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1 Introduction
1.1 Main results

In this paper we extend the results on non-uniqueness for a transport equation to that
with a fractional diffusion. A transport equation is fundamental in physics, for instance,
related to fluid motion or conservation laws. By the linearity of a transport equation,
existence of weak solutions is easily shown. However, it is difficult to prove whether
uniqueness holds when the velocity field is not smooth. It has been investigated how much
regularity is needed for velocity fields so that uniqueness for a transport equation holds.
From this perspective, the results of DiPerna-Lions [14] are pioneering. They proved
that uniqueness holds if velocity fields are in a suitable Sobolev space. The uniqueness
results are gradually extended such as in the BV or more general frameworks [1, 3]. For
an overview of the theory of flows associated with non-smooth vector fields, the reader
is referred to [2]. On the other hand, progress on non-uniqueness has recently been
made by using the convex integration method. Modena and Székelyhidi Jr. constructed
examples for which uniqueness of solutions fails under less space-regularity of velocity
fields [19]. They showed non-uniqueness of solutions to a transport equation, including
the case with an ordinary diffusion. These days, such convex integration techniques have
become popular in fluid dynamics. Starting with the groundbreaking works of De Lellis
and Székelyhidi Jr. [9, 10, 11], we have a number of recent results on wild weak solutions
of the incompressible Euler and Navier-Stokes equations. For a review of these results,
see for instance [13, 7].

In order to improve the versatility of the convex integration methods, we show that
the framework in [19] is valid for a transport equation with a fractional diffusion. We
consider the following equation:

∂ρ

∂t
+ div (ρu) = (−∆)sρ

div u = 0

in [0, T ]× Td (1.1)

and

ρ|t=0 = ρ0 in Td (1.2)

for a real-valued function ρ and a vector-valued function u on Td = Rd/Zd. Here, we
define (−∆)s (s > 0) as follows:

(−∆)sf(x) =
∑
k∈Zd

|k|2sf̂(k)e2πik·x for f ∈ D′(Td) (1.3)

where f̂ represents the Fourier coefficients of f and D′(Td) is the set of distributions on
torus. We assume that ρ0 is a smooth function with mean zero. This system is a model
describing an anomalous diffusion for a non-integer s. When s = 1, the equation (1.1) is
the standard transport-diffusion equation, which is also treated in [19]. The contribution
of this paper is to extend the results of Modena and Székelyhidi Jr.[19]. Our main theorem
is as follows:
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Assumption (A).
1

p
+

1

p̃
> 1 +

1

d− 1
(1.4)

where p ∈ (1,∞) and p̃ ∈ [1,∞).
Assumption (B).

1

p′
>

2s− 1

d− 1
(1.5)

where s > 0.
Theorem 1.1. Assume (A) and (B). Then there exist infinite pairs (ρ, u) such that

(i) ρ ∈ C([0, T ];Lp(Td)), u ∈ C([0, T ];Lp′(Td) ∩W 1,p̃(Td)),

(ii) (ρ, u) satisfies (1.1) and (1.2) in the sense of distributions.
Here, we denote by p′ the dual exponent of p. Our results include the results of Modena

and Székelyhidi Jr. [19]. The case with s = 1 in (1.1) corresponds to their results on a
transport-diffusion equation. In this paper, we show that their strategy is applicable to
a transport equation with a fractional diffusion by refining their estimations. We adopt
the Mikado density and flow as the building blocks and construct such pairs (ρ, u) by
the convex integration method. The most significant difference from their proof is the
estimation of the fractional viscosity term (−∆)sρ. Since this viscosity term is not in
a divergent form, we use Fourier analysis to prepare estimations of the building blocks.
Theorem 1.1 is a consequence of the following Theorem 1.2.
Theorem 1.2. (cf. [19, Theorem 1.2]) Assume (A) and (B). Let ϵ > 0 and ρ̄ ∈
C∞([0, T ]× Td) with ∫

Td

ρ̄(0, x)dx =

∫
Td

ρ̄(t, x)dx

for every t ∈ [0, T ]. Then there exist ρ ∈ C([0, T ];Lp(Td)), u ∈ C([0, T ];Lp′(Td) ∩
W 1,p̃(Td)) such that

(i) (ρ, u) satisfies (1.1) in the sense of distributions,

(ii) ρ|t=0 = ρ̄|t=0 and ρ|t=T = ρ̄|t=T ,

(iii) sup
t∈[0,T ]

∥ρ(t, ·)− ρ̄(t, ·)∥Lp(Td) ≤ ε.

In [19] Modena and Székelyhidi Jr. worked entirely in the physical space without using
the Fourier space. However, we need to work in the Fourier space in order to prove our
main theorem. Our main theorem can be shown by examining the effects of the fractional
viscosity on “Mikado.”

This paper is organized as follows. In Section 2 we recall the results of Modena and
Székelyhidi Jr. in [19]. Since this work is the basis of our results, we present the main ideas
of their paper. Section 3 is devoted to the estimations of the fractional viscosity term.
These estimations are the most significant difference from the work [19] and discussed in
detail. Fourier analysis of “Mikado” plays an essential role in the proof.
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1.2 Recent developments on a transport equation by the convex
integration method

Before starting the main discussion, we present a brief overview of recent developments
based on the work of Modena and Székelyhidi Jr. [19]. Although the convex integration
method, which originates from Nash’s ideas on C1 isometric embeddings, leads to the
results on wild weak solutions for Euler or Navier-Stokes equation, we do not touch them
here. See [9, 12, 13, 7, 6] for more information on this topic.

In this overview, we consider the transport equation on [0, T ]× Td:
∂ρ

∂t
+ div (ρu) = 0

div u = 0
ρ|t=0 = ρ0.

(1.6)

There are important mathematical models such as the Boltzmann equation, in which we
need to consider an unbounded scalar field. It is essential to understand the well-posedness
of the Cauchy problem for such models. The investigation on uniqueness for the transport
equation is also based on these motivations. DiPerna and Lions obtained uniqueness
results by the use of renormalized solutions, which are introduced in the context of kinetic
models.

Theorem 1.3. ([14]) Assume that p, p̃ ∈ [0,∞] and that u in (1.6) is in the class
L1(0, T ;W 1,p̃(Td)). Then, for any ρ0 ∈ Lp(Td) there exists a unique renormalized so-
lution of (1.6) with ρ ∈ C([0, T ];Lp(Td)). Moreover, the condition

1

p
+

1

p̃
≤ 1 (1.7)

implies that this solution is unique in the class L∞(0, T ;Lp(Td)).

On the other hand, Modena and Székelyhidi Jr. showed in [19] that uniqueness fails
under the assumption (A). More precisely, they constructed infinite pairs (ρ, u) satisfying
(1.6) with ρ ∈ C([0, T ];Lp(Td)) and u ∈ C([0, T ];Lp′(Td) ∩W 1,p̃(Td)). The gap between
the condition (1.4) and (1.7) has been filled by subsequent research. In [20], Modena
and Székelyhidi Jr. extended the non-uniqueness results of [19] to the results for Sobolev
and continuous vector fields including the case p = 1. Although the building blocks
“Mikado” are independent of time in [19], this extension of [20] was done by modifying
the interaction and the oscillation of “Mikado” in the temporal direction. It is emphasized
that the time dependence of the approximate sequence for a solution plays an important
role in these regularity questions. By promoting this strategy, in [18] Modena and Satting
improved the condition (1.4) to the following condition

1

p
+

1

p̃
> 1 +

1

d
(1.8)

for p ∈ [1,∞) and p̃ ∈ [1,∞). Here, the class of ρ and u is the same as in [19]. Under the
condition (1.8), it is possible to treat the case d = 2. They revised the constructions of
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“Mikado” which depends not only on space but also on time. In these results, the spatial
intermittency is essential. However, it is not enough to reach the full complement of the
condition in [14]. In order to attain the full complement, we need not only the spatial
intermittency but also the temporal one. In [8] Cheskidov and Luo filled the gap between
the condition (1.4) and (1.7) by improving the space regularity at the expense of the time
regularity. By the use of the temporal intermittency, they refined the condition (1.4) as
follows:

1

p
+

1

p̃
> 1 (1.9)

for p ∈ (1,∞) and p̃ ∈ [1,∞). Here, they considered in the class ρ ∈ L1(0, T ;Lp(Td)) and
u ∈ L∞(0, T ;Lp′(Td) ∩ L1(0, T ;W 1,p̃(Td))). The question of whether the condition (1.9)
implies non-uniqueness in the class ρ ∈ L∞(0, T ;Lp(Td)) remains to be solved.

The convex integration scheme in [19] has an influence on the problem for the unique-
ness of the regular Lagrangian flow. It is well known that a transport equation is closely
related to the trajectories connected to the ordinary differential equation. For the relation
between these aspects and the above results, see [5]. This paper [5] includes results not
only on uniqueness but also on positivity of a solution. The problem on the existence of
a positive solution is also treated in [21].

The author investigated the difference in mathematical structure between uniqueness
and non-uniqueness by the kinetic theory. In the previous work [22], we treated the time-
independent transport equation with an external force and constructed infinite irregular
pairs which violate the chain rule of differentiation. We also showed that such a violation
does not occur when we consider a more regular pair. It is emphasized in [22] that
these differences of violation can be interpreted from a microscopic point of view. This
microscopic point of view is based on [4, 15, 16, 17] and seems to be effective not only in
our simplified settings but also in other settings such as those described above.

2 Existence of wild weak solutions for a transport
equation

In the sequel, we assume without loss of generality that T = 1 and that Td is the
periodic extension of the unit cube [0, 1]d. We give the ideas of the proof for the analogues
of Theorem 1.2, which is provided in [19]. The content in this section is a rewrite of a
brief overview in [20]. The reader is referred to [19, 20] for more details.

2.1 Convex integration scheme
In order to construct a pair (ρ, u) satisfying a transport equation, we consider a smooth

approximate triplet (ρn, un, Rn) satisfying the following equation:
∂ρ

∂t
+ div (ρu) = −divR

div u = 0.

(2.1)
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These triplets are constructed so that∑
n

∥ρn+1 − ρn∥CtL
p
x
<∞,∑

n

∥un+1 − un∥CtL
p′
x

<∞,∑
n

∥un+1 − un∥CtW
1,p̃
x

<∞,

∥Rn∥CtL1
x

≤ δn,

where {δn}n is a suitable sequence which converges to 0 such as δn = 2−n. Once these
estimations are established, we define ρ and u as a limit of ρn and un in a suitable norm,
respectively. Then, (ρ, u) satisfies a transport equation. The most important point is how
to construct such triplets in order for them to satisfy the desired properties. We settle
this matter in an inductive method by using “Mikado.” Explicitly, it suffices to show that
for a smooth triplet (ρn, un, Rn) there exists another smooth triplet (ρn+1, un+1, Rn+1)
satisfying

∥ρn+1 − ρn∥CtL
p
x
≲ ∥R1/p

n ∥CtL1
x
, (2.2a)

∥un+1 − un∥CtL
p′
x
≲ ∥R1/p′

n ∥CtL1
x
, (2.2b)

∥un+1 − un∥CtW
1,p̃
x

≤ δn+1, (2.2c)
∥Rn+1∥CtL1

x
≤ δn+1. (2.2d)

From the given triplet (ρn, un, Rn), we define (ρn+1, un+1, Rn+1) as follows:

ρn+1 = ρn + θn,

un+1 = un + wn,

θn = F (Rn)Θµn(λnx),

wn = G(Rn)Wµn(λnx),

where F and G are non-linear functions, {Θµ}µ is a family of Mikado densities and {Wµ}µ
is a family of Mikado flows. We choose an oscillation parameter λn and a concentration
parameter µn, which will be fixed later so that the desired estimations hold. We give the
precise definition of Mikado in Section 3. In addition to these constructions of ρn and un,
we define Rn so that it satisfies the equation (2.1). By the direct calculation, Rn should
be defined as follows:

Rn+1 = (Rn − θnwn)−∇∆−1∂tθn − ρnwn − θnun. (2.3)

The estimations (2.2a) to (2.2c) follow from the definition of the Mikado density and the
Mikado flow. The estimation of (2.2d) is the most difficult part. The parameter λn is
used in order to make the quadratic term Rn − θnwn suitably small. The explicit form
of F and G also contributes to this estimation. On the other hand, the parameter µn is
used in order to make the linear term remaining in the right-hand side of (2.3) suitably
small. The assumption (A) guarantees the suitable choice of these parameters. By the
arguments on the oscillation and the concentration, we obtain the estimation (2.2d).
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3 Non-uniqueness for a transport equation with a
fractional diffusion

In this section, we prove Theorem 1.2. From Theorem 1.2, we can prove Theorem 1.1
in a similar way as [19]. Therefore, we omit the proof of Theorem 1.1. We only discuss
the significant difference between our proof and that in [19].

3.1 Mikado density and Mikado flow
For the proof of the main theorem, we need calculations on the Mikado density in the

Fourier space. We use these computations to control the fractional viscosity. To begin
with, we recall the precise definition of the Mikado density and flow from [19].

Proposition 3.1. ([19, Proposition 4.1]) Suppose that Ψ ∈ C∞
0 (Rd−1) with

suppΨ ⊆ (0, 1)d−1,

∫
Rd−1

Ψ = 0 and
∫
Rd−1

Ψ2 = 1.

Let a, b ∈ R with
a+ b = d− 1.

For every µ > 2d and j ∈ {1, . . . , d}, there exist Θj
µ ∈ C∞(Td) and W j

µ ∈ C∞(Td;Rd)
with mean zero such that the following properties hold.

(i) divW j
µ = div(Θj

µW
j
µ) = 0.

(ii)
1

|Td|

∫
Td

Θj
µW

j
µ = ej

where {e1, . . . , ed} is the standard basis in Rd.
(iii) For every k ∈ N and r ∈ [1,∞],

∥DkΘj
µ∥Lr(Td) ≤∥Ψ∥Lr(Rd−1)µ

a+k−(d−1)/r,

∥DkW j
µ∥Lr(Td) ≤∥Ψ∥Lr(Rd−1)µ

b+k−(d−1)/r.

(iv) For j ̸= k,

suppΘj
µ = suppW j

µ and suppΘj
µ ∩ suppW k

µ = ∅.

We call Θj
µ and W j

µ Mikado density and Mikado flow, respectively.

Proof. We use these constructions for the proof of Theorem 1.2. So, we give the proof for
the reader’s convenience, although the proof is the same as [19].

After constructing the functions on Rd, we define the Mikado density and the Mikado
flow. For each j, we define ˜̃Θj

µ and ˜̃W j
µ as follows:

˜̃Θj
µ(x1, . . . , xd) =µ

aΨµ(x1, . . . , xj−1, xj+1, . . . , xd),

˜̃W j
µ(x1, . . . , xd) =µ

bΨµ(x1, . . . , xj−1, xj+1, . . . , xd)ej
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where Ψµ(x) = Ψ(µx). By this definition, it holds that

div ˜̃W j
µ = div

(
˜̃Θj
µ
˜̃W j
µ

)
= 0,∫

(0,1)d

˜̃Θj
µ = 0,

∫
(0,1)d

˜̃W j
µ = 0,

1

|(0, 1)d|

∫
(0,1)d

˜̃Θj
µ
˜̃W j
µ = ej.

Notice that
∥Dk(µaΨµ)∥Lr(Rd−1) = ∥DkΨ∥Lr(Rd−1)µ

a+k−(d−1)/r.

Therefore, it also holds that∥∥∥Dk ˜̃Θj
µ

∥∥∥
Lr((0,1)d)

=∥DkΨ∥Lr(Rd−1)µ
a+k−(d−1)/r,∥∥∥Dk ˜̃W j

µ

∥∥∥
Lr((0,1)d)

=∥DkΨ∥Lr(Rd−1)µ
b+k−(d−1)/r.

Recall that suppΨ ⊆ (0, 1)d−1. Since ˜̃Θj
µ and ˜̃W j

µ are independent of the j-th coordinate,
we can define Θ̃j

µ and W̃ j
µ as the 1-periodic extension of ˜̃Θj

µ and ˜̃W j
µ, respectively. The

estimations of Θ̃j
µ and W̃ j

µ follow from that of ˜̃Θj
µ and ˜̃W j

µ. Finally, since µ > 2d, we
obtain Θj

µ and W j
µ after a suitable translation that makes (iv) true.

From these constructions of Mikado, we can calculate the Fourier components of the
Mikado density. This is required for the estimations on the fractional viscosity term.
Proposition 3.2. Let Θj

µ be the Mikado density in Proposition 3.1. Then

Θ̂j
µ(k) =

{
µa−(d−1)Ψ̂(Pjk/µ)e

2πik·τ j if kj = 0,

0 if kj ̸= 0.

where Pjk = (k1, . . . , kj−1, kj+1, . . . , kd) and τ j is a suitable translation.
Proof. This is a direct calculation. Indeed, from the constructions of Mikado,

Θ̂j
µ(k) =

∫
Td

˜̃Θj
µ(x)e

−2πik·xdx

= µa

∫
(0,1)d

Ψµ(x1, . . . , xj−1, xj+1, . . . , xd)e
−2πik·(x−τ j)dx.

By integrating with respect to xj, it follows that

Θ̂j
µ(k) =

µa

∫
Td

Ψ(µy)e2πiPjk·(y−τ j)dy if kj = 0,

0 if kj ̸= 0.

Therefore, if kj = 0, we have

Θ̂j
µ(k) = µa−(d−1)

∫
Rd−1

Ψ̂(z)e−2πi
Pjk

µ
·zdz e2πik·τ

j

.

This completes the proof.
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3.2 Estimations on the fractional viscosity
Theorem 1.2 follows from the following lemma. This plays an important role to con-

struct pairs satisfying (1.1). The strategy of proof is the same as that of [19]. We consider
the approximate equation of (1.1):

∂ρ

∂t
+ div (ρu)− (−∆)sρ = −divR

div u = 0

in [0, T ]× Td. (3.1)

By using the following lemma, we can construct the approximate sequences in an inductive
way.
Lemma 3.3. (cf. [19, Proposition 3.1]) Assume (A) and (B). Then there exists a constant
M > 0 such that the following holds: If η, δ, σ are positive numbers and a smooth triplet
(ρ0, u0, R0) satisfies the equation (3.1), then there exists another smooth triplet (ρ1, u1, R1)
satisfying the equation (3.1) such that

∥ρ1(t)− ρ0(t)∥Lp(Td) ≤

{
Mη∥R0(t)∥1/pL1(Td)

for t ∈ Iσ/2,

0 for t ∈ [0, 1] \ Iσ/2,

∥u1(t)− u0(t)∥Lp′ (Td) ≤

{
Mη−1∥R0(t)∥1/p

′

L1(Td)
for t ∈ Iσ/2,

0 for t ∈ [0, 1] \ Iσ/2,

∥u1(t)− u0(t)∥W 1,p̃(Td) ≤ δ for t ∈ [0, 1],

∥R1(t)∥L1(Td) ≤


δ for t ∈ Iσ,
∥R0(t)∥L1(Td) + δ for t ∈ Iσ/2 \ Iσ,
∥R0(t)∥L1(Td) for t ∈ [0, 1] \ Iσ/2,

where Iσ = (σ, 1− σ).
Proof. We can prove this key lemma in a very similar way to [19]. By applying Proposition
3.1 with a = (d − 1)/p and b = (d − 1)/p′, we prepare the Mikado density and flow. In
addition to that, we set

ρ1 = ρ0 + θ + θc,

u1 = u0 + w + wc.
(3.2)

Here,

θ(t, x) = η

d∑
j=1

ψ(t)hj(t, x) sign(R0,j(t, x)) |R0,j(t, x)|1/p (Θj
µ)λ(x),

θc(t, x) = − 1

|Td|

∫
Td

θ(t, x)dx,

w(t, x) = η−1

d∑
j=1

ψ(t)hj(t, x) |R0,j(t, x)|1/p
′
(W j

µ)λ(x),

wc(t, x) = −η−1

d∑
j=1

S
(
∇(ψ(t)hj(t, x) |R0,j(t, x)|1/p

′
) · (W j

µ)λ(x)
)

(3.3)
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where we write
(Θj

µ)λ(x) = Θj
µ(λx), (W j

µ)λ(x) = W j
µ(λx)

and

R0 =
d∑

j=1

R0,jej

using the standard basis in Rd and take the following cut-off functions ψ ∈ C∞
0 (0, 1) and

hj ∈ C∞(Td) with |ψ|, |hj| ≤ 1 and

ψ =

{
0 on [0, σ/2] ∪ [1− σ/2, 1],

1 on [σ, 1− σ],

hj(x) =

{
0 if |R0,j(t, x)| ≤ δ/8d,

1 if |R0,j(t, x)| ≥ δ/4d.

We denote the improved anti-divergence operator by S. The above representations of ρ1
and u1 and the operator S are the same as those of [19]. Furthermore, we define R1 from
(3.2) so that R1 satisfies (3.1). The direct calculation gives the following form:

R1 = (R0 − θw)−∇∆−1∂tθ − ρ0w − θu0

+∇∆−1(−∆)s(θ + θc) + (the other term including θc or wc).

For Ψ in Proposition 3.1, we set

M = 2dmax{∥Ψ∥L∞(Rd−1), ∥Ψ∥2L∞(Rd−1), ∥∇Ψ∥L∞(Rd−1)}

and
γ0 = (d− 1)min

{
1− 1

p
, 1− 1

p′
,
1

p
+

1

p̃
−
(
1 +

1

d− 1

)}
.

Notice that γ0 > 0 by Assumption (A). By using M and γ0, we can estimate the R1 in
the same way as [19] except the term ∇∆−1(−∆)s(θ + θc). We only have to show the
L1-estimation of this term. The following lemma plays an essential role in the proof.

Lemma 3.4. Under these settings, set θ̃ = θ + θc. Then, it follows that

∥∇∆−1(−∆)sθ̃∥L∞(Td) ≤ Cµ−γ1λs for t ∈ [0, 1]

where γ1 = −(a− (d− 1) + s) and C is a constant independent of µ and λ.

Proof of Lemma 3.4. In the sequel, the exact value denoted by C may change from line
to line. Notice that a− (d− 1) + s < 0 from the assumption (B). Since ∇∆−1(−∆)sθ̃ =
∆−1(−∆)s∇θ̃, we have

|∇∆−1(−∆)sθ̃(t, x)| ≤ C
∑
k ̸=0

∣∣∣∣ |k||k|2
|k|2sθ̂(t, k)

∣∣∣∣ .
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Hence, it follows that

∥∇∆−1(−∆)sθ̃(t, ·)∥L∞(Td) ≤ C
∑
k ̸=0

∣∣∣|k|2s−1θ̂(t, k)
∣∣∣ .

Furthermore, we rewrite θ in (3.3) as follows:

θ =
∑
j

ζj(Θ
j
µ)λ,

where ζj is smooth. By using this notation, we have

∥∇∆−1(−∆)sθ̃∥L∞(Td) ≤ C
∑
k

|k|2s−1
∑
j

∣∣∣∣ ̂(ζj(Θ
j
µ)λ)(k)

∣∣∣∣
≤ C

∑
k,j

|k|2s−1
∑
m

∣∣∣ζ̂j(m)
∣∣∣ ∣∣∣∣(̂Θj

µ)λ(k −m)

∣∣∣∣
≤ C

∑
k,j,m

|k|2s−1
∣∣∣ζ̂j(m)

∣∣∣ ∣∣∣∣Θ̂j
µ

(
k −m

λ

)∣∣∣∣ .
By taking the supremum of ζj and using Proposition 3.2, we have

∥∇∆−1(−∆)sθ̃∥L∞(Td) ≤ Cµa−(d−1)
∑
k,j,m

|k|2s−1

∣∣∣∣Ψ̂(
Pj(k −m)

µλ

)∣∣∣∣ .
By the change of variables, it holds that

∥∇∆−1(−∆)sθ̃∥L∞(Td) ≤ Cµa−(d−1)
∑
k̃,j,m̃

(µλ)2s−1|k̃|2s−1
∣∣∣Ψ̂(

Pj(k̃ − m̃)
)∣∣∣

≤ Cµa−(d−1)+sλs
∑
k̃,j,m̃

|k̃|2s−1
∣∣∣Ψ̂(

Pj(k̃ − m̃)
)∣∣∣

≤ Cµa−(d−1)+sλs.

This completes the proof of Lemma 3.4.

Now, we continue the proof of Lemma 3.3. If we set the parameter µ = λc and increase
the value λ for a suitable c, ∥∇∆−1(−∆)sθ̃∥L∞(Td) becomes small by Lemma 3.4. So, we
set

γ = min{γ0, γ1} > 0.

Then it follows that
∥∇∆−1(−∆)sθ̃∥L∞(Td) ≤ Cµ−γλs

for t ∈ [0, 1]. By using this γ, the remaining part of the proof follows in a similar way of
[19]. By setting µ = λc and increasing the value of λ for c > 1/s in accordance with the
remaining estimations, we obtain the desired properties.
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