 0®, g is represented as the sum of the subdifferentials OV, C X x X and OWs C X x X
of the respective convex functions V, and Wp.

3 Main Theorems

We begin by setting up the assumptions needed in our Main Theorems. All Main Theo-
rems are discussed under the following assumptions.

(A1) Let v > 0 be a fixed constant.
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We denote by f° the absolute value function on R, i.e., f(r) := |r| for all » € R.

In addition, let {f*}.c(01] € C*(R) be a sequence of convex C?-regularizations of
f°() :=1 |, such that:

f5(0) =0 and f¢(r) >0 for any r € R and any ¢ € (0, 1],

{ fe(r) — feo(r) for any r € R,

— &, | € 10,1},
fe(-) = f°(-) on R, in the sense of Mosco, as & = eo, for any & € [0, 1

and there exists a positive constant Cy > 0, independent of ¢ € (0, 1], satisfying:
|(f%)'(r)] < Co(1+|r|) for any r € R and any ¢ € (0, 1],
and

()" — 0 uniformly on {|r| > A}, for any A > 0, as ¢ — 0. (3.1)

Let g : R — R be a C'-function, which is a semi-monotone function on R, i.e.
there exists a positive constant C; > 0 such that:

g(r) + Cyr is monotone in r € R.

Also, g has a nonnegative primitive 0 < G € C?*(R), i.e. the derivative G’ coincides
with g on R.

We denote by K 0 and K° the indicator function I (—1,1], and the subdifferential, i.e.
K= Ii_i3 on R, and KO .= Ol_1 3 in R x R,

respectively. In addition, let {[A(‘s}ge(oyl] C C*(R), and {K°}sc01) C CH(R) be,
respectively, the approximating sequence of K 0 and K°, such that:
e K9= (K% onR,and K% =0 on [-1,1], for all § € (0,1];

o for any 0 € (0,1], there exists a constant C9 > 0 satisfying 0 < (K?)' < C%
on R;

« for any 8, € [0,1], K% — K% on R, in the sense of Mosco, as § — dy, and in
particular, if 5 € (0,1], then K% — K% in Ci,.(R), as § — do.

Let T > 0 be a fixed constant, and let 7% be a small positive constant, such that:

. 1
o

8(G 1)

On this basis, we fix constants of the time-step number n € N and the time-step
size T > 0, to satisfy that:

T
O<T:i=—<T1".
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(A6) Let w* = [wd, ... w2] € X be a fixed admissible target profile.

Remark 4. (cf. [6,11,13]) The assumption similar to (A2) was introduced in [6, Section
3], [11, Remark 3.1], and [13, Definition 3.1]. In this context, the typical examples of f¢
are as follows:

o (Hyperbola type) fe(r) =+vr?2+e? —¢ for any r € R and any ¢ € (0, 1].
» (Hyperbolic-tangent type) f(r) = elog (cosh <C>> for any » € R and any ¢ €
5
(0, 1].

2 1 2
« (Arctangent type) f°(r) = = [f tan ™! (C) — —log (1 + (i> )} for any r € R
T € 3 2 3

and any ¢ € (0, 1].

Remark 5. For any ¢ € [0, 1], and let us define a functional V< : D(V) € X — [0, 00|,
as follows:

zE€X V(2 /fE )dx € [0, o0. (3.2)
Then, from (A2) and (Fact 1), it is immediately seen that:
(A1) Ve is continuous and convex on X, with D(V¢) = X;
(#2) for any ey € [0, 1], V¢ — V= on X, in the sense of Mosco, as € — &q.
Remark 6. By the definition of f¢, the function (1/2?)(f¢)" is a maximal monotone graph
on R x R. Hence, its resolvent ((1/v%)(f¢)' + I;)' is non-expansive. Therefore, we can
verify that ((f¢) 4 v2I;)"" is a Lipschitz continuous function with a Lipschitz constant
1/12.

In fact, let us fix z; € R, for = 1,2, and let us set z7 € R, for ¢ = 1,2, as follows:

z = ((fa)/ + VQId)_l (z;), for any i = 1,2.

Then, we compute that:

= (Y 4 718) (1) =02 (Y 1) )

1 1 N 4
3k = (ﬁ(fa)' + [d) (z7), for any i = 1,2.

= ( () + ) (ﬁ%) , for any v =1, 2.

Thus, we obtain that:
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Based on these estimates, one can see that:

() +021) 7 ) = () + 1) (=)

1 e 1. A
) '(ﬁ“ o) (Ga) = (o + 1) (_>‘
1
1%

Remark 7. The assumption (A3) leads to:

g >—CyonR, ie [[¢] |rem) < Cy.

Remark 8. The assumption (A4) guarantees that:
r- K°(r) >0, for any r € R,
and hence,

(K°(2),2)x >0, for any z € X.

Next, let us set the convex function on X as follows:
z€ X ®z2) = VO2) + VP(2); (3.3)

which is defined as a sum of two convex functions on X, defined as follows:

0/ N ¢ € Y NC:(Q), such
zeX = V(2):= sup{ /Qz(?zgpdx, that || < 1 on O , (3.4)
and
Vo 0,adn, iz e Y,
zeX = VP(R)=¢ 2/, il G BE s (3.5)
00, otherwise.
Also, for any ¢ € (0, 1], let ®° be a proper, l.s.c, and convex function
/fE(G ) d +”2/|a 2z, if2C Y,
< xr - xR Iy Iz 9

oo, otherwise.

Moreover, for any § € [0, 1], let us denote by K? a proper, l.s.c, and convex function on
X, defined as:

R 2e X o K9(2) i / RO(2) da, (3.7)
Q
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and let us denote by K the subdifferential 9K? of Ko in X x X. As is easily seen,

{z* € X | 28 €0l_11(2) a.e. in Q} in X, if § =0,
K°(z) = (3.8)
K°(2), if 6 € (0,1],
for all z € X and ¢ € [0, 1].
Based on these, let us denote by U9 a function on X, defined as follows:
P (z —1—1652, if z€Y,
2€ X i UED () = ) =) (3.9)
oo, otherwise,

and this definition implies that W(*%) is a proper, L.s.c, and convex on X, and

) {zeY)|z|§1onﬁ},if5=o,
D(FED) .= D(®°) N D(K®) =
Y, if § € (0,1],

for all £,0 € [0, 1].

The principal part of this paper is the verification of the following Key-Theorem, which
is concerned with the decomposition property of the subdifferential 0¥ C X x X of
the convex function W),

Key-Theorem. Let us fix ¢ € [0,1] and § € [0,1]. Then, [z,2*] € U9 in X x X if
and only if there exist w* € Y N L>®(Q2) and £ € X such that

e 2 € H*(Q) with (&@* + 1%9,2)(+L) = 0.
o 2= -0, — 120?24+ ¢ in X, where w* € 9f%(9,2) and £ € K°(2) a.e. in Q.

Key-Theorem plays an important role to lead the H2-regularity of the solution w =
[wy, ..., w,] to the state-system (AC)E®) in Main Theorem 1.

Remark 9. In the proof of Key-Theorem, we will also use the following functional:

VE(0,2), if z €Y,
Veize X = Vei(z) = for all € € (0, 1], (3.10)

oo, otherwise,

as extra notations, where V¢ is the continuous and convex function on X, given in (3.2).
As is easily seen from (A2), V¢ is proper and convex on X. But while, the assumption
(A2) does not guarantee the lower semi-continuity of V¢ on X. Nevertheless, we can
obtain:

09 = Ve 4+ 0VP in X x X, for any ¢ € (0, 1],

as a consequence of Key-Theorem (the Step 1 of the proof).



465

Remark 10. (cf. [10, Remark 5]) Let us fix any € € (0,1], and let us define a map
A®: D(A°) € X — X, by putting:

D(A°) = {z €Y ] () (9,2) + B0,z € H&(Q)} ,
and

2 € D(AT) C X s A%(2) i= —0, (a(f°) (02) + $O,2).

Then, by applying the standard variational technique, we can observe that:

A® = 00° in X x X.

Now, the Main Theorems of this paper are stated as follows.

Main Theorem 1. Under the assumptions (A1)-(A6), let us fix a constant € € [0, 1] and
5 € [0,1], a forcing term u = [uy, . .. ,u,] € X, an initial data wy € Y satisfying K°(w) €
LY(). Then, the state-system (AC)%) admits a unique solution w = [wy, ..., w,] € Y,
and moreover, the following items holds:

(I) w; € H*(Q) with Oyw;(£L) =0, for anyi=1,2,3,...,n.

(II) There ezist w* = [w],...,wi] € YN [L>®()]" and & = [&1, ..., &) € X such that:

1
—(w; — wi_1) — Oy — V*O%w; + & + g(wi) = Myu; in X,i=1,2,3,....n, (3.11)
-

with

ew! € 0f¢(0,w;) in R, a.e. in Q,
1=1,2,3,...,n.

o € Ko(w;) in R, a.e. inQ,
(IIT) (Energy inequality)

1
2—|wl — wi_1|§( + 9(5’5)(%) — ﬁ(a"s)(wi_l) < TMg’UZ‘%(,Z = 1, 2, 3, oo, n,
T

where F &% is a functional, called free energy, which is defined as follows:

2€ X = FEI () :=TED () + / G(z)dx,
0

= d°(2) + K2(2) + /Q G(z)dz, for any z € X. (3.12)

Remark 11. By the definition of subdifferentials, we observe that the equation (3.11) is
equivalent to the following variational inequality:

(w; — w1, w; — 2)x + (g(wi) — Myui, w; — 2)x

+ T () — I (2) <0, for any z € D(WEY) and i =1,2,3,...,n.

T
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Main Theorem 2. Let ¢ € [0,1], 6 € [0,1], {em}men C (0,1], {0m}men C (0,1],
u=[u,...,uy| €X, {u"}men = {[u], ..., ul"}men CX, wo €Y, and {w{}men C Y be
given sequences such that:

Em —> €, Oy — 0, u™ — u weakly in X,

and wy' — wo weakly in'Y, as m — oo, (3.13)

K, := sup / Ko (wi) de < oo.
meN JQ

In addition, let w = [wy,...,w,] € X be the unique solution to (AC)E®) for the forcing

term u and the initial data wo, and for any m € N, let w™ = [w,...,w] € X be the

unique solution to (AC)Em9%) for the forcing term u™ and the initial data wf'. Then, it
holds that:

w™ — w inY, in [CHQ)]|", and weakly in [H*(Q)]", as m — oo, (3.14)
and in particular,

e (Opwi™) — f(Opw;) in X, and in the pointwise sense on €,
foranyi=1,2,3,...,n, as m — 0. (3.15)

Main Theorem 3. Let us assume (A1)-(A6). Let us fix the constants e € [0,1] and
§ €[0,1], and fix the initial data wy € Y satisfying K°(wo) € L*(Q). Then, the following
two items hold.

(ITII-A) The problem (OP)% has at least one optimal control u* = [ul,... u] € X, so
that:
TED (u*) = min { JEV(u) |u=[u,...,u,) €X }.

(III-B) Let us take the sequences {em}tmen C (0,1], {dm}tmen C (0,1], and take the
sequence of initial data {w{'}men C Y as in (3.13). In addition, for any m € N,
let u*™ = [u{™™ .. ul"™] € X be the optimal control of (OP)Em%) in the case
when the initial data of corresponding state-system (AC)Em9m) s given by wi. Then,
there exist a subsequence {my}ren C {m} and a function v** = [uj*,..., u}] € X,
such that:

kk

o M,ut™) — M,u™* weakly in X, as k — oo,
e u™ is an optimal control of (OP)=9).

Main Theorem 4. (Necessary condition for (OP) % under positive ,5) Let us assume
(A1)-(A6). Let us fir the constants € € (0,1] and 6 € (0,1], and fiz the initial data
wo €Y satisfying K°(wo) € LY(Q). Let u* = [uf,...,u’] € X be an optimal control of

(OP)E9 and let w* = [wr, ..., w’] € X be the solution to (AC) for the forcing term
w* and initial data wo. Then, it holds that:

M, (p; +u;)=01in X, foranyi=1,2,3,...,n.
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In this context, p* = [pf,...,p:] € X is a unique solution to the following variational
system:

05— vt 90x + (500t 0u)  + (00 020)x
+ (g (wi)pi, @) x + (K2 (w))p}, ) y = (Mu(w] —wi?),¢) .
foranyp €Y, andi=n,...,3,2,1,

subject to the terminal condition:

Ppi =0 in X.

Main Theorem 5. Let us assume (A1)-(A6), and let us fix an initial data wy € Y
satisfying |wo| < 1 on Q, ie. K°wy) € LYQ). Also, Let us define a duality map
F:Y —Y* as follows:

(Fo, )y == (0, 0)y, for any ¢, €Y.

Then, there exists an optimal control u® = [uS,...,u’] € X of the problem (OP)%9),

r'n

together with the solution w°® = [wS, ..., w?] to the state-system (AC)®% for the forcing
term u® and initial data wy, and moreover, there exist p° = [p3,...,p5] € X and (° =
€D, ..., ¢ € Y*, such that:

M, (p; +ui) =0, in X, foranyi=1,2,3,... n, (3.16)
p° €Y CC)", (3.17)

and

1 o o [e] o [e] o (o]
;(pi _pi+17S0)X + V2<Fp1'790>Y - V2(pi7S0)X + (gl(wi )pw‘;@)X + <Cz ’§0>Y
= (Mw(wf — wi), gp)X, forany p €Y, andi=n,...,3,2,1, (3.18)

subject to p; ., =0 in X.

Moreover, for any v € CY(R) N WH2(R) satisfying vo(0) = v, (0) = 0, it follows that:

1
Yo(0pwy) (;(pi — Die1) — V2ORp] + ¢ (wf)py — My (w] — w?d)> =0 in X,
foranyi=mn,...,3,2,1, (3.19)

and therefore,

1
—(p] = plr) =250} + g/ (w))p; = Mu(w] —wi?) a.e. in {Opw] # 0},
foranyi=mn,...,3,2,1. (3.20)
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Remark 12. From (3.19) and (3.20), it is observed that:
spt(¢?) C {d,w® =0}, forany i =1,2,3,...,n.

and

(e} [} au 1 o o o] (e} (e}
¢ = My(w) —wd?) — =(p; — Pii1) + V2o2p; — g'(wi)ps,
T

a.e. in {J,w; # 0} (D Q\ spt(g’)), forany i =n,...,3,2,1.

These are to answer the functional expression of the distribution (° € Y*, which somehow
link to the second unfinished issue, mentioned in the Introduction.

4 Proof of Key-Theorem

In this Section, we give the proof of Key-Theorem. Before the proof, we prepare a Key-
Lemma.

Key-Lemma. Let us fix g € [0,1] and 0y € [0,1]. Besides, let {e,,}men C (0,1] and
{6m}men C (0,1] be given sequences such that e,, — ¢o and J,, — dp, as m — oo,
respectively. Then, for the sequence {W(Em9)1 it holds that:

PEmdm) _y gle0:%) o X in the sense of Mosco, as m — 00.

Proof. First, we show the lower-bound condition (M1) in Definition 1. Let z € X and
{z™}men C X such that:

2™ — z weakly in X, as m — co. (4.1)

Then, we may suppose lim, _,_ WEm9m)(2m) < oo since the other case is trivial. So, by
taking a subsequence {my }reny C {m}, one can also say that:

lim WEmom) (;m) = klim PlEmpdm) (M) < o0, (4.2)

m—o00 -

Here, with (A2), (A4), (3.6), (3.7), (3.9), (4.1), and (4.2) in mind, we further see that:
0,2™ — 0,z weakly in X, as k — o0, (4.3)

by taking a subsequence if necessary. In the light of Remark 5, (A2), (A4), (Fact2),
(4.1)-(4.3), and weakly lower semi-continuity of the norms, the lower-bound condition
(M1) can be verified as follows:

lim \IJ(EW";’")(zm) = lim \If(g’"k"s"‘k)(zm’“)

m—oo k—o0
2
174 A~
> lim [ foe(0p2™ ) da + — lim [ |0,2™|*dx + lim | K% (™) dx
k—o0 JQ k—o0 JQ k—00 JQ

> Pleodo) (),
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Next, we show the optimality condition (M2) in Definition 1. Let us fix any z €
D(W(=0:%)) In the light of (A2), we can say that:

0< fom(r) < (f)'(r)r
< Co(1+ |r])|r|, for any r € R, and m € N. (4.4)

With the assumption (A2) and (4.4) in mind, we can infer that:

[ (0z2) — f°°(0,2) in the pointwise sense a.e. in €, as m — oo, (4.5a)

fem(0:2) < Co(1 + [0:2])|0:2] a.e. in Q, for any m € N. (4.5b)
By (4.5) and Lebesgue’s dominated convergence theorem, it is verified that:
e (0,2) — £°°(0,2) in LY(Q), as m — oo. (4.6)

Furthermore, we can show:

~

Ko (2) = K%(z2) in C(Q), as m — oc. (4.7)

In fact, the case when & = 0 is trivial since K% (z) = K%(z)(= I_11(2)) = 0 a.e. in €.
Meanwhile, when &y € (0, 1], the uniform convergence (4.7) is obtained as a consequence

of (A4) and the embedding Y C C(12).
Based on these, let us define 2™ := z, for any m € N. Taking into account (4.6) and
(4.7), we compute that:

‘\If(a"“‘s’")(zm) — \11(80750)(2)‘ < /}fe’” (0:2) — feo((?xz)‘ dr + / ‘f(‘s’”(z) - K50(2)| dx
Q Q

< [ 15700 = 202 |d 4 21 K5 (2) = K)o
— 0, as m — o0,
and therefore,
PEmdm) (zm) 5 Ple000) (2) as m — oo,

]

For efficiency of explanation, we prove the Key-Theorem in accordance with the fol-
lowing two Steps.

Step 1: For arbitrary ¢ € (0,1] and 6 € (0, 1], the subdifferential O¥(%) € X x X of the
convex function U9 is decomposed as follows:

oW = gve + VP + K% in X x X,

where W9 Ve and VP are convex functions given in (3.5), (3.9), and (3.10),
respectively, and K?° is the function as in (A4).
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Step 2: For arbitrary ¢ € [0,1] and § € [0, 1], the subdifferential OU(9 C X x X of the
convex function W9 is decomposed as follows:

oUE) = gve + VP + K% in X x X,

where K° is the operator given in (3.8).

Verification of Step 1.
Let us fix ¢ € (0,1] and 0 € (0,1]. The assumption (A4) guarantees D(K®) = X, i.e.

intD(K?%) = X. (4.8)

Due to (4.8), the decomposition of the subdifferential OUEY) © X x X of the convex
function W) = &° 4 K2 will be a straightforward consequence of [3, Theorem 2.10],
and [5, Corollary 2.11], i.e.

OUED) = 99° + K% in X x X. (4.9)

Hence, it is sufficient to prove that the subdifferential 0® C X x X of the convex
function ¢ is decomposed as follows:

09 = 9Ve+0VP in X x X. (4.10)
First, we verify the following inclusion:
00 C OVE+0VP in X x X. (4.11)

Let us take any [z, z*] € 09 in X x X, and apply Remark 10 to the case when o = 1
and 3 = v2. Then, we have:

25 = =0, ((f)(8,2) + ¥*0,2) in X, and
(f) (0p2) + 20,2 € Hy(Q). (4.12)

Now, we define a function p? : R — R as follows:
p2(r) == (f¢)(r) + v*r, for any r € R. (4.13)
On this basis, we infer that:
2 (002) = (f°)(0s2) + 1V?0p2 = ((f°) + V*1a) (0s2) in Y. (4.14)

Based on Remark 6 and (4.14), we can apply the generalized chain rule in BV-theory [1,
Theorem 3.99], and can infer that:

Opz = () (12 (0,2)) €Y, ie. z € H*(Q). (4.15)

Furthermore, having in mind (4.12), (4.14), (4.15), and applying Remark 3 to the case
when 8 = /2, one can see that:

Opz € Hy(Q) and [z, —1°0%2] € VP in X x X. (4.16)
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By using (A2), (4.12), (4.16), and the integration by part, we observe that:

(f9) (0,2) € Hy (), (4.17)
and
[ =0 @) (o = 2o = [ (V@200 ~ 2) da
Q Q
< /Qfa(ﬁxgo) dr — /fo(axz) dz, for any p €Y,

(2, =, ((f°)(8,2))] € OV in X x X. (4.18)

(4.15)—(4.18) enable us to verify the inclusion (4.11).
Now, from the maximality of 0®° in X x X, we can see the coincidence 0®°¢ =

OVeE+9VP in X x X.

Verification of Step 2.

Let us fix ¢ € [0,1] and 0 € [0,1]. By the general theory of the convex analysis [7,
Chapter 1], we immediately obtain that oW > Ve + 9VP 4+ K% in X x X. This
inclusion implies the monotonicity of 9V 4+ OV + K% in X x X. So, we next see the
maximality of 9V + VP + K2, by verifying:

(OVE+ VP + K° 4+ [)X = X,

and by applying Minty’s theorem (cf. [3, Theorem 2.2]).

Since, the inclusion (OVe 4+ VP + K° + I,)X C X is trivial, it is sufficient to prove
the converse inclusion. Let us fix h € X. Then, by Step1, we can configure a class of
functions {2}, 5., C Y, by setting:

{20 = (OVF + OVP + KO + 1) (W)} 2500 i X,
ie.
h— 2 = gV + oV + K9)(2E9) = 9uED (:ED) in X, for any £,5 € (0,1]. (4.19)

In the light of (4.16), (4.18), and (4.19), there exist @® € ¥ N L>®(Q) and & € X such
that

—0, " — 1/28§Z(€’5) + {S — h— 29 i X,
where @° = 8f5(8$z(5’5)) and & = Ks(z(g’g)) a.e. in . (4.20)

Using (4.16), (4.17), and the integration by part, we can see that:

[ Foueds + [ 0,0900ds+ [ ot [ 2Dp s
Q Q Q ~

= / he dz, for any ¢ € Y, and any &,0 € (0,1]. (4.21)
Q0
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In the variational form (4.21), let us put ¢ = 2(E9) Then, with Remark 8, (4.4), and
Young’s inequality in mind, we deduce that:

1, (=5 - 5 1 ~
5]2(6’5)@( + 120,293 < §|h|§(, for any £,9 € (0, 1], (4.22)
so that
) 1 ~ F
|Z( ’6)’%/ < m‘h‘g(, for any 5,5 S (O, 1] (423)

On account of (4.23), we find a function z € Y and sequences {&,, }men C {€} with &, — ¢
as m — 00, and {0, }men C {0} with 0, — 0 as m — oo, such that:

ZEmdm) 5 5 i X, weakly in Y, as m — oo. (4.24)

Furthermore, let us multiply Ssm the both sides of (4.19). Then, having in mind (A4),
(4.4), (4.22), and Young’s inequality, we deduce that:

1 = -
SIE & < IR + 25 < 2fhfy, for any m €N, (4.25)

via the following calculation:
/ (—&cwgm — 1/2852(5’”’8’”)) 55’” dx
Q
= / (—&c (wém + V20xz(5m’gm))> 55*” dx
Q
= / (—&((fém)’(axz(ém’s’")) + u20zz(€m’g’"))> KSm(z(gm’ém)) dx
Q

= /Q (( FomY! (82 Gty 1/28962(5’“’5’”)) B, KO (2 Emom)
= [ () (g5 (0,250 0,500 )
Q
+ / V(K ) (8, 2Cm3m)) |9, 2(Emn) 2
>0, forQany m € N. (4.26)
From the estimate (4.25), it is observed that:

55’" — £ weakly in X, as m — oo, for some £ € X, (4.27)

by taking a subsequence if necessary.
Additionally, by virtue of (4.20), (4.22), and (4.25), one can observe that :

(0'1) the sequence {9, + 12922}, iy = {0, (@™ +120,2m9m)) } ey is bounded
in X.
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Note that (4.13) leads to:
0uEmin) = (i, )7 (1, (0a25 ) (4.28)
= (pZ ) (=" + V28xz(gm’5m)), for any m € N.

With Remark 6 and (4.28) in mind, we apply the generalized chain rule in BV-theory [1,
Theorem 3.99], and we infer that:

020 e = ()71 (5 12000, (w0 + w20, 26 B))

1 ~ .
< =0 (w" + V20, 2Em9m) || for any m € N. (4.29)
v

From (1) (4.23), and (4.29), it is deduced that:

(02) the sequence {92zEmm)1 < is bounded in X, and hence {zEm9m)}, v is bounded
in H%(Q2).

As a consequence of the one-dimensional compact embedding H?(Q) c C'(Q), (4.24),
and (0 2), it is observed that:

ZEmdm) s 2 in'Y, in CY(Q), and weakly in H2(Q), as m — oo, (4.30)

by taking a subsequence if necessary.
Note that by the assumption (A2) and (4.30), we can compute that:

oo™ % = 1(f5) (2o ) %
< /(C’o(l + |(9mz(5m’gm)|))2dx
Q

Q

< 2C3 (2L + sup |9,z %) < oo, for any m € N.
meN

Based on these, it enables us to say

w™ — w weakly in X, as m — oo, for some w € X, (4.31)
by taking a subsequence if necessary. Besides, from (¢ 1) and (¢ 2), it is deduced that:
(03) the sequence { =0, }men = {w™ }men is bounded in X
and we obtain that

w™ — w weakly in X, as m — oo, for some w € X, (4.32)

by taking a subsequence if necessary.
In the light of (A2), (A4), (Factl), (Fact2), (1.1), (4.27), and (4.30)—(4.32), it is
inferred that:

€€ K(2), we€Vi(2), and —1?0?2 € OVP(2) in X. (4.33a)
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Additionally, taking into account Remark 5, (Fact 1), (4.30), (4.31), [3, Theorem 2.10],
and [5, Corollary 2.11], one can obtain that:

w € 0f(0,2) a.e. in . (4.33b)

In the meantime, letting m — oo in (4.21) yields that:

/w@xcpdm +/V28$23$g0d:p+/§g0+/zgpdx:/hgpdm, for any p € Y.
Q Q ) Q Q

This equation and (4.33) imply:

—0,w — 1?02z + &+ 2=hin X,
ie.

(OVE+ VP + K° + 1,)(2) 3 h.

By applying Minty’s theorem (cf. [3, Theorem 2.2]), dV¢ + oVP + K° is a maximal
monotone. Now, from this maximality, we can see the coincidence OV (%) = gV 4+ 9VP +
IC0in X x X.

Based on Step 1-Step 2, we conclude that for any ¢ € [0, 1] and 6 € [0, 1], [z, 2] € W)
in X x X if and only if there exist w* € Y and ¢ € X such that:

e 2 € H*(Q) with (@* + 120,2)(+L) = 0;
o 2= -0, —120%2+ ¢ in X, where w* € 0f%(9,2) and £ € K°(2) a.e. in Q.
Hence, we finish the proof of Key-Theorem. [

Remark 13. The Key-Theorem is obtained on the basis of some previous works [10, 18].
In fact, the proof of Step 1 is referred to the proving method of [10, Main Theorem], and
the case when ¢ = 0 and 0 € (0, 1] is verified as a consequence of [10, Main Theorem| and
[18, Theorem 3.1]. However, the Key-Theorem covers various approximating sequences
{fe}eco1] and {K°}sc(o1) in the range of the assumptions (A2) and (A4) which includes
the previous setting adopted in [6,15-18].

In this light, it can be said that our Key-Theorem provides a general theory of ap-
proximating method for —8x(|gzg| + 120,w) + 0I_1 1j(w), and also brings a key-answer
for unfinished issue mentioned in Introduction.

5 Proof of Main Theorem 1

In this Section, we give the proof of Main Theorem 1. Let us fix ¢ € [0, 1] and 0 € [0, 1].

Let us fix a forcing term u = [u,...,u,] € X, and an initial data wy € Y satisfying
K°(wo) € LY(R). Let us fix i € {1,2,3,...,n}.
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On this basis, we define a functional ¢ : X — (—o0, 00|, by letting:

weX—9Y(w)
1
— / lw — w1 > dz 4+ UED (w) + / G(w) dx — (Myu;, w)x,
27 Q Q
= itwey, (5-1)

oo, otherwise.

Since the assumptions (A3), (A5), and Remark 7 imply

d2 1 ~ 12 1 ’ 1 Og 1 . B
3o (e =l 6w) ) = 52+ o) > 526> 2 (g =) =

dw2 T*

for any fixed gy € R,
and the functional:

weDY) =Y CX—Yw)
1 1
= —|w—wi_1|% + / —|w — w;_1|* + G(w) | dz + T (w) — (Myu;, w)x,
4T Q 4T
is proper, l.s.c., strictly convex, and coercive on X.
Based on these, we find a unique minimizer of ¢, denoted by w* € X, by applying [7,
Proposition 1.2, Chapter II]. Since w* is the minimizer of ¥ and U(=9) g a convex on X,

we can compute that:

%(g@}* + Ay —w*)) — 4 (w"))
it [

0 <

A\

T

1

+3 / (Gw* 4+ My —w*)) — G(w")) do
Q

+ 111(5’5)(g0) — \If(s"s)(w*) — (Myu;,p —w*)x, forany p € Y, and A € (0,1). (5.2)

Letting A | 0 in (5.2), it is inferred that:

1
VO ()~ 00(w) < (= (H = ) + gw) - M) -0
X

-
for any p €'Y,
le.
1
- (—(w* —w;—1) + g(w*) — Mum) € OUED) (w*) in X, (5.3)
-

Here, on account of (5.3) and Key-Theorem, w; € H*(2), and there exist @} € Y NL>®()
and & € X such that:

1
—(w* —wi_1)x — Oy — V2OPw* + g(w*) + & = Myu;, in X, (5.4)
-
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with

ew! € Jf¢(0,w*) in R, a.e. in
i=1,2,3,....n

(€ Ko(w*) in R, a.e. in Q,

The equation (5.4) implies that the state-system (AC)?) has a solution w = [wy, ..., w,] €
[H2 ()"

Next, we prove the energy inequality as in (III). Let us fix ¢ € {1,2,3,...,n} and
multiply w; — w;_; the both sides of (3.11), we arrive at:

| *
;’wi — wi71|_2x + (@], 0 (w; —w;—1))x + y2(8xwi, Op(w; —wi—1))x

+ (& w; — wi—1)x + (Q(wi), w; — wifl)X = M, (u;, w; — wi—1)x, (5.5)

with
{ ew € 0f(0,w;) in R, a.e. in Q,

& € Ko(w;) in R, a.e. in Q.
Also, by applying the assumption (A3), Remark 7, and Taylor’s theorem, we have:

1 _
5”9/] |L°°(R)(wz'—1 - w,-)2

Z G(wz) - g(wz)(wl - wi_l) - %\wz - wi_1|2, a.e. in €. (56)

G(wi—1) > G(w;) + g(w;) (wimy — w;) —

By using (1.1), (5.6), the assumptions (Al)-(A4), and Young’s inequality, we can
deduce from (5.5) that:

2 2
_|wz Wi— 1|X |a w2|X |8 Wi— 1|X

/feawz dx—/feawz_

C,
+/G(w,~)dm—/G(wi_1)dx——|w, wi_1|%
Q Q 2
+/f(5(wi) d:c—/f(‘s(wil)d:chMﬂui@{, (5.7)
Q Q
via

(@], Op(w; —wi—q))x > /Qfg(axwi) dm_/ﬂfa(axwil)dwa

v? 2
V2 (Opw;, Oy (w; — wifl))X > 5‘@%& - E\GIwH!?{,

(giawi_wi—l)Xz/Qké(wi) dx—/gf(‘s(wi_l)da:
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C
(9(ws), w; —w;—1), > / G(w;) dr — / G(wi—1) dr — Eg\wi —wi1[%,
Q Q
and
1
My (ui, w; —wi—q)x < Elwz — w1 |3 + TM2|u;l%.

In view of (A5) and (5.7), we can see that:

1
2—|wz~ —wi1|% + T (w) — FE (wiy) < TM?|uil%, i =1,2,3,...,n.
.
Thus we conclude Main Theorem 1. O]

Remark 14. For every €, € (0,1] and ¢ € {1,2,3,...,n}, let us multiply the both sides
of (3.11) by &;. Then, by using the assumption (A3) and (4.26), one can observe that:

%(wi —wii1,&)x + &% — Colwi, &) x + (9(0), &) x < My(ui, &) x, (5.8)

via
(g(wi), &) x = ((g(wz) + ngi) - 9(0)>5i)x - (ngiafi)X + (9(0), &) x
By using (5.8), Holder’s and Young’s inequalities, we obtain that:

1

§|wz‘ — w1k + Colwilk +2[g(0)|% + 2M,,|u; % - (5.9)

1
Z|£z|§( <
The above estimate will be used later.

6 Proof of Main Theorem 2

Let us fix m € N. On account of the energy inequality, we can see that:

1
ool = Wit [+ FE I (wit) = FE o (wity) < TMiJul R, i =1,2,3,.n.
T
Taking the sum of the above inequalities, for : = 1,2,3,...,n, we have:
1
>l =t e+ FEn i )

I
< FEmdm) (yymy +TM32 5,0 =1,2,3,...,n, andm=1,2,3,....
i=1
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Here, from (A3) and (3.13), we will find a positive constant Ry, independent of m € N,
such that:

and |G(wg')|c@) < Ro, form =1,2,3,.... (6.1)

[u"|x < Ro, |wy'lo@) < Ro, lwg'ly < Ro,

Also, by using (A2), it is estimated that:

1
O < [ ( [ 1emyca dc) da
0
< Cy (QL + %/ |0, wi' | dx)
(9]
L
< Cy (2L+\/;R0>, form=1,2,3,.... (6.2)

On account of (3.13), (6.1), and (6.2), we compute that:

el + Femi ()

1
<ol Z [ = wi e + FE D wr)

2

R
< 2 FEnIn ) + M

R2 L 2 .

<00l 2L+4/ZRy | + S R2+ K, + 2LRy + T M2R2,

2T 2 2

fori=1,2,3,...,n, andm=1,2,3,.... (6.3)

As a consequence of (3.12), (3.13) and (6.3), one can observe that:
(1) the sequence {w™}en = {[w], ..., W }men is bounded in Y.
Furthermore, by virtue of (A3), (3.11), (3.13), (5.9), and (# 1), it is derived that:

(#2) the sequence {€"}en = {[£7", - -, £ }men is bounded in X,

(#3) the sequence {0,(w™®™ + 120, w™)} en = {[&E(wg*’m + 20,0, . .. ,8x(w7(1*’m) n
20, w™)] }men is bounded in X, with a sequence {w!"™ ey C X satisfying w!™™ €
afem(0,w!) in R, a.e. in €.

Note that (4.13) leads to:

pwi" = (/’Lg»m)_l(/"tgm (8xwzm))
= (,ugm)_l(wg*’m) + v?0,w), for any m € Nand i =1,2,3,...,n. (6.4)
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With Remark 6 and (6.4) in mind, we apply the generalized chain rule in BV-theory [1,
Theorem 3.99], and we infer that:

2w x = (12 )Y (@™ + 20w D (@™ + V2ol

IN

1 xm :

—2|8$(w§ ™ 4 20,w™)|x, forany m e Nandi=1,2,3,...,n.  (6.5)
v

From (#3) and (6.5), it is deduced that:

(#4) the sequence {0?w™}nen = {[0*wW], ..., 0?wW™]}men is bounded in X, and hence
{w™}nen is bounded in [H?(Q)]".

As a consequence of the one-dimensional compact embedding H2(Q2) C C*(Q) and (44),
there exist {myren C {m}, 0 = [y, .., 10,] € [H*(Q)]" such that:

w™ —; in Y, in C1(Q), and weakly in H*(Q),
forany i =1,2,3,...,n, as k — oo. (6.6)

Next, we verify that the limit 1@ is the solution to the state-system (AC)E%). Let us
fix k € N. From Remark 11, the solution w™* admits the following variational inequality:

—(w™ —wilhy, w = z)x + (g(wi™) = Muu™, wi™ = 2)x
+ W) () — P et () < 0,
for any z € D(UEm9m)) and i = 1,2,3,...,n. (6.7)

Here, we compute the limit of the both sides of (6.7), as k — oo. Then, with (A3),
Key-Lemma and (6.6) in mind, one can see that:

| —

(Wi — i1, Wi — 2)x + (g(;), W; — 2)x + VEI ()

IA T
[S—y

= lim (0] — w5, w™ — 2)x + lim (g(w]™), wi™ — 2)x + lim W) (W)

T k—oo k—o0 k— 00

< UED () 4+ (Myug, ; — 2)x, for any z € D(UVED) and i =1,2,3,...,n.

This implies that @ coincides with the solution w to (AC)E),

Finally, we prove the convergence (3.15). Let us fix i € {1,2,3,...,n}. Then, one can
see from (6.6) that:

Opw™ — Dyw; in C(Q), as k — oo. (6.8)
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In the light of (A2) and (6.8), we compute that:

| fome (Opw]™) — f5(Opwi)]
< | (Opwy™) — fomr (Opwi) | + | fomk (Opws) — f5(Opw;)|

< ‘(/Ol(ffmk)’(&cwi + ¢(Q,w™ — dw;)) dg) (Opw!™ — Opw;)
+ | fome (Opws) — f2(Opw;)]

< (/01 Co(1 + |0, w; + s(Opw;™ — 8xwi)|)d§) |0, w™ — Opw]
+ | [ (Opwi) — f€(Opwy)|

< Colonut™ Doy [ 1+l + (1= o)) d
+ | fome (Opws) — f2(Opw;)]

= Gloul™ - dulog (1+ 510wl + 510 )

+ [ (Opwi) — f7(Opws)
— 0 in the pointwise sense on Q, as k — oo. (6.9)

On account of (A2) and (6.8), we can say that:

1 1
e @) < | [ (et ds| < [ Cot+ siou™ ) ds
0 0

1 —
<y (1 + 5 Sup ]&walﬂ) on 2, for any k € N. (6.10)
keN

By (6.9), (6.10), and Lebesgue’s dominated convergence theorem, we can infer that:
feme (Opw!™) — fE(0,w;) in X, as k — oo. (6.11)

Now, taking into account (6.6), (6.9), (6.11), and the uniqueness of the solution w, we
conclude the convergences (3.14) and (3.15), with no use of subsequence. O]

7 Proof of Main Theorem 3

In this section, we prove the third Main Theorem 3. Let us fix the constants ¢, € [0, 1],
and fix the initial data wy € Y satisfying K°(wq) € LY(Q). Let us fix any forcing term
u = [u,...,1u,) € X. Then, invoking (0.5), it is estimated that:
0 < J®9 :=inf 7E)(X) < T = g0 () < oo,
for all € € [0,1] and § € [0, 1]. (7.1)
Also, for any ¢ € [0,1] and § € [0, 1], we denote by w = [wy,...,w,] the solution to

(AC)E9 for the forcing term @ and initial data wy.

Based on these, the Main Theorem 3 is proved as follows.
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Proof of Main Theorem 3 (III-A). From the estimate (7.1), we immediately find a
sequence of forcing functions {u™}en = {[uf", ..., "] }men C X, such that:

TED (™) | JE ) as m — oo, (7.2a)

and

2
[M,
—U
2
X

Also, the estimate (7.2b) enables us to take a subsequence of {u™},,eny C X (not relabeled),

sup
meN

< T (@) < oo. (7.2b)

and to find a function v* = [uf,...,u}] € X such that:
vVMu™ — /M weakly in X, as m — oo. (7.3)

Let w* = [w},...,w’] € X be the solution to (AC)©% for the forcing term u* and

n

initial data wg. Also, for any m € N, let w™ = [w},...,w]"] € X be the solution to

(AC)(Em9m) for the forcing term u™ and the initial data wg. Then, having in mind (3.13),
(7.3), we can apply Main Theorem 2, to see that:
w™ — w* in Y, in [C'(Q)]", and weakly in [H*(Q2)]", as m — oo. (7.4)

On account of (7.2a), (7.3), and (7.4), it is computed that:

1 1
j(e,é)(u*) = 5H\/]Ww(w* — wad)‘i + 5‘\/ M, u* ?g
1 . m a 2 1 ] m 2
< g VM =l + 5l |V
— lim j(s,é) (Um) — 1(876) (S j(s,é) (u*)),
m—0o0

and this leads to:

Thus, we conclude the item (ITI-A). O

Proof of Main Theorem 3 (III-B). Let ¢,6 € [0,1], {em}men C (0,1], {0m}men C
(0,1], and {w{'}men C Y be the sequences as in (3.13). Let w = [wy, ..., w,| € X be the
solution to (AC)®9 for the forcing term @ and initial data wg, and for any m € N, let
w™ = [}, ..., w"] € X be the solution to (AC)Em9m) for the forcing term % and initial
data w{'. Then, applying (Fact 2) and Main Theorem 2 to these solutions, it is observed
that:

@™ — w in Y, in [C1(Q)]", and weakly in [H?*(Q2)]", (7.5a)

and

sup [wl'ly < 0o, K?(wo) < lim [ K% (wl) < K, < co. (7.5b)

meN m—oo JQ
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and hence, B
Jeup 1= sup JE»9m) () < oo. (7.6)
meN
Next, for any m € N, let us denote by w®*™ = [wg*’m), . ,wﬁf’m)] € X the solution
to (AC)Em9m) for the forcing term u®™ = [ul™™ ... u{"™)] of the optimal control of

(OP)Em9m) and initial data wg'. Then, in the light of (7.1) and (7.6), it is observed that:
1 —
0< 5‘\/Muu(*’m)}§§ < Jlemdm) < Jsup < 00, for any m € N.

Therefore, one can find a subsequence {my}reny C {m}, together with a limiting function
3k

u™ = [ui*, ..., u*] € X, such that:

? n

VMume) — /M weakly in X, as k — oo,

7.7
and as well as M,u") — M, u** weakly in X, as k — oo. (7.7)

Now, let us denote by w** = [w}*, ..., w*] € X the solution to (AC)&9 for the forcing
term »** and initial data wy. Then, applying Main Theorem 2, again, to the solutions
w™ and w*™) k=1,2.3,..., one can observe that:

w™) 5w in Y, in [CY(Q)]", and weakly in [H?(Q)]", as k — oco. (7.8)

As a consequence of (7.5), (7.7), and (7.8), it is verified that:

j(éd) |\/_ **_wad |§§+%|\/ﬁuu**]§g

(*,m ady [2 . *mp) |2
S‘JEEJV 9 = w5 lim [V
= lim j(emk’amk)(u(*’m’“ ) < lim j(amk"smk)(ﬂ)
k—)oo k—o0
1
= 3 dm VL@ [+ 5|
— )

Since the choice of u € X is arbitrary, we conclude that:

j(a,é) (u**) — min j(&,&) (U),

ueX

and complete the proof of Main Theorem 3 (III-B). O

8 Proof of Main Theorem 4

Let ¢ € (0,1] and 6 € (0,1] be fixed constants, and let wy € Y be the initial data,
satisfying K°(wg) € L'(Q). Let us take any forcing term u = [uy, ..., u,] € X, and take
the unique solution w = [wy, ..., w,] € X to the state-system (AC)E%. Also, let us take
any constant A € (0,1) and any function h = [hy,..., h,] € X, and consider another
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solution w* = [w},...,w}] € X to the state-system (AC)&9 for the perturbed forcing

term u 4+ Ah = [u; + Ahq, ..., u, + Ah,] and initial data wg. On this basis, we consider a

sequence of function {x*}re1) = {[x1-- - Xp)}re1) C X, defined as:
N w — w [wi\ — wy w

_ N _
X =X1s X0 )\ )\ e

This sequence acts a key-role in the computation of Gateaux differential of the cost func-
tion J&9), for £ € (0,1] and d € (0, 1].

Remark 15. Note that for any A € (0, 1), the function w* = [w?, ..., w)] € X fulfills the
following variational forms:

1 1
;(x?— X1, 0)x + V2(0:X0, 0up) x + / ( / (f9)"(Bpwi + SADuX}) d<> DX} Opp da
Q 0

1 1
+/ (/ g’(wﬁckxi)dc) x?sodx+/ (/ (K%Y (w; 4+ sAx}) dC) Xipdx
Q 0 Q 0

=(My,hi,¢)x, forany ¢ € Y and i = 1,2,3,...,n, subject to x5 =0 in X.

A w
= 3 "} €X, for A€ (0,1). (8.1)

In fact, this variational form is obtained by taking the difference between respective two
variational forms for w* = [w?, ..., w)] and w = [wy, ..., w,], as in Main Theorem 1, and

by using the following linearization formulas:

>

((fs)’(&vw?) - <f€>/(axwi)) = </0 (£9)"(Dpw; + sADeX}) d§> ) in X,

i(g(wm = g(wi) = (/01 g (w; + <AxD) dc) O in X,

and
1

1
X(K‘S(wi)‘) — K(w;)) = (/0 (K°) (w; +§)\X1’-\)d§) X} in X, forany i = 1,2,3,...,n.

Incidentally, the above linearization formulas can be verified as consequences of the as-
sumptions (A1)-(A6) and the mean-value theorem (cf. [12, Theorem 5 in p. 313]).
Now, we prepare the following three Lemmas, for the proof of Main Theorem 4.

Lemma 1. Let 7 € (0,7%) be as in the assumption (A5), and let ¢ > 0 be a fived constant
such that:

1
O<er< § (82)
Let {A;} g C [0,00), {Bi}ly C [0,00), and {C;}I~, C [0,00) be sequences such that:
1
—(AZ—AZ,1+TBl) SCAZ—FC@, 1= 1,2,3,,n (83)
-

Then, it is estimated that:

Ai—I—TBiSQn(AO—f-TBQ-I—TZCj),i:1,2,3,...,n. (8.4)

=1
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Proof. From the assumptions (8.2) and (8.3), it is easily derived that:

%(Ai +7B;) < Aio1 +7C;
< (A1 +7Bi1)+71C;, i =1,2,3,...,n.
Next, we put:
P :=(A;+7B;),i=0,1,2,...,n.

On this basis, we observe that:

P1 S 2P0+2’7'01,
Py, < 22Py+ 227C, + 27C5,
Py < 23Py+ 2370, + 2270, + 27C5,

and in general,

P, <2'Py+7(2'CL + 2710y + - - + 2°Ci_1 + 2C))
<2(Py+71(CL+ -+ Cy)), fori=1,2,3,...,n. (8.5)

The estimate (8.4) is obtained as a straightforward consequence of (8.5). O

Lemma 2. Under the assumptions (A1)-(A6), let us fix e € (0,1] and § € (0,1], and fix
the initial data wy € Y satisfying K°(wo) € L'(Q). Then, for any u = [u, ..., u,] € X,
the cost function J&° admits the Gdteauz derivative (._7(5’5))’ (u) € X(=X*), such that:

((j(e"s))'(u),h)X = (Mw(w — w™), X)x + (Muu, h)X,
for any h = [hy,..., h,] € X.
In the context, w = [wy,...,w,] € X is the solution to the state-system (AC)E9 for the

forcing term w and initial data wo, and X = [Xx1,-- ., Xn] € X is a unique solution to the
following linearization system:

( 1(Xz' — Xi—1) — O ((f)"(Opw) Dy + V*0uxi) + ¢ (wi)xi + (K°) (w;) xs

-
= Muh“ m Q,
Ouxi(£L) =0, foranyi=1,2,3,...,n,

\XOZO in X.

Proof. We prove this Lemma in accordance with the following two Steps.
First Step: The linearization system (8.6) admits a unique solution.

Second Step: The cost function J% admits the Gateaux derivative (j (5’5))/ (u) € X
for any w = [uq,...,u,) € X.
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Verification of First Step. At first, we verify that the linearization system (8.6) ad-
mits a solution x = [x1,...,xs]. Letusfixi € {1,2,3,...,n} and let us define a functional
G: X — (—00,0], by letting:

ze€ X —G(z)

4 1 1/2
-—/p—M1&m+/uwmwm@w¢wu—/mmmx
2T Q O 2 Q

1 1
o +—/g'(wi)]z\2dx+ —/(K‘S)'(wi)]z\zda: — (Myhi, 2) x,
T 2 Jq 2 Jo
ifzeVY,

oo, otherwise.

From (A5) and Remark 7, it is observed that:

1 , 1 o 1
——g(w) 2~ =[] (wi) 2 ~ = C; >0,

and this enables us to say that the functional

1 1
z€X —/ |z — i1 P dw + = / g (w;)|2)? dz (8.7)
2T Q 2 Q

is strictly convex on X. From the assumptions (A1)-(A5), Remark 7, and (8.7), it is
easily checked that G is a proper, l.s.c., and strictly convex function on X, such that:

I 1 2 V2 2
G(z) > Z|Z‘X - Z|Xi—1|x + ?|812‘X
C
—fwi—MMMMX
1 1 V2
> E!Z@ - §|Xi—1|§< + 3|5x2\§<
C 1
- 79|Z|§( - 167‘2& — 47 MZ|hil%
1 1 V2
> 8_T|Z‘§( - §|Xi—1|§( + 7@2@ — AT MZ|hil%,
for any z € Y. (8.8)

(8.8) implies that G is coercive.

Now, applying [7, Proposition 1.2, Chapter II], we find a unique minimizer Z € Y of
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G, and hence, we can see that:

0 < %(g(z +20) — G(9))

1 _ A
:—/90( _Xil)dx+_/|90’2dx
T Jo 27 Jo

A
+ [ @anane s+ [ (7Y @Oulol ds
Q Q
2 ~ iz 2 ' ~ A / 2
+ v 0,20, pdx + —— | |00 dx + | ¢ (w)zpde+ = [ ¢ (w;)|p|” de
Q 2 Ja Q 2

0
s [y wzedst 5 [ (K@)l de - (Muhi)x,

f(?r any ¢ € Y, and A GQ(O, 1). (8.9)

Taking A | 0 in (8.9), it is inferred that:
0< %(5 —Xi—1,0)x + ()" (Oswi)0:Z + V°0,2, 0up)

+ (g'(w,-)é, (,D)X + ((K‘S)'(wi)é, gp)X — (Myhi, @) x, for any p €Y, (8.10)

i.e.
S o) + () (@m0 + 1707, 0.0)

+ (9'(wi)z, 0)  + ((K°) (wy)Z, ©) « = (Myhi, 0)x, for any ¢ €Y. (8.11)
In particular, taking any ¢y € Hg(€2) and putting ¢ = ¢ in (8.11),

(s = 26 = xie0) = 0 = (K w20 )

_ / (7Y (@s0,)0,% + 170,2) Buigo dr, for any o € HA(Q),
which implies: '
=0, ((f*)"(05w:) 0% + 1°0, %)
~ Myhi — %(z i) — g (w)E — (K*Y(w))Z € X, in D(Q). (8.12)

Additionally, having in mind Remark 6, (A2), (8.12), and w; € H?(Q) C C*(Q), we infer
that
(f9)"(Daw:)0sZ + 1°0,Z €Y, and
0.0 < S |((F) O, +1%0,2) (£0)] =0, (8.13)
ie.
()" (0pw;) 0,2 + 1?0, % € Hy (). (8.13Db)

As a consequence of (8.11)—(8.13), we obtain the existence and uniqueness of the solution
to the linearization system (8.6).
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Verification of Second Step. Let us fix any u = [uy,...,u,] € X, and take any \ €
(0,1) and any h = [hq, ..., h,] € X. Then, it is easily seen that:

M,(u+ Ah) = M,uin X, as A | 0,
and also, as a consequence of Main Theorem 2, it is observed that:

w)\:[ A

w, .. w)] = w = [w, . w,]

in Y, in [C*(Q)]", and weakly in [H?(2)]", as A } 0. (8.14)

Here, in the light of (A2)—(A4), (8.1), and (8.14), we can find a constant R; > 0, inde-
pendent of A € (0,1), such that:

|w|[Cl(§)]nm[H2(Q)]n V )\Sl(lopl) |w)‘|[01(§)]nm[H2(Q)}n < Rl, (815&)
€ )

and

max{ ()" (Orw; + g)\amX?)‘C(ﬁ), g’ (wi + Q\X?)‘C(ﬁ),

1<i<n
s€[0,1]

(Y (w4 X D)i=(@ | < Ru,
forall 0 < A < 1. (8.15b)

Also, taking a subsequence if necessary, we see from the assumptions (A2)—(A4) that:

( 1
T ( [y @+ 00 dg) () (Do),

7\
Ql

vm ([ ot oadyae) = ) (8.16)

0

R = ([ o) ) = (7 ),

in the pointwise sense a.e. in 2, as A — 0.

\

In the meantime, it is easily seen that:

ST M) — T )
_ (%(w)\ T — 2wad)’ X)\) + <%(2U/ + )\h)’ h) . (817)
2 X 2 X

Now, we fix i € {1,2,3,...,n}. By using assumptions (A1)—(A4), and Remark 7, and
by choosing ¢ = x} in Remark 15, we can deduce that:

1
ZOX@A Y= IR) + I+ I < I+ Ip, (8.18a)
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via
]‘ A A A ]‘ A2 ]‘ A A
2 ) > 22— 2 (v .
T(XZ X1717X1 )X - T|X1 X T<X1717X1 )X
1
> 2—(|x? %= Ik,
T
1
Iy = (—(% ((/ (f)" (Osw; + sADzX7) d@) Do + V2(91x?) ,x?)
0 X
1
-/ ( |y @+ 200 dc) 0 Pde + (P00, 00 x
Q 0
> 12100 %
<( "(w; 4+ <Ax) d<> X?,x?)
X
=/</ ) (w; + sAx?) d )|X *dx
>0,
1
Io = — ((/ g (w; +sAx}) d<> X?,x?>
0 X
1
<= [ ([ -wrtwr onda) npas
Q 0
< Cylxiks
and
M?
Ip == (Muhy, x))x < TVHP _’ M-

Based on the (8.18), we compute that:

SO~ D+ 2m 100 < (14 20 + M2
Now, let us set:
A=, Bi=20%|00x; % with By := B,
c:=1+2C,, C;:=M:|h%.

Then, in the light of Lemma 1, one can say that:

(8.18D)

(8.18¢)

(8.18d)

(8.18e)

(8.18f)

(*1) the sequence {x*}re0.1) = {[X1,- -, Xn}re(0,1) is bounded in Y, and compact in X.
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As consequences of (A2)—(A4), (x1), (8.15), (8.16), and Lebesgue’s dominated con-
vergence theorem, one can find a sequence {A;,}men C {A}re(,1) and the function y =
(X1, -, Xn] € X such that:

0 < |Am| <1, and A,, — 0, as m — oo, (8.19a)
)™ — x; in X, and weakly in Y, as m — oo, for any i = 1,2,3,...,n, (8.19Db)

Pz = (f)" () 0up in X,
for any ¢ € Y, as m — oo, forany i =1,2,3,...,n, (8.19c¢)

Gy, = ¢ (w;))p in X, for any p € Y, as m — oo, for any ¢ = 1,2,3,...,n, (8.19d)
and

Ky, = (K (w)p in X,
for any ¢ € Y, as m — oo, for any i = 1,2,3,...,n. (8.19e)

On account of (8.19), Remark 15, and First Step, we will verify that x is the unique
solution to the linearization system (8.6).

Now, taking into account (8.14), (8.17), and (8.19), and the uniqueness of the limit x,
we can compute the directional derivative D, J®% (u) € R, as follows:

DT (u) := lim %(\7@75) (u+ Ah) — T (u)) = (My(w — ™), X)x + (Myu, h)x,

for any u = [uq,...,u,] € X, and any direction h = [hy,..., h,] € X. (8.20)

Moreover, with Riesz’s theorem in mind, we deduce the existence of the Gateaux derivative
(T7EN) (u) € X*(=X) at u = [ug,...,u,] € X, ie.
((TE) @), h) = DpT D (),
X
for every u = [uy, ..., u,|,h = [hy,..., h,]) € X (8.21)

On account of (8.20) and (8.21), we conclude this Lemma. O

Lemma 3. Under the assumptions (A1)-(A6), let us fiz e € (0,1] and § € (0,1], and fix
the initial data wy € Y satisfying K°(wo) € L'(Q). Also, let u* = [u},... u*] € X be an
optimal control of the problem (OP)9 and let w* = [w},. .., wk] be the solution to the
state-system (AC)E9) for the forcing term u* and initial data wo. Then, we can get the
following equation:

(p, h)x = (U,X)X, for all h =[hy,..., hy),v =[v1,...,0,] € X.
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In the context, x = [X1,.--,Xn] € X and p = [p1,...,pn) € X are unique solutions for the
following linearization system:

(1
— (% = Xi-1) = ()" (@)D + v70ui) + ¢ (W) + (K°) (w])xi
= hi, m Q,
(8.22)
Ouxi(£L) =0, foranyi=1,2,3,...,n,
\XO =0 1in X;
and the adjoint system:
( 1 * * *
—(pi = piv1) = 0u((F)" (aw))Dupi + 1*Oupi) + 9/ (w])pi + (K°) (w})ps
=v;, in €,
(8.23)

Oypi(£L) =0, for anyi=mn,...,3,2,1,

([ Prt1 =0 in X;

respectively.

Proof. Let us fix arbitrary functions h = [hy, ..., hy], v = [v1,...,0,] € X

First, we verify (8.22) and (8.23) admit unique solutions x = [x1,...,Xn] and p =
[p1, ..., pnl, respectively. The existence and uniqueness of the solution x to (8.22) will be
verified, immediately, by applying the same argument as in the First Step in the proof of
Lemma 2, to the special case when M, = 1.

Now, we prove the existence and uniqueness for the system (8.23). Let us fix i €
{1,2,3,...,n} and we define a functional £ : X — (—o0, 00|, by letting:

z€ X — L(2)

(1 2 N * 2 V2 2
— [ |z —=pial“de+ | (f9)(0,w])|0:2]" dx + — [ |0pz|” dx
2T Q Q 2 Q

1 1
_ ) g [ wDlP e [ YDl do = s 2)x,
: 2 Jo 2 Jo
if zeVY,

oo, otherwise.

Then, by using the assumptions (A1)-(A5), and Remark 7, and by applying similar
arguments as in (8.7)—(8.13), we can see the existence of the solution to the adjoint
system (8.23).

Next, having in mind (A2)-(A4), (8.22), (8.23), and Main Theorem 1, it is deduced
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that:
1 n
- Z(Xz — Xi—1,Di)x
it
1
= —(0a = xo,p)x + -+ (Xn = Xn-1,20)x = (X Prsn)x)
1
;((Pl P2, X1)x + -+ (Pae1 = Py Xn—1)x + (Pn — Pns1, Xn)X)
1
- ; — Di+1, Xz (824&)
()" (00w])aXi, Dapi) ¢ = ((F5)" (Oxw])Dupi, D Xi) 5. (8.24b)
(V20 xi; Oupi) x = (V2 0upis OeXi) x, (8.24¢)
(9" (w)xi, pi)x = (¢'(wW])pi, Xi) x (8.24d)
and
((Ké)/(w:)prz)X - ((KS)/O’U:)Z)ZJ XZ)Xa for any 1= 17 27 37 sy . (8246)

Here, invoking (8.22), (8.23), and (8.24), we compute that:

( ,h)X = Z(Ph hi)X = ZU%,Z%)Y
i=1 i=1
== >0 = xinx + (@) Do)
j i=1
+ Z 4 8:8)(17 J:pz x + Z Xzapz x + Z K6 ‘)Xiapi)X

=1

- _Z — Pit1, Xi)x T Z ()" (0uw;)Dupis 0o i)

+Z v a'rpzy xXz X +Z pzaXz X +Z K(S )pHXZ)X

=1
= Z Vi Xi)x = (U, X)x

Thus, we conclude this Lemma. O

Now, we are on the stage to prove the Main Theorem 4.
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Proof of Main Theorem 4. Let u* = [u],...,u’] € X be the optimal control of
(OP)&%) | with the solution w* = [w},...,w’] € X to the state-system (AC)®? for the
forcing term u* and initial data w, € Y satisfying K%(wo) € L'(9). Also, let us fix
h = [hy,...,h,] € X and let x* = [x7,...,x;] € X be the solution to the linearization
system (8.22) for the forcing term M,h, and let p* = [p},...,p}] € X be the solution to

the adjoint system (8.23) for the forcing term M, (w* — w??). Then, by applying Lemma

2, and by applying Lemma 3 to the case when h = M,h and v = M,(w* — w*), we
compute that:
0= (T (u"), h)y
_ ;ii%i(j(s,a)(u* AR — j(s,é)(u*>)
= (Mw(w* — wad),x)X - (Muu*, h)x
= (p*, Myh), + (Myu*, h),
= (M, (p* +u"), h)X, for any h = [hy,...,h,] € X.
Thus, we conclude Main Theorem 4. Il

9 Proof of Main Theorem 5

At first, we prepare the notations used throughout this Section. For every ¢ € (0, 1] and

§ € (0, 1], we denote by u(*(=9) = [ug*’(a’a)), . ,u%*’(a’é))] € X the optimal control of the ap-
proximating problem (OP)9) together with the solution w((=9) = [wg*’(a’d)), e wﬁb*’(aﬁ))]

€ X to the state-system (AC)©% for the forcing term u(9) and initial data wy € Y,
satisfying |wo| < 1, a.e. in Q. Note that:

K°(wo) =0 on €, and hence
|K? (wo)| 110y = 0, for all § € [0, 1].

In addition, for every e € (0, 1] and 6 € (0, 1], we denote by p(*(=:9) = [pﬁ*’(s"”), . ,p,(l*’(s’é))]
€ X the solution to the adjoint system (8.23) for the forcing term M, (w9 — p2d).

Now, by Main Theorem 3 (III-B), we find an optimal control u® = [u3, ..., u;] € X of
(OP)©9 | with a zero-convergent sequences {e,, }men C (0,1] and {8, }men C (0, 1], such
that:

*7m) —

ul wEmdn)) s ° weakly in X, as m — oo. (9.1a)

Let w® = [w?,...,w°] € X be the solution to (AC)(? for the forcing term u° and initial
data wg. Then, having in mind (A3) and Main Theorem 2, we can find subsequences of
{em }men and {0, }men (not relabeled) such that:

W™ = g Emdm) 0 in Y, in [CHQ)]",
and weakly in [H?(Q)]", as m — oo, (9.1b)
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axw(*,m) — axw(*,(em,tsm)) - amwo in [O(ﬁ)]n, as m — oQ, (916)
and

g™ =g (W) = g () in CQ),
for any i =1,2,3,...,n, as m — oo. (9.1d)

Here, in the light of (A3) and (9.1), we can find a constant Ry > 0, independent of m € N,
such that:

max |¢'(w! )]C < Ry, for all m € N. (9.2)

1<i<n

Next, let us fix m € N. Then, by (8.23), p®*™ := p((Emdn)) gatisfies the following
equation:

1 *,M *,mM £ *,M *,m
—0™ =i e)x + () @l 0up ™ 0up)

+ 2000, ) x + (9 (W™ )
+ ((K) (™™™ ) = (Mu(w™™ = wi?), ) .
forany p € Y, andi=n,...,3,2,1. (9.3)

Let us fix ¢ € {1,2,3,...,n}. Then, by applying the assumptions (A1)—(A4), and Remark
7, and by choosing ¢ = p( ™) n (9.3), we can deduce that:

]- *,m *,m *,m
5 (B = ) + 0210k + La+ Ly < Lo+ Lp, (9.4a)

with

(( am)//(a w' *m))axp(* ,m) axpg*,m)>X

(2

= / ()" (8w ™) 0,pS ™ 2 dae > 0, (9.4Db)

(2 ’l, 3

/ )2 da > 0, (9.4¢)

Lo = — (gl )

(2 3

/r | oo P8 de

< Cylpi™ &, (9.4d)
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and

(* m) _

ad) pg*vm))x

M?
B+ Sl ™ - wrd [ (9.4e)

= (M,
1
<_
2 2 i

Based on the (9.4), we compute that:
1 *,1M *,1M *,m
—(Up™ = 1) + 20000 )
< (L+ 26| + Mihol™™ — wif}.
Here, let us apply Lemma 1 to the case when:
‘pn z+1’X7 B; = 2V2|azpn z+1|X with By := B,
c:=1+2C,, Cj=Mw n*fl)l Wy z+1|X
Then, in the light of Lemma 1 and (9.1b), one can say that:

(%2) the sequence {p*™}, cn = {[p} ()

in X.

,...,pn ]}meN is bounded in Y, and compact

Now, let us fix m € N and ¢ € {1,2,3,...,n}, and define a bounded and linear
functional (" € Y* on Y, by putting:
(G ohy = ((F) @l ™) 0™, 0u0)
+ ((K(Sm)'(wg*’m))pg*’m), ), forany p €Y. (9.5)

Then, on account of (9.2), (9.3), and (9.5), we can estimate that:

*m)|X’

aac‘;p|X

(%,m)

m L (m
Gyl < oIp™ = P el + 710w
lg

o,

S ol dar 4 My ™™ — w0 x || x

< Sup( |p( m _pz—i-l |X| +V2|a:c *m)|
meN
+ Ralp ™+ Mo = ] ) [y,
for any ¢ € Y. (9.6)

From (9.1a), (9.6), and (x2), we can see that:
(x3) the sequence {¢(™}men = {[(1", -, ("]} men is bounded in Y*.

Having in mind (9.1), (x2), and (x3), we can find subsequences of {w*™},.cy C X,
(P} en € X, and {¢™}men = {[C7, ... ("] }men € Y* (not relabeled), together with
w® e X, p®=1[p},...,po] € X, and ¢° =[(7,...,(] € Y*, such that:

p*™ — p° in X, weakly in Y, as m — oo, (9.7a)



and

("™ — (° weakly in Y*, as m — oo.
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(9.7b)

Now, the properties (3.16)—(3.18) will be verified through the limiting observations for

(9.3), as m — oo, with use of (9.1) and (9.7).
Next, let us fix p > 0 and define ,, as follows:

Y(r—p), ifr=p,
(1) = Q0 +p), ifr<-—p,
0, if |r| < p.
Also, we fix i € {1,2,3,...,n}, and we define
M, = {|o.uf] = .

In the light of Main Theorem 1, (9.1), and (9.9), there exists m, € N such that:

|8mw§*’m)| > g uniformly on M,, for all m > m,,
and
w?(M,) Uw™™(M,) C (—1,1) for all m > m,,
le.
(K%Y (™) = 0 on M,, for all m > m,,.

By (3.1) as in the assumption (A2), (9.1), and (9.7)—(9.10), we can obtain that:
/<fﬂ%@@”%@@“”
M,

. (7;(8$w§*’m))8§w§*’m)90 + vp(axwl(*’m))&cgp) dz
— 0, for any ¢ € Y, as m — oo.
Moreover, from Main Theorem 1,

@Ewi(*’m)(i[/) =0, for all m > m,,.

(9.8)

(9.11)

(9.12)

(9.13)

Hence, as a consequence of 7,(0) = 7,(0) = 0, (9.1), (9.12), and (9.13), we can compute

that:
(= (00 ™), (f7)" (Bpwl™)Dup™™ + 120, ™), o)y

=l}U%V@w$MU@@”“+ﬂ@¢“ﬂ@«mawﬁ”woﬁ
= [l (@Bl 0 0)
MP

+ / V20,0 (3 (Dawo )02 ™ o+ 4, (0w ™) Dyp) da
Q

— / V2 0,p3 (’y/’)(@gcw;’)aiwfgp + 7, (0:w]) D) dz, for any ¢ € Y, as m — oo,
Q

(9.14)
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Meanwhile, on account of (9.8), (9.9), and (9.11), we can easily check that:
7, (0w ™) (K (w!™) = 0, for all m > m,. (9.15)

)

Here, we invoke that p*™ is the solution to the adjoint system (8.23) for the forcing
term M, (w®*™ — w?d), ie.

g/ (™R (K0 ()
= Mw(wf*’m) —w) in Q, forany i =n,...,3,2,1, and any m € N. (9.16)

]- *,1M *,MM £ *,1M *,1M *,m
— = ) = B (1) Dl e + 0

On this basis, we multiply fyp(ﬁxwg*’m)) and passing the limit of the both sides of (9.16),
as m — oo. Then, from (9.1), (9.7), (9.14), and (9.15), one can see that:

1 / o] o] o]
! / o (@) (B — P2 ) ds + / VR0, () (0?02 + (D502 Dy0) dl,

T Q
+ [ o winteds = [ M@t — wi)e d
Q Q
forall p €Y, andi=n,...,3,2,1. (9.17)
Then, taking p — 0 in (9.17), we can deduce that:

]' [} o o o / o o o
_/’YO(axwi)(pi _pz’+1)90d5’3+/ V2arpi (’Yo(axwi)aiwi%O+’70(azwi)ar<ﬂ) dx
Q

T Q

+ [ @)y it ds = [ Maro(O.us)r - witp s
Q Q
forallpeY, andi=mn,...,3,2,1. (9.18)
Here, in the light of Main Theorem 1 and 7,(0) = 7{(0) = 0, we compute that:

/ V20,2 (1 (0e?) P2 + 70(Ds?)D0)
Q

= / V2 02pSy0(0,w3 ) dx, for any ¢ € Y. (9.19)
0
From (9.18) and (9.19), we deduce that:
1
(508 = ta) =208 4 ¢ (u) = Mf0? = 0 ) f@aut) =0 Y, (920
-

and furthermore,
(P00}, )y
= (307 = st + o) = Mafut = ) i)
for any ¢ € Y. (9.21)

(9.20) and (9.21) immediately leads to the required equation (3.19).
Thus, we complete the proof of Main Theorem 5. [



497

Remark 16. Especially, if we assume that:
g0 € (0,1] and (f%)" — (f%°)" in Cioc(R), as e — &o; (9.22)

then we can obtain the characterization (3.19), more precisely. In fact, applying (9.1)
under (9.22) yields that:

(fo)" (Bpw™™) = (f20)"(Dw?)

in C(Q), forany i =1,2,3,...,n, as m — 00,

and this uniform convergence enables to improve, slightly, the characterization (3.19) as
follows:

[e] 1 (¢] (¢] &€ o [e] (¢]
0(0:8) (Z0F = 210) = 02 (5 (0202) 0,5 + V0.5
+ ¢ (w)p; — My, (wi — wfd)> =0in X, foranyi=mn,...,3,2,1.
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