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1 Introduction
Let L > 0 be the length of the one-dimensional material. In this paper, we study the
following Cahn–Hilliard equation [2]:{

∂tu = ∂2
xp in (0, L)× (0,∞), (1)

p = −γ∂2
xu+ F ′(u) in (0, L)× (0,∞), (2)

under the dynamic boundary condition and the homogeneous Neumann boundary condi-
tion: 

∂tu(0, t) = ∂xu(x, t)|x=0 in (0,∞), (3)
∂tu(L, t) = − ∂xu(x, t)|x=L in (0,∞), (4)
∂xp(x, t)|x=0 = ∂xp(x, t)|x=L = 0 in (0,∞). (5)

The unknown functions u: [0, L]×[0,∞) → R and p: [0, L]×[0,∞) → R are corresponding
to the order parameter and the chemical potential, respectively. Moreover, γ is a positive
constant. Furthermore, F : R → R is a given potential, and F ′ is its derivative. For
example, F can be a double-well potential, i.e.,

F (s) =
q

4
s4 − r

2
s2 for all s ∈ R,

where q and r are positive constants. Throughout this article, we assume that the potential
F is bounded from below. Let us define the “local energy” G and the “global energy” J ,
which characterize the equations (1)–(2), as follows:

G(u, ∂xu) :=
γ

2
|∂xu|2 + F (u),

J(u) :=

∫ L

0

G(u, ∂xu)dx.

We remark that the above words “local energy” and “global energy” are ones for space, not
for time, and that this “global” is different from the one of the words “global boundedness”
and “global existence,” which appear later. Also, let us define the “mass” M as follows:

M(u) :=

∫ L

0

udx.

Clearly, the solution of the system (1)–(5) has the following properties:

d

dt
M(u(t)) = 0, (6)

d

dt
J(u(t)) = −γ|∂tu(0, t)|2 − γ|∂tu(L, t)|2 −

∫ L

0

|∂xp(x, t)|2dx ≤ 0. (7)

From a mathematical point of view, the problem (1)–(5) with initial conditions are
studied in [5–10,14–16,20,21,26–28]. First, in the case of F (s) = (q/4)s4− (r/2)s2, Racke
and Zheng [27] proved the global existence and uniqueness of the solution to the problem,
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and Prüss et al. [26] obtained the result on the maximal Lp-regularity and proved the
existence of a global attractor. Also, Wu and Zheng [28] and Chill et al. [6] proved the
convergence of the solution of the problem to an equilibrium as time goes to infinity.
Moreover, various results of the existence, uniqueness, and regularity of the solution, the
existence of a global attractor, the convergence to steady states, and the optimal control
are obtained under more general assumptions on the nonlinearities in [5,7–10,15,16,20,21].
Gal [14] compared the problem under other dynamic boundary conditions with that under
our target dynamic boundary conditions. We remark that in these papers, the problem
is considered in the multi-dimensional case, where the boundary conditions (3) and (4)
include the Laplace–Beltrami operator.

From a numerical point of view, there are some interesting studies of the Cahn–Hilliard
equation with dynamic boundary conditions (see, for example, [1, 3–5, 11, 17–19, 22, 23]).
In [3, 18], Cherfils et al. and Israel et al. have considered the finite element space semi-
discretizations of the problem in the two-dimensional or three-dimensional cases and
shown the error estimate. Moreover, the unconditional stability of fully discrete schemes
based on the backward Euler scheme for the time discretization, and the convergence of
the solution to a steady-state have been obtained. See also [5] for other numerical results.
In addition, Nabet has performed an interesting analysis for the problem in the two-
dimensional case by using the finite-volume method and proved the convergence of the
numerical solution in [22], and the first-order convergence with respect to the H1-norms
in [23]. Besides, the results of the problem with other dynamic boundary conditions have
been obtained [1, 4, 17, 19]. As we have just seen, although the numerical analysis of the
Cahn–Hilliard equation with various types of dynamic boundary conditions has recently
attracted much attention, there are only a few results by the finite difference method.
Recently, however, finite difference structure-preserving schemes for (1)–(5) based on the
discrete variational derivative method (DVDM) proposed by Furihata and Matsuo [13]
have been designed and analyzed. Throughout this article, “structure-preserving” means
that the scheme inherits the conservative property such as (6) or the dissipative property
such as (7). In the standard DVDM for problems under the Neumann boundary con-
dition, and in the method of designing the structure-preserving schemes of the previous
studies [24, 25] based on DVDM for problems under dynamic boundary conditions, an
approximation of the equations in the interior of the domain is imposed even on the fixed
boundary (further details are described later). We consider this to be artificial and an
area for improvement. In the previous study [11], a structure-preserving scheme has been
proposed, improving the problem. However, in this scheme, all outward normal deriva-
tives in the boundary conditions have been approximated only by a forward difference,
and the time difference of the discrete boundary condition has been considered at a point
off the boundary. Namely, the scheme has room for improvement in the discretization
of boundary conditions. Motivated by this, we design a new structure-preserving scheme
that improves on the above problems.

We explain the problem of the structure-preserving schemes based on DVDM [13] in
the case of the Neumann boundary condition. For the sake of simplicity, we consider the
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following heat equation with the Neumann boundary condition:{
∂tu = ∂2

xu in (0, L)× (0,∞), (8)
∂xu(x, t)|x=0 = ∂xu(x, t)|x=L = 0 in (0,∞). (9)

For the solution of (8)–(9), it holds that

d

dt
M(u(t)) = 0, (10)

d

dt
E1(u(t)) = −

∫ L

0

|∂xu(x, t)|2dx ≤ 0, (11)

d

dt
E2(u(t)) = −

∫ L

0

|∂2
xu(x, t)|2dx ≤ 0, (12)

where energy E1 and E2 are defined by

E1(u) :=

∫ L

0

|∂xu|2

2
dx, E2(u) :=

∫ L

0

u2

2
dx.

We introduce a structure-preserving scheme for (8)–(9) based on the usual DVDM, which
retains the above properties in a discrete sense. We note some notation in preparation for
this purpose. Let K be a positive integer. We define U

(n)
k (k = −1, 0, . . . , K,K + 1, n =

0, 1, . . .) to be the approximation to u(x, t) at location x = k∆x and time t = n∆t, where
∆x is a space mesh size, i.e., ∆x := L/K, and ∆t is a time mesh size, and U

(n)
−1 and U

(n)
K+1

are artificial quantities and determined by the imposed discrete boundary condition. To
describe the scheme, we define basic discrete operators as follows: we denote average
operators µ+

k , µ−
k concerning subscript k by

µ+
k fk :=

fk + fk+1

2
, µ−

k fk :=
fk + fk−1

2
,

and the difference operators δ+k , δ−k , δ⟨1⟩k , and δ
⟨2⟩
k concerning subscript k by

δ+k fk :=
fk+1 − fk

∆x
, δ−k fk :=

fk − fk−1

∆x
,

δ
⟨1⟩
k fk :=

fk+1 − fk−1

2∆x
, δ

⟨2⟩
k fk :=

fk+1 − 2fk + fk−1

(∆x)2
.

Similarly, we define the difference operator δ+n corresponding superscript (n) by

δ+n f
(n) :=

f (n+1) − f (n)

∆t
.

By applying the standard DVDM to the above problem, we obtain the following structure-
preserving scheme: for n = 0, 1, . . .,

δ+n U
(n)
k = δ

⟨2⟩
k

(
U

(n+1)
k + U

(n)
k

2

)
(k = 0, . . . , K), (13)

δ
⟨1⟩
k U

(n+1)
k = 0 (k = 0, K), (14)
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where the initial value U (0) also satisfies (14). In the scheme (13)–(14), U (n+1) is unknown,
and U (n) is known. Besides, we consider the values U−1, UK+1 at artificial lattice points in
the above scheme. These U−1 and UK+1 are artificial quantities to define the above energy
naturally, and their values are determined by the imposed discrete boundary conditions.
The scheme (13)–(14) guarantees that discrete versions of (10)–(12) hold (see [12, 13]
for details). As can be seen in (13), in the structure-preserving scheme by the standard
DVDM for problems with boundary conditions including the flux, such as the Neumann
boundary condition, the approximation of the equation in the interior of the domain are
often considered even on the boundary, i.e., k = 0 and k = K. It is artificial and should be
improved. Thus, by adopting the staggered space mesh and modifying the discretization
of energy and the summation-by-parts formula, we design a structure-preserving scheme
in which the discrete equations corresponding to the equation in the interior of the domain
are not imposed at the points k = 0, K.

Here, we describe our idea of how to design a structure-preserving scheme in more
detail. We derive the desired new structure-preserving scheme by adopting the staggered
space mesh (k − 1/2)∆x (k = 0, 1, . . . , K,K + 1) used in the previous work [11] and
improving the discretization of energy and the summation-by-parts formula. In other
words, from now on, we define U

(n)
k (k = 0, 1, . . . , K,K + 1, n = 0, 1, . . .) to be the

approximation to u(x, t) at location x = (k − 1/2)∆x and time t = n∆t. They are also
written in vector as U (n) := (U

(n)
1 , . . . , U

(n)
K )⊤ or U (n) := (U

(n)
0 , U

(n)
1 , . . . , U

(n)
K , U

(n)
K+1)

⊤.
Guess the meaning of U (n) from the context. We remark that U (n)

0 and U
(n)
K+1 are artificial

quantities and determined by the imposed discrete boundary condition.

Figure 1: Staggered space mesh and relationship between x and k

In this paper, we define the discrete energy E1d: RK+2 → R as follows:

E1d(U) :=
K∑
k=1

∣∣δ+k Uk

∣∣2 + ∣∣δ−k Uk

∣∣2
2

∆x for all U ∈ RK+2.

Remark 1.1. In the previous result [11], the discrete energy
∑K

k=1(|δ
−
k Uk|2/2)∆x con-

sisting only of a backward difference is adopted as a discrete version of the energy E1.
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Besides, we use the following new formula as a summation by parts formula, which is
essential to derive a structure-preserving scheme in DVDM. All the proofs can be obtained
by direct calculation and here omitted.

Lemma 1.1 (Second-order summation by parts formula). The following second-order
summation by parts formula holds:

K∑
k=1

(
δ+k fk

)(
δ+k gk

)
+
(
δ−k fk

)(
δ−k gk

)
2

∆x = −
K∑
k=1

(
δ
⟨2⟩
k fk

)
gk∆x+

(
δ−k fk

∣∣
k=K+1

)(
µ−
k gk
∣∣
k=K+1

)
−
(
δ+k fk

∣∣
k=0

) (
µ+
k gk
∣∣
k=0

)
for all {fk}K+1

k=0 , {gk}
K+1
k=0 ∈ RK+2. In particular, when it holds that fk = gk (k = 0, . . . , K+

1), we have

K∑
k=1

∣∣δ+k fk∣∣2 + ∣∣δ−k fk∣∣2
2

∆x = −
K∑
k=1

(
δ
⟨2⟩
k fk

)
fk∆x+

(
δ−k fk

∣∣
k=K+1

)(
µ−
k fk
∣∣
k=K+1

)
−
(
δ+k fk

∣∣
k=0

) (
µ+
k fk
∣∣
k=0

)
.

Lemma 1.2 (Summation of a difference). The following fundamental formula holds:

K∑
k=1

(
δ
⟨2⟩
k fk

)
∆x = δ−k fk

∣∣
k=K+1

− δ+k fk
∣∣
k=0

for all {fk}K+1
k=0 ∈ RK+2.

Based on DVDM, we calculate the discrete variation E1d(U) − E1d(V ) for all U ,V ∈
RK+2 by using the summation by parts formula and obtain the following new structure-
preserving scheme for (8)–(9): for n = 0, 1, . . .,

δ+n U
(n)
k = δ

⟨2⟩
k

(
U

(n+1)
k + U

(n)
k

2

)
(k = 1, . . . , K), (15)

δ+k U
(n+1)
k

∣∣∣
k=0

= δ−k U
(n+1)
k

∣∣∣
k=K+1

= 0, (16)

where the initial value U (0) also satisfies (16). In the scheme (15)–(16), U (n+1) is unknown,
and U (n) is known. The solution to the scheme (15)–(16) satisfies the following properties:

δ+nE1d(U
(n)) = −

K∑
k=1

∣∣∣∣∣δ⟨2⟩k

(
U

(n+1)
k + U

(n)
k

2

)∣∣∣∣∣
2

∆x ≤ 0 (n = 0, 1, . . .),

δ+nE2d(U
(n))=−

K∑
k=1

1

2


∣∣∣∣∣δ+k
(
U

(n+1)
k +U

(n)
k

2

)∣∣∣∣∣
2

+

∣∣∣∣∣δ−k
(
U

(n+1)
k +U

(n)
k

2

)∣∣∣∣∣
2
∆x≤0 (n=0, 1, . . .),

δ+nMd(U
(n)) = 0 (n = 0, 1, . . .),
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where the discrete energy E2d: RK+2 → R and the discrete mass Md: RK+2s → R are
defined by

E2d(U) :=
K∑
k=1

U2
k

2
∆x for all U ∈ RK+2,

Md(U) :=
K∑
k=1

Uk∆x for all U ∈ RK+2s, where s = 0, 1.

Remark 1.2. The scheme (15)–(16), designed by adopting the staggered space mesh
and modifying the discretization of energy and the summation-by-parts formula, has the
following advantages:

• On the fixed boundary, we do not have to consider the equations in the interior of
the domain.

• The number of elements of unknown U (n+1) is one less than that of schemes (13)–
(14), accordingly, the number of equations is also one less, and thus the computa-
tional cost is lower.

Because of the above advantages and the fact that the dynamic boundary condition we
consider in this paper also involves the flux, we apply the method described above of
designing the scheme to the problem with the dynamic boundary condition and design a
new structure-preserving scheme. Furthermore, in this paper, we give the stability and
the solvability of the scheme as the main results.

Here, we show the solvability of the above scheme (15)–(16). It holds from (16) and
that

U
(n)
0 = U

(n)
1 , U

(n)
K+1 = U

(n)
K (n = 0, 1, . . .). (17)

By using (17), we eliminate artificial quantities U0 and UK+1 in (15) and transform (15)
as follows:

U
(n+1)
1 − ∆t

2(∆x)2
(
U

(n+1)
2 − U

(n+1)
1

)
= U

(n)
1 +

∆t

2(∆x)2
(
U

(n)
2 − U

(n)
1

)
(n = 0, 1, . . .),

U
(n+1)
k − ∆t

2(∆x)2
(
U

(n+1)
k+1 − 2U

(n+1)
k + U

(n+1)
k−1

)
= U

(n)
k +

∆t

2(∆x)2
(
U

(n)
k+1− 2U

(n)
k + U

(n)
k−1

)
(k = 2, . . . , K−1, n = 0, 1, . . .),

U
(n+1)
K − ∆t

2(∆x)2
(
U

(n+1)
K−1 − U

(n+1)
K

)
= U

(n)
K +

∆t

2(∆x)2
(
U

(n)
K−1− U

(n)
K

)
(n = 0, 1, . . .).

Next, we express the above simultaneous linear equations as follows by using matrices:(
I − ∆t

2
D2

)
U (n+1) =

(
I +

∆t

2
D2

)
U (n) (n = 0, 1, . . .), (18)

where I is the K-dimensional identity matrix. Besides, D2 is the K-dimensional matrix
corresponding to the difference operator δ

⟨2⟩
k with the homogeneous Neumann boundary
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condition (16) and is defined by

D2 :=
1

(∆x)2


−1 1
1 −2 1

. . . . . . . . .
1 −2 1

1 −1

 .

If the coefficient matrix I − (∆t/2)D2 of U (n+1) in (18) is nonsingular, then the scheme
(15)–(16) has a unique solution. In fact, the scheme (15)–(16) has a unique solution
since the coefficient matrix I − (∆t/2)D2 is a strictly diagonally dominant matrix. The
solvability of the standard scheme (13)–(14) can also be proved from the same argument.

The rest of this paper proceeds as follows. In Section 2, we propose a structure-
preserving scheme for (1)–(5), whose solution satisfies the discrete version of the conserva-
tive property (6) and the dissipative property (7). In Section 3, we show the boundedness
for the solution of the scheme globally in space. In Section 4, we provide a sufficient
condition for the existence of the unique solution to the scheme.

2 Proposed scheme
In this section, we design a structure-preserving scheme for (1)–(5) by using the discretiza-
tion of energy and the summation by parts formula given in Section 1.

2.1 Preparation
For later use, we define the difference quotient. Let Ω be a domain in R. For a function
F ∈ C1(Ω) and ξ, η ∈ Ω, the difference quotient dF/d(ξ, η) of F at (ξ, η) is defined as
follows:

dF

d(ξ, η)
:=


F (ξ)− F (η)

ξ − η
(ξ ̸= η),

F ′(η) (ξ = η).

Here, let us define two discrete local energies Gd: RK+2→RK with the elements given by

Gd,k(U) :=
γ

2

(δ+k Uk)
2 + (δ−k Uk)

2

2
+ F (Uk) (k = 1, . . . , K),

for all U ∈ RK+2. Namely, Gd,k(U ) = {Gd(U)}k. Furthermore, we define the discrete
global energy Jd: RK+2 → R as follows:

Jd(U ) :=
K∑
k=1

Gd,k(U)∆x =
γ

2

K∑
k=1

(
δ+k Uk

)2
+
(
δ−k Uk

)2
2

∆x+
K∑
k=1

F (Uk)∆x.

From the idea on DVDM in [13], we take a discrete variation to derive a structure-
preserving scheme for (1)–(5). That is, we need the difference Jd(U) − Jd(V ) for all
U ,V ∈ RK+2. By using Lemma 1.1, we have the following lemma:
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Lemma 2.1. It holds:

Jd(U)− Jd(V ) =
K∑
k=1

{
−γδ

⟨2⟩
k

(
Uk + Vk

2

)
+

dF

d(Uk, Vk)

}
(Uk − Vk)∆x

+ γ

{
δ−k

(
Uk + Vk

2

)∣∣∣∣
k=K+1

}(
µ−
k Uk

∣∣
k=K+1

− µ−
k Vk

∣∣
k=K+1

)
− γ

{
δ+k

(
Uk + Vk

2

)∣∣∣∣
k=0

}(
µ+
k Uk

∣∣
k=0

− µ+
k Vk

∣∣
k=0

)
for all U ,V ∈ RK+2.
The proof can be obtained from direct calculation and is omitted here. The discrete
energy dissipation in Proposition 2.1 will be proved by applying Lemma 2.1.

2.2 Proposed scheme
The concrete form of our scheme for (1)–(5) is

δ+n U
(n)
k = δ

⟨2⟩
k P

(n)
k (k = 1, . . . , K, n = 0, 1, . . .), (19)

P
(n)
k = −γδ

⟨2⟩
k

(
U

(n+1)
k + U

(n)
k

2

)
+

dF

d(U
(n+1)
k , U

(n)
k )

(k = 1, . . . , K, n = 0, 1, . . .), (20)

δ+n

(
µ+
k U

(n)
k

∣∣∣
k=0

)
= δ+k

(
U

(n+1)
k + U

(n)
k

2

)∣∣∣∣∣
k=0

(n = 0, 1, . . .), (21)

δ+n

(
µ−
k U

(n)
k

∣∣∣
k=K+1

)
= − δ−k

(
U

(n+1)
k + U

(n)
k

2

)∣∣∣∣∣
k=K+1

(n = 0, 1, . . .), (22)

δ+k P
(n)
k

∣∣∣
k=0

= δ−k P
(n)
k

∣∣∣
k=K+1

= 0 (n = 0, 1, . . .). (23)

Remark 2.1. Note that in our scheme, boundaries x = 0, 1 are at the middle of points
k = 0, 1 and the middle of points k = K,K + 1, respectively.
Clearly, the following properties corresponding to (6) and (7) are obtained.
Proposition 2.1. The solution U (n) to the scheme (19)–(23) satisfies the following in-
equality:

δ+n Jd(U
(n)) = −γ

∣∣∣δ+n (µ+
k U

(n)
k

∣∣∣
k=0

)∣∣∣2 − γ

∣∣∣∣δ+n (µ−
k U

(n)
k

∣∣∣
k=K+1

)∣∣∣∣2

−
K∑
k=1

∣∣∣δ+k P (n)
k

∣∣∣2 + ∣∣∣δ−k P (n)
k

∣∣∣2
2

∆x ≤ 0 (n = 0, 1, . . .).

Proposition 2.2. The solution U (n) of the scheme (19)–(23) satisfies

δ+nMd(U
(n)) = 0 (n = 0, 1, . . .).

Since Proposition 2.1 is a direct application of Lemmas 1.1, 2.1 and (19)–(23), and Propo-
sition 2.2 can be obtained from (19), (23), and Lemma 1.2, we omit these proofs.



356

3 Global boundedness of the solution to the proposed
scheme

In this section, we show that, if the proposed scheme has a solution, then it satisfies
the global boundedness. Firstly, let us give definitions of the discrete L∞-norm and the
discrete Dirichlet semi-norm.

Definition 3.1. We define the discrete L∞-norm ∥ · ∥L∞
d

by

∥f∥L∞
d
:= max

k=0,1,...,K+1
|fk| for all f = {fk}K+1

k=0 ∈ RK+2.

For all f = {fk}K+1
k=0 ∈ RK+2, we define the discrete Dirichlet semi-norm ∥Df∥ of f by

∥Df∥ :=

√√√√ K∑
k=1

|δ+k fk|2 + |δ−k fk|2
2

∆x.

For the proof of the global boundedness of the numerical solution, we use the following
lemmas.

Lemma 3.1. The solution to the scheme (19)–(23) satisfies the following inequality:

∥∥DU (n)
∥∥ ≤

{
2

γ

(
Jd(U

(0)) + L

∣∣∣∣min

{
inf
ξ∈R

F (ξ), 0

}∣∣∣∣)} 1
2

(n = 0, 1, . . .). (24)

This lemma follows from the same argument as in Lemma 3.2 of [25].

Lemma 3.2 (Discrete Poincaré–Wirtinger inequality). For all f = {fk}K+1
k=0 ∈ RK+2, the

following inequality holds:∣∣∣∣∣fm − 1

L

K∑
k=1

fk∆x

∣∣∣∣∣ ≤ 2L
1
2 ∥Df∥ (m = 0, 1, . . . , K + 1). (25)

Proof. For any fixed m = 0, 1, . . . , K + 1, we see that

Lfm −
K∑
k=1

fk∆x = fm

K∑
k=1

∆x−
K∑
k=1

fk∆x =
K∑
k=1

(fm − fk)∆x. (26)

From the direct calculation, it is seen that

fm − fk =



m∑
l=k+1

δ−l fl∆x (m > k),

0 (m = k),
k∑

l=m+1

δ−l fl∆x (m < k)
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for k = 1, . . . , K. Hence, we have

|fm − fk| ≤
K+1∑
l=1

|δ−l fl|∆x =
K∑
l=1

|δ−l fl|∆x+
∣∣∣δ−l fl∣∣l=K+1

∣∣∣∆x

=
K∑
l=1

|δ−l fl|∆x+
∣∣∣δ+l fl∣∣l=K

∣∣∣∆x

≤
K∑
l=1

(
|δ+l fl|+ |δ−l fl|

)
∆x (k = 1, . . . , K). (27)

Using (26), (27), and the Hölder inequality, we obtain∣∣∣∣∣Lfm −
K∑
k=1

fk∆x

∣∣∣∣∣ ≤
K∑
k=1

|fm − fk|∆x

≤
K∑
l=1

(
|δ+l fl|+ |δ−l fl|

)
∆x

K∑
k=1

∆x

≤ L

(
K∑
l=1

12∆x

) 1
2
{

K∑
l=1

(
|δ+l fl|+ |δ−l fl|

)2
∆x

} 1
2

≤ L
3
2

{
4

K∑
l=1

|δ+l fl|2 + |δ−l fl|2

2
∆x

} 1
2

= 2L
3
2 ∥Df∥ .

Dividing both sides of the above inequality by L, we have (25).

Applying Lemma 3.2 to (24) and using the conservative property in Proposition 2.2, we
obtain the following global boundedness.

Theorem 3.1 (Global boundedness). The solution to the scheme (19)–(23) satisfies the
following inequality:

∥∥U (n)
∥∥
L∞
d

≤ 1

L

∣∣Md(U
(0))
∣∣+{8L

γ

(
Jd(U

(0)) + L

∣∣∣∣min

{
inf
ξ∈R

F (ξ), 0

}∣∣∣∣)}1
2

(n = 0, 1, . . .).

4 Existence and uniqueness of the solution for the
proposed scheme

In this section, using the energy method in [11,24,25,29–32], we give a sufficient condition
such that the proposed scheme (19)–(23) has a unique solution, as Theorem 4.1.
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4.1 Preparation

Let Ω be a domain in R. We define F̄ ′′ for F ∈ C2(Ω) and give several lemmas necessary
for the proof of the existence and uniqueness of the solution.

Definition 4.1. For a function F ∈ C2(Ω), we define F̄ ′′: Ω4 → R by

F̄ ′′(ξ, ξ̃; η, η̃) :=
d

d(ξ, ξ̃)

(
dF

d(·, η)
+

dF

d(·, η̃)

)

=


1

ξ − ξ̃

{(
dF

d(ξ, η)
+

dF

d(ξ, η̃)

)
−
(

dF

d(ξ̃, η)
+

dF

d(ξ̃, η̃)

)}
(ξ ̸= ξ̃),

∂ξ

(
dF

d(ξ, η)
+

dF

d(ξ, η̃)

)∣∣∣∣
ξ=ξ̃

(ξ = ξ̃)

for all (ξ, ξ̃, η, η̃) ∈ Ω4.

Since proofs of the following Lemmas 4.1, 4.2 can be found in [31], we omit them.

Lemma 4.1 ( [31, Lemma 2.4]). If F ∈ C2(Ω), then F̄ ′′ ∈ C(Ω4). Moreover, we have

∣∣∣F̄ ′′(ξ, ξ̃; η, η̃)
∣∣∣ ≤ sup

η,η̃∈Ω
sup
ξ∈Ω

∣∣∣∣ ∂∂ξ
(

dF

d(ξ, η)
+

dF

d(ξ, η̃)

)∣∣∣∣ ≤ sup
ξ∈Ω

|F ′′(ξ)|

for all (ξ, ξ̃, η, η̃) ∈ Ω4.

Lemma 4.2 ( [31, Proposition 2.5]). Assume that F ∈ C2(Ω). For any ξ, ξ̃, η, η̃ ∈ Ω,
we have

dF

d(ξ, η)
− dF

d(ξ̃, η̃)
=

1

2
F̄ ′′(ξ, ξ̃; η, η̃)(ξ − ξ̃) +

1

2
F̄ ′′(η, η̃; ξ, ξ̃)(η − η̃).

Lemma 4.3. For all f = {fk}K+1
k=0 , g = {gk}K+1

k=0 ∈ RK+2, the following inequality holds:

∥D(fg)∥ ≤ ∥f∥L∞
d
∥Dg∥+ ∥g∥L∞

d
∥Df∥ , (28)

where fg = {fkgk}K+1
k=0 ∈ RK+2.

Proof. By using the following decomposition:

ab− cd =
a+ c

2
(b− d) + (a− c)

b+ d

2
for all a, b, c, d ∈ R,
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we see that

∥D(fg)∥2

=
K∑
k=1

|δ+k (fkgk)|2 + |δ−k (fkgk)|2

2
∆x

=
1

2

K∑
k=1

{∣∣∣∣(δ+k fk)gk+1+gk
2

+
fk+1+fk

2
(δ+k gk)

∣∣∣∣2+∣∣∣∣(δ−k fk)gk+gk−1

2
+
fk+fk−1

2
(δ−k gk)

∣∣∣∣2
}
∆x

=
1

8

K∑
k=1

{
(δ+k fk)

2(gk+1 + gk)
2 + (δ−k fk)

2(gk + gk−1)
2
}
∆x

+
1

4

K∑
k=1

{
(δ+k fk)(gk+1+gk)(fk+1+fk)(δ

+
k gk) + (δ−k fk)(gk+gk−1)(fk+fk−1)(δ

−
k gk)

}
∆x

+
1

8

K∑
k=1

{
(fk+1 + fk)

2(δ+k gk)
2 + (fk + fk−1)

2(δ−k gk)
2
}
∆x. (29)

By using the inequality: (a+ b)2 ≤ 2(a2 + b2) for all a, b ∈ R, we have

1

8

K∑
k=1

{
(δ+k fk)

2(gk+1 + gk)
2 + (δ−k fk)

2(gk + gk−1)
2
}
∆x ≤ ∥g∥2L∞

d
∥Df∥2 , (30)

1

8

K∑
k=1

{
(fk+1 + fk)

2(δ+k gk)
2 + (fk + fk−1)

2(δ−k gk)
2
}
∆x ≤ ∥f∥2L∞

d
∥Dg∥2 . (31)

Furthermore, by the fundamental inequality:

K∑
k=1

(akbk + ckdk) ≤

√√√√ K∑
k=1

(a2k + c2k)

√√√√ K∑
k=1

(b2k + d2k) (32)

for all {ak}Kk=1, {bk}Kk=1, {ck}Kk=1, {dk}Kk=1 ∈ RK , we are led to

1

4

K∑
k=1

{
(δ+k fk)(gk+1+gk)(fk+1+fk)(δ

+
k gk) + (δ−k fk)(gk+gk−1)(fk+fk−1)(δ

−
k gk)

}
∆x

≤ 1

4

√√√√ K∑
k=1

{
(δ+k fk)

2(gk+1 + gk)2 + (δ−k fk)
2(gk + gk−1)2

}
∆x

×

√√√√ K∑
k=1

{
(fk+1 + fk)2(δ

+
k gk)

2 + (fk + fk−1)2(δ
−
k gk)

2
}
∆x

≤ ∥g∥L∞
d
∥f∥L∞

d

√√√√ K∑
k=1

{
(δ+k fk)

2 + (δ−k fk)
2
}
∆x

√√√√ K∑
k=1

{
(δ+k gk)

2 + (δ−k gk)
2
}
∆x

= 2∥g∥L∞
d
∥Df∥ ∥f∥L∞

d
∥Dg∥ . (33)
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From (29)–(33), we obtain

∥D(fg)∥2 ≤ ∥g∥2L∞
d
∥Df∥2 + 2∥g∥L∞

d
∥Df∥ ∥f∥L∞

d
∥Dg∥+ ∥f∥2L∞

d
∥Dg∥2

= (∥f∥L∞
d
∥Dg∥+ ∥g∥L∞

d
∥Df∥)2.

Namely, we have (28).

Lemma 4.4. Assume that F ∈ C3(Ω). For any f1 = {f1,k}K+1
k=0 , f2 = {f2,k}K+1

k=0 , f3 =
{f3,k}K+1

k=0 , f4 = {f4,k}K+1
k=0 ∈ RK+2, all the elements of which are in Ω, we have

∥∥DF̄ ′′(f1,f2;f3,f4)
∥∥ ≤ 1

6
sup
ξ∈Ω

|F ′′′(ξ)| (2 ∥Df1∥+2 ∥Df2∥+∥Df3∥+∥Df4∥) .

Proof. Let us define

H(ξ, η, ζ) :=
d

d(ξ, η)

(
dF

d(·, ζ)

)

=


1

ξ − η

(
dF

d(ξ, ζ)
− dF

d(η, ζ)

)
(ξ ̸= η),

∂ξ

(
dF

d(ξ, ζ)

)∣∣∣∣
ξ=η

(ξ = η)

for all ξ, η, ζ ∈ Ω. Namely, for any fixed f1 = {f1,k}K+1
k=0 , f2 = {f2,k}K+1

k=0 , f3 = {f3,k}K+1
k=0 ,

f4 = {f4,k}K+1
k=0 ∈ RK+2, all the elements of which are in Ω, we see that

F̄ ′′(f1,k, f2,k; f3,k, f4,k) =
d

d(f1,k, f2,k)

(
dF

d(·, f3,k)
+

dF

d(·, f4,k)

)
= H(f1,k, f2,k, f3,k) +H(f1,k, f2,k, f4,k) (k = 0, 1, . . . , K,K + 1).

(34)

Moreover, it holds that

δ+k H(f1,k, f2,k, f3,k) = (δ+k f1,k)
d

d(f1,k+1, f1,k)
H(·, f2,k+1, f3,k+1)

+ (δ+k f2,k)
d

d(f2,k+1, f2,k)
H(f1,k, ·, f3,k+1)

+ (δ+k f3,k)
d

d(f3,k+1, f3,k)
H(f1,k, f2,k, ·) (k = 1, . . . , K),

δ−k H(f1,k, f2,k, f3,k) = (δ−k f1,k)
d

d(f1,k, f1,k−1)
H(·, f2,k, f3,k)

+ (δ−k f2,k)
d

d(f2,k, f2,k−1)
H(f1,k−1, ·, f3,k)

+ (δ−k f3,k)
d

d(f3,k, f3,k−1)
H(f1,k−1, f2,k−1, ·) (k = 1, . . . , K).
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From now on, to avoid complications, we use the following expressions:

H1,k :=
d

d(f1,k, f1,k−1)
H(·, f2,k, f3,k) (k = 1, . . . , K),

H2,k :=
d

d(f2,k, f2,k−1)
H(f1,k−1, ·, f3,k) (k = 1, . . . , K),

H3,k :=
d

d(f3,k, f3,k−1)
H(f1,k−1, f2,k−1, ·) (k = 1, . . . , K).

Hence, we have

|δ+k H(f1,k, f2,k, f3,k)|2 + |δ−k H(f1,k, f2,k, f3,k)|2

2

=
1

2

{
|δ+k f1,k|

2 |H1,k+1|2 + |δ+k f2,k|
2 |H2,k+1|2 + |δ+k f3,k|

2 |H3,k+1|2
}

+
1

2

{
|δ−k f1,k|

2 |H1,k|2 + |δ−k f2,k|
2|H2,k|2 + |δ−k f3,k|

2 |H3,k|2
}

+ (δ+k f1,k)H1,k+1(δ
+
k f2,k)H2,k+1 + (δ−k f1,k)H1,k(δ

−
k f2,k)H2,k

+ (δ+k f2,k)H2,k+1(δ
+
k f3,k)H3,k+1 + (δ−k f2,k)H2,k(δ

−
k f3,k)H3,k

+ (δ+k f3,k)H3,k+1(δ
+
k f1,k)H1,k+1 + (δ−k f3,k)H3,k(δ

−
k f1,k)H1,k.

By the fundamental inequality (32), we obtain
K∑
k=1

{
(δ+k f1,k)H1,k+1(δ

+
k f2,k)H2,k+1 + (δ−k f1,k)H1,k(δ

−
k f2,k)H2,k

}
∆x

≤

{
K∑
k=1

(
|δ+k f1,k|

2 |H1,k+1|2 + |δ−k f1,k|
2 |H1,k|2

)
∆x

} 1
2

×

{
K∑
k=1

(
|δ+k f2,k|

2 |H2,k+1|2 + |δ−k f2,k|
2 |H2,k|2

)
∆x

} 1
2

.

Using the mean value theorem, we get

H1,k+1 ≤ sup
η,ζ∈Ω

sup
ξ∈Ω

|∂ξH(ξ, η, ζ)|, H1,k ≤ sup
η,ζ∈Ω

sup
ξ∈Ω

|∂ξH(ξ, η, ζ)| (k = 1, . . . , K).

Thus, we have{
K∑
k=1

(
|δ+k f1,k|

2 |H1,k+1|2 + |δ−k f1,k|
2 |H1,k|2

)
∆x

} 1
2

≤
√
2

(
sup
η,ζ∈Ω

sup
ξ∈Ω

|∂ξH(ξ, η, ζ)|
)
∥Df1∥.

Similarly, we obtain{
K∑
k=1

(
|δ+k f2,k|

2 |H2,k+1|2 + |δ−k f2,k|
2 |H2,k|2

)
∆x

} 1
2

≤
√
2

(
sup
ξ,ζ∈Ω

sup
η∈Ω

|∂ηH(ξ, η, ζ)|
)
∥Df2∥.
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Hence, we are led to
K∑
k=1

{
(δ+k f1,k)H1,k+1(δ

+
k f2,k)H2,k+1 + (δ−k f1,k)H1,k(δ

−
k f2,k)H2,k

}
∆x

≤ 2

(
sup
η,ζ∈Ω

sup
ξ∈Ω

|∂ξH(ξ, η, ζ)|
)
∥Df1∥

(
sup
ξ,ζ∈Ω

sup
η∈Ω

|∂ηH(ξ, η, ζ)|
)
∥Df2∥.

In the same manner, we obtain
K∑
k=1

{
(δ+k f2,k)H2,k+1(δ

+
k f3,k)H3,k+1 + (δ−k f2,k)H2,k(δ

−
k f3,k)H3,k

}
∆x

≤ 2

(
sup
ξ,ζ∈Ω

sup
η∈Ω

|∂ηH(ξ, η, ζ)|
)
∥Df2∥

(
sup
ξ,η∈Ω

sup
ζ∈Ω

|∂ζH(ξ, η, ζ)|
)
∥Df3∥,

K∑
k=1

{
(δ+k f3,k)H3,k(δ

+
k f1,k)H1,k + (δ−k f3,k)H3,k(δ

−
k f1,k)H1,k

}
∆x

≤ 2

(
sup
ξ,η∈Ω

sup
ζ∈Ω

|∂ζH(ξ, η, ζ)|
)
∥Df3∥

(
sup
η,ζ∈Ω

sup
ξ∈Ω

|∂ξH(ξ, η, ζ)|
)
∥Df1∥.

Thus, we have
K∑
k=1

|δ+k H(f1,k, f2,k, f3,k)|2 + |δ−k H(f1,k, f2,k, f3,k)|2

2
∆x

≤
(
sup
η,ζ∈Ω

sup
ξ∈Ω

|∂ξH(ξ, η, ζ)|
)2

∥Df1∥2 +
(
sup
ξ,ζ∈Ω

sup
η∈Ω

|∂ηH(ξ, η, ζ)|
)2

∥Df2∥2

+

(
sup
ξ,η∈Ω

sup
ζ∈Ω

|∂ζH(ξ, η, ζ)|
)2

∥Df3∥2 + 2

{(
sup
η,ζ∈Ω

sup
ξ∈Ω

|∂ξH(ξ, η, ζ)|
)
∥Df1∥

×
(
sup
ξ,ζ∈Ω

sup
η∈Ω

|∂ηH(ξ, η, ζ)|
)
∥Df2∥+

(
sup
ξ,ζ∈Ω

sup
η∈Ω

|∂ηH(ξ, η, ζ)|
)
∥Df2∥

×
(
sup
ξ,η∈Ω

sup
ζ∈Ω

|∂ζH(ξ, η, ζ)|
)
∥Df3∥+

(
sup
ξ,η∈Ω

sup
ζ∈Ω

|∂ζH(ξ, η, ζ)|
)
∥Df3∥

×
(
sup
η,ζ∈Ω

sup
ξ∈Ω

|∂ξH(ξ, η, ζ)|
)
∥Df1∥

}

=

{(
sup
η,ζ∈Ω

sup
ξ∈Ω

|∂ξH(ξ, η, ζ)|
)
∥Df1∥+

(
sup
ξ,ζ∈Ω

sup
η∈Ω

|∂ηH(ξ, η, ζ)|
)
∥Df2∥

+

(
sup
ξ,η∈Ω

sup
ζ∈Ω

|∂ζH(ξ, η, ζ)|
)
∥Df3∥

}2

.

Namely, it holds that

∥DH(f1,f2,f3)∥ ≤
(
sup
η,ζ∈Ω

sup
ξ∈Ω

|∂ξH(ξ, η, ζ)|
)
∥Df1∥+

(
sup
ξ,ζ∈Ω

sup
η∈Ω

|∂ηH(ξ, η, ζ)|
)
∥Df2∥

+

(
sup
ξ,η∈Ω

sup
ζ∈Ω

|∂ζH(ξ, η, ζ)|
)
∥Df3∥.
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From the same argument as the proof of Lemma 2.6 in [31], we have

sup
ξ∈Ω

|∂ξH(ξ, η, ζ)| ≤ 1

6
sup
s∈Ω

|F ′′′(s)| for all η, ζ ∈ Ω,

sup
η∈Ω

|∂ηH(ξ, η, ζ)| ≤ 1

6
sup
s∈Ω

|F ′′′(s)| for all ξ, ζ ∈ Ω,

sup
ζ∈Ω

|∂ζH(ξ, η, ζ)| ≤ 1

6
sup
s∈Ω

|F ′′′(s)| for all ξ, η ∈ Ω.

Therefore, we obtain

∥DH(f1,f2,f3)∥ ≤ 1

6
sup
ξ∈Ω

|F ′′′(ξ)|(∥Df1∥+ ∥Df2∥+ ∥Df3∥). (35)

Similarly, we get

∥DH(f1,f2,f4)∥ ≤ 1

6
sup
ξ∈Ω

|F ′′′(ξ)|(∥Df1∥+ ∥Df2∥+ ∥Df4∥). (36)

Hence, from (34), (35), and (36), we conclude that∥∥DF̄ ′′(f1,f2;f3,f4)
∥∥ ≤ ∥DH(f1,f2,f3)∥+ ∥DH(f1,f2,f4)∥

≤ 1

6
sup
ξ∈Ω

|F ′′′(ξ)|(2∥Df1∥+ 2∥Df2∥+ ∥Df3∥+ ∥Df4∥).

This completes the proof.

At the end of this subsection, we mention about the elementary lemma from the matrix
theory. This lemma will be applied in the proof of Theorem 4.1.

Lemma 4.5. Let A be an arbitrary n×n Hermitian positive semi-definite matrix and let
B be an arbitrary n× n Hermitian positive definite matrix. Then, the eigenvalues of AB
are all real and nonnegative.

4.2 Existence and uniqueness of the solution
Theorem 4.1. Assume that the potential function F is in C3. For any given U (0) =

{U (0)
k }K+1

k=0 ∈ RK+2, let

B0 :=

{
2

γ

(
Jd(U

(0)) + L

∣∣∣∣min

{
inf
ξ∈R

F (ξ), 0

}∣∣∣∣)} 1
2

, B̃0 :=
1

L

∣∣Md(U
(0))
∣∣+ 2L

1
2B0.

If ∆t satisfies

max

{
3

2
max

|ξ|≤2B̃0

|F ′′(ξ)|, 1

2
max

|ξ|≤2B̃0

|F ′′(ξ)|+ 5L
1
2B0

3
max

|ξ|≤2B̃0

|F ′′′(ξ)|

}√
∆t

2γ
< 1, (37)

then there exists a unique solution {U (n)
k }K+1

k=0 ∈ RK+2 (n = 1, 2, . . .) of (19)–(23).

Remark 4.1. The condition (37) is independent of the space mesh size ∆x. It is the
first advantage of our numerical method. Additionally, (37) can be derived explicitly with
respect to ∆t. It is the second advantage.
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Proof. We show the existence of U (n+1) = {U (n+1)
k }K+1

k=0 ∈ RK+2 for any given U (n) =

{U (n)
k }K+1

k=0 ∈ RK+2 satisfying (19)–(23). For the purpose, we define the nonlinear mapping
Ψ: {Uk}K+1

k=0 7→ {Ũk}K+1
k=0 by

Ũk − U
(n)
k

∆t
= δ

⟨2⟩
k P̃

(n)
k (k = 1, . . . , K), (38)

P̃
(n)
k = −γδ

⟨2⟩
k

(
Ũk + U

(n)
k

2

)
+

dF

d(Uk, U
(n)
k )

(k = 1, . . . , K), (39)

µ+
k Ũk

∣∣∣
k=0

− µ+
k U

(n)
k

∣∣∣
k=0

∆t
= δ+k

(
Ũk + U

(n)
k

2

)∣∣∣∣∣
k=0

, (40)

µ−
k Ũk

∣∣∣
k=K+1

− µ−
k U

(n)
k

∣∣∣
k=K+1

∆t
= − δ

⟨1⟩
k

(
Ũk + U

(n)
k

2

)∣∣∣∣∣
k=K

, (41)

δ+k P̃
(n)
k

∣∣∣
k=0

= δ−k P̃
(n)
k

∣∣∣
k=K+1

= 0. (42)

First, we show that the mapping Ψ is well-defined. For any fixed U = {Uk}K+1
k=0 ∈ RK+2,

from (40) and (41), Ũ0 and ŨK+1 can be explicitly written as
Ũ0 = αŨ1 − αU

(n)
0 + U

(n)
1 , (43)

ŨK+1 = αŨK + U
(n)
K − αU

(n)
K+1, (44)

where α is defined by

α :=

1

∆x
− 1

∆t
1

∆x
+

1

∆t

.

Thus, it is sufficient to show that Ũk (k = 1, . . . , K) can be explicitly written by given
U and U (n). Using (42)–(44), we eliminate Ũ0, ŨK+1, P̃ (n)

0 , and P̃
(n)
K+1 in (38) and (39).

Thus, we have
Ũ1 − U

(n)
1

∆t
=

1

(∆x)2

(
P̃

(n)
2 − P̃

(n)
1

)
, (45)

Ũk − U
(n)
k

∆t
= δ

⟨2⟩
k P̃

(n)
k (k = 2, . . . , K − 1), (46)

ŨK − U
(n)
K

∆t
=

1

(∆x)2

(
P̃

(n)
K−1 − P̃

(n)
K

)
, (47)

P̃
(n)
0 =− γ

2(∆x)2

{
Ũ2−(2−α)Ũ1

}
− γ

2(∆x)2
(U

(n)
1 −αU

(n)
0 )− γ

2
δ
⟨2⟩
k U

(n)
k

∣∣∣
k=1

+
dF

d(U1, U
(n)
1 )

,

(48)

P̃
(n)
k = −γδ

⟨2⟩
k

(
Ũk + U

(n)
k

2

)
+

dF

d(Uk, U
(n)
k )

(k = 2, . . . , K − 1), (49)

P̃
(n)
K =− γ

2(∆x)2

{
ŨK−1−(2−α)ŨK

}
− γ

2(∆x)2
(U

(n)
K −αU

(n)
K+1)−

γ

2
δ
⟨2⟩
k U

(n)
k

∣∣∣
k=K

+
dF

d(UK , U
(n)
K )

.

(50)
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Here, we give the following matrix expression of (45)–(50):

AŨ = f(U ,U (n)).

By using (48)–(50), we eliminate P̃
(n)
k in (45)–(47). Then, the K ×K matrix A is defined

by

A := I + β



3− α −3 1
−(4− α) 6 −4 1

1 −4 6 −4 1
1 −4 6 −4 1

. . . . . . . . . . . . . . .
1 −4 6 −4 1

1 −4 6 −4 1
1 −4 6 −(4− α)

1 −3 3− α


,

where β is defined by β := (γ∆t)/(2(∆x)4). Also, f is a K-dimensional vector consisting
only of U and U (n). The concrete definition of f is omitted here since it does not concern
the essence of the following proof. If the matrix A is nonsingular, then the mapping Ψ is
well-defined. In fact, A is nonsingular. For the purpose, we show that the determinant of
A is positive. Firstly, let us define the K ×K matrix D̃2 by

D̃2 :=


−2 + α 1

1 −2 1
. . . . . . . . .

1 −2 1
1 −2 + α

 .

Then, we obtain

D2D̃2 =



3− α −3 1
−(4− α) 6 −4 1

1 −4 6 −4 1
1 −4 6 −4 1

. . . . . . . . . . . . . . .
1 −4 6 −4 1

1 −4 6 −4 1
1 −4 6 −(4− α)

1 −3 3− α


.

Namely, A = I + βD2D̃2. Moreover, −D2 is a symmetric positive semi-definite matrix,
and −D̃2 is a symmetric positive definite matrix. Actually, for any non-zero vector x =
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(x1, x2, . . . , xK)
⊤ ∈ RK , it holds that

(−D̃2)x =



(2− α)x1 − x2

−x1 + 2x2 − x3

−x2 + 2x3 − x4
...

−xK−3 + 2xK−2 − xK−1

−xK−2 + 2xK−1 − xK

−xK−1 + (2− α)xK


.

Furthermore, we have α < 1 from ∆t > 0. Thus, we obtain

x⊤(−D̃2)x

= (2− α)x2
1 − x1x2 − x1x2 + 2x2

2 − x2x3 − x2x3 + 2x2
3 − x3x4 − · · ·

· · ·−xK−3xK−1+2x2
K−2−xK−2xK−1−xK−2xK−1+2x2

K−1−xK−1xK−xK−1xK+(2−α)x2
K

= (1− α)x2
1 + (x1 − x2)

2 + (x2 − x3)
2 + · · ·

· · ·+ (xK−2 − xK−1)
2 + (xK−1 − xK)

2 + (1− α)x2
K ≥ 0.

Suppose that x⊤(−D̃2)x = 0. Then, we get x1 = · · · = xK = 0. This is contradictory
to x ̸= 0. Namely, −D̃2 is positive definite. Similarly, by the direct calculation, we
can see that −D2 is positive semi-definite. Therefore, from Lemma 4.5, eigenvalues of
D2D̃2 = (−D2)(−D̃2) are all real and nonnegative. Hence, eigenvalues of A are all
positive from two facts that eigenvalues of D2D̃2 are all real and nonnegative and that β
is positive. Thus, it is clear that A is nonsingular.

Next, we prove the existence and uniqueness of the solution to the proposed scheme
by the fixed-point theorem for a contraction mapping. For the purpose, we define the
mapping Θ : RK+2 → RK+2 by

Θ(V ) := V +
1

L
Md(U

(0))1 for all V ∈ RK+2, (51)

where 1 := (1, 1, . . . , 1)⊤ ∈ RK+2. Then, its inverse mapping Θ−1 is written as

Θ−1 (V ) = V − 1

L
Md(U

(0))1 for all V ∈ RK+2. (52)

Let us define the mapping Φ : RK+2 → RK+2 by

Φ (V ) := (Θ−1 ◦Ψ ◦Θ)(V ) = Θ−1 (Ψ (Θ (V ))) for all V ∈ RK+2. (53)

Moreover, let
X0 :=

{
f ∈ RK+2; ∥Df∥ ≤ 2B0, Md(f) = 0

}
.

We show that Φ is a contraction mapping on X0 under the assumption (37) on ∆t. If Φ
is a contraction mapping, Φ has a unique fixed-point V ∗ in the closed ball X0 from the
Banach fixed point theorem. That is, V ∗ satisfies Φ(V ∗) = V ∗. From (52) and (53), we
have

Φ(V ∗) = Θ−1 (Ψ (Θ (V ∗))) = Ψ (Θ (V ∗))− 1

L
Md(U

(0))1. (54)
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Furthermore, from (51), we obtain

V ∗ = Θ(V ∗)− 1

L
Md(U

(0))1. (55)

Hence, from (54) and (55), it holds that Ψ(Θ (V ∗)) = Θ (V ∗). Namely, Θ(V ∗) is the
solution U (n+1) to the scheme (19)–(23). Firstly, we show that Φ(X0) ⊂ X0. For the
purpose, we check ∥D(Φ(V ))∥ ≤ 2B0 and Md(Φ(V )) = 0 for any fixed V ∈ X0. Let
U := Θ(V ). Then, from (51), we have

Uk = Vk +
1

L
Md(U

(0)) (k = 0, 1, . . . , K,K + 1). (56)

Hence, it holds that

δ+k Uk = δ+k

(
Vk +

1

L
Md(U

(0))

)
= δ+k Vk (k = 1, . . . , K), (57)

δ−k Uk = δ−k

(
Vk +

1

L
Md(U

(0))

)
= δ−k Vk (k = 1, . . . , K). (58)

Let us define Ũ := Ψ(U) and Ṽ := Φ(V ) = Θ−1(Ũ). Then, from (52), we obtain

Ṽk = Ũk −
1

L
Md(U

(0)) (k = 0, 1, . . . , K,K + 1). (59)

Hence, we have

δ+k Ṽk = δ+k

(
Ũk −

1

L
Md(U

(0))

)
= δ+k Ũk (k = 1, . . . , K), (60)

δ−k Ṽk = δ−k

(
Ũk −

1

L
Md(U

(0))

)
= δ−k Ũk (k = 1, . . . , K). (61)

In addition, it follows from (38), (42), Lemma 1.2, and Proposition 2.2 that

Md(Ũ) =
K∑
k=1

Ũk∆x =
K∑
k=1

U
(n)
k ∆x+∆t

K∑
k=1

δ
⟨2⟩
k P̃

(n)
k ∆x

= Md(U
(n)) + ∆t

(
δ−k P̃

(n)
k

∣∣∣
k=K+1

− δ+k P̃
(n)
k

∣∣∣
k=0

)
= Md(U

(0)).

Thus, it holds from (59) and the above inequality that

Md(Ṽ ) =
K∑
k=1

Ṽk∆x =
K∑
k=1

(
Ũk −

1

L
Md(U

(0))

)
∆x = Md(Ũ)−Md(U

(0)) = 0.

Therefore, all that is left is to show ∥DṼ ∥ ≤ 2B0. By using Lemma 2.1 and the Young
inequality: ab ≤ (ε/2)a2+(1/(2ε))b2 for all a, b ∈ R and ε > 0, we obtain from (38)–(42)
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1

2∆t

(∥∥∥DŨ
∥∥∥2 − ∥∥DU (n)

∥∥2)

=
K∑
k=1

{
δ+k

(
Ũk + U

(n)
k

2

)}{
δ+k

(
Ũk − U

(n)
k

∆t

)}
+

{
δ−k

(
Ũk + U

(n)
k

2

)}{
δ−k

(
Ũk − U

(n)
k

∆t

)}
2

∆x

= −
K∑
k=1

{
δ
⟨2⟩
k

(
Ũk+U

(n)
k

2

)}
Ũk−U

(n)
k

∆t
∆x+

{
δ−k

(
Ũk+U

(n)
k

2

)∣∣∣∣∣
k=K+1

}{
µ−
k

(
Ũk−U

(n)
k

∆t

)∣∣∣∣∣
k=K+1

}

−

{
δ+k

(
Ũk+U

(n)
k

2

)∣∣∣∣∣
k=0

}{
µ+
k

(
Ũk−U

(n)
k

∆t

)∣∣∣∣∣
k=0

}

= −1

γ

K∑
k=1

(
−P̃

(n)
k +

dF

d(Uk, U
(n)
k )

)(
δ
⟨2⟩
k P̃

(n)
k

)
∆x−

∣∣∣∣∣δ−k
(
Ũk+U

(n)
k

2

)∣∣∣∣∣
k=K+1

∣∣∣∣∣
2

−

∣∣∣∣∣δ+k
(
Ũk+U

(n)
k

2

)∣∣∣∣∣
k=0

∣∣∣∣∣
2

≤ −1

γ

K∑
k=1

(
δ
⟨2⟩
k P̃

(n)
k

)(
−P̃

(n)
k +

dF

d(Uk, U
(n)
k )

)
∆x

=
1

γ

K∑
k=1

(
δ+k P̃

(n)
k

){
δ+k

(
−P̃

(n)
k +

dF

d(Uk, U
(n)
k )

)}
+
(
δ−k P̃

(n)
k

){
δ−k

(
−P̃

(n)
k +

dF

d(Uk, U
(n)
k )

)}
2

∆x

− 1

γ

(
δ−k P̃

(n)
k

∣∣∣
k=K+1

){
µ−
k

(
−P̃

(n)
k +

dF

d(Uk, U
(n)
k )

)∣∣∣∣∣
k=K+1

}

− 1

γ

(
δ+k P̃

(n)
k

∣∣∣
k=0

){
µ+
k

(
−P̃

(n)
k +

dF

d(Uk, U
(n)
k )

)∣∣∣∣∣
k=0

}

= −1

γ

∥∥∥DP̃ (n)
∥∥∥2+ 1

γ

K∑
k=1

(
δ+k P̃

(n)
k

){
δ+k

(
dF

d(Uk, U
(n)
k )

)}
+
(
δ−k P̃

(n)
k

){
δ−k

(
dF

d(Uk, U
(n)
k )

)}
2

∆x

≤ −1

γ

∥∥∥DP̃ (n)
∥∥∥2

+
1

2γ

K∑
k=1

∣∣∣δ+k P̃ (n)
k

∣∣∣2+1

4

∣∣∣∣∣δ+k
(

dF

d(Uk, U
(n)
k )

)∣∣∣∣∣
2

+
∣∣∣δ−k P̃ (n)

k

∣∣∣2+1

4

∣∣∣∣∣δ−k
(

dF

d(Uk, U
(n)
k )

)∣∣∣∣∣
2
∆x

=
1

4γ

∥∥∥∥D( dF

d(U ,U (n))

)∥∥∥∥2 .
Consequently, using the triangle inequality:

√
a2 + b2 ≤ |a|+ |b| for all a, b ∈ R, we get

∥∥∥DŨ
∥∥∥ ≤

∥∥DU (n)
∥∥+√∆t

2γ

∥∥∥∥D( dF

d (U ,U (n))

)∥∥∥∥ . (62)

Thus, from (60), (61), and (62), it is sufficient to show that the right-hand side of (62) is
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not greater than 2B0. For k = 1, . . . , K, using Lemma 4.2, we have

δ+k

(
dF

d(Uk, U
(n)
k )

)
=

1

2
F̄ ′′(Uk+1, Uk;U

(n)
k+1, U

(n)
k )δ+k Uk +

1

2
F̄ ′′(U

(n)
k+1, U

(n)
k ;Uk+1, Uk)δ

+
k U

(n)
k ,

(63)

δ−k

(
dF

d(Uk, U
(n)
k )

)
=

1

2
F̄ ′′(Uk, Uk−1;U

(n)
k , U

(n)
k−1)δ

−
k Uk +

1

2
F̄ ′′(U

(n)
k , U

(n)
k−1;Uk, Uk−1)δ

−
k U

(n)
k .

(64)

From the same argument as in the proof of Lemma 4.3, by using (63), (64), and the
fundamental inequality (32), we have∥∥∥∥D( dF

d (U ,U (n))

)∥∥∥∥2
=

1

2

K∑
k=1

(∣∣∣∣12 F̄ ′′(Uk+1, Uk;U
(n)
k+1, U

(n)
k )δ+k Uk +

1

2
F̄ ′′(U

(n)
k+1, U

(n)
k ;Uk+1, Uk)δ

+
k U

(n)
k

∣∣∣∣2
+

∣∣∣∣12 F̄ ′′(Uk, Uk−1;U
(n)
k , U

(n)
k−1)δ

−
k Uk +

1

2
F̄ ′′(U

(n)
k , U

(n)
k−1;Uk, Uk−1)δ

−
k U

(n)
k

∣∣∣∣2
)
∆x

≤ 1

4

{(
max

k=1,...,K+1

∣∣∣F̄ ′′(Uk, Uk−1;U
(n)
k , U

(n)
k−1)

∣∣∣) ∥DU∥

+

(
max

k=1,...,K+1

∣∣∣F̄ ′′(U
(n)
k , U

(n)
k−1;Uk, Uk−1)

∣∣∣) ∥∥DU (n)
∥∥}2

.

Namely, we have∥∥∥∥D( dF

d (U ,U (n))

)∥∥∥∥ ≤ 1

2

(
max

k=1,...,K+1

∣∣∣F̄ ′′(Uk, Uk−1;U
(n)
k , U

(n)
k−1)

∣∣∣) ∥DU∥

+
1

2

(
max

k=1,...,K+1

∣∣∣F̄ ′′(U
(n)
k , U

(n)
k−1;Uk, Uk−1)

∣∣∣) ∥∥DU (n)
∥∥ .

Next, we consider |F̄ ′′(Uk, Uk−1;U
(n)
k , U

(n)
k−1)| and |F̄ ′′(U

(n)
k , U

(n)
k−1;Uk, Uk−1)|. It follows from

Lemma 3.2 that
∥U∥L∞

d
≤ 1

L
|Md(U)|+ 2L

1
2 ∥DU∥ .

Since it holds from V ∈ X0 that Md(V ) = 0, we see from (56) that

Md(U) =
K∑
k=1

Uk∆x = Md(V ) +Md(U
(0)) = Md(U

(0)).

Because it holds from V ∈ X0, (57), and (58) that ∥DU∥ = ∥DV ∥ ≤ 2B0, we obtain

∥U∥L∞
d
≤ 1

L
|Md(U)|+ 4L

1
2B0 ≤

1

L

∣∣Md(U
(0))
∣∣+ 4L

1
2B0 ≤ 2B̃0.
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Also, using Theorem 3.1, we get ∥U (n)∥L∞
d
≤ B̃0. Therefore, from Lemma 4.1, we obtain∣∣∣F̄ ′′(Uk, Uk−1;U

(n)
k , U

(n)
k−1)

∣∣∣ ≤ max
|ξ|≤2B̃0

|F ′′(ξ)| (k = 1, . . . , K + 1),∣∣∣F̄ ′′(U
(n)
k , U

(n)
k−1;Uk, Uk−1)

∣∣∣ ≤ max
|ξ|≤2B̃0

|F ′′(ξ)| (k = 1, . . . , K + 1).

Hence, it holds that∥∥∥∥D( dF

d(U ,U (n))

)∥∥∥∥ ≤ 1

2
max

|ξ|≤2B̃0

|F ′′(ξ)|
(
∥DU∥+ ∥DU (n)∥

)
. (65)

Consequently, using (62), (65), and Lemma 3.1, the following estimate holds:

∥∥∥DŨ
∥∥∥ ≤ B0 +

3 max
|ξ|≤2B̃0

|F ′′(ξ)|

2

√
∆t

2γ
B0.

Now, from (60), (61), and the assumption (37), we have ∥DṼ ∥ = ∥DŨ∥ ≤ 2B0. From
the above, it holds that Φ(V ) = Ṽ ∈ X0, i.e., Φ(X0) ⊂ X0. Next, we prove that Φ is
contractive. For any V1,V2 ∈ X0, let U1 := Θ(V1) and U2 := Θ(V2). From (51), it holds
that

Ui,k = Vi,k +
1

L
Md(U

(0)) (k = 0, 1, . . . , K,K + 1, i = 1, 2). (66)

It follows from (66) that

δ+k Ui,k = δ+k

(
Vi,k +

1

L
Md(U

(0))

)
= δ+k Vi,k (k = 1, . . . , K, i = 1, 2), (67)

δ−k Ui,k = δ−k

(
Vi,k +

1

L
Md(U

(0))

)
= δ−k Vi,k (k = 1, . . . , K, i = 1, 2). (68)

Furthermore, from (66) and Vi ∈ X0 (i = 1, 2), we have

Md(Ui) =
K∑
k=1

Ui,k∆x = Md(Vi) +Md(U
(0)) = Md(U

(0)) (i = 1, 2). (69)

Moreover, it follows from U1,k − U2,k = V1,k − V2,k (k = 0, 1, . . . , K,K + 1) that ∥D(U1 −
U2)∥ = ∥D(V1 − V2)∥. Now, let us define Ũi := Ψ(Ui) and Ṽi := Φ(Vi) = Θ−1(Ũi) (i =
1, 2). Then, from (52), we have

Ṽi,k = Ũi,k −
1

L
Md(U

(0)) (k = 0, 1, . . . , K,K + 1, i = 1, 2).

Hence, it holds that Ṽ1,k − Ṽ2,k = Ũ1,k − Ũ2,k (k = 0, 1 . . . , K,K + 1). Namely, ∥D(Ṽ1 −
Ṽ2)∥ = ∥D(Ũ1 − Ũ2)∥. Now, from the definition of Ψ, the vector Ũi = Ψ(Ui) satisfies
(38)–(42) (i = 1, 2). Subtracting these relations, we obtain
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Ũ1,k − Ũ2,k

∆t
= δ

⟨2⟩
k

(
P̃

(n)
1,k − P̃

(n)
2,k

)
(k = 1, . . . , K), (70)

δ
⟨2⟩
k

(
Ũ1,k−Ũ2,k

)
=

2

γ

{
−
(
P̃

(n)
1,k −P̃

(n)
2,k

)
+

(
dF

d(U1,k, U
(n)
k )

− dF

d(U2,k, U
(n)
k )

)}
(k = 1, . . . , K),

(71)
µ+
k Ũ1,k

∣∣∣
k=0

− µ+
k Ũ2,k

∣∣∣
k=0

∆t
= δ+k

(
Ũ1,k − Ũ2,k

2

)∣∣∣∣∣
k=0

, (72)

µ−
k Ũ1,k

∣∣∣
k=K+1

− µ−
k Ũ2,k

∣∣∣
k=K+1

∆t
= − δ−k

(
Ũ1,k − Ũ2,k

2

)∣∣∣∣∣
k=K+1

, (73)

δ+k

(
P̃

(n)
1,k − P̃

(n)
2,k

)∣∣∣
k=0

= δ−k

(
P̃

(n)
1,k − P̃

(n)
2,k

)∣∣∣
k=K+1

= 0. (74)

From Lemma 1.1, (70)–(74), and the Young inequality, we have∥∥∥D(Ũ1 − Ũ2)
∥∥∥2

= −
K∑
k=1

{
δ
⟨2⟩
k

(
Ũ1,k−Ũ2,k

)}(
Ũ1,k−Ũ2,k

)
∆x+

{
δ−k

(
Ũ1,k−Ũ2,k

)∣∣∣
k=K+1

}{
µ−
k

(
Ũ1,k−Ũ2,k

)∣∣∣
k=K+1

}
−
{
δ+k

(
Ũ1,k−Ũ2,k

)∣∣∣
k=0

}{
µ+
k

(
Ũ1,k−Ũ2,k

)∣∣∣
k=0

}
=

2∆t

γ

K∑
k=1

(
P̃

(n)
1,k − P̃

(n)
2,k

){
δ
⟨2⟩
k

(
P̃

(n)
1,k − P̃

(n)
2,k

)}
∆x

− 2∆t

γ

K∑
k=1

(
dF

d(U1,k, U
(n)
1,k)

− dF

d(U2,k, U
(n)
2,k)

){
δ
⟨2⟩
k

(
P̃

(n)
1,k−P̃

(n)
2,k

)}
∆x

− 2

∆t

∣∣∣∣µ−
k

(
Ũ1,k−Ũ2,k

)∣∣∣
k=K+1

∣∣∣∣2− 2

∆t

∣∣∣µ+
k

(
Ũ1,k−Ũ2,k

)∣∣∣
k=0

∣∣∣2
≤ −2∆t

γ

∥∥∥D(P̃ (n)
1 −P̃

(n)
2

)∥∥∥2 + 2∆t

γ

{
δ−k

(
P̃

(n)
1,k −P̃

(n)
2,k

)∣∣∣
k=K+1

}{
µ−
k

(
P̃

(n)
1,k −P̃

(n)
2,k

)∣∣∣
k=K+1

}
− 2∆t

γ

{
δ+k

(
P̃

(n)
1,k −P̃

(n)
2,k

)∣∣∣
k=0

}{
µ+
k

(
P̃

(n)
1,k −P̃

(n)
2,k

)∣∣∣
k=0

}
+

∆t

γ

K∑
k=1

{
δ+k

(
dF

d(U1,k, U
(n)
1,k )

− dF

d(U2,k, U
(n)
2,k )

)}{
δ+k

(
P̃

(n)
1,k − P̃

(n)
2,k

)}
∆x

+
∆t

γ

K∑
k=1

{
δ−k

(
dF

d(U1,k, U
(n)
1,k )

− dF

d(U2,k, U
(n)
2,k )

)}{
δ−k

(
P̃

(n)
1,k − P̃

(n)
2,k

)}
∆x

− 2∆t

γ

{
δ−k

(
P̃

(n)
1,k − P̃

(n)
2,k

)∣∣∣
k=K+1

}µ−
k

(
dF

d(U1,k, U
(n)
1,k )

− dF

d(U2,k, U
(n)
2,k )

)∣∣∣∣∣
k=K+1


− 2∆t

γ

{
δ+k

(
P̃

(n)
1,k − P̃

(n)
2,k

)∣∣∣
k=0

}{
µ+
k

(
dF

d(U1,k, U
(n)
1,k )

− dF

d(U2,k, U
(n)
2,k )

)∣∣∣∣∣
k=0

}
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≤ −2∆t

γ

∥∥∥D(P̃ (n)
1 −P̃

(n)
2

)∥∥∥2
+
∆t

γ

K∑
k=1

1

4

∣∣∣∣∣δ+k
(

dF

d(U1,k, U
(n)
1,k )

− dF

d(U2,k, U
(n)
2,k )

)∣∣∣∣∣
2

+
∣∣∣δ+k(P̃ (n)

1,k −P̃
(n)
2,k

)∣∣∣2
∆x

+
∆t

γ

K∑
k=1

1

4

∣∣∣∣∣δ−k
(

dF

d(U1,k, U
(n)
1,k )

− dF

d(U2,k, U
(n)
2,k )

)∣∣∣∣∣
2

+
∣∣∣δ−k(P̃ (n)

1,k −P̃
(n)
2,k

)∣∣∣2
∆x

= −2∆t

γ

∥∥∥D(P̃ (n)
1 −P̃

(n)
2

)∥∥∥2 + 2∆t

γ

∥∥∥D(P̃ (n)
1 −P̃

(n)
2

)∥∥∥2
+

∆t

2γ

∥∥∥∥∥D
(

dF

d(U1,U
(n)
1 )

− dF

d(U2,U
(n)
2 )

)∥∥∥∥∥
2

=
∆t

2γ

∥∥∥∥∥D
(

dF

d(U1,U
(n)
1 )

− dF

d(U2,U
(n)
2 )

)∥∥∥∥∥
2

.

Namely, ∥∥∥D(Ũ1 − Ũ2)
∥∥∥ ≤

√
∆t

2γ

∥∥∥∥∥D
(

dF

d(U1,U
(n)
1 )

− dF

d(U2,U
(n)
2 )

)∥∥∥∥∥ . (75)

Using Lemma 4.2, we get
dF

d(U1,k, U
(n)
k )

− dF

d(U2,k, U
(n)
k )

=
1

2
F̄ ′′(U1,k, U2,k;U

(n)
k , U

(n)
k )(U1,k − U2,k)

for k = 0, 1, . . . , K,K + 1. Hence, it follows from Lemma 4.3 that∥∥∥∥D( dF

d(U1,U (n))
− dF

d(U2,U (n))

)∥∥∥∥ =
1

2

∥∥D {F̄ ′′(U1,U2;U
(n),U (n))(U1−U2)

}∥∥
≤ 1

2

∥∥F̄ ′′(U1,U2;U
(n),U (n))

∥∥
L∞
d

∥D(U1−U2)∥

+
1

2
∥U1−U2∥L∞

d

∥∥DF̄ ′′(U1,U2;U
(n),U (n))

∥∥. (76)

We give estimates for ∥F̄ ′′(U1,U2;U
(n),U (n))∥L∞

d
and ∥DF̄ ′′(U1,U2;U

(n),U (n))∥. From
Vi ∈ X0 (i = 1, 2), (67), and (68), we have ∥DUi∥ = ∥DVi∥ ≤ 2B0 (i = 1, 2). Therefore,
using Lemma 3.2 and (69), we obtain

∥Ui∥L∞
d
≤ 1

L
|Md(Ui)|+ 2L

1
2 ∥DUi∥ ≤ 1

L

∣∣Md(U
(0))
∣∣+ 4L

1
2B0 ≤ 2B̃0 (i = 1, 2).

Hence, using Theorem 3.1 and Lemma 4.1, we get∥∥F̄ ′′(U1,U2;U
(n),U (n))

∥∥
L∞
d

≤ max
|ξ|≤2B̃0

|F ′′(ξ)| . (77)

Furthermore, from Lemma 3.1 and Lemma 4.4, the following estimate holds:∥∥DF̄ ′′(U1,U2;U
(n),U (n))

∥∥ ≤ 1

3
max

|ξ|≤2B̃0

|F ′′′(ξ)|
(
∥DU1∥+ ∥DU2∥+

∥∥DU (n)
∥∥)

≤ 5

3
max

|ξ|≤2B̃0

|F ′′′(ξ)|B0. (78)
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Now, it follows from U1,k − U2,k = V1,k − V2,k (k = 0, . . . , K) and Vi ∈ X0 (i = 1, 2) that

Md(U1 −U2) = Md(V1 − V2) = Md(V1)−Md(V2) = 0.

Hence, from Lemma 3.2, we have

∥U1 −U2∥L∞
d
≤ 1

L
|Md(U1 −U2)|+ 2L

1
2 ∥D (U1 −U2)∥ = 2L

1
2 ∥D (U1 −U2)∥ . (79)

Thus, using (76)–(79), we get the following estimate:

∥∥∥∥D( dF

d(U1,U (n))
− dF

d(U2,U (n))

)∥∥∥∥ ≤

 max
|ξ|≤2B̃0

|F ′′(ξ)|

2
+

5L
1
2B0 max

|ξ|≤2B̃0

|F ′′′(ξ)|

3


× ∥D (U1 −U2)∥ . (80)

Consequently, from (75) and (80), we obtain∥∥∥D(Ṽ1−Ṽ2)
∥∥∥=∥∥∥D(Ũ1−Ũ2)

∥∥∥
≤

 max
|ξ|≤2B̃0

|F ′′(ξ)|

2
+

5L
1
2B0 max

|ξ|≤2B̃0

|F ′′′(ξ)|

3


√

∆t

2γ
∥D (U1−U2)∥

=

 max
|ξ|≤2B̃0

|F ′′(ξ)|

2
+

5L
1
2B0 max

|ξ|≤2B̃0

|F ′′′(ξ)|

3


√

∆t

2γ
∥D (V1−V2)∥ .

Since it holds from the assumption (37) on ∆t that max
|ξ|≤2B̃0

|F ′′(ξ)|

2
+

5L
1
2B0 max

|ξ|≤2B̃0

|F ′′′(ξ)|

3


√

∆t

2γ
< 1,

the mapping Φ is contraction into X0. This completes the proof.
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