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Abstract. For the nonstationary incompressible Navier-Stokes equations with anisotrop-
ically decaying external forces and zero initial data in R™ (n > 3), we continue to consider
anisotropic spatial decay rate estimates of the solutions in the so called Serrin’s class. We
utilize the weighted equation approach in the Lebesgue space equipped with the mixed
norm in this paper again. But we here multiply two anisotropically growing functions to
the equations at the same time. The double-weighted solutions for the linearized equa-
tions are estimated with the weighted and non-weighted external forces. The estimates
for the nonlinear terms are more complicated.

In case the temporal decay rates of the external forces are grater than 1, we show the
spatial decay rates of the solutions are almost same as those of the external forces in all
directions as well as the isotropic decay rate estimates.
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1 Introduction

This paper gives a remark on an extension of the work [1]. We consider the nonstationary
incompressible Navier-Stokes equations in R™ (n > 3) with the zero initial data:

Ou—Au+ (u-Viu+Vr=f, V-u=0, in R" x (0,00), (NS)
u(-,0) =0, |u(z,t)] — 0 as |z| = oco.
Here u = (uj(z,t)) (j =1,--- ,n) and 7 = 7(z,t) denote unknown velocity and pressure,
respectively, and f = (f;(x,t)) denotes a given external force.
In [1] it has been shown that
fGet) = of 1 )
z,t) =0
N R Ry At 22 (1.1)

= |u(z,t)| <C(1+ al+ a3+ -2l _5)7"

for so-called Serrin’s class solutions u of (NS). Here for f € L*(0,00; Li(R?); L7 (R""2))
with ¢ > (n —2)/p, ¢ > 1 and s > 1/, decay rate p must satisfy

n—2 2 2
p<p, p<—]—+=+-—-2
q q S
For x = (x1, 22, -+ ,2,), we denote that
j:(xljx%...’xi% .T/:(xi—i-la"';mn) (12>
di() = (af + -+ af)' P, dia’) = (el + -+ ap)' '
In this paper we will show that for p < ,p’ <n — 1,

fla,t) = o(d7d" ") = Ju(z,t)] < C(1+d;) (1 +d)~" (1.3)

for so-called Serrin’s class solutions u of (NS).

Our arguement is parallel to that of [1]. We first consider the linearized equa-
tions, so called the Stokes equations, which turns to the heat equations in R™ by ap-
plying the Helmholtz decomposition. We multiply a growing function M;(xy, -+, x;)
and Ms(x;41,- -+ ,x,) to the equations and obtain the a priori estimates of the weighted
solution M;Msu. The embedding inequality in space-time yields us the estimates in
L#(0,00; LT (R™)"~%: L9(R?)"). The Gagliardo-Nirenberg inequality of parabolic type
gives the uniform bound of M;Msu.

Since we can choose weighting functions M; and M respectively as

di’ = (14+d) =143 +---+22), 0<y<1

iy , , (1.4)
d' = (1+d)" =1+ /o, ++a2), 0<y <1

far from the origin, we obtain the decay rates of the solution by applying this operation
several times.
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To estimate (NS) we treat the nonlinear terms u - Vu as external forces. Under the
smallness condition ||ul|,, , < 1 in the class
n—1i 2

/

we LPPP for all p,p/,po > 1, with ;—) + , (1.5)

the nonlinear term is estimated by the parabolic derivatives. The estimates for the com-
mutator between the Helmholtz decomposition projector and the double weights are more
complicated than those in [1]. Hence we obtain the same estimates of M;Msu as those
for the Stokes equations.

2 Main results

Theorem 2.1. Let n > 3 and i = 1,--- ,n—1. Let p € (0,4], ¢’ € (0,n —1i], q >
i/, ¢ > (n—1i)/u' and s > 1. Assume that solenoidal function f € L) satisfies

loc

o W
| ‘lim f(x,t)\/x%jof \/x?+1+---+x% t=0
x|,t—00
and f € L*(0,00; LY(RY); LY (R"%)). Then for a weak solution u of (NS) in the class
LPP'Po for all p,p', po € [1,00] satisfying i/p + (n —i)/p' 4+ 2/po = 1, there exist positive
constants € = e(n, u, (') and p < p, p' <y’ with

_i 9
n-i_ 2_,
q s

7
p+p’<5—|—

such that sup ||u||py p, < € implies that

-P
[u(z,t)] < C (1+ x%+---a:§) (1+ \/x§+1+---+xg)
with C' = C(n, f,p, p').

3 Anisotropically double weighted Stokes equations

Operating the Helmholtz decomposition in L‘i”q/(R”)n to the Stokes system, we consider
the heat equations with the solenoidal condition

ou — Au = f,
V-u=0, in R" x (0,00),
(H)
u(-,0) =0,
lu(z,t)] = 0 (Jz| = o0).
Let it =1,2,--- ,n—1. For 7,7 € (0,1), let ap € (i, 00], oy € (i/2,1], ay € (n — i, 0],
oy € (n—1)/2,n — i satisfy
7<70::1—L:2—L, 7/<7/::1—n_,222—n,2 (3.1)
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Let My (2) € W2P(RY), My(z') € W2 (R™) (for some p,p' > 1) satisfy

loc loc

0< M; < CCZZ"Y,
VM, € LaO(Ri), (Ml)
AM, € L (RY),

0< M, <Cd,
VM, € L% (R, (M2)
AM, € L (R™).

We can take M; = Cd;”, M, = CJ;V,. We denote that
L9 — 12(0,00; LY (R™); L9(R))
with norm || - ||, s and
ulllgs = 110eullgq.s + IV*ullgqs-
We also denote that M := M; Ms,.

Proposition 3.1. Fork>2,let1<q¢<q1 < - <@g <00,1<q¢ <q1 <---<q) <
and 1 < s < s <--- <5, <00 satisfy

1<j,m<Ek,
7 n—1 2
q q s
i n—i i on—i 2 (3:2)
= (1= )i+ (1= m b — S —,
Qg &%) qjm 45m Sjm

(%’#]}Sj) = (Qj,ja%‘,jasj,j)? (90, 99> 50) = (¢, 4, 5).

Assume that g, < ao/2,q, < ay/2. If MIMPf € LqﬂVm’qﬁ»m’S]”m(j,m =0,1,---,k), the
solution of (H) satisfies

k
|||Mku|||qk,q§€8k <C Z HMfMmequ,m,q}’m,sj-,m' (3:3)

j,m=0

Proof. Multiplying M = M; M, to (H), we have

(Mu); — A(Mu)

— Mf—2VM -Vu—uAM

=Mf+2VMVMy-u—2(VM; - V(Myu) + VM, - V(Mu))
—((AM) Myu + (AM;) Mau).

(3.4)
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The a priori estimates, Holder’s inequality and Embedding Lemma in [1] yield

|HMU|||q1,q’1,S1

(3.5)
< C(HMqul,q{m + ‘|M1f||q1,o,q’170781,o + ‘|M2f‘|qo,1,q6,1780,1 + Hf”q,q’,S)
with
T n—1 2 1 1 n—1 2
- ; - =(1l-—)+—+——+—
q q S Qo 410 10 .3102
n—1i 1 n—1u
( o ) do1 .%,1 50,1 5 (3.6)
n—1 T n—1
1——)+(1 - — —
( )+ ( 7 )+ -
The desired results are given by
(M*u), — A(M*u)
= MFf —2kVM - V(Mu) + k(k — 1) (VM) M*2u — kM**uAM
= MFf —2k{VM, - V(M MFu) + VM, - V(MFME u)} (37)

+2k(k — 3) VM,V My - V(M* 'y
+k(k — D{(VM)>MF2MEu + (
_k{(AMﬁ(MfMé{flu) + (AM)

V M,)2MF MYy}
(M7~ Mju)}.

0

Since we take M, M, such that MF = Ccfikv, M} = CCZék’Y/ at the infinity while £y and
kv are actually the decay order of solutions in R* and R™ respectively, (3.1) implies
n—i 2 T o n—1i 2

+E-(—+—+2). (3.8)

q 5 qk qs, Sk

k(v +4') < é%—

By the Gagliardo-Nirenberg-Yamazaki inequalities in [1], we obtain uniform decays
lu(x, t)| < CM™*

for the Stokes equations with weakly solenoidal external forces.

4 Estimates for the weighted Navier-Stokes system

Hereafter we consider the weak solutions u of (NS) in the class (1.5). Applying the
Helmholtz decomposition projector to (NS), Proposition 3.1 implies for M = M; M,

|||Mku|||Qk7q;C’5k
: J m J m (41)
<C Y (IMIMZP(u-Vu)llg, g s + MM flg,

J,m? 154, m)
j7m:0
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For (gx, qp, sx) with ¢x < a0/2,q;, < /2 and (3.1), let (p,p’, po) satisfy

1 1 1 1 1 1 i on—1 2
— — + -, —/>—/+—/, Sg < po, — + ; + —=1. (42)
gk Qg P G Gy P p p Po
To estimate M MJ*P(u - Vu) in (4.1), we have
MMy P(u - Vu) = PM] M (u - Vu) — (PM? M — MM P)(u - Vu), (4.3)
MM (u - Vu
M3 ( ) (4.4)

= u - {V(M] M) — (m(V M) M{ M= + §(V M) M{ ™ M)}

Applying Hoélder’s inequality and Embedding Lemma in [1] to the first term in the right
hand side of (4.3) with (4.4) yield

[|PM] M5 (u - V)

’
| |Qj,m7qj’m75j,m

S C||quaplvp0{H|MfM£nu|||qj,'m7q;'7m75j,m + |||M{M£n_1u|qu,mflyl];'ym,lysj,mfl (45)
1
+|||Mf M2 u||’(ijl,m,tI},Lm,Sj—l,m}'
Next we show the estimates of the commutator in (4.3).
Lemma 4.1. Let 1 <i<n,0<d<iand0< ¢ <n—i. Letr e (1,00) satisfy
o 1 o+i R —1
— — +Z, _<1__<M‘ (46)
n o n n r n
Then it follows that
didy
|1 |Z$|; o < Cllfllq (4.7)
with '
~1 1, . n ~ 1 1. n
(=== )=i-=+45 > (———)=-——i+d. (4.8)
iV r o1 B Pi r
Proof.
Young’s inequality yields
Ao’ 1 1
<O = (4.9)
|x|n dn/r éd/‘n/r 0 d?fad/‘(n i)—«
with 1 1
l<r<oo, —+—=1,
O<a<i, ——d0=i—a (4.10)
r

0<o <n—i, ﬁ/—&’:(n—i)—a’.
r

Here it must be satisfied that (4.6). We obtain the desired results in parallel to Lemma
22 (2)in [1]. O
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Lemma 4.2. (Estimates of the commutator)  Assume that VM, € L*(RY), VM, €

Lo (R, Let j,m = 1,2,--- .k and 0 < jyo +m~y) < n. For Qs g € (1,00), let
coor € (1, qjm)s Chp € (1,q),,) for £ =0,1,---j and £’ =0,1,--- ,m satisfy
1 1 1 1
i(— — — V4 (n—i =5 =€) +vo(m — '), 4.11
— - )+ ><% 7=l =0 ahm =) ()
and .
7 n—
0< —+ - (470 + m~g)- (4.12)
Qj,m QJm
Then it follows that
PN = M0 Pl g, <€ 5% WMoy
(£L1)#(j,m)
Proof.  The polynomial expansion formula implies
M] M3 (y) — M{ My (x)
' o (4.14)

j—1 j—1m—1
==Y C(OAjme— ZC m, VA = > > CGm, L) By
=0 =0 /=0

with
Ajme = (My(%) = My (5))"~ M (5) M3 (y),
Ao = (M(2') — My(y'))™ =" M (y ) M (5), (4.15)
Bjme = (Mi(2) — Mi(§))'~" (Ma(a) — Ma(y')"™ =" Mi(5) My (y).

By Lemma 4.1 and

|My(2) — My(§)] < C|V M| — g| oo,

’ ’ ’ 11—(n—i)/al (416>
|Ma(2') — Ma(y')| < CIVMsloylz" — | 0,
it follows that
H(PMij - MijP)qujm,q;,m
{Z | | 1(@)MW ) W)] dyllg g,
|$ —Y |70 m—t) j %
+Z|I o MY (§) My )W) dyllo,
J lm 1 0) (m—2")
|x J— y |’YO(‘7 |:L' — |’YO _ "
+> Z | —r M (9) M3 (' )o()| dylly,.,g, 3
=0 = j—1 71—1 m—1
<C {Z MM e, e+ D NIMEME ]+ D D (MM 0], @,,%,}
(=0 (=0 ¢'=0

- C Z HMleMQK Hcgglc
(6, #(Gm)

ZZ’
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O

We apply the above lemma to v = (u - V)u.

Proposition 4.3. Assume the same as in Lemma 4.2. Let (p,p', po) satisfy (4.2) and let

2 2 2 7 n—1
- <1l —=—-+4+ —.
S Sk—1 Po p p

Then it follows that
H(PM:{MZWL - M{Mé’nP) (u ' VU) | |qjm7q;'7m75j,7n

/
< CHqu,p/,po Z H’MleQé UH|%,Z'7‘J2,¢/»54,£"
(€,)#(5,m)

Proof.
Lemma 4.2 implies

1(PMI Mg — M{MZP)(u - V)llgy,, 550
<C Y IMIME (u- Va)lle, e
(6,)#(j,m)
In parallel to (4.5), the Leibnitz rule (4.4) implies
|(PM7 — MIP)(u- vu)“qj,q§,8j

!
< Cllullpp po Z {H‘MlgMzg u|HQ47elquelase,é/

| (GOZm)
I M

/ L.
e’glvsj,m

/_
+ 1125l ,

’
ul ‘ |Q£71,4/ 7‘15717217‘%71,2/

Thus we obtain (4.18). O
Proof of Theorem 2.1 We finally obtain

M *ul]] gy 1,50
/
< C{HU’HP,P/J)O||’Mk'u’||’q1c7q;€75k + Z |HM1£M2£ U‘Hqg,zuqz,[usazl
(6,17 (k k)
k .
+ MM fllg, gty
7,m=0

In parallel to [1], for the desired decay rate p = k(v + /), letting

n—2 2 2 1 n—i 2
k(y+9) =p< s tati T ot N\
k

q s T @

we conclude Theorem 2.1.
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