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Abstract. We consider the nonstationary incompressible Navier-Stokes equations
with nonzero external forces and zero initial data in R™ (n > 3). Spatial decay rates
of the solutions in the so called Serrin’s class are shown, while decay rates of data are
anisotropically prescribed. To consider anisotropic measurable functions, we recall the
Lebesgue space equipped with the mixed norm. A weighted equation approach is applied
here, that is, by multiplying anisotropically growing function to the equation, we estimate
the weighted solution by the weighted and non-weighted data in the space with the mixed
norm. In case the temporal decay rates of the external forces are almost zero, we obtain
the spatial decay rate estimates such that the decay rates of the solutions are almost same
as those of the external forces in the n — 2 dimensional spatial directions and are grater
than 2 plus those of the external forces in the remaining 2 dimensional spatial directions.
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1 Introduction

Space-time decay rate estimates We consider the nonstationary incompressible
Navier-Stokes equations in R"™ (n > 3) with the zero initial data:

ou—Au+ (u-Vu+Vr=f V-u=0, in R" x (0,00), (xS)
u(-,0) =0, |u(z,t)] =0 as |z] = oco.
Here u = (uj(z,t)) (j =1,--- ,n) and 7 = 7(x,t) denote unknown velocity and pressure,

respectively, and f = (f;(x,t)) denotes a given external force.

We are interested in anisotropic decay rates of a solution under natural assumption
on external force. We begin with reviewing a few typical known results. Knightly [17]
constructed an analytic, in space-time, solution for the Navier-Stokes equations in R"™ with
zero external force and nonzero continuous initial data g(x) with |g(z)| < A min(1, |z|™")
for some r > 1 and sufficiently small A. He assumed that for some constant vector ..
and some T > 0, u, u;, Vu, Au, m and V7 are all continuous on R" x (0,7") and
lu(z,t) — us| = o(1), |Vu(z,t)] = o(|z]) and |7(x,t)] = o(|z]) as |z|] — oo, locally
uniformly in ¢. He represented the solution by an integral equation with the fundamental
solution of the Stokes operator and obtained that

lu(z,t)| < Cmin(1, |z| ™", t7"/%), r < n. (1.1)
Here n > 3 for 7(xz,t). In (1.1), we see |u(x,t)| < Clz|™" in {(x,t) € R™ x (0,00); |z| >
Vit > 1} and |u(z,t)| < Ct/% in {(x,t) € R™ x (0,00);v/t > |2| > 1}. Thus (1.1) are

not uniform decay estimates and actually yields |u(x,t)| < C(1 4t + |2]?)~"/2.
As well-known, if a weak solution u of (NS) is in the class

L?(0,00; LYR™™) with n/q+2/s=1 (1.2)

(and if its norm there ||ul|,s is sufficiently small when (g, s) = (n,00)), u is C* regular
in space after a finite time (See Serrin [23], Giga [13] and Takahashi [24]). Takahashi [25]
showed uniform estimates for weak solutions of (NS) in the class (1.2) with ||u||,s < 1,
while the decay rates of external forces are prescribed. That is, for f(x,t) = o(|z|~#t~?)
as |x|,t — oo for some u, A > 0, Takahashi [25] showed that

u(e, )] < C(L+ Jz])~P(1+1)"°

with C' = C(n, f, p,0). Here for any ¢ > 0, (p, o) is given as follows.
(a) For decays in sSpace, {(pv 0)7 (M? )‘)} = {(n -G 0)7 (na 1)}
(b) For time decays,
{(0,n/2 —¢),(n,n/2)} for even n,
{(p,0), (1, N)} =
{(0,n/2 = ¢),(n,§ + 77)} for odd n
(c) For decays in space-time, {(p, o), (u,\)} ={(n —2k —c,k —¢), (n,k)} for k € N with
k <n/2.
Hereafter we simply denote

L% = L*(0,00; LY(R™)").
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Thus space L?° is equipped with the norm

kuf:{[ﬂ/?WWJWd@”%*wi

Anisotropic estimates ~ We call function f(z) decays isotropically if and only if there
exists a positive constant « such that

We note that Young’s inequality implies
1 1 1 1

Y7~ sl I PR

and that
1 1

L+ [zl (L4 fa)* - (1 [an])
where LP(R™) is an isotropic space.
As isotropic estimates of the heat eqation v; — Av = f in R"™ with the zero initial
data, the anisotropic estimates can be obtained as follows,

e LP(R") if ap > 1,

—i rittaf —(n—i (€3 ++a?)
E(x,t) = (4mt) exp{— Y . (47t) = (09 2exp { — el Ty

C
< .
T (af A 2D 2(af 4+ a2) e

Here a +b+2c=mn, a <1, b <n —1i. For external force f with

1
< 1.3
‘fl— (x%_i_+x12>a/2(xl2+1++x%)13/2t77 ( )
where oo <4, 8 <n —i and v < 1, the solution v is estimated as
C
o] < - — (1.4)

(@) T (ol 4o ad) T
where o/ + 3 +27 =2. We here takea=i—a’,b=n—i—F andc=1—7".
We here especially consider the case i =2, ' =+ =0, o = 2. Hereafter we denote

that

R" =R"?xR*={2' = (21,29, ,0p2)} X {T = (p_1,70)}

W=\ ad, (3= e+l (1.5)

(1.6)

with the norm

It follows that

< =< —.
1< wppe = V< wpe
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Main results In this paper we will show that
fla,t) = ol ™Ma@[27Y) = Ju(z, )] < C(1+[2']) 7" (L.7)

for so-called Serrin’s class solutions u of (NS). Here for f € L*(0, 00; L1(R?); LY (R""?%))
with ¢ > (n —2)/u, ¢ > 1 and s > 1/, decay rate p must satisfy

n—2 2 2

p<pu, p< —+t=-+-—2
q q s

Here we can take ¢ close to 1. In case A is sufficiently small, we can take s such that 2/s
is close to 0. Taking ¢’ close to (n —2)/u, we can take p close to p. Thus we can say that
estimate (1.7) is close to estimate (1.6).

Our arguement is parallel to that of [25]. We first consider the linearized equations,
so called the Stokes equations, which turns to the heat equations in R™ by applying the
Helmholtz decomposition. We multiply a growing function M (z’) to the equations and
obtain the a priori estimates of the weighted solution Mu. The embedding inequality in
space-time yields us the estimates in so-called mixed norm space L*(0, co; L4(R™)™). The
Gagliardo-Nirenberg inequality of parabolic type gives the uniform bound of Mu.

Since we can choose weighting functions M (z') as d,,' (2') := (1 + dp(2')? = (1 +

224+ 422)" (0 < v < 1) far from the origin, we obtain the decay rates of the
solution by applying this operation several times.

To estimate (NS) we treat the nonlinear terms u - Vu as external forces. Under the
smallness condition ||ul|p, < 1 in the class

n

u € LPP for all p = (p1, -+ ,pn),po > 1, with Z L + 2 =1, (1.8)
— Pi Do

the nonlinear term is estimated by the parabolic derivatives, i.e., the time and spatial
second derivatives. Hence we obtain the same estimates of Mwu as those for the Stokes
equations.

Literature overview for spatial decay properties = Amrouche et al. [1], Miyakawa
[21], Brandolese [8] and Brandolese and Vigneron [9] constructed strong solutions u(z, t)
for the Navier-Stokes equations in R™ with zero external force and nonzero initial data
with some suitable conditions. In [1] strong solutions which decay in L? at the rate of
[Ju(t)|]2 < C(1 +t)# satisfiy for 0 < k <n/2

|Du(z, )| < Chm(14)7P(1 + |2])7F/2,

where p = (1 — 2k/n)(m/2+ pu+n/4),|al = m, p > n/4 and 2 < n < 5. In [21], the
initial data are assumed to satisfy solenoidal, some cyclically symmetricity and sufficient
decay properties, then the solutions satisfy

u(z, )] < CA+ )™, Julz, )] < O+~ 2,

In [8] the solutions which are left invariant under the action of discrete subgroups of the
orthogonal group decay much faster than in generic case, where n = 2,3. In [9] for well
localized initial data the solution satisfies

Ctlz|~ ) < |u(z,t)| < C't|z|~ D
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for sufficiently small ¢ and sufficiently large |z|.

Bae and Brandolese [2] also constructed a strong solution u(z,t) for the Navier-Stokes
equations in R™ with external force with non-zero mean and initial data with some suitable
conditions satisfying

Ct|z|™ < Ju(z, )| < C'tja|™

for sufficiently small ¢ and sufficiently large |z|.

There is abundant literature on the spatial decay properties of solutions of Navier-
Stokes equations by many mathematicians. (See [3],[7],[11],[12],[19],[20].)

There seems no literature studying anisotropic decay rate estimates for the solutions
of the Navier-Stokes equations, although the Navier-Stokes equations are considered in
the spaces with the mixed norm.(See [10],[16],[22].)

2 Mixed norm spaces LP

In this section we recall some fundamental estimates in anisotropic Lebesgue spaces, so
called mized norm spaces, and prepare additional estimates needed later on.

Study of mixed norm spaces goes back to Benedek and Panzone [5] and many efforts
for anisotropic spaces have been especially made by Russian mathematicians (see Besov,
II'in and Nikol’skii [6], Kudryavtsev and Nikol’skii [18] and references there in). A survey
is recently given by [15].

For measureable function f(z) defined on R™ we write f € L?(R) if

[ fllze = (/R |f(:r;)!pdxi)% < 0.

For component p = (p1,--+ ,pn) (1 < p; < oo for i =1,--- n), the mixed norm space
LP(R™) is equipped with the norm

1l = ([ ([ ([ 1f@Pde)F doa) - d,) .

That is, LP(R"™) = Lt~ (--- (LB*(R, LY*(R)) - - - ). We also consider restricted integration

Throughout the paper, the boldface small letters designate n-tuples (n > 2) with
components between 1 and oo, e.g., p = (p1,p2, - ,Pn). Relations or equations among
n-tuples ¥(p,q,---,r) mean that those among numbers ¥ (p;, q;,--- ,7;) hold for each
component, e.g., 1 < p(p—1)"! < oo means 1 < p;(p; — 1) <ooforalli=1,2,--- n.
In case all components are same, we simply use the italic letters instead of the boldface
letters, e.g., p = (p,p, - ,p). We note that the order in which the mixed norms are taken

is fundamental because in general,

([ ([ 1r@umpanian® £ ([([([ 1))
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By succesive applications of the Minkowski, Holder and Young inequalities, it follows that

1 tdlle < 1fll+ gl < p < oo, (2.1)
1 1 1
< . forp<qrwith — = — + - 2.2
alle < [1fllallll for p < qrwith = &b - (2.2)
1 xglle < Illallglle with 1+ = =141 (2.3)
e Wi —=—4 - .
e = allglle, W P q r

Here f % g is the usual convolution of f and g. For the fundamental properties of the
space with the mixed norm, e.g., reflexivity, completeness and so on, see [5] and [6]. The
following theorem is also given by [5].

Theorem 2.1. For A = (A, Ay, -+, A\y) with 0 < X < 1 and p = (p1,p2, -+ ,pn) with
1<p <1/, let q satisfy 1/p =1/X+1/q. Then it follows that

I+ ol < €Il (2.4

for all f € LP, where |\| =" | \; and C = C(A, p).
Here and hereafter we denote that for x = (21,29, -+ ,2,), i <n and i < j,
di(w) = (21 + - 2})'?,  di(x) = (aF, + - +a2p),
dij(x) = (2?24 4+ + xj?)l/Q_

Lemma 2.2. (1) For 1 =iy <i1 <ig < - <l <igp1=nand 0 < \p < ip—ip1 ({ =
1,2,-+- Jk+1), it follows that

1
||f * dil'_)\ld('ii_lil')_h o .d('n;ik)_)\k-!—l ||p < C||f||q (25)
)1 111,22 eTln
with '
1 1 s
;—;:ej, > 0i=N (=12 k+1) (2.6)
J J J=t+1
that 1is,
H{(=200) M2 4 (A1) 22 4 (B0 n) 2 e < Clifllg (27)
0? o
forAi,jZa—:ﬁ—l----—i-a—x? (1<7)

(2) Let 1 <i<mnand0 < <i. Letre (1,00) satisfy % <r< % Then it follows
i
that

d;
|1 = |x|”||p < Cllfllq (2.8)
with .
~1 1. . n ~, 1 1. n
(———)=i——+d Y (———)=——i (2.9)
j=1 4G P " j=i+1 4G P r
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1

Proof. (1) For simplicity it is enough to estimate f W

1
* dl})\d/‘(n*i)*/\/

f

1
= fya'“ayn ; A\ dy
/ v )d’-”(ﬂf—y)dé(" V(@ —y)

(2

1 1
= oY) —————dyy - - - dy; R dyis1 -+ - dyp,
/(/f(yb Y )dﬁ_A(x—y) Y y> d;(nfz)f)\ (@ —y) Yi+1 Y

1
di Mz —y)

Denoting that U(xl) s Ty Yigl, 7yn) = /f(y17 e Jyn) dyl e d% and *z

the convolution in R; x --- x R, we see

1
Hf*WHp
K] K2 1
= ||’U(I‘1,-~' s Ly syt 7'> *’?+1 WHP

1
= H ||UHLP1’”"pi(R1><~"><Ri) *?Jrl W"Lpi+1"“’p"(R¢+1><~~><Rn)

i

By (2.4), it follows that

n 1
loGoass e o) ¥ —gle < ol an (2.10)
with
11 o -
———=0;(j=i+1,---,n), )\'220]- (2.11)
4 Pj j=i+1
By (2.4), it also follows that
o1
ot -l =W gl m) g
< C’||f||[qu"“"1" (xi-i-lv T ,ZL’n)
with '
11 , . .
——— =0, (j=1,.i), A=) 0 (2.13)
4G P =
Thus it follows that 1
||f*W||pSCHqu (2.14)

(2) Young’s inequality yields

1r g1/v d? d? 1/2
d;" d; < (—+ _,) < C1|$|
T T
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1 1
for 1 <7 < oo, —+ — = 1. Thus we obtain
roor

d? 1 1
— < - =C— — 2.15
|x|n dzz/r—cgd;n/r dzfad;(n—z)—a ( )
with
. n .
O<a<i, ——0=1i—u«
- (2.16)
O<a' <n—i, —=(n-i)—a.
r
Here it must be satisfied that n n
——i<d<—. (2.17)

T r
Inequlity (2.14) with (2.11) and (2.13) now yields (2.8) with (2.9). O

In the whole space R", the following a priori estimates can be shown in the same
manner as those of the usual isotropic spaces.

A priori estimates for the Stokes system 2.3. Letn > 2, 1 < q,s < oo and let
f € L*(0,00; LAR™)™). Then there exists a unique solution (u, V) of the Stokes system
{ ou—Au+Vr=f, V-u=0, in R™ x (0, 00),

u(-,0) =0, |u(z,t)] — 0 as |z| — oo,

(S)

such that Oyu, Vr € LY and V?u € L*(0, Ty; LYR™)™) for all Ty < oo, and it follows
that
10rtlla.s + [[VZullqs + [Vl < Cllfllq.s: (2.18)

Here C'=C(n,q,s).

The following lemma shows the embeddings of the Sobolev spaces with the parabolic
derivatives, i.e., the time first and spatial second derivatives, into the Lebesgue spaces.

Embedding Lemma 2.4. For q,s € (1,00), let Oy, V?*v € LY and v(-,0) = 0.
(i) For o € [q,00) and B € [s,00) with

1 2 12
—+-=2+ — + -, 2.19
AT TN 1
it follows that
10]las < C1100]lq.s + [[V0]]g,s)- (2.20)

(ii) For o' € [q,00) and ' € [s,00) with
Z +g_1+z +B” (2.21)
i i

it follows that
IVullar,s < C([100]lgs + V] ]q,s)- (2.22)

Here C = C(n,q,s).
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t
Proof. Since v(z,0) = 0, v(x,t) is expressed as v(z,t) = / M2 (9w — Av) dr. Here
0

Af=Exf= E(x—y,t)f(y,t) dy for FE(z,t)= e e/, (2.23)

R N (4’/Tt)n/2

Applying the LP-L9 estimates for the heat kernel and the Hardy-Littlewood inequalities
on time yield the desired estimates. [J

3 Main results

In this section we state the main results in this paper. We first define a weak solution of
the Navier-Stokes equations

{ ou—Au+ (u-Vu+Vr=f V-u=0, in R" x (0,00),

(NS)
u(-,0) =0, |u(z,t)] = 0 as |z| — oo,

with f € L*(0,00; LL(R™)") for some ¢, s € (1,00). We call u a weak solution of (NS),
if u is in the class u € L>®(0, 00; L2(R™)") and Vu € L*(0, 00; L2(R™)"*") and satisfies

/ / u - Oyp dxdt + / Vu -V dadt
n o JRn

/ (u-Vu) - dedt = / f o dxdt,

0o JRr 0o Jre

for all ¢ € C§([0,00); C5%(R™)"). Here LE(R™)™ is the closure of Cgo,(R™)" = {f €
CP(R™)"™ V- f = 0} in LY(R™)™. There is a scalar distribution 7 such that V& =
—O0pu+Au—(u-V)u+ f follows in the sense of distribution. Such 7 is uniquely determined
by u up to additive functions of ¢ and called the pressure associated with w. For the
existence of weak solutions we need f € L?(0,00; L2(R")"). Hereafter we simply denote
L% := [5(0,00; LYR™)™). Thus space L* is equipped with the norm

o0 1/s
fullae = { [Tt}

We do not distinguish the spaces of vector and scalar valued functions unless it causes
confusion. We now state our main results in this paper.

Theorem 3.1. Let n > 3. For p € (0,n — 2] and X € (0,1], assume that solenoidal
function f € L™ satisfies | ‘lim [z, )2 |*|z|*t = 0 with (1.5), and for ¢ > (n —
x|,t—00

2)/p, G>1,s>1/X with ¢',s € (1,00) assume that
f € L*(0,00; LI(R?); LY (R"%)). (3.1)

Then for a weak solution u of (NS) in the class LP?° for all p = (p1,p2, - ,Pn), Do €
1, 00| satisfying > ;, 1/pi +2/po = 1, there exist positive constants € = e(n, pu, \) and
p < W with

n—2

2
+-+--2
q



200

such that sup ||ul|pp, < € implies that
u(z,t)] < C(1+[])"*
with C' = C(n, f, p).

Remark. The estimate (1.6) is one of the estimates (1.3)-(1.4). Similarly we will be
able to obtain the estimes of type (1.3)-(1.4) for the weak solution of (NS) in Serrin’s
class, by applying the weighted equation approach in space and time simultaneously as
in [25].

4 Anisotropically weighted Stokes equations

Operating the Helmholtz decomposition in L4(R™)" to the Stokes system (S), we consider
the heat equations with the solenoidal condition

ou — Au = f,
V-u=0, in R" x (0,00),
(H)
u(-,0) =0,
lu(z,t)| = 0 (Jz| — o0).
For v € (0,1) and m =1,2,--- n, let ag € (m, 0] and «; € (m/2, m] satisfy
'y<70::1—ﬁ:2—@. (4.1)
(7)) aq

Let M(z') € W2P(R™) (for some p > 1) satisfy
0< M(z') < Cdy,’,

VM(a'), (MAM(a'))!/? € Lo (R™), (M)
AM(z") € L**(R™),

with dp(2') == 1+ dpn(z') = 1 + /22 + -+ -+ 22,. We can take M(z') = Cd,, (z') for

v < 1 since -
IVM(2')], [(MAM(z')Y?| < Cd,," ™ (2')

and |[AM(2')| < Cdy," 2.
Let 1 <q<q; <oocand 1< s < s < oo satisfy

N1 2 m, =1 2
— S -+Y —+ 2 4.2
ZZ:; 4 S ( ao) ; 4, 51 (42)
We note that (4.1) implies oy < /2 since ag > n/2.
Key Lemma 4.1. Let f € LY* and M f € L. If q; < «, the solution of (H) satisfies

[ Mugllqy s, + IV (Mu)|lqysr < CUIM fllgrs + 11fllqs)-
Here C = C(n,q,s,qi, s1, M, ap).
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Proof. (i) Multiplying M to (H), we have (Mu); —A(Mu) = M f—2VM -Vu—uAM.
Although Mw is not solenoidal in general, the estimates for the heat equations parallel to
A priori estimates 2.3 yield

||(Mu)t||ch,81 + ||v2(MU)||Q1,81
< C(|M fllay,s + [[VMVullg, s + [[uAM|lq,s,)-

Although (Mu); and V?(Mu) may not be in the space L1 here, the above inequality
can be followed by localizing M and the usual approximate argument.
For q; < ay, Hoélder’s inequality and Embedding Lemma 2.4 yield

IVMVullg, s, < CIVMlay([lurllqs + [VZullqs),
[uAM|lqys, < CIAM o, ([Jutllq.s + [[VZullq,s).

Here and hereafter we denote |f(x)|q the usual norm in L4(R™).
The a priori estimate of (H) now implies the desired result. [

Since the derivarives VM and AM must decay, the growth order of M must be less
than 1. Then, how many times can we apply this Key Lemma? It will determine the
decay order.

ForkeNletl<q<qi<---<qgpg<ooand 1 <s<s; <+ < s < 0o satisfy

"1 2 m. =1 2
e e 43
A AT PITRR o
for j =1,2,--- k. By (4.1), qx < ap/2 (k > 2) implies q; < «;. Hereafter we denote
(QO750) = (q7 S)'

Proposition 4.2. Let k > 2. Assume that qi < ap/2. If MIf € L%%(j =0,1,--- k),
the weighted solution M*u satisfies

k
1M ¥l + [V M) |y < C D NIM fllgy s, (4.4)

J=0

See [25, Proposition 4.2] for the proof. We take M such that M*(2') = Cd,,(2')*" at
the infinity while kv is actually the decay order of solutions as we see below. By (4.1),

"1 2 "1 2
m<2—+;—(zq7+—k). (4.5)
=1 1%

; s
= i

The decay rate of external force f determines q and s, with which f belongs to space
L%, For faster decaying external force, smaller q and s we can take. And greater ¢, and
sk yield higher order.

We here recall the Gagliardo-Nirenberg inequalities of parabolic type.
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The Gagliardo-Nirenberg-Yamazaki inequalities 4.3. Letn > 1, 0 < 0 < 1 and
n+2

1 <r<oo. Assume that < q < oo satisfies equality

n+2)_(1_0>n—|—2' (4.6)

0=06(2—
q T

Then there ezists a positive constant C' = C(n,q,r) such that

[19]oc,00 < Cl1ew — Avllg glIv][77* (4.7)

for all v € L™" with v(-,0) = 0 and Oy — Av € L9,

See [25] for the proof. We do not have to prepare the anisotropic version of the
Gagliardo-Nirenberg-Yamazaki inequalities.

The following lemma shows the decay rate estimates. Let ay > n + 2 and let
(a;,b;) (7=0,1,--- k) satisty

"1 2 m "1 2
ST T — - 4 =
;:1 o + 7 J( ao) + §:1 ™ + 7 (4.8)
n+2< ;o 0
ar = a —.
9 PR g

Lemma 4.4. (Uniform estimates for the weighted solutions) Assume that (M),
(4.1) and qi < ap/2 for ag € (n + 2,00]. Let M7 f € L% N L2 (7 =0,1,--+ k).
Then there exist constants C = C(n, q, s, k, q;, s;,a;, aj, ag, M) and Oy = O (n, qx, s, ar)
€ (0,1) such that the solution of (H) satisfies

1M ullos.o0 < CUIME fllagay, + -+ 11 1lag.ag) ™

° (4.9)
(IME fllgsi + -+ 11 lla,s) =%,
with
n+2 ~ 1 2
2=40 +(1-40 — 4+ —), 4.10
S =) o) (4.10)
2n+2) n+2 12
< <2< —_— 4+ —. 4.11
Qo Qg Z 4k Sk ( )
Proof. The Gagliardo-Nirenberg-Yamazaki inequalities yield
1M ullc,0 < ClH M u)e = AM w)llgE o, |1 ul]) 7 (4.12)

with (¢, r,0) = (ax,rx, k) in (4.6). Embedding lemma yields

1M*ullr . < CUIM uillqy s, + V(M 0)gy.5,)

TkyTk
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with

n

12 2
)R S (4.13)
— Gk Sk Tk

Proposition 4.2 yields Lemma 4.4. []

Lemma 4.4 now yields uniform decays |u(z,t)] < CM " for the Stokes equations with
weakly solenoidal external forces.

5 Estimates for the weighted Navier-Stokes system

Next we estimate the nonlinear terms and obtain the same estimates as in Proposition
4.2 for the weighted Navier-Stokes equations.

A regularity class for the weak solutions  Applying the Helmholtz decomposition
projector P of L4(R™)" to (NS), it follows that

Ou—Au=f—P(u-Vu) and V- -u=0, (5.1)

for f(-,t) € LYR™)". Since the boundedness of the Helmholtz decomposition projector
Pin L9, ie., |Pf|q < C|f|q is given by [5], in parallel to [25, Proposition 5.1}, it follows
that

Proposition 5.1. Let q,s € (1,00) satisfy Y . 1/q¢; +2/s > 1. Assume that f €
L#(0,00; LYR™™). Let py € [1,00] and p; € [2,00] salisfy po > q and py > s and
Yo 1/po, +2/py = 1. Then there exists a positive constant € = £(n,q, s) such that , if
the weak solution u of (NS) is in LP*%0 and ||ul|p,,n < €, then it follows that

[1P(u- Vu)llgs < ||fllas (5.2)

and
||U||p1,p’1 < O fllqus: (5.3)
for all py € [q,00) and p| € [s,00) with

—~1 2 ~ 1 2
Yoot =24> —+ 5
P — P D
Here C' = C(n,q,s).
Hereafter we consider the weak solutions w in the class (1.8).

Commuting weights and the Helmholtz projector We will obtain the same
estimates in Proposition 4.2 for the weak solutions in the class (1.8) under the assumptions
in Lemma 4.4. Multipling M to (5.1) k-times, Proposition 4.2 implies

||(Mku)t| |Qk,8k + ||v2(Mku)||Qk78k

k
< C{Y (M P(u- Vu)llgys, + 1M fllq;.s,) (5-4)

j=1
HIP(w - Vu)llas + | fllas )
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To estimate M’ P(u-Vu) for j > 1 in (5.4), we commute M7 and P and consider the
commutator. That is,

M?P(u-Vu) = PM(u-Vu) — (PM’ — M?P)(u - Vu). (5.5)
The Leibnitz rule implies
PM(u-Vu) = P(uM? - Vu) = P(u - {V(Mu) — j(VM)M"1u}). (5.6)
Hereafter we denote
ulllas = lluellg.s + 11Vullg,s-
For (qg, si) with q; < ap/2 and (4.1), let (p, po) satisfy
1 1 1 1 2
aw o sk<po,;;i+p—0=1. (5.7)
Applying Hoélder’s inequality and Embedding Lemma to (5.6) yields
1PM (u - Vu)llg,,s,

| - (5.8)
< Cllullppo UM ulll 55 + [V M oo | [[M7 ™ ulllq; 15,4}

Here C' = C(n,q,s, j, ).
Finally we show the estimates of the commutator in (5.5). We recall embedding

[M]1mpr < C(m, )| VM,

for r > m with the Holder norm

M — sy 1) = M)
° z'y’ 2" — o' |~

Since we have assumed VM € L*(R™) in (M), applying the above embedding with
r = o, we have

[M(a') = M(y/)] < CIVM|qqla’ —y'|'7/. (5.9)

Lemma 5.2. (Estimates of the commutator) Letj=1,2,--- , k satisfy 0 < jyo =
J(l = 2) < n. Assume that VM (z') € L*(R™). Let q; € (1,00) and by € (1,q;) for
¢=0,1,---,75 — 1 satisfy

n

11 ,
d (== —) =00 (5.10)
and
"1
0<> —<n-—jyp. (5.11)
i=1 1Ji

Then there ezists a constant C = C(n,q,,j) such that

j—1
(PM? = MIP)vlg, < C [M ]y, (5.12)
=0
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Proof.  Since projector P is written of the form P = I + V(—A)~!div, the commu-
tator is expressed of the form

(P2 = MY = o) [y — ) EZ L E )

’Q? _ y’n+2

By the polynomial expansion formula, we see

M) ={(M(") = M(y') + M)y
j—1
=3 _COM(2) = M)~ M (y) + M (y).
/=0
By the Holder continuity and Lemma 2.2, it follows that
PM’J — MP <Cy) C My ()P~ M* d
( Jlg; < Co Z (4, 0) y’n | M v(y)| dylq,
x — g |- —£)
< OZ [ 'y,n IMAo(y)] dyl, (5.13)
< CZ | M o],
/=0

O

We apply the above lemma to v = (u - V)u. In parallel to [25, Proposition 5.3], we
have

Proposition 5.3. Assume the same as in Lemma 5.2. Let (p,po) satisfy (5.7).and let

S e (5.14)
S Sk-1 Po i—1 Di
Then it follows that
j—1
[(PM? = MIP)(u- Vu)llgys; < Clltellpp Y 1M lllqps,- (5.15)
=0

Proof of Theorem 3.1  Substituting (5.2), (5.8) and (5.15) to (5.4), we obtain

M) ellqy s + [V (M 0)] gy 5,
< Cllullppo (1M el lgp.s, + V(M ) gy,5,)

k—1

k
Hlullppo Y (Ml lqy,s; + VM) qy,) + D 1M fllays}-

=0 =0
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Since the left hand side is finite by the approximate argument, the first term in the
right hand side is absorbed to the left hand side provided that
Cllullpp, < 1/2 with C =C(n,q,s,k,ap). (5.16)

The second terms are inductively estimated by the weighted external forces. We thus
obtain the same estimates as in Proposition 4.2 and Lemma 4.4.
In parallel to [25, Proof of Theorem 2.1}, for the desired decay rate p = kv, letting

n—2 2 2 12
ky=p< S+ — +2N\2 5.17
T=p< A Yo —+ =N (5.17)

we conclude Theorem 3.1.
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