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Abstract. The inverse mean curvature flow is a geometric evolution equation related
to general relativity. In this paper, we consider a weighted version of the inverse mean
curvature flow and prove the existence of its weak solution formulated by a level-set
method. We construct the solution by approximation by weighted p-harmonic functions
analogue to the method introduced by R.Moser.
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1 Introduction

Let n > 2, and 2 C R™ be a domain with smooth boundary such that its complement is
bounded. We consider an equation

\Y
div (GW—Z) =a|Vu| in Q
with Dirichlet condition where u is an unkown and a is a given function. This equation
is a level-set formulation(explained later) of the inverse men curvature flow(IMCF) in a
manifold (R"; amT d;j) where ¢;; means the Euclidean metric. The IMCF is a family of
hypersurfaces (F;)i>0 C M"(Riemannian manifold) satisfying

V=——

H )
where V' denotes the normal velocity and H(< 0) denotes the mean curvature. The IMCF
is studied by many mathematicians. For example, see [3], [13]. The IMCF has a lot of
properties. In particular, it is closely related to general relativity. For example, a smooth
solution of the IMCF is nondecreasing for the functional for 2-dimensional surfaces defined

by )
e Bl - ),

where | N| is a surface area. The functional is called the Hawking mass and the monotonic-
ity property is called the Geroch monotonicity. If there is a smooth global-in-time solution
for some initial surface, important inequality in general relativity called the Riemannian
Penrose inequality can be proved by using this monotonicity. However, in general, this
equation does not admit a smooth global-in-time solution, so Huisken and Ilmanen in-
troduced a weak solution for the IMCF in [5]. This weak solution is based on a level-set
method and a variational method. They proved the unigue existence of a weak solution,
the Geroch monotonicity for this weak solution and also proved the Riemannian Penrose
inequality in special cases such that OM has only one component.

In this paper, we consider the existence of a weak solution introduced by Huisken and

[lmanen for the IMCF in a manifold (R™; amT d;j). In this context, the normal velocity
(in Euclidean sense) V' is given by

1
V= ,
—H +Vloga-v

(1.1)

where a is some given function in R™ and v is the outer unit normal. We take a different
approach from previous researches considering the IMCF in a general manifold. Let us
explain the weak formulation for solutions of (1.1).

Assuming that a family of surfaces satisfying (1.1) is given by a level set of a scalar
function u, that is, F; = [u = t], and that |Vu| # 0, then

1

V=—
V|’
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—H + Vloga - V—dlv(V

—l—Vloga-E:ldiv a& )
Vul a

|Vul |Vul

So the equaion (1.1) becomes

d1v< |§ |) — a|Vul. (12)

On the other hand, for a compact set K ¢ R” and v, w € CP 1(9), define the functional

T, (w; K) ;:/Ka(w + Vo)) (1.3)

We cannot regard (1.2) as an Euler-Lagrange equation of some functionals because of
right hand side of (1.2). However, if a function u is a critical point of the functional
Ju(*; K) (note that the subscript of J is fixed to be u), we may regard w as a solution of
(1.2). So we define the weak solution of (1.1) as follows.

Definition1.1. A function v € C2L(Q) is called a weak solution of (1.1) if for every

loc

precompact set K C €2 and every w € C’%CI(Q) with w = u in Q°, the inequality
Ju(u; K) < Jy(w; K), (1.4)

and
u=0 on Of)

holds.

Moreover, a flow satisfying (1.1) is expected to be compact, so we define the follow-
ing property ensuring F; is bounded.

Definition1.2. A weak solution of (1.1) is called proper if

lim wu(z) = oo (1.5)

|z| =00

holds.

To prove the existence of a proper weak solution of (1.1), we adapt the method introduced
by R. Moser [10] for the case a = 1. Consider a weighted p-harmonic equation

div (a|Vu,[P~*V,) = 0. (1.6)

For a solution v, of (1.6), we use a kind of the Hopf-Cole transformation and set u, :=
(1 —p)logv,. It is easily computed that u, satisfies

div (a|Vu,["*Vu,) = a|Vu,[”. (1.7)

It can be expected that (1.7) approximate (1.2) as p — 1, so we want to see that wu,
converges to a proper weak solution of (1.1). It turns out that the strategy is successful
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under suitable assumptions on a.

Main Theorem Suppose 2 C R" is a domain with smooth boundary, such that Q¢
is bounded. Moreover, we assume that a positive function a € C*°(R") satisfies following
properties.

1. There exists a positive constant ¢; such that for all ball B C R"

cl][ a < inf a. (1.8)
B B
2. For any x € R",
|V loga(x)| < co, (1.9)
ian (Vloga(z)-z) > —n+1 (1.10)
rER™

holds where ¢5 is a positive constant.

3. There exists a positive constant c3 such that for all z,& € R”
Hess(log a(x))(€,€) < cs|¢]* (1.11)

Then there exists a unique proper weak solution u of (1.1). Moreover it satisfies the

estimates
n—1

u(z) < (62 + T) (|x — xo| —7) in Q,
u(z) > (B—1) log% in Q,

IVu(z)| < {2(co + (n — Dr Hes(|lz — 20| — 1) + (c2 + (n — 1)R_1)2}% in €,

provided that B,(x) C Q¢ Q C Bs(0) and R := sup{r > 0|Vzy, € 0Q,3x; € Q° s.t. x €
OB, (x1)}, where B,(z) is a closed ball of radius r centered at z.

Remark1.3. A family of functions which satisfies inequality (1.8) is called Mucken-
houpt class. This property ensures the existence of p-harmonic functions. Property 2 is
needed in order to get a proper solution because, if Vloga does not have any restric-
tion, the left hand side of (1.2) may become negative. See Remark on proposition 3.1.
The inequality (1.11) can be interpreted as a restriction on curvature for the manifold

_2
(Rn7 an—léij).

Remark1.4. Previous researches treating weak solutions of the inverse mean curvature
flow in a general riemannian manifold include [5], [7], and [12]. The authors of [5] use a
method which approximate the term |Vu| by /|Vu|? + €2, where € is very small. How-
ever, the situation which they treat cannot be compared with our situation. The authors
of [7] take the approach using p-harmonic functions, but the way of treating p-harmonic
functions is different. Also, a metric treated in [7] has to satisfy lim, ., v(r) = 0, where

t
v(r) = orerbn V(Q N B(0, 1))
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However, we do not necessarily require above property. For example, If Q¢ = B;(0) and

2
a = |z|* in Q, then lim, ., v(r) = 0 implies o < @ However, our method can treat
the case 0 < a < n— 1. The author of [12] also uses p-harmonic functions but it does not

treat the situation in which a solution is proper.

Remark1.5. Let Q° = B;(0) and a = |z|* in 2, then by easy computation, we can
check that (n — 1+ «)log |z| is a solution for (1.2). If « = —n + 1, the solution is 0. The
reason is that if @« = —n + 1, the left hand side of (1.1) become oco.

Remark1.6. Proposition 3.1 and Proposition 3.2 (appeared later) which state the uni-
form boundedness of u, and Vu, are key estimates to prove the Main Theorem. Similar
estimates are needed in the case that a is constant, but there are some difficulties in our
case. Firstly, to get Proposition 3.1, we have to make subsolution and supersolution of
(1.6) and in order to make them, we assume that a satisfies (1.9) and (1.10). Secondly, to
prove Proposition 3.2, we assume that a satisfies (1.11) to use a kind of Bernstein method.
Also see Remark 3.5.1.

Acknowledgements. The author is grateful to Professor Yoshikazu Giga for his helpful
advice and valuable comments. The author is also grateful to Professor Ngo6 Quoc Anh
for his careful reading earlier version of this paper with useful comments.

2 Preliminary

In this section, we arrange some properties of weighted p-harmonic functions needed to
prove Main Theorem without proof. The theory of weighted p-harmonic functions is well
developed. The reader is referred to [4] for example.

Here we define the weighted Sobolev spaces to describe some properties of weighted p-
harmonic functions.
For a function ¢ € C*(Q2) we let

3=

ol = ([ alo +( [ alvep)?.
Q Q
The Sobolev spase W1?(€; a) is defined to be the completion of

{v € O (Q); llellp < o0}

with respect to the norm || * ||1 .
The space W, (€; a) is the closure of C5°(Q) in W'?(Q; a).
The local version of WP(Q;a) denoted to W,2P(Q2;a) is a set of function u such that for
all relatively compact open set €' in Q, u € WP(Q;a).
To prove the existence of a weighted p-harmonic function needed to prove our main
theorem, the following version of the Sobolev space is needed.

LY (Q;a) = {u € WP (Q;a); Vu € LP(Q;a)}

C
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and Ly?(; a) is the closure of C5°(Q) with respect to the seminorm

(/Q o[ Vul?)s.

Proposition 2.1 (Existence of a weighted p-harmonic function) If a is a locally inte-
grable, nonnegative function in R" satisfying (1.8) for all ball B C R", there exists a
function g € Ly”(€; a) satisfying (1.6) and ¢ < 1 in Q with g = 1 in Q°.

The proof of this proposition is a minor modification of the proof of [4](Theorem 5.26
and 5.27).

Proposition 2.2 (Regularity of a weighted p-harmonic function) Assume that a €
C?*(R™) and 09 is C?. If v, satisfies (1.6) in Q with boundary value 1, then v, is in
Cch(Q).

Proposition 2.3 If v, satisfies (1.6) in €2, there exists a constant ¢, depending on
n, p such that for all ball B with 2B C Q

sup |V,|P < 04][ Vo, [P
B 2B
holds.
For the proof of Proposition 2.2.2 and 2.2.3, see for example [2], [9].

Proposition 2.4 (the Harnack inequality) If v, satisfies (1.6) in €2, there exists a constant
c; depending on n, p such that for all ball B with 2B C 2

sup v, < ¢5inf v,
B B
holds.
For the proof, see [4](Theorem6.2).
Proposition 2.5 (Comparison principle) Let v € L'P(€;a) be a continuous super-
solution, v € L'?(€); a) be a continuous subsolution of (1.6) in Q and Q be connected. If

v < wuon 0f2, then v < wu in €.

The proof is a minor modification of the proof of [4](Lemma 3.18).

3 Proof of Main Theorem

By proposition 2.1, there exists a weighted p-harmonic function in 2 with boundary value
1 (denoted by v,), and set u, := (1 —p)logv,. To prove the Main Theorem, it is sufficient
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to ensure the local uniform boundedness of v, and Vu, due to the Ascoli-Arzela theorem.
In fact, following estimates are valid.

Proposition 3.1. (Uniform boundedness of w,) If B,(zo) C Q¢ and Q C Bs(0), u,
satisfies the following two estimates.

(o) < (a4 22) (o = aal =) in
T

w(r) > (8 p)log 2] w0,

where the positive constant ¢, is independent of p.

Proposition 3.2. (Uniform boundedness of Vu,) If B,(z) C Q°, Vu, satisfies
[V, ()| < {2(co + (n — D)r Hes(|z — 20| — 1) + (ca + (n — 1)7"_1)2}% in Q,

where the positive constant c3 is independent of p.

To prove Proposition 3.1, we construct an appropriate supersolution and subsolution
for a weighted p-harmonic equation and use Proposition 2.5 (comparison principle). To
prove Proposition 3.2, we want to get a gradient estimate of u, on boundary and get a
interior estimate by a kind of Bernstein method.

Proof of proposition 3.1. Setting w = e**~%! (o < 0) and computing the p-laplacian
of w, we get

div (a|Vw[P~*Vw)

—=aa|afP~ el DT og g - (= 2o) + =Dz — 20| +alp—1)}
r—ux

Vioga ( xo)+(n—1)|x—m0|_1—|—a(p—1)§0
|z — z¢]
holds for every x # x,.
By (1.9) we see that
|Vloga - il | <
|z — |

As a result, it is sufficient to assume

a<—(p—1)" (02—1—”;1)

so that w is a subsolution in €. In particular, if B, (z¢) C Q°,

32+(n71)7'_1
1-p

c2+(n71)7‘_1

wy = 1 el
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is a subsolution of (1.6) in €.
On the contrary, setting w = |z|* and computing the p-laplacian of w, we get

div (a|Vw|[’*Vw)
—aalalP~2|z| @ VDY Vioga -z + a(p — 1) +n —p).
So if w is a supersolution in x # 0,
ap—1)>-n+p—Vliega-z

holds for every = # 0.
By (1.10) we see that
—Vioga-z—n+p<p-—1.

Therefore, to conclude that w is a supersolution, it is sufficient to assume

a>5—p
=

)

where [ is constant satisfying 8 > 1. In particular, if Q¢ C B,(0),

T 5:?
s

is a supersolution of (1.6) in Q\{0}. Moreover, w; < 1 on 9 and wy > 1 on 0L, so by
comparison princile (Proposition 2.5), we observe that

vp > Wy in €,

vp < W in .
Recall that u, = (1 — p)log v,. By above inequalities, we see

n—1

) (o — @) — ) in 9,

Uyp S (CQ +

upZ(ﬁ—p)log@ in Q.

Remark 3.1.1 Let Q¢ = B,(0) for some r > 0 and a = |z|~®~Y in Q. Then
Viega-x=—n+1.

So such a does not satisfy (1.10). However, in this case, we can check that

exp(ljp<|x|+1))
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is a subsolution of equation (1.6) and v, < 1, where € is any positive constant. Therefore,
we can obtain
0 < uy(a) < effa] + 1)

Taking p — 1 and ¢ — 0, we obtain v = 0. This is not a proper solution. Thus
the lower bound of (1.10) is important in our method. Also in this case, the left hand
side of (1.1) become oo, so it seems that there are no proper solution if we take a as above.

Remark 3.1.2 If a = 1, the function

n

| — | 0

satisfies the p-harmonic equation. So the estimate of v, above is easier than the situation
in which a is not constant.

To prove Proposition 3.2, we prepare some lemmas.

Lemma 3.3. If B.(zg) C €, there exists a positive constant ¢y depending only on
n and p such that

[V (o) < =

holds.

Proof : Let n € C§°(2) be a cut-off function. Taking nPv, as a test function of (1.6),
we get

/anp\vaV’ = —p/ an” ', |V, [P~*Vu, - Vi
Q Q

p—

(] anp|wp|p)”l (f a(vp>prvmp)’l’ .

/ P [Vul? < P / a(v,)7| VP
Q Q

holds. Taking 7 with supp 7 C Bz () and =1 on Br(z¢) in this inequality, we get

Thus

[ avarsy [ awrien
B

7 (z0) By (z0)

Using the property (1.8) and Proposition 2.4, we obtain

a(v,))P|VnlP < cgr™ P inf a inf w,.
P g SOV S ™7 0 it

Also using Proposition 2.3, we obtain

/ a|lVu,|P > czr™ inf a sup |V,
B

» (o) By(eo) By (zo)
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Therefore we can get

sup |Vu,|P < cgr™® BingE b
r

By (o) (z0)

In particular,
c
V()] < 2

holds.
[l

Lemma 3.4. Set R := sup{r > 0|Vzo € 00, Jz1 € Q° s.t. g € IB,(x1)}. For all x € 09

n—1

V()] < o +
holds.

Proof : Take any x € 09Q. If Vu,(x) = 0, the inequality is clearly satisfied, so we
consider the case Vu, # 0. By Proposition 3.1, u, > 0 in €2, and u, = 0 on 012,

(e T
Vuy(z)

<(es+(n— 1R ("”” TV ()]

ol - R) eat (n— DRz — 20| — R)

holds, here x € 0B(xo, R) (such xq exists by the definition of R) and ¢ > 0 sufficiently
small. Dividing both sides by € and letting e — 0, we get

n—1 xr — X Vup(iU)
v < '
V()] < (02 + R > [z — 20| |Vup()]

< +n—l
c .
S| e R

This is the desired inequality.

f

Lemma 3.5. Assume that u, is smooth and set f := [Vu,|?, g := £ — c3u,. Then

p -1
div(F5'AVg) + h- Vg = F = AV P

holds, where
Vu, ® Vu,
f )
hi=—pf? 'V, + |Vu,["*Vioga+ (p—2) 2 *(Vu, - Vioga)Vu,

A=1+(p—2)



Proof : Denote u, by w. If u is smooth, the equation (1.7) is transformed into
div (|Vu[P~*Vu) + |Vul'*Vu - Vioga = |Vul?.
Differentiating this equation, we obtain

div (|Vul[P~*Vu,, + (p — 2)|Vul’*(Vu - Vu,,)Vu)
+ (p = 2)|Vul~*(Vu - Vu,,)Vu - Vloga

+ |Vul|P*Vu - V(log a),, + |Vul[P"*Vu,, - Vloga
= p|VulP*Vu - Vu,,.

Thus

div (|VulP"?u,, Vug, + (p — 2)|VulP ug, (Vu - Vg, ) Vu)

= |VulP%|Vu,,|* + (p — 2)|VulP " (Vu - Vuy,)?

+ g, div (|VulP*Vug, + (p — 2)|Vul"~*(Vu - Vu,,)Vu)

= |VulP 2| Vug,|* + (p — 2)|VulP(Vu - Vug,)? + pug, |VulP~>Vu - Vau,,
— Uy, | VulP2Vu - V(log a)s, — Uy, |VulP">Vu,, - Vioga

— (p = 2)uy, |VulP~(Vu - Vu,,)(Vu - log a)

holds. Summing this over 1 to n, we obtain
1 . p_1q
§d1V< f2AVY)

- -2
= (Va2 Y Ve 2+ 5= [ Vul =V £ 4 2|Vl V- O f

i=1

— |VulP~?*Hess(log a)(Vu, Vu) — %|Vu|p_2V10ga -V f

— ]%2f§2(Vu V) (Vu-Vloga).

By the Schwarz inequality
|Vul?| Vi,

1
25 = 2
So
1 . p_1q
§le(f2 AV f)

—1
> P L vulr 4|V 7P 4 L [ul 2V 9 [ VulHess(log a)(Vu, Vu)
p—2

1 p
- §|Vu|p_2Vloga-Vf— f23(Vu-Vf)(Vu-Vioga).
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On the other hand

div(f>LAVu)
=(p — 1)div(|Vul’2Vu)
=(p— 1D(|Vul’ — |Vul|P"?Vu - Vloga).

Thus we observe that
div(f>"1AVyg)
:%div( YAV ) — esdiv(f2 " AVa)
22%1|Vu|p_4|Vf|2 + §|Vu|p_2Vu -V f — |Vul’"*Hess(log a)(Vu, Vu)

— %|Vu|p2V10ga -Vf— ]%2f§2(Vu -Vf)(Vu-Vloga)
—c3(p — 1)(|Vul’ — |VulP?Vu - Vloga).
We conclude that
div(f2'AVg) + h- Vg
Zp%l\VuV’ﬂVfP — |VulP~*Hess(log a)(Vu, Vu)

— ca(p = D(IVul” = [Vul"*Vu- Viega) + pes 47" |Vuf?
— 3| VP2V - Vioga — (p — 2)es(Vu - Vioga) f271

—1
ZpT|Vu|p_4|Vf|2 — c3|VulP — e3(p — 1)|Vul|P + pes| Vul|P

p—1 N
=L [Vul P

Remark 3.5.1. If a is constant, we can obtain
1 P
Sdiv(FiAv ) - §|vu|p—2vu Vf
-1
> L v v

So we do not need to consider the function ¢g. In order to squeeze the second-order dif-
ferentiation of a, we need to introduce g.

Proof of Proposition 3.2. Fix 8 with 8 > co+(n—1)R™ ' and set Q5 := {x € Q| g > %2}
Assume that Qg # (). By Proposition 3.1 and Lemma 3.3, g — —o0 as |z| — 0o0. So g is
bounded open set and by Lemma 3.4, g = % on 0. Moreover, |Vu,| is bounded from
below by a positive constant in €2g. So wu, is smooth in €23. Therefore, by Lemma 3.5, we
can apply maximum principle for divergence form to g and get

sup g < sup g.
Qs 9



35

This contradicts to Qs # 0. So

holds in 2. Thus we get

in 2. By Proposition 3.1 again, we obtain
|V, ()] < {2(ca + (n — 1)7’_103(|x — x| —=7) + (2 + (n — 1)R_1)2}% in Q.

O

By Proposition 3.1 and Proposition 3.2, it turns out that there exists a subsequence
{tp, }ren C {up}p>1 Which converges uniformly to some u € Ci21(Q) as pr, — 1. We have
to prove that u is a proper weak solution of (1.1). It is proceeded by the same way as

Moser [10].
To prove that u is a solution, we invoke the following lemma.

Lemma 3.6. For a compact set K C Q and v,w € VVli’p (€2; a), define the functional

C

JY (w; K) ;:/

1
—a|Vuw|P 4+ aw|VulP.
KD

Then for every precompact set K C () and every w € VV&?(Q, a) with w = u, in Q°, the
inequality
P () - P (o)
Jo (up; K) < J (w; K)

Up

holds.

Proof : Taking u, — w as test function in (1.7), we obtain
/ a(u, —w)|Vu,|P = / alVu,P*Vu - V(w — u,)
K Q

< / oV, [P) 5 ( / o[Vl — / o[ VP
Q Q Q

1
< [ alivup -,
b JKk

O

Proof of the Main Theorem. By Proposition 3.1 and 3.2, it is easily checked that u
is proper and satisfies the estimates in Main theorem. Also, the proof of uniqueness is
almost same as the proof of [5](Therem 2.2). So it remains to show that u minimizes .J,
in the sense of Definition 1.1. Take any precompact set K C € and v € Co’l(Q) with

loc
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v=uin Q\K. Choose n € C§°(2) with 0 <n <1and n=1in K. Applying Lemma 3.6
for the function w = nv + (1 — n)u, and compact set supp 7, we obtain

1
/ LIV + 0V 7}
suppn P
1
< / {1V + (1= )} + o+ (1— )y} [V 7}
supp n

1
< / a{ L 10V0 1 (1= )Ty + (0 — )Tl + {0 + (1 — )} [Viag P}
supp n
Thus

1
/ {21V + 1y — 0)| V)
supp n

1
< [ aln o+ -0V, + 0 - ) TP
supp 7
3p71 p p p p p p
< [ Vel =l PVl
supp 7

Setting v = u and taking pr — 1, we get

/ an|Vu| > limsup/ an|Vuy, [Px.
supp 7 k—=oo  Jsupp g

The lower semicontinuity implies

liminf/ a|Vuy, [P 2/ a|Vul.
k=0 Jsupp 7 supp 7

Therefore taking supp 7\ K small enough, we obtain

lim a|Vuy, |P* = / a|Vul.
supp 7

k—o00 supp 7

By taking py — 1 in (), the left hand side becomes

/ a{|Vu] + n(u - v)|Vu]}

:/ a|lVu| + (u —v)|Vul —|—/ a|Vul,
K

supp n\K

and right hand side of (%) becomes
| aulvel+ 1= wival + o - ul 9l
supp 7

- / a| V| + / a0Vl + (1 0)|Vul + o — ul|Vnl}
K supp n\K

g/ a|w+/ a| V.
K supp n\K

This implies that v is a weak solution.
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