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1 Introduction
X-ray CT(computed tomography) or MRI(magnetic resonance imaging) are famous tech-
nologies for non-destructive inspection of the human body. However, these technologies
have problems such as exposure to x-rays or strict restrictions on magnetic materials.
Recenently, the near-infrared(NIR) light CT has been attracting attention. This is be-
cause it is free from such problems and it can be inexpensive. NIR light passes through
the human tissue with diffusion and radiation. In the two-dimensional stationary case,
this NIR light propagation in the tissue is modeled as the following boundary value prob-
lem(BVP) with a radiation transport equation(RTE) [5–8, 12].

−ξ · ∇xI(x, ξ)− (µs + µa)I(x, ξ) + µs

∫
S1

p(x; ξ, ξ′)I(x, ξ′) dσξ′ = 0 in X, (1)

I(x, ξ) = I1(x, ξ) on Γ−. (2)

Here, x = (x, y) is the spatial position in Ω ⊂ R2, ∇x = ( ∂
∂x
, ∂
∂y

), ξ is the unit vector
which denotes the direction of flight, X = Ω × S1, I1(x, ξ) is a given function. For a
outward unit vector n(x) on ∂Ω, Γ− = {(x, ξ) : x ∈ ∂Ω,n(x) · ξ < 0}. I(x, ξ) denotes
the energy radiance. µa and µs are the absorption and scattering coefficients, respectively.
p(x; ξ, ξ′) is the scattering phase function that describes the probability that a photon
with the direction ξ′ is scattered to the direction ξ during a scattering event. p(x; ξ, ξ′)
satisfies the following conditions;

p(x; ξ, ξ′) ≥ 0,

∫
S1

p(x; ξ, ξ′) dσξ′ = 1.

Since it is difficult to solve the above boundary value problem exactly, we have to rely
on numerical computations. Practically, the above boundary value problem is considered
in the three-dimensional space. Since there is an integral term, numerical computations
are performed in the five-dimensional space. In such huge-scale numerical computations,
saving computational time is crucial. Thus, low-order approximations as finite difference
methods are used [5–7].

On the other hand, we have been involved in high-precision numerical computations
and their applications [3, 9, 11, 13]. Although we have developed numerical methods for
high-precision numerical computations, it is not easy to solve the above boundary value
problem numerically and accurately. This is bacause that even if the solution I(x, ξ)
is smooth and gentle, the integrand may become singular due to the integral kernel
p(x; ξ, ξ′). In the paper, we consider high-precision numerical computation of the follow-
ing definite integral;

F (θ) ≡
∫ 2π

0

p(ϕ− θ)I(ϕ) dϕ, (3)

where functions p and I are periodic with period 2π, p(ϕ) ≥ 0,

∫ 2π

0

p(ϕ) dϕ = 1. We

consider two kinds of periodic integral kernels with period 2π, i.e. the Poisson kernel
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po [5] and the power function kernel pow as follows;

po(ϕ− θ) ≡ 1

2π

1− g2

1− 2g cos(ϕ− θ) + g2
, 0 ≤ ϕ < 2π, (4)

pow(ϕ− θ) ≡


m+ 1

2π

(
ϕ+ 2π − θ

π
− 1

)m
, 0 ≤ ϕ ≤ θ,

m+ 1

2π

(
ϕ− θ

π
− 1

)m
, θ < ϕ < 2π,

(5)

where g (0 < g < 1) and θ (0 ≤ θ < 2π) are constant, mhalf ∈ Z+, m = 2mhalf . As is
shown in Figures 1 and 2, both kernels have a peak at ϕ = θ and the sharpness of the
peak depends on g and m.
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Figure 1: Profile of the Poisson kernel po(ϕ− θ).
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Figure 2: Profile of the power function kernel pow(ϕ− θ).

Considering applications to a BVP with RTE, we set I(ϕ) = 1, coshϕ, sinhϕ, h ∈ Z+.
Figure 3 shows an example that the integrand in (3) becomes almost singular for smooth
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and gentle I(ϕ). This shows the difficulty of high-precision numerical computations to
(3). To overcome to this difficulty, in the paper, we present a numerical method called
PAT(peak adjustment transform).
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Figure 3: Profile of integrand po(ϕ− θ) I(ϕ) (g = 0.968, θ =
π

3
).

2 Exact value of the definite integral
We need to obtain the exact value of F (θ) in (3) to evaluate the validity of our numerical
method.

The exact value for the Poisson kernel can be found using the residue theorem. The
result is as follows;

F (θ) =



∫ 2π

0

po(ϕ− θ) cos hϕ dϕ = gh coshθ,

∫ 2π

0

po(ϕ− θ) sin hϕ dϕ = gh sinhθ.

(6)

In the case of the power function kernel, we need a little complicated calculation. We
set

Pm(θ) ≡
∫ 2π

0

pow(ϕ− θ) cos hϕ dϕ, Qm(θ) ≡
∫ 2π

0

pow(ϕ− θ) sin hϕ dϕ.

When m = 2, the exact values can be obtained directly and easily as follows:

P2(θ) =
6

π2h2
coshθ, Q2(θ) =

6

π2h2
sinhθ.

For general m it should be noted that m is even and the functions pow and I are periodic.
We consider
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Pm(θ) + iQm(θ) =

∫ 2π

0

m+ 1

2π

(
ψ

π
− 1

)m
(cosh(ψ + θ) + i sinh(ψ + θ)) dψ,

= eihθ
∫ 2π

0

m+ 1

2π

(
ψ

π
− 1

)m
eihψ dψ.

Here,

Rm ≡
∫ 2π

0

m+ 1

2π

(
ψ

π
− 1

)m
eihψ dψ = −(m+ 1)m

i2hπm+1

∫ 2π

0

(ψ − π)m−1 eihψ dψ,

=
(m+ 1)m

h2π2
− (m+ 1)m

h2π2
Sm−2,

=
(m+ 1)m

h2π2
− (m+ 1)m(m− 1)(m− 2)

h4π4

+ (−1)2
1

h6π6
(m+ 1)m(m− 1)(m− 2)(m− 3)(m− 4)

+ · · ·+ (−1)
m−2

2
1

hm−2πm−2
(m+ 1)m · · · 5 · 4 ·R2.

Since R2 = P2(0) + iQ2(0) =
6

h2π2
, Rm =

mhalf∑
l=1

(−1)l−1

h2lπ2l

mhalf−l+1∏
j=mhalf

(2j + 1)2j

 .

This shows that Rm is a real number, and we get

F (θ) =


∫ 2π

0

pow(ϕ− θ) cos hϕ dϕ = Pm(θ) = Rm coshθ,∫ 2π

0

pow(ϕ− θ) sin hϕ dϕ = Qm(θ) = Rm sinhθ.

(7)

3 Direct numrical integrations and remarks
It is known that spectral methods are superior in accuracy among discretization methods
[1,2]. In particular, the spectral collocation method(SCM) is highly applicable. Hereafter,
SCM for Fourier series, i.e. the discrete Fourier transform, is written as Fourier-SCM, and
SCM for Chebyshev polynomials is written as Chebyshev-SCM. Our numerical integration
for a given function f is performed as follows;∫ 2π

0

f(ϕ) dϕ ≒
∫ 2π

0

fd(ϕ) dϕ,
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where we make an approximate function fd(ϕ) for f(ϕ) by SCM [10]. As direct numerical
integrations, we apply Fourier-SCM and Chebyshev-SCM to make fd(ϕ).

3.1 Fourier-SCM
Let Kmax be an even number. In Fourier-SCM, collocation points are given as ϕkf =
2kfπ

Kmax

, kf = 1, 2, · · · , Kmax , and

fd(ϕ) =
1

2
ã0 +

Kmax/2−1∑
k=1

(
ãk cos kϕ+ b̃k sin kϕ

)
+

1

2
ãKmax/2 cos

(
Kmax

2
ϕ

)
, 0 ≤ ϕ ≤ 2π,

ãk =
2

Kmax

Kmax∑
kf=1

fkf cos kϕkf , b̃k =
2

Kmax

Kmax∑
kf=1

fkf sin kϕkf , fkf = fd(ϕkf ).

When fkf = f(ϕkf ), fd(ϕ) becomes an approximate function for f(ϕ). Thus, numerical
integration is given as follows:∫ 2π

0

f(ϕ) dϕ ≒
∫ 2π

0

fd(ϕ) dϕ =
2π

Kmax

Kmax∑
kf=1

fkf , fkf = f(ϕkf ). (8)

3.2 Chebyshev-SCM
Let N be an integer. We consider Chebyshev Gauss-Lobatto(CGL) collocation points
x̄j = cos

jπ

N
, j = 0, 1, · · · , N. Hereafter, Chebyshev-SCM with CGL collocation points

is written as CGL-SCM. Then, for a polynomial of degree N ŨN(x),

ŨN(x) =
N∑
k=0

ākTk(x), −1 ≤ x ≤ 1, āk =
2

Nck

N∑
j=0

1

cj
Tk(x̄j)Ũj, Ũj = ŨN(x̄j),

where

Tk(x) = cos (k arccos x), k = 0, · · · , N, cj =

{
2, j = 0, N,

1, j = 1, · · · , N − 1.

When Ũj = U(x̄j), ŨN(x) becomes an approximate function for U(x). From this, we
applied a direct numerical integration method to an inverse problem [10]. The method is
as follows. For an integer Kmax, an approximate function fd(ϕ) for f(ϕ) is generated as
follows;
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f(ϕ) ≒ fd(ϕ) =
Kmax∑
k0=0

fk0Tk0(z), z =
ϕ

π
− 1, fk0 =

2

ck0Kmax

Kmax∑
k1=0

1

ck1
f(ϕk1)Tk0 (zk1) ,

ϕk1 = π (zk1 + 1) , zk1 = cos

(
k1π

Kmax

)
, c∗ =

{
2, ∗ = 0, Kmax,

1, otherwise,
∗ = k0, k1.

Thus, numerical integration is given as follows;

∫ 2π

0

f(ϕ) dϕ ≒
∫ 2π

0

fd(ϕ) dϕ =

∫ 1

−1

πfd(π(z + 1)) dz = π

Kmax∑
k0=0
k0 ̸=1

fk0
1 + (−1)k0

1− k20
. (9)

3.3 Remarks for direct numerical integrations
We show some remarks for above direct numerical integrations by numerical results. Nu-
merical computations are performed in 100 digits using exflib [4]. Here, we set I(ϕ) = 1,
i.e. F (θ) = 1.

Numerical results for the Poisson kernel are shown in Figure 4. When the integrand
is gentle (g = 0.5), accuracy is very nice and Fourier-SCM is a little more accurate than
Chebyshev-SCM. When the integrand has a sharp peak (g = 0.968), accuracy is poor
except when θ = 0 in Chebyshev-SCM.
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Figure 4: Error for F (θ) (Poisson kernel, I(ϕ) = 1).
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Numerical results for the power function kernel are shown in Figure 5. Accuracy of
Fourier-SCM is very poor because the integrand cannot be differentiated at the peak.
When N ≥ m there is no truncation error as is shown in Figures 5(1) and 5(3). When
θ ̸= 0, accuracy of both SCM is almost same.
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Figure 5: Error for F (θ) (power function kernel, I(ϕ) = 1).

From Figures 4 and 5, it can be seen that Chebyshev-SCM is more accurately superior
to Fourier-SCM when the integrand has a sharp peak. However, it must be noted that
accuracy of Chebyshev-SCM for θ = 0 and θ ̸= 0 is quite different. When accuracy of
Chebyshev-SCM is nice (Figures 4(3), 5(1) and 5(3)), unevenly distributed collocation
points of Chebyshev-SCM are concentrated near the peak of the integrand. This concen-
tration is useful for capturing the shape of the integrand graph. And this has the effect
of improving the approximation of the integrand.

4 PAT(peak adjustment transform)
Here, we consider a transform to concentrate collocation points of Chebyshev-SCM near
the peak of the integrand. After that, we propose a variant of the transform for a BVP
with RTE.

4.1 Peak adjustment transform
We consider the following tansform;
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F (θ) ≡
∫ 2π

0

p(ϕ− θ)I(ϕ) dϕ =

∫ 2π+θ

θ

p(ϕ− θ)I(ϕ) dϕ =

∫ 2π

0

p(ψ)I(ψ + θ) dψ

=

∫ 1

−1

πp (π(z + 1)) I (π(z + 1) + θ) dz.

We call this transform PAT(peak adjustment transform). Here, we should remark that
Chebyshev-SCM is assumed for the discretization. When we use CGL points, subsequent
discretization follows Section 3.2.

Q(z; θ) ≡ πp (π(z + 1)) I (π(z + 1) + θ) ≒
Kmax∑
k0=0

Qk0(θ)Tk0(z), (10)

Qk0(θ) =
2

Kmaxck0

Kmax∑
k1=0

1

ck1
Q(zk1 ; θ)Tk0(zk1), (11)

zk1 = cos

(
k1

Kmax

π

)
, c∗ =

{
2, ∗ = 0, Kmax,

1, otherwise,
∗ = k0, k1. (12)

Thus, our numerical integration by PAT with CGL-SCM is as follows;

F (θ) =

∫ 1

−1

Q(z; θ) dz ≒
Kmax∑
k0=0
k0 ̸=1

Qk0(θ)
1 + (−1)k0

1− k0
2 . (13)

4.2 Applicable PAT
For the simplicity, we set Kmax = 2Khalf , Khalf ∈ Z+. Then, the expression (13) is as
follows;

F (θ) ≡
∫ 2π

0

p(ϕ− θ)I(ϕ) dϕ =

∫ 1

−1

Q(z; θ) dz ≒
Khalf∑
k0=0

Q2k0(θ)
2

1− (2k0)2
, (14)

Q2k0(θ) =
2

Kmaxc2k0

Kmax∑
k1=0

1

ck1
Q(zk1 ; θ)T2k0(zk1), c2k0 =

{
2, k0 = 0, Khalf ,

1, otherwise.
(15)

In solving problems as a BVP with RTE by SCM, firstly collocation points are set for
the solution as follows;
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I(ϕ) = I(π(z + 1)) ≡ Ĩ(z) ≒
Kmax∑
k2=0

Ik2Tk2(z), (16)

Ik2 =
2

Kmaxck2

Kmax∑
k3=0

1

ck3
Ĩ(zk3)Tk2(zk3) =

2

Kmaxck2

Kmax∑
k3=0

1

ck3
I(π(zk3 + 1))Tk2(zk3), (17)

zk3 = cos

(
k3

Kmax

π

)
, ck3 =

{
2, k3 = 0, Kmax,

1, otherwise.
(18)

Secondly, we solve discretized equations with {I(π(zk3 + 1))} as unknowns.
Therefore, PAT should be rewritten using {I(π(zk3 +1))}, i.e. as a linear combination

of {I(π(zk3 + 1))}. For zk1 in (12), we set

ψk1 ≡ π(zk1 + 1), ψk1,θ ≡

{
ψk1 + θ, 0 ≤ ψk1 + θ ≤ 2π,

ψk1 + θ − 2π, 2π < ψk1 + θ < 4π,
zk1,θ ≡

ψk1,θ
π

− 1.

Then, 0 ≤ ψk1,θ < 2π, −1 ≤ zk1,θ < 1. From periodicity, I(ψk1 + θ) = I(ψk1,θ). From
expressions (16) and (17),

I(π(zk1 + 1) + θ) = I(ψk1 + θ) = I(ψk1,θ) ≡ Ĩ(zk1,θ),

≒
Kmax∑
k2=0

(
2

Kmaxck2

Kmax∑
k3=0

1

ck3
I(π(zk3 + 1))Tk2(zk3)

)
Tk2(zk1,θ).

Therefore, from expressions (14) and (15),

F (θ) ≒
Khalf∑
k0=0

2

1− (2k0)2

(
2

Kmaxc2k0

Kmax∑
k1=0

1

ck1

(
π p(π(zk1 + 1))

(
Kmax∑
k2=0

(
2

Kmaxck2

Kmax∑
k3=0

1

ck3
I(π(zk3 + 1))Tk2(zk3)

)
Tk2(zk1,θ)

)
Tk0(zk1)

))
,

=
Kmax∑
k3=0

(
Kmax∑
k1=0

Sθ,k1,k3 p(π(zk1 + 1))

)
I(π(zk3 + 1)), (19)

where
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Sθ,k1,k3 ≡
4π

(Kmax)2ck1ck3

Kmax∑
k2=0

 1

ck2
Tk2(zk1,θ)Tk2(zk3)

Khalf∑
k0=0

2

1− (2k0)2
1

c2k0
T2k0(zk1)

 .

(20)

PAT used here is called applicable PAT(A-PAT) with CGL-SCM.

Remark.

(i) The right-hand side of (19) is a linear combination of {I(π(zk3 + 1))}.
(ii) Sθ,k1,k3 is independent of p and I.
(iii) The computational time of (19) is very much larger than that of (13). However, if

Sθ,k1,k3 is prepared in the database, these computational times become almost same.

4.3 Numerical results by PAT
Here, numerical results of A-PAT with CGL-SCM are presented. Since A-PAT and PAT
are essentially the same, PAT is used instead of A-PAT in this section. Numerical com-
putations are done in 100 digits using exflib. Here, we should remark that the exact (or
theoretical) value must be computed with high accuracy. However, when the kernel is the
power function kernel and I(ϕ) ̸= 1, Rm in (7) induces loss of digits. Figure 6 shows this
digit loss. Here, the error is defined based on the value computed in 1000 digits. However,
1000 digits computation is costly, So, when the kernel is the power function kernel and
I(ϕ) ̸= 1, as the exact value we use 100 digits of the value of Pm or Qm in (7) computed
in 300 digits.
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Figure 6: Error for Pm(0)(I(ϕ) = cos 5ϕ).

Figures 7 and 8 show numerical results for I(ϕ) = 1. Error bevhaviors of PAT are
independent of θ. This is the result of PAT. When θ = 0, error behaviors of Chebyshev-
SCM and PAT are the same as theoretically expected. In Figures 8(2) and 8(4), the
accuracy of Fourier-SCM and Chebyshev-SCM is very poor and their two graphs almost
coincide. It is shown that PAT attains quite good accuracy when the integrand has a sharp
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peak. Moreover, Figure 7(2) shows that even if the integrand is gentle, PAT improves the
accuracy.
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Figure 7: Error for F (θ) by PAT (Poisson kernel, I(ϕ) = 1).
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Figure 8: Error for F (θ) by PAT (power function kernel, I(ϕ) = 1).
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Figure 9: Error for F (θ) by PAT (Poisson kernel:g = 0.968).
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Figure 10: Error for F (θ) by PAT (power function kernel, m = 180).

Figures 9 and 10 show numerical results for I(ϕ) = cos 5ϕ, sin 5ϕ. As is shown in
Figure 3, the graph of the integrand has a sharp peak and it is oscillating, Error bevhaviors
of PAT are independent of θ, except for Figures 9(3) and 10(3) where the exact value is
0. In these cases three graphs almost coincide, and there seems to be no truncation error.
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This is because the symmetry of the graph of the integrand and the symmetry of the
distribution of collocation points match. When θ = 0, error behaviors of Chebyshev-SCM
and PAT are the same as theoretically expected. It is shown that PAT attains quite good
accuracy.

5 Conclusion
In the paper, we propose a high-precision numerical method for the integration over one
period of periodic functions with a sharp peak. The spectral collocation method(SCM) is
used for discretization, and numerical computations are performed in multiple-precision.
Numerical results by direct applications of Fourier-SCM and Chebyshev-SCM show that
the accuracy becomes poor when the peak of the integrand becomes sharp. They also show
that the accuracy improves when collocation points of Chebyshev-SCM are concentrated
near the peak of the integrand. Therefore, a method called PAT(peak adjustment trans-
form) that concentrates collocation points near the peak is developed. A-PAT(applicable-
PAT) which is conscious of general applications is also developed. Numerical results by
PAT(A-PAT) are very satisfactory in accuracy.
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