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Abstract. We propose a structure-preserving scheme with the staggered space mesh
for the Cahn—Hilliard equation under a dynamic boundary condition. Although we use
the discrete variational derivative method (DVDM) [13] for designing the scheme, there
are some improvements in the conventional way of taking the space mesh of the standard
DVDM for the problem with the Neumann boundary condition. In this study, we improve
the scheme by modifying the conventional manner, and by applying the modified method
to the problems with dynamic boundary conditions, we propose a new structure-preserving
scheme. Moreover, we give the stability, the existence, and the uniqueness of the solution
for our proposed scheme as the main result.
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1 Introduction

Let L > 0 be the length of the one-dimensional material. In this paper, we study the
following Cahn—Hilliard equation [2]:

{ Ou = 0%p in (0,L) x (0,00), (1)

p=—y9u+F'(u) in(0,L)x (0,00), (2)

under the dynamic boundary condition and the homogeneous Neumann boundary condi-
tion:

0wu(0,t) = Opu(z,t)|,_, in (0, 00), (3)
owu(L,t) = — Opu(z,t)|,_; in (0, c0), (4)
Oup(x,1)| =g = Oup(@,t)],—, =0 in (0,00). (5)

The unknown functions u: [0, L] x [0, 00) — R and p: [0, L] x[0,00) — R are corresponding
to the order parameter and the chemical potential, respectively. Moreover, v is a positive
constant. Furthermore, F: R — R is a given potential, and F” is its derivative. For
example, F' can be a double-well potential, i.e.,

F(s) = %s‘l — 232 for all s € R,

where g and r are positive constants. Throughout this article, we assume that the potential
F' is bounded from below. Let us define the “local energy” G and the “global energy” J,
which characterize the equations (1)—(2), as follows:

G(u, Oyu) = 2 |0,ul* + F (),
L
J(u) == / G(u, Oyu)dz.
0
We remark that the above words “local energy” and “global energy” are ones for space, not

for time, and that this “global” is different from the one of the words “global boundedness”
and “global existence,” which appear later. Also, let us define the “mass” M as follows:

M(u) = /0 e

Clearly, the solution of the system (1)—(5) has the following properties:

d
C Mu(t)) =0, (6)
S (1) = ~110(0.) —1|(L. 1) - / Opl, 1) Pz < 0. (7)

From a mathematical point of view, the problem (1)—(5) with initial conditions are
studied in [5-10,14-16,20,21,26-28]. First, in the case of F(s) = (¢/4)s* — (r/2)s*, Racke
and Zheng [27] proved the global existence and uniqueness of the solution to the problem,
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and Priiss et al. [26] obtained the result on the maximal LP-regularity and proved the
existence of a global attractor. Also, Wu and Zheng [28] and Chill et al. [6] proved the
convergence of the solution of the problem to an equilibrium as time goes to infinity.
Moreover, various results of the existence, uniqueness, and regularity of the solution, the
existence of a global attractor, the convergence to steady states, and the optimal control
are obtained under more general assumptions on the nonlinearities in [5,7-10,15,16,20,21].
Gal [14] compared the problem under other dynamic boundary conditions with that under
our target dynamic boundary conditions. We remark that in these papers, the problem
is considered in the multi-dimensional case, where the boundary conditions (3) and (4)
include the Laplace-Beltrami operator.

From a numerical point of view, there are some interesting studies of the Cahn—Hilliard
equation with dynamic boundary conditions (see, for example, [1,3-5,11,17-19,22,23]).
In [3,18], Cherfils et al. and Israel et al. have considered the finite element space semi-
discretizations of the problem in the two-dimensional or three-dimensional cases and
shown the error estimate. Moreover, the unconditional stability of fully discrete schemes
based on the backward Euler scheme for the time discretization, and the convergence of
the solution to a steady-state have been obtained. See also [5] for other numerical results.
In addition, Nabet has performed an interesting analysis for the problem in the two-
dimensional case by using the finite-volume method and proved the convergence of the
numerical solution in [22], and the first-order convergence with respect to the H'-norms
in [23]. Besides, the results of the problem with other dynamic boundary conditions have
been obtained [1,4,17,19]. As we have just seen, although the numerical analysis of the
Cahn—Hilliard equation with various types of dynamic boundary conditions has recently
attracted much attention, there are only a few results by the finite difference method.
Recently, however, finite difference structure-preserving schemes for (1)—(5) based on the
discrete variational derivative method (DVDM) proposed by Furihata and Matsuo [13]
have been designed and analyzed. Throughout this article, “structure-preserving” means
that the scheme inherits the conservative property such as (6) or the dissipative property
such as (7). In the standard DVDM for problems under the Neumann boundary con-
dition, and in the method of designing the structure-preserving schemes of the previous
studies [24, 25] based on DVDM for problems under dynamic boundary conditions, an
approximation of the equations in the interior of the domain is imposed even on the fixed
boundary (further details are described later). We consider this to be artificial and an
area for improvement. In the previous study [11], a structure-preserving scheme has been
proposed, improving the problem. However, in this scheme, all outward normal deriva-
tives in the boundary conditions have been approximated only by a forward difference,
and the time difference of the discrete boundary condition has been considered at a point
off the boundary. Namely, the scheme has room for improvement in the discretization
of boundary conditions. Motivated by this, we design a new structure-preserving scheme
that improves on the above problems.

We explain the problem of the structure-preserving schemes based on DVDM [13] in
the case of the Neumann boundary condition. For the sake of simplicity, we consider the
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following heat equation with the Neumann boundary condition:

{ O = 9%u in (0,L) x (0, 00), (8)

Opu(z,t)|,_g = Ou(z,t)|,_, =0 in (0,00). (9)
For the solution of (8)—(9), it holds that
d

D prun) = o (10)

GEu®) == [ outa.0fdr <o, (1)

GEu(t) = = [ tuta. 0 dr <0, (12)

where energy F; and F, are defined by

L 2 L2
FE1(u) ::/ |8w2u\ dz, Fa(u) ::/ %da:.
0 0

We introduce a structure-preserving scheme for (8)—(9) based on the usual DVDM, which
retains the above properties in a discrete sense. We note some notation in preparation for
this purpose. Let K be a positive integer. We define U,g") (k=-1,0,..., K, K+ 1,n=
0,1,...) to be the approximation to u(x,t) at location x = kAx and time ¢t = nAt, where
Az is a space mesh size, i.e., Az := L/K, and At is a time mesh size, and Uﬁq) and U[(?J)rl
are artificial quantities and determined by the imposed discrete boundary condition. To
describe the scheme, we define basic discrete operators as follows: we denote average

operators y, p; concerning subscript & by

it fy = Jr +2fk+1’ b f = Jr +2fk—1’
and the difference operators ¢, 4, (5,<€1>, and 5,9 concerning subscript k by
fk+1 fk _ Je = fr—1
5+ (S = ——
— Ji- — 2fk + fr
sV fr1 — fr—1 5@ Jra1
b Tk 2Ax v T (Ax)?

Similarly, we define the difference operator ¢, corresponding superscript (n) by
ft) )
At '

By applying the standard DVDM to the above problem, we obtain the following structure-
preserving scheme: for n =0,1,...,

(n+1) (n)
<ﬁwmzﬁ?<ﬂ;—iﬂL) (k=0 .K), (13)

5 =

2
sthumtl =g (k=0,K), (14)
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where the initial value U® also satisfies (14). In the scheme (13)-(14), U™+ is unknown,
and U™ is known. Besides, we consider the values U_;, U1 at artificial lattice points in
the above scheme. These U_; and Uy, are artificial quantities to define the above energy
naturally, and their values are determined by the imposed discrete boundary conditions.
The scheme (13)—(14) guarantees that discrete versions of (10)—(12) hold (see [12,13]
for details). As can be seen in (13), in the structure-preserving scheme by the standard
DVDM for problems with boundary conditions including the flux, such as the Neumann
boundary condition, the approximation of the equation in the interior of the domain are
often considered even on the boundary, i.e., k = 0 and k = K. It is artificial and should be
improved. Thus, by adopting the staggered space mesh and modifying the discretization
of energy and the summation-by-parts formula, we design a structure-preserving scheme
in which the discrete equations corresponding to the equation in the interior of the domain
are not imposed at the points £k = 0, K.

Here, we describe our idea of how to design a structure-preserving scheme in more
detail. We derive the desired new structure-preserving scheme by adopting the staggered
space mesh (k — 1/2)Az (k = 0,1,..., K, K + 1) used in the previous work [11] and
improving the discretization of energy and the summation-by-parts formula. In other
words, from now on, we define U,E") (k =0,1,...., K, K +1,n = 0,1,...) to be the
approximation to u(z,t) at location z = (k — 1/2)Ax and time ¢ = nAt. They are also
written in vector as U™ = (U™, ... UMT or UM = (UO"),Uln),...,UI(?),U[(?J)FI)T.
Guess the meaning of U™ from the context. We remark that Uon) and U I((n}rl are artificial
quantities and determined by the imposed discrete boundary condition.

gk S | SRR RS

k=0 | |k=1]k=2"--- k=K|k+ K1
AR
2 0 Az Az

Figure 1: Staggered space mesh and relationship between x and k

In this paper, we define the discrete energy Fiq: RE*2 — R as follows:
|2
Az for all U € RE*2,

K 15 U® + 16, U
E1d(U)::Z‘k k‘ 2|k i
k=1

Remark 1.1. In the previous result [11], the discrete energy S°r (|65 Ux|?/2) Az con-
sisting only of a backward difference is adopted as a discrete version of the energy Ej.
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Besides, we use the following new formula as a summation by parts formula, which is
essential to derive a structure-preserving scheme in DVDM. All the proofs can be obtained
by direct calculation and here omitted.

Lemma 1.1 (Second-order summation by parts formula). The following second-order
summation by parts formula holds:

K (555 (6F 6 1) (0r K
5 QiR gk);( e S1) o) \ (62 2) gu (55 il ) (1t )
k=1 k=1

- (5ljfk|k:0) ('uljgk‘k:o)

for all { fi ;72 {gr } ity € REF2. In particular, when it holds that fi, = g, (k =0,..., K+
1), we have

i ‘&ffk\? er |5;§fk}2A3; = —i (5£2>fk> fiuldz + (5,;fk|k:KH) (ﬂ;fk‘k:KJrl)

k=1 k=1

- (5ljf’f‘k;:o) (”gfk‘kzo) :

Lemma 1.2 (Summation of a difference). The following fundamental formula holds:

K
S (08 1) Av = 0 fil g = O Filisy for all {FiHS) e RET

k=1

Based on DVDM, we calculate the discrete variation E1q(U) — E1q(V) for all U,V €
RE+2 by using the summation by parts formula and obtain the following new structure-
preserving scheme for (8)-(9): for n =0,1,.. .,

. U("+1) U(”)
srut = <% (k=1,...,K), (15)
5+U("+1)‘ - 5‘U("+1)‘ —0 (16)
kR k=0 kR k=K+1 ’

where the initial value U also satisfies (16). In the scheme (15)-(16), U™*Y is unknown,
and U™ is known. The solution to the scheme (15)—(16) satisfies the following properties:
K
5F Era(U Z

2
@ (U(n—i-l +U )
o | "
k=

2 2
Un+1 - UIS"H‘D_{_U;”)
T P e S
k 2

5+Md _0 (n:(),l,...),

Ax <0 (n=0,1,...),

Azx<0 (n=0,1,...),
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where the discrete energy Eaq: RE*2 — R and the discrete mass My: RE+2% — R are
defined by

K
U2
Ex(U) =) 7’%35 for all U € RE*2,
k=1
K

My(U) =) UpAz for all U € R¥™* where s =0, 1.
k=1

Remark 1.2. The scheme (15)—(16), designed by adopting the staggered space mesh
and modifying the discretization of energy and the summation-by-parts formula, has the
following advantages:

e On the fixed boundary, we do not have to consider the equations in the interior of
the domain.

« The number of elements of unknown U™*+Y is one less than that of schemes (13)—
(14), accordingly, the number of equations is also one less, and thus the computa-
tional cost is lower.

Because of the above advantages and the fact that the dynamic boundary condition we
consider in this paper also involves the flux, we apply the method described above of
designing the scheme to the problem with the dynamic boundary condition and design a
new structure-preserving scheme. Furthermore, in this paper, we give the stability and
the solvability of the scheme as the main results.
Here, we show the solvability of the above scheme (15)—(16). It holds from (16) and
that
o =u, Ul =0 (n=0,1,..)). (17)

By using (17), we eliminate artificial quantities Uy and Uk in (15) and transform (15)
as follows:

( At At
(1+1) (+) 7o) (n) (n) _ rrn)

Ul 2<A$)2 (U2 Ul ) Ul + Z(Al')z (U2 Ul ) (TL 07 ) )7
gy _ At ey gy gy gl Ao gy | 0 y
k 2(Azx)? k41 k k-1 k 2(Ax)? k+1 k k-1

(k=2,....K—1, n=0,1,...),
oty At (+) iy _ ), A (n) (n) _

Next, we express the above simultaneous linear equations as follows by using matrices:
At At
(1 — 7172) Ut = (1 + 7Dg) U™ (n=0,1,...), (18)

where [ is the K-dimensional identity matrix. Besides, D, is the K-dimensional matrix
corresponding to the difference operator 5,<f> with the homogeneous Neumann boundary
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condition (16) and is defined by

If the coefficient matrix I — (At/2)Dy of U™ in (18) is nonsingular, then the scheme
(15)—(16) has a unique solution. In fact, the scheme (15)—(16) has a unique solution
since the coefficient matrix I — (At/2)Ds is a strictly diagonally dominant matrix. The
solvability of the standard scheme (13)—(14) can also be proved from the same argument.

The rest of this paper proceeds as follows. In Section 2, we propose a structure-
preserving scheme for (1)—(5), whose solution satisfies the discrete version of the conserva-
tive property (6) and the dissipative property (7). In Section 3, we show the boundedness
for the solution of the scheme globally in space. In Section 4, we provide a sufficient
condition for the existence of the unique solution to the scheme.

2 Proposed scheme

In this section, we design a structure-preserving scheme for (1)—(5) by using the discretiza-
tion of energy and the summation by parts formula given in Section 1.

2.1 Preparation

For later use, we define the difference quotient. Let €2 be a domain in R. For a function
F e CYQ) and &, 1 € Q, the difference quotient dF/d(€,n) of F at (&,7) is defined as
follows:

i [HEZT ()
d&n) K

F'(n) (& =n).
Here, let us define two discrete local energies Gq: R¥*2 —RX with the elements given by

6 UR)? + (6, Up)?
Gopv) = TOOTH O py =1k,

for all U € R 2. Namely, Gqx(U) = {G4q(U)}x. Furthermore, we define the discrete
global energy Jg: RE*2 — R as follows:

JaU) =" Gap(U)Az = % 3 (5 U) ; O O)” 5, + 3 F (Uy) A,

k=1 k=1 k=1

From the idea on DVDM in [13], we take a discrete variation to derive a structure-
preserving scheme for (1)-(5). That is, we need the difference J4(U) — J4(V') for all
U,V c RE*2. By using Lemma 1.1, we have the following lemma:
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Lemma 2.1. It holds:

1

Up +V,
(32
o5

for allU,V € RE+2,
The proof can be obtained from direct calculation and is omitted here. The discrete
energy dissipation in Proposition 2.1 will be proved by applying Lemma 2.1.

} (M/;Uk|k:K+1 - M’;Vk|k:K+1)
k=K+1

} (M;C"_Uk|k=0 - /‘;Vk‘kzo)

k=0

2.2 Proposed scheme

The concrete form of our scheme for (1)—(5) is

sTUM™M =P (k=1,...,K, n=0,1,...), (19)

gt g™ dF
e L = B+ (k=1,....,K, n=0,1,...), (20)

. U(”‘H) U(”)

5t (Mzng ) ) =5 (u (n=0,1,...), (21)

k=0 2

k=0
(n+1) (n)
) (U U 01 99
671 (Mk Uk k:KJrl) - 6k < 9 ) (’TL y 7"')7 ( )
k=K+1

stp™l = s-p™ -0 (n=0,1,...). 23
ko L PR (n 1) (23)

Remark 2.1. Note that in our scheme, boundaries x = 0,1 are at the middle of points
k = 0,1 and the middle of points k = K, K 4 1, respectively.

Clearly, the following properties corresponding to (6) and (7) are obtained.
Proposition 2.1. The solution U™ to the scheme (19)-(23) satisfies the following in-

equality:
(n) ? (n) i
+ )Y — s+ (770 ) I P
0, Ja(U™) Y |0, (Mk Uy o 7 |9n <Mk Uy k=K+1)‘
2 2
k| BO) + o P
— 5 Ar <0 (n=0,1,...).
k=1

Proposition 2.2. The solution U™ of the scheme (19)-(23) satisfies
SIMu(U™)y =0 (n=0,1,...).

Since Proposition 2.1 is a direct application of Lemmas 1.1, 2.1 and (19)—(23), and Propo-
sition 2.2 can be obtained from (19), (23), and Lemma 1.2, we omit these proofs.
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3 Global boundedness of the solution to the proposed
scheme

In this section, we show that, if the proposed scheme has a solution, then it satisfies
the global boundedness. Firstly, let us give definitions of the discrete L>°-norm and the
discrete Dirichlet semi-norm.

Definition 3.1. We define the discrete L>-norm || - ||z by

. _ K41 K42
[ fllree = ponax |fi] forall f={fi},y € R®™=.

For all f = {fi}i) € RE+2 we define the discrete Dirichlet semi-norm || Df|| of f by

K _
3 O fil? + 1 fiul?

2
k=1

For the proof of the global boundedness of the numerical solution, we use the following
lemmas.

Lemma 3.1. The solution to the scheme (19)—(23) satisfies the following inequality:

1D < {% (Jd(U(O)) ) ‘min {§2£F(5)70}D }% (n=0,1,...). (24)

This lemma follows from the same argument as in Lemma 3.2 of [25].

Lemma 3.2 (Discrete Poincaré~Wirtinger inequality). For all f = {fx ffjol € RE*2 the
following inequality holds:

<2L: ||Df| (m=0,1,...,K+1). (25)

1 K

Proof. For any fixed m =0,1,..., K + 1, we see that

K

Lfm — kz Fdz = fn kz Az — kz fildr = " (fm = fr)Ax. (26)

k=1
From the direct calculation, it is seen that

( > o fidx (m> k),

I=k+1

fm_fk: 0 (m:k)a

k
Z O, iz (m < k)

\[=m+1
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for k=1,..., K. Hence, we have

K+1

o= £ <3 17 fer:c—Zw 18w+ {07 fil e

N

=516 fl|Aas+\5 fil, K\

=1

(67 A+ 07 £ Az (k=1,...,K). (27)

Mw

=1

Using (26), (27), and the Hélder inequality, we obtain

K
Lfm— me <Y N fm — fulAz
) " K
< (65 Al + 107 i) Az~ Ax
=1 k=1
K 3 (K ; 7
L(ZPM) {Z(|5,+fl|+|5l‘fl|) A:z:}
I=1 I=1
+£12 2 2
o 4Z|6 AP }
=2L> HDfH-
Dividing both sides of the above inequality by L, we have (25). O

Applying Lemma 3.2 to (24) and using the conservative property in Proposition 2.2, we
obtain the following global boundedness.

Theorem 3.1 (Global boundedness). The solution to the scheme (19)—(23) satisfies the
following inequality:

2

HU(")HL? < %‘Md(U(O))} + {8,5 (Jd(U N+ L ‘mm{igﬂgF(g),o}D} (n=0,1,...).

4 Existence and uniqueness of the solution for the
proposed scheme

In this section, using the energy method in [11,24,25,29-32], we give a sufficient condition
such that the proposed scheme (19)—(23) has a unique solution, as Theorem 4.1.
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4.1 Preparation

Let Q be a domain in R. We define F” for F' € C?(Q) and give several lemmas necessary
for the proof of the existence and uniqueness of the solution.

Definition 4.1. For a function F € C*(Q), we define F": Q* — R by

U Eom 7Y — d aF i
(&&= s (d(.,n) * d(-,ﬁ))

3 iét iF(dél:?)d;déiﬁ)) - (d(cgn) + d(cgﬁ))} (€ #9).
% (qem *aes)

¢=€

Since proofs of the following Lemmas 4.1, 4.2 can be found in [31], we omit them.

Lemma 4.1 ( [31, Lemma 2.4]). If F € C?(Q), then F" € C(Q"). Moreover, we have

0 dF dF
. F//
% (d(f,n) * d(f,ﬁ))’ < sup [F(0)

F”(S,f;n,ﬁ)‘ < sup sup
n,nEN £€Q

for all (&,€,m,7) € Q.

Lemma 4.2 ( [31, Proposition 2.5]). Assume that F € C*(Q). For any £, €, n, 7j € Q,
we have

dF dF 1 ~ 1. R
—_ _ — . o _ " ~ _).

Lemma 4.3. For all f = {fi i} g = {gr})' € REF2, the following inequality holds:
ID(FPll < [ Fllz 1Dgll + llglleg DI (28)
where fg = {frgr iy € RE+2,

Proof. By using the following decomposition:

a+c b+d

ab —cd = 5 (b—d)—}—(a—c)T for all a,b,c,d € R,
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we see that
ID(fg)l”
10 (fron) P + 16 (frge)?
= Z 5 Az
k=1

(6F 1 >gk+1+gk fk+1+fk(5 )

: : (o, fk)gk+gk 1 St fee 1<5

2 kgk)

2
}A:C

{0 fe) (grar+90) Frar + F1) (0 gk) + (O fr) (gr+gr—1) (i feo1) (0 gx) } Az

l\DlH
M-
—

(OF fi)? (g1 + g1)? + (0 fi)* (g + gx—1)?} A

OO|'—‘

=] = f =
Mv“ﬁ

+

k=1

+ {(ferr + f)° (0 00)* + (fr + fr1)? (0 r)* } A (29)

o

ool -
||MN

1
By using the inequality: (a + b)? < 2(a® + ?) for all a,b € R, we have

K
S LG fe)? (gran + g0)® + (0 fi)* (g + 960} Az < [lgl2< IDFI®,  (30)
k=1

ool —

{Uesr + £)2 (0 9> + (fi + fimr)* (0, 90)°} Az < || F 17 1Dg]” . (31)

O | =
M)~

>
Il

1

Furthermore, by the fundamental inequality:

Z(akbk + cpdy,) < \l Z(ai + cz)J Z(bi + d3) (32)

k=1 k=1

for all {ax ey, {b Hy, {ex o {di e, € RE| we are led to

{0 1) (Grr1+96) Frar+ 1) O gr) + (0 fi) (Gt Gr—1) (it frm1) (85 gr) } Az

{(5ljfk)2(gk+1 + gi)? + (05 fr)?(gr + gk,1)2} Az

{(ka + [6)2(08 gk)?> + (fi + fk,1)2(5k_gk)2} Az

K K
<ngongoJZ{<ém (6 1) }AwJZ{éggk + (05 g)?} Az
k=1

1

= 2[lgllez DI £l 1 Dgll - (33)
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From (29)-(33), we obtain

ID(FDI” < lIgllis IDFI” + 2lgllez IDFISfIlzg 1 Dgll + 1 £1IZ 1 Dgl®
= (IIfllzg 1 Dgll + llgllzg: I DFI1)*.

Namely, we have (28). O

Lemma 4.4. Assume that F € C3(Q). For any fi = {fix}ily, fo = {for}iy, fo =
{f3,k}kK:JBlf Jfa= {f4,k}£251 € RE+2 qll the elements of which are in Q, we have

IDE"(F1, f £ £)]] < égggw"(a)\ @IDAll+2 | DLA+IDEI+IDF)-

Proof. Let us define

d dF
H(,n,¢) = d(&,n) <d(,§))

_ fin Sgéi) N d((f?i)) (& #m),
% (m) Ln (&=mn)

for all §,n, ¢ € Q. Namely, for any fixed f; = {f1,k}kK:JBl, o= {fz,k}kK:t)l, I3 = {fs,k}fi};
i = {fur )iyt € RE+2 all the elements of which are in 2, we see that

nl . . d dF dF
F"(fuk, fors fag far) = d(Frrs for) (d(-,fg,k) + d(',f4,k)>

= H(fur, for, far) + H(frp, fors far) (B=0,1,..., K, K +1).
(34)

Moreover, it holds that

d
O H(frges fos far) = (6 fir) y H(:, fapt1, fapr1)

(fl,kJrla fl,k)

d
(00 f2) d(foe+1s for)

d
+ (O fau) d(fap+1, f3r)

d
O H(frks for: fak) = (5;f17k)d(flk—flk_1)H(', Jog far)

_ d
(0 fou) d(fors for-1)

_ d
(O fo) d(fs ks f35-1)

H(fik, 5 f3+1)

H(fig, for.-) (E=1,...,K),

H(fl,k—la ) f3,kz)

H(fig-1, fo—1,-) (k=1,...,K).
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From now on, to avoid complications, we use the following expressions:

d
Hipi= o H(, fo, k=1, K)
ST A (s foks f3)  ( )
d
Hypi= o H(fip1,- k=1,...,K),
2 A fagy o) (fre—1,5 far)  ( )
d
H3p = H(fip-1, fop-1,7) (B=1,...,K).

d(f?),ka f3,k71)

Hence, we have

0,7 H (fris fors f3,) 124105 H(fris foms fon)]?
2

1
=3 {16 frul® [Hipa I* 168 foel® [Hopra|* + 167 fsl® | Hs |}

1 _ _
+ 5 {‘5];f1,k|2 |H1,k|2 + |0, f2,k|2|H2,k|2 + 16 faxl? |H3,k|2}

+ (6 fre) Hi g1 (0 fop) Hops1 + (05 fre) Hie (05 for)Hop

+ (05 fore)Hops1 (04 fo)Ha g1 + (05 fore) Ho k(05 f3,6)Hs

+ (04 fa ) Ha 1 (07 fr) Hips1 + (05, fap)Hsw(0x fr)Hig
(3

By the fundamental inequality (32), we obtain

{68 fie) Hi o1 (6 fo)Hopsr + (0 fru)Hi(0f for)Hop } Az

[M] >

1

T

K 3
{Z (165 Fual® [y [* + 16 fral? [Hiel) A }

k=1
1
K 2
{Z 5+f2,k12|H2,k+1!2+\5;§f2,k|2!H2,k!2>Aw} .
k=1

Using the mean value theorem, we get

Hl,k-i-l < sup sup ‘afH(gv ;s C)|> Hl,k’ < sup sup ‘aEH(fa n, C)‘ (k =1,... 7K)
n,0EQ £€Q 7,EQ £€Q

Thus, we have

1
K 2
{Z (16 frwl® | Higga I + 16, fral® 1Hygl?) Al"} < V2 (SUP sup [0 H (€, 1, C)|) [ Df-
Similarly, we obtain

K 3
{Z (16 Foel® | Hogern [* + 16 fol” \Hz,k\Q)Aflf} <V2 (Sup sup [0, H (€, 7, C)\) 1D fal]-

k=1 £,CeQ neQ
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Hence, we are led to

K
> A6 fra) Huke1 (6 for) Hagr + (6 fra) Hun(6; for) Han } Az
k=1

<2 (sup sup 0:t1(6.0) ) DA (s sup 0, 11(6.0.01 ) 1D ]

n,CEQ £€Q £,6EQ neEQ

In the same manner, we obtain
> A for) Hos1 (67 fsn) Hanrr + (6 for) Ho(6; fsr) Han } Az
k=1

<2 (sup sup |anH<5,n,c>|) D% (sup oup 0. H <5,n7c>|) IDF]!

£,0€Q2 ne

]~

{(5/g+f3,k)H3,k<5k+fl,k>Hl,k + (5,;f3,k)H37k(5,;f17k)H17k} Az

1

) (sup sup|a<H<§,n,<>|) D% (sup o 0:H (S,mC)I) DAl

EmEQR (e n,CEQ £€Q

IN T

Thus, we have

ZK: 16" H (frke, fore, fau) 2+ 100 H(frk, fors far)]?

Az
2

k=1

2 2
< (sup suplﬁgH(f,n,C)l) ||Df1||2+<SUP 9, H<§n<>|) IDF |

7,¢€Q £ £,¢eq

+ (sup sup |0 H (&, 7, )|
EneQ CeN

IDf | +2{(sup sup\agms,n,ow) DA
7n,(EQ £€Q

x | sup sup|9,H (&, 1,Q)|

)
(s pioucnon)
( )
)

§,(€Q neQ

x | sup sup |0cH (&, 1, Q)|

EneN CeN

IDf ] + (sup s |9 (6,7, 0)|

IS

IDF ] + (sup sup |9, H €., >|) D%
) IDF

X <sup sup |0¢H (€, 1,Q)|
n.CEQ €N

HD.ﬁH}

_ {(p suplasﬂ(&n,é)l) DA+ (sup sup |9, H 6.7, <>|) D%

n,(EQN £€N £,(eQ neQ

2
; (sup sup |a<H<f,n,c>|) ||Df3||} .

EneQ CeN

Namely, it holds that

|DH(f1, f. )] < (sup sup |0 H (€1, <>\) DA+ (sup SuplanH(f,n,C)l) IDf|

7,€Q £ §,0eQ2 ne

i (sup suplacﬁ(&n,()l) IDF

WSS
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From the same argument as the proof of Lemma 2.6 in [31], we have

1
sup |0:H (&, 1,¢)| < ésup\F”’(s)| for all n,¢ € Q,
=0

sEN

1
sup [0, H(&,n,¢)| < Zsup |F"(s)] forall ¢ € Q,
UISY 6 SEN

1
sup |0:H(&,n, Q)| < gsup |F"(s)] for all &,n € Q.
cen

SEN

Therefore, we obtain

IDH(f1, fa, f5)|| < éigg [E"(OIUD Sl + 1D foll + | D f3D)- (35)
Similarly, we get

IDH(f1, fa, f2)ll < éigg [E"(OIUD fill + 1D fol| + | D Fall)- (36)

Hence, from (34), (35), and (36), we conclude that
‘DF//(flan;f3vf4)|| < ||DH<f17f2>f3)” + ||DH(f17f27f4)||
< g P (©)IRID A + 21D fall+ |DF] + D).

6
This completes the proof. [

At the end of this subsection, we mention about the elementary lemma from the matrix
theory. This lemma will be applied in the proof of Theorem 4.1.

Lemma 4.5. Let A be an arbitrary n x n Hermitian positive semi-definite matriz and let
B be an arbitrary n x n Hermitian positive definite matriz. Then, the eigenvalues of AB
are all real and nonnegative.

4.2 Existence and uniqueness of the solution

Theorem 4.1. Assume that the potential function F is in C°. For any given U© =
(UOYEAY € REH2 et

2 AN
By = {— (Jd(U<°>) + L ‘min {inf F(¢), o} D} . Byi= = |My(U™)| +2L2 B,
vy £€R L

If At satisfies

3 1 5L:8 At
max { & max [F"(€)], 5 max [F"(€)] + 222 max [F(€)] b4/ <1, (37)
2 |g1<2B, 2 gl<2B, 3 le<2Bo 2

then there exists a unique solution {Ué”) e REF2 (n=1,2,...) of (19)-(23).

Remark 4.1. The condition (37) is independent of the space mesh size Az. It is the
first advantage of our numerical method. Additionally, (37) can be derived explicitly with
respect to At. It is the second advantage.
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Proof. We show the existence of U™ = {UlgnJrl p e RE*2 for any given U™

{UMYEAL € RE+2 gatisfying (19)-(23). For the purpose, we define the nonlinear mapping
- {Uk K+1 — {Uk K+1 by

(n)
Uk - U H(n
— = PP (k=1,... K), (38)
N i (n) dF
P = -5 (Uk 5 ) i (=L K, (39)
17, ‘ — U ] n
Hi Uk =0 Hi k=0 _ s+ Uk +_U’£ ) (40)
At * 2 kf()’
— o —U(") e n

Hr Uk‘kKH iV k=K+1 _ _ 5(1) Uk—i_—Ulg) (41)

At ‘ 2 |

k=K
5,’:]3,5”) = (Sk_Pk(n) R =0. (42)

First, we show that the mapping W is well-defined. For any fixed U = {Uk}kK JE)I c RE+2,
from (40) and (41), Uy and Uk, can be explicitly written as

Uy = aly — aU™ + U™, (43)
Us 41 :aﬁKjLU}?)—aUI@rl, (44)
where « is defined by ] ]
_ Az At
o= 1 . 1
Ar At

Thus, it is sufficient to show that U, (k = 1,...,K) can be explicitly written by given
U and U™, Using (42)(44), we eliminate Uo, UK+1, 150("), and ]5,(21 in (38) and (39).
Thus, we have

)
[?’C_A—gii) PPN (k=2 K-1), (46)
S = g (0 ), v
150("):—2(;%)2 {02_(2_a)01}_2(gx) (U1 Uén)) %(5 )" k=1 d(Uld,F;]f )

(48)

P = —6 (ﬁk : Uéﬂ)) o =2 K1), (49)

2 AU, U™)
" =gy (U= =)l — g R —aUi) =3 8000 | d(UfU‘ )
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Here, we give the following matrix expression of (45)—(50):
AU = f(U,U™).

By using (48)—(50), we eliminate ]515") in (45)—(47). Then, the K x K matrix A is defined
by

33—« -3 1
—(4—-a) 6 -4 1
1 -4 6 -4 1

1 -4 6 -4 1
A=1+p 5

where (3 is defined by 3 := (yAt)/(2(Ax)*). Also, f is a K-dimensional vector consisting
only of U and U™ . The concrete definition of f is omitted here since it does not concern
the essence of the following proof. If the matrix A is nonsingular, then the mapping ¥ is
well-defined. In fact, A is nonsingular. For the purpose, we show that the determinant of
A is positive. Firstly, let us define the K x K matrix Dy by

—24+a 1
1 -2 1
DQ =
1 -2 1
1 24«
Then, we obtain
3—a -3 1
—(4-—a) 6 -4 1
1 -4 6 —4 1

1 -4 6 -4 1
Dy D, = Lo
1 -4 6 -4 1
1 -4 6 -4 1
1 -4 6 —(4-a
1 -3 33—«

Namely, A =T + BDyDy. Moreover, —D, is a symmetric positive semi-definite matrix,
and — Dy is a symmetric positive definite matrix. Actually, for any non-zero vector & =
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(x1,79,...,2k)" € RE it holds that

(2 —a)ry — 29
-1 + 21’2 — I3
—Z9 + 223 — X4

—Tg 3+ 2T 2 — Tk 1
— X 9+ 20K 1 — Tk
-1+ (2—a)rg

Furthermore, we have a < 1 from At > 0. Thus, we obtain

x' (—Dy)x
= (2 — a)x] — 2179 — 1179 + 275 — T3 — ToTz + 2075 — T3Ty — - - -

TR 3T 2Ty —TK 9T 1~ TR 2Tk 1+ 2T~ TR 1T —TK 1Tk +(2— )T
=(1— )2 + (11 — 29)* + (29 — x3)* + - -

ot (rx—e — k1)’ + (0x1 — 2x)? + (1 — @)z > 0.

Suppose that @' (—Ds)@ = 0. Then, we get 2, = --- = x5 = 0. This is contradictory
to & # 0. Namely, —Ds is positive definite. Similarly, by the direct calculation, we
can see that —Dy is positive semi-definite. Therefore, from Lemma 4.5, eigenvalues of
DyDy = (—Dy)(—Ds) are all real and nonnegative. Hence, eigenvalues of A are all
positive from two facts that eigenvalues of DyDs are all real and nonnegative and that 3
is positive. Thus, it is clear that A is nonsingular.

Next, we prove the existence and uniqueness of the solution to the proposed scheme
by the fixed-point theorem for a contraction mapping. For the purpose, we define the
mapping O : RET2 — RE+2 by

1
(V) =V+ sz(U(O))l for all V € RE*2 (51)
where 1 := (1,1,...,1)" € RE*2, Then, its inverse mapping ©~! is written as
1
O V)=V - ZMd(U<0>)1 for all V € R¥*2, (52)

Let us define the mapping ® : RE+2 — RE+2 by
P(V):=(0©1oTo0)(V)=0"1(T(O(V))) foral VeRF (53)

Moreover, let

Xo:={f e RE"*||Df|| < 2By, Mq(f) =0} .

We show that ® is a contraction mapping on X, under the assumption (37) on At. If @
is a contraction mapping, ® has a unique fixed-point V* in the closed ball X, from the
Banach fixed point theorem. That is, V* satisfies ®(V*) = V*. From (52) and (53), we

have
V) =07 (B(O (V) = ¥ (O(V7)) ~ 7 MaU )1, (54
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Furthermore, from (51), we obtain

VoW - %de(o))x (55)

Hence, from (54) and (55), it holds that ¥ (© (V*)) = © (V*). Namely, © (V*) is the
solution U™V to the scheme (19)-(23). Firstly, we show that ®(X,) C Xy. For the
purpose, we check ||[D(®(V))|| < 2By and My(®(V')) = 0 for any fixed V € X,. Let
U :=O(V). Then, from (51), we have

1
Ukzvk+sz(U<0>) (k=0,1,...,K,K +1). (56)

Hence, it holds that

1
5+Uk —5+ (V}g—l— LMd U(O ) +V;€ = 1,...,K), (57)
_ _ 1 _
5kUk:5k ‘/]€—|-sz = k 1,...,K). (58)
Oy

Let us define U := U(U) and V := &(V) = ©~1(U). Then, from (52), we obtain

Vk:Uk—%Md(U(O)) (k=0,1,...,K,K +1). (59)

Hence, we have
5V = o (Uk _ %Md(U )) — 5t (k=1,... K), (60)
5Vh = 6o (Uk _ %Md(U )) — 5T (k=1,... K). (61)

In addition, it follows from (38), (42), Lemma 1.2, and Proposition 2.2 that

K K
My(O) =Y Upde =>_ U Ax+AtZ§ "B Ax

1 k=1

— &P

k=K+1

)

Thus, it holds from (59) and the above inequality that

— Z VilAz = Z (Uk — %Md(U(O))) Az = My(U) — Ma(U®) = 0.

k=1

Therefore, all that is left is to show ||[DV|| < 2By. By using Lemma 2.1 and the Young
inequality: ab < (£/2)a® + (1/(2¢))b? for all a,b € R and € > 0, we obtain from (38)—(42)
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ot ([Po] el

Sl ) ) e G e

5 X

__ZK: 5@) Uk—i-U]gn) Uk_U’in)Ax—i— 5- 0k+U,£n) _ ﬁk—U]gn)
- k 2 At Rl 2 P\ ™At
k=K+1 k=K+1
it Uk—U,g")
F At
k=0
s Up+U 5 Up+U"
k 9 k 9 .

(5;13;”) 5F —P,§">+—dF() +(5,;15,§”)) o —15,5")+—dF()
A0 ") 10

k=K+1

T

£
Il
—

]~

2=

N
=%
Eol|
?
EDN
S

L= 2

1 ~
+2— {5,jP,§

“5 P (w Uw)

Consequently, using the triangle inequality: va? + b? < |a| + |b| for all a,b € R, we get

oo < howe 5 |2 (e )| -

Thus, from (60), (61), and (62), it is sufficient to show that the right-hand side of (62) is

2
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not greater than 2By. For k =1,..., K, using Lemma 4.2, we have

dF 1 n 1= n n
o <—(")> QFII(UkH, Uk; Ulg—i-)l’ U )51—:[]’“ T §F//(Uig+)1a U Uk+17 U’f)(S;UIE )’
AUy, U,")

(63)
dF 1_ 1_
o | ———— | = =F" (U, Up_1; U UM)S U + = E" (U U Uy, U 1)6 UL
' <d<Uk,U;§"))> 2 PR 2 1
(64)

From the same argument as in the proof of Lemma 4.3, by using (63), (64), and the
fundamental inequality (32), we have

2

2
)Ax

— n n — 1 — n n — n
F'(Uy, Up_y; U UM 67Uy + 5F”(U,§ UM Uy, U)o, U

1 _ . .
= z{ ot P (U, Up15 U} %U,i)l)\) 1pU||

2
)|} oo}

dF 1 n)
HD <m> H S 5 (k_HlaX ‘F Uk;Uk 1,U;£ 7Ul§ )1)

+ (k maXH F”(U,gn),Uk 1 Uk, U1

Namely, we have

.....

)10ul

+ = (k:ma;gﬂ ‘pu(U]gn), U,ﬁ@l; U, Uk_l)D HDU(")H .

Next, we consider |F” (U, Ug_1; U,gn), U,Eﬁ)l)| and |F’”(U,§n), U,@l; Uk, Ug—1)|. It follows from
Lemma 3.2 that

1 1
Ul = 7 [Ma(U)| +2L2 | DU}
Since it holds from V' € X that My(V) = 0, we see from (56) that

My(U) = i UpAz = Mg(V) 4+ Ma(UQ) = My(UO).

k=1

Because it holds from V' € X, (57), and (58) that | DU|| = | DV|| < 2By, we obtain

1 L 1 1 -
Ul < 7 1Ma(U)] +4L3B, < [ MU +4L2 B, < 2B,
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Also, using Theorem 3.1, we get U™ || e < By. Therefore, from Lemma 4.1, we obtain

‘FU Uk, Uk— 1,Uk ),U,E, )1)

< max |[F"(&)| (k=1,...,K+1),

|¢]<2Bo

\F”(Uk” U™ Uy, Uiy

< max |[F"(&)] (k=1,...,K+1).
1€]<2B

Hence, it holds that

12 (s )| = 5 s 171 (10U -+ 10T, (65)

Consequently, using (62), (65), and Lemma 3.1, the following estimate holds:
3 max |[F"(§)

l€1<2B0 At
2 27

oo <5+ o

Now, from (60), (61), and the assumption (37), we have |DV| = |DU|| < 2B,. From
the above, it holds that ®(V) = V € X,, i.e., ®(Xy) C Xo. Next, we prove that & is
contractive. For any Vi, V, € X, let U; := O(V;) and U, := O(V,). From (51), it holds

that
1

Uik = Vig + ZMd(U(O)) (k=0,1,...,K,K+1, i=1,2). (66)
It follows from (66) that
1
6 Uik = 67 (m + LMd(U )) =6 Vix (k=1,....K, i=1,2), (67)
1

Furthermore, from (66) and V; € X (i = 1,2), we have

My(Uy) = Uiz = Ma(Vi) + Ma(U©) = Mg(U©) (i = 1,2). (69)

k=1

Moreover, it follows from Uy — Usy = Vi — Vo (k= 0,1,..., K, K + 1) that [|[D(U,
Uy)| = HD(V1 V4)||. Now, let us define U; := U(U;) and V = o(V;) = 0 YU)) (2 =
1,2). Then, from (52), we have

- 1
Vik = m—sz(U(O)) (k=0,1,...,K,K+1, i=1,2).

Hence, it holds that Vik—Vor =Up—Usp (k=0,1... K, K + 1). Namely, | D(V; —
Wo)|| = ||ID(Uy — Us)||. Now, from the definition of ¥, the vector U; = ¥ (U;) satisfies
(38)—(42) (i = 1,2). Subtracting these relations, we obtain



Uy — U 5
Yk = ok _ 50 (M)_p;j;)) (k=1,....K),

~ ~ 2 - - F F
(5]<3>(U1k_U2k>:_ —<P1(7,?—P2(T,Z>+ ! - ’ (k=1,...
’ ’ Y ’ ’ d(Ul,k;Uk(;n)) d(U2,k7Ulgn))

/'L—]:Ul,k o o Uz i

+77 ~ ~
=0 k=0 _ (5+ Ul,k - U2,k
At k 2
k=0

LU — U s
My Sk k=K1 Hy, 22k =K+l _ _ 5— Ui — Uz
At b 2

k=K+1
5+ (p(n) _ p(n))‘ _ 5 (p(n) _ p(n))’ —0
k Lk 2k ) |_g = O \ L1k 2k )|
From Lemma 1.1, (70)—(74), and the Young inequality, we have

- - 2
|p@, -
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T i{éé’?) (Ulk B (?Qk)}(ﬁlk B UM) Azt {5k_<ﬁ1’k B UM)‘ k—K—&-l}{M’; (ﬁlk B UZ’k>)k—K+1}

k=1

N {5:<Ulk N UM)L:O }{HJ: (Ulk N UM)‘ k:O}
gft - (dwfvm dwasp) {62 (Pl - A e

a5 OOl |t OO0 [
< 2 p (- A7) [+ 22 b (- i)
zf’f {ot (P -2 Wt (P2}
’ % k:1{5+ (d(UfU ) d(UgdiU "’)>}{5$<]51(’? “hR)pas
N % ,i {5k (dwfvf,?) B d(UfUé?b)} (oA - D)} o

2At [ ./~ (n) ~(n) _ dF dF
I {5’“ <P1’k B PM >‘k:K+1 M (n)y (n)
Y d(Ul,k:7 Ul’k; ) d(U2 ks U ) k=K4+1

2At PR dF dF
2 - ) (- )| )
v k=0 AU, Uy)  d(Uzp, Uy /|,y

k=0

—(pm _ p(n))
k:KH}{Nk < 1,k 2.k

=K+ 1}
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2

2At ~ ~
< |lp (e -2

v
2
dF Zoy = m\[2
5t - ) + |5 (P - B pae
AU, UT)  d(Usy, U

At &
+_
At 1] dF
+= ~l6;
d(

N

v k=1

Ax

+ |0 (P - P5Y)

v 4 Upi, UY) d(Usy, U.
. 2 9At . 2
-2 |p (e - B |+ 2 o (B fw
'7 2
At dF dF
o P my "
2y dU, U™  d(U, U,")

2
_ At dF dF
27 AU, UM™Y dU,, U™ ||

At

2y

Namely,

DU, - U,)

dF dF
D ONE o) ) . (75)
d(Uh U1 ) d(U27 U2 )
Using Lemma 4.2, we get

dF dF 1 R
ONE = 5t Uik Uzis U UMY Uk — Usy)
AUk, UY)  d(Usp, U™)

for k=0,1,..., K, K 4+ 1. Hence, it follows from Lemma 4.3 that

dF dF 1 -
- — - " ™ TN
HD(d(Ul,U(n)) d(UQ’U(n)))‘ = QHD{F (U, U; UMW, U™) (U, - Us) }||

1, =
< SIF' UL Uz U U] | DUL-Ty)|

1 _
+§HU1—U2HL30HDF"(U1,U2, um . u™. (76)

We give estimates for ||F"(Uy, Us; U™, U("))HLgo and | DE"(U,, Uy; U™ U™)||. From
V. € Xy (1 =1,2), (67), and (68), we have |DU;|| = ||DV;|| < 2B, (i = 1,2). Therefore,
using Lemma 3.2 and (69), we obtain

1 1 1 1 ~ .
[Uillg < 7 1Ma(U)| + 225 DU < 7 | Ma(U®)| +4L5By < 2By (i =1,2)

Hence, using Theorem 3.1 and Lemma 4.1, we get

|0 00 U] < max [P T
|€1<2Bg
Furthermore, from Lemma 3.1 and Lemma 4.4, the following estimate holds:
— 1
|DF" (U, Us; U™, U™)| < 3 |F"(&)] (| DUL || + | DU|| + | DU™)
5
< - max |F"(£)|By. (78)

3 |€|<2Bo
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Now, it follows from Uy, — Usy, = Vi — Var (k=0,...,K) and V; € X; (i = 1,2) that
My(Uy — Us) = Ma(Vi — Vo) = Ma(V1) — Ma(V2) = 0.
Hence, from Lemma 3.2, we have
U~ Uil < 7 1MalU: = Uy)| + 2L D (Us — U)| =203 [D (U~ U] (79)
Thus, using (76)—(79), we get the following estimate:
max |F"(¢)]  5L2B, max |F"(¢)]

dF dF 1€<2Bo le|<2Bo
D _ <
H <d(U1, T U(n))) H < 5 + 3

x [|D (U = U, - (80)
Consequently, from (75) and (80), we obtain

|- | = || (@ -T2

max [F"(€)| - 5LE By max [F"()\
§[<2B £|<2B
=2t + E=20 Vel LIUARA]

<
- 2 3
max [F(€)| - 5L By max|[F(€)\
§1<2Bo §1<2Bo
= —|D(Vi— .
T+ 5 |35 1P Vi-w)l

Since it holds from the assumption (37) on At that

max |F"(€)] 5L2B, max |F" ()]

[¢l<2Bo n €1<2Bo At _ 1,
2 3 27
the mapping ® is contraction into Xy. This completes the proof. Il
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