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Abstract. This work is a continuation of [1] in which we have analyzed a mathemat-
ical model of a structured cell population. Each cell is distinguished by its cycle length
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1 Introduction

This work is a continuation of [1] in which we have analyzed a mathematical model of a
structured cell population. In this model, each cell is distinguished by its cell cycle length
0(0< b <<ty < o0)and by its age a (0 < a < ¢). The age a of each cell is null
(a = 0) at birth and equals to its cell cycle length ¢ (a = ) at division.

If f= f(t,a,l) denotes, at time t, the cell density with respect to the age a and the cell
cycle length ¢, then the cell population is governed by the following equation

_ 2 ¢ ¢ 1.1
m f u |, n(a, l,a’, ') f(t,a', 0")da'dl, (1.1)

where p = p(a, ¢) stands for the cell mortality rate and n(a, ¢, a’,¢') denotes the transition
rate in which cells change their cell cycle length from ¢ to ¢ and their age from a’ to a.

We endow the master equation (1.1) with a boundary condition describing, at each mi-
tosis, the correlation between the daughter cells and the whole cell population (for more
explanation, see [1]). We mathematically describe this correlation (which we call : Ag-
gregate Transition Rule) by

o !
f(t,0,0) = a/ / k(¢,a', ") f(t,a, 0")da'dl, e (01, 0s), (1.2)
{1 JO

where k = k(¢,a’, /') denotes the correlation kernel and o > 0 is the fractional number of
daughter cells viable per mitosis.

To the best of our knowledge, the boundary conditions (1.2) have never been considered
in connection with the master equation (1.1). This obviously shows the novelty of the full
model (1.1)—(1.2) and motivates this work.

In [1], we have proved that the full model (1.1)—(1.2) is governed by a Cy-semigroup.
We also have studied the positivity and the irreducibility of the generated semigroup.
In particular, we have constructed the explicit form of the Cy-semigroup governing the
unperturbed model (1.1)—(1.2)—(u = n = 0). This explicit form will be extensively used
in this work.

Our challenge, in this work, is to prove that the whole cell population possesses the
Asynchronous Growth Property. This can be done by describing the asymptotic behavior
of the generated semigroup, governing the full model (1.1)—(1.2), in the uniform topology
as follows

Lemma 1.1 ([6, Theorems 9.10 and 9.11]). Let U = (U(?)),-, be a positive and irreducible
Co-semigroup, on the Banach lattice space 2, satisfying the inequality wess (U) < w, (U).
Then there exist a rank one projector P into 2~ and an e > 0 such that : for anyn € (0,¢),
there exists M, > 1 satisfying

e @ U) —P|| < Mye™ t

WV
o

2£(X)
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Let U = (U(t)),5, be a Cyp-semigroup whose generator is U. The type, w, (U), and the
essential type, wess (U) are defined by

(1.3)

ess

w, (U) := lim ¢ In [|U(#) || and  wWegs (U) := lim ¢ 1n |U()|
t—o00 t—o0

2(x)

where [|B|| = inf{||B - K| : K € K} (K C 2 is the subspace of all compact operators).
The spectral bound s (U) of the generator U is defined by

{sup{Re()\), reo((U)}, if o (U)#

U) = )
U= it o (U)=0.

All these quantities are related by

w, (U) = max {s (U) ), Wewe (U)}. (1.4)

We say that the Co-semigroup U = (U(t)),, possesses the Asynchronous Growth Property
whenever all the required conditions of Lemma 1.1 are fulfilled. In this case s (U) is called
the Intrinsic Growth Constant.

Lemma 1.1 describes the bacterial profile of the whole population whose privileged direc-
tion is driven by the projector P and that is what the biologist could see in his laboratory.

2 Mathematical tools

This section deals with some theoretical results which we will use throughout this work.
Let 2" := L' (Q).

Lemma 2.1. Let S and T be two bounded linear operators from Z into itself. Then the
following assertions hold.

(1) If T and S are weakly compact, then ST is compact.
(2) Suppose that 0 < S < T. If T is weakly compact, then so is S.
(3) Suppose that 0 < |S| < T. If T is weakly compact, then so is S.

Proof. (1) and (2) follow from Dunford-Pettis Property (see for instance [2]).
(3). If 0 < |S| < T then —T < S < T which leads to 0 < S+ T < 2T. Hence S+ T is
weakly compact because of (2) and sois S=(S+T) — T. |

Lemma 2.2. Let V = (V(t)),., and W = (W(t)),>, be two Co—semigroups on 2. If
W(t,) — V(t,) is a weakly compact operator for some t, > 0, then wWess (W) = wess (V).

Proof. Let A\ € p(V(t,)). Then ((W(t,) — V(t,))(A — V(t,))"')? is a compact operator
because of Lemma 2.1(1). Now [4] ends the proof. |

Lemma 2.3. Let V = (V(t)),5y and W = (W(t)),., be two Co—semigroups, on X", whose
generators are V and W := V + P where P is a bounded linear operator from Z  into
itself. If P is a weakly compact operator, then wess (W) = wegs (V).

Proof. Let t, > 0. Then PV(t,)P is a compact operator on 2" because of Lemma 2.1(1).
Now [5] ends the proof. |
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3 The full model (1.1)—(1.2)

The aim of this section is to complete all the results already proved in [1]. Let then ¢;
and ¢ be such that 0 < /4, < {5 < 00 and let

Q::{(a,ﬁ) o O<a<d and €1<€<€2}.

Let 2 and % be the following Banach spaces

ty pl
2 = LYQ) whose norm is el ::/ lp(a, £)|dadl,

0 Jo
132

and W = L'y, 0) whose norm is 1, ::/ [(0)|de,
£y

and let K_ be the linear operator from 2" into % defined by

b5l
K o) := a/ / k(a0 p(d', 0))da'dl, Ce (0, 0), (3.1)
0, Jo

where k = k(¢,a’, ') denotes the correlation between daughter cells and the whole cell
population and « > 0 is the fractional number of daughter cells viable per mitosis. The
kernel k is subject to the following assumptions

(A]) R < oo,
(AIQ{) k is positive,
(A k(,d' ') >0 forae (£,d,0) € (l1,0y) xQ,
Lo
where R = ess sup/ k(¢,a’, ") de. (3.2)
(a',0)eQ Juy

If (Af{) holds true then the linear operator K_ is bounded from 2" into % satisfying (see
[1, Lemma 3.1])

IK.ll, <arlel, for all pe. (3.3)
Let # be the following Banach space
0 1
W::{gpe% . P ey and —ng%}
da l
Op 1
normed by ol = el + | )|+ 7]

and let T , a > 0, be the following unbounded linear operator

0
T, o= _a_go on the domain
a (3.4)

D(T)) := {gp e : 0,)= Kago}.

The definition of D(T,) makes sense because of [1, Lemma 4.1].
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Lemma 3.1. Let o > 0. If (All() holds, then T  generates on Z a Cy—semigroup
T, = (T, (1)), given by

@

T, (t) =T, (t) + M, (t) + N,_(¢), t>0, (3.5)

@

where T, = (T, (t)),5, is a positive Co—semigroup on 2" defined by

T, (t)p(a, 0) == x (t,a, ) pla — t,0),  (a,f) €, (3.6)
1 2t
with x(t,a,l) := Z‘f ¢ (3.7)
0 if a<t,
and, M (t) and N_(t) are two bounded linear operators from 2" into itself defined by
0 ol
M, (060, = ax(t0.0) [ [ KA T e O, (33)
0, Jo
U by 0"
N, (t)p(a,l) = a*x(t,a, f)/ // / k(¢,a’, k(' a", 0")
0 Jo Ji Jo (3.9)
X(t—a,d, 0T, (t —a—a)e(a" ¢")da"de"da’dl,
ith Tta) =30 ¥ azt (a,0) € Q (3.10)
wi NOWARE a, . .
X 1 if a<t,

Proof. Firstly, the existence of the Cy—semigroup T, = (T, (t)),, has already been proved
(see [1, Theorem 4.4]). Furthermore [1, Theorem 5.4] yields, for all ¢ € 2, that

T (t)p =T, (t)e+ A, (t)e, t >0, (3.11)

where A_(t) is a bounded linear operator from 2 into itself ([1, Lemma 5.3]) satisfying,
for almost all (a, ) € €,

A, (0¢la,0) =X(t,a, 0K, (T,(t - a)p + A, (t - a)p) (0). (3.12)

Next, let ¢t > 0 and let ¢ € 2. Combining (3.11) and (3.12) and then using the explicit
form (3.1) we get, for almost all (a,?) € Q, that

to ol
A (t)p(a,l) = ax(t, a,f)/ / k(¢,a', 0"\T, (t — a)(d', ¢")da’dl'. (3.13)
0 Jo
Putting (3.11) in (3.13), we obtain that
A, ()p(a,0) = M, ()p(a, )

lo pt!
+ax(ta,0) / / K(6,d', YA (t — a)p(a', )da'dl
{1 JO
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in which we put again (3.13) to finally get, A_(t)p = M_ (t)p + N_(t)p. This together
with (3.11) lead to the desired (3.5).

The boundedness of T, (), from 2 into itself, follows from [1, Lemma 4.2(3)]. Those of
both operators M (t) and N_(¢) follow as composition of bounded linear operators from
Z into itself. [

Now, let Q, and P, be the following linear operators

g/
Q.p:=—pp and P p(a,l) ::// n(a,l,a', ") p(d,1")da’dl, (3.14)
{1 J0

where 1 and 7 are subject to the following relevant biological assumptions

(A;) I :=esssup |u(a, f)| < oo, (3.15)
(a,0)eQ
(AZ) 4 is positive,
15
(A}) 7:= sup / In(a,,d, 0| dadl < oo, (3.16)
(a/£)EQ

7 is positive.

Thanks to (Ai) and (A}?), both linear operators Q, and P are bounded from 2" into
itself ([1, Lemma 7.1]). This allows us to define the following unbounded linear operators

o1

W, =V, +P on the domain D(W,) =D(T,). (3.18)

V, =T, +Q, on the domain D(V,) =D(T)), (3.17)
Lemma 3.2. Suppose that (Al) holds and let o« = 0. Then the following assertions hold.

(1) If (AL) holds, then V, generates on 2" a Co—semigroup V, = (V (1)), Further-
more, if (A}) and (A2) hold, then V, = (V, (1)), is positive in 2~ and

0<V, (1) = V() ST, (¢) — T, (¢), t20, (3.19)
and 0<V (1) <e ™T (t), t>0, (3.20)
where = essinf p(a,l). (3.21)

(a,f)e2

(2) Suppose that (AL) holds. If (A,17) holds, then W_ generates on Z a Cy—semigroup
W, = (W, (1)), Furthermore, if (A2), (Ai) and (A%) hold, then W, = (W, (%)),

[e73

is positive in Z and
0<e T, (t) < W, (t), t>0, (3.22)

where [ is defined by (3.15).
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Proof. (1). Firstly, the existence of Co—semigroup V, = (V,(t)),5, has already been
proved (see [1, Theorem 6.1]). Furthermore, the Trotter product formula yields that

V. (t)p = lim (&Qwﬂ;(%))ngp, oe 2,  tx0. (3.23)

n-yoo
Next, let t > 0 and let ¢ € 2" be such that ¢ > 0. From [1, Theorem 4.4(2)] we get that
T.(t)y = T, (t)y = O, (3.24)
which leads, by an easy induction, to
<e%QMTa(%)>n<p> (e%Q#TO(%)Y(p, n=12---
Passing to the limit n — oo and then using (3.23) we obtain

V(1) = V,(t) > 0. (3.25)

[e3

Both Cy—semigoups T, = (T, (t)),., and V, = (V,(t)),, are related by

V t/Vt—sQV()

and similarly for a = 0,

—l—/o V, (t = 5)Q,V,(s)ds,

0<V.(t) = V,(t) = T.(t) — T,(t) + U(%), (3.26)

and therefore

where U(t) == /tV (t—5)Q,V, (s)ds — V V, (s)ds.
0

Now, the positivity of (—=Q,) (see (A2)) and then (3.24) and (3.25) lead to

U(t) = /0 V,(t = s) (—Q,) V,(s)ds + /0 V. (t —5)Q,V,(s)ds
< /o V.(t—s) (—Q,) V.(s)ds + /0 V. (t—5)Q,V,(s)ds
— 0,

which we combine with (3.26) to finally get (3.19).

On the other hand, for all real numbers x, we have

e =3 ()" = (Z - <—w>m) 1, =L,

m=0 m=0
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and therefore
" < e "tl, for all x > 0. (3.27)

The positivity of the operator T () in 2" (see (3.24)) and (3.27) yield that

o

0< (FOTL (1)) o < (L) 0= e (L. (L))" 0 = T (1)

for all inters n > 1. Passing to the limit n — oo and then using (3.24), the desired (3.20)
follows and therefore V, = (V_ (1)), is positive in 2.

(2). Firstly, the existence of Cy—semigroup W, = (W (t))
(see [1, Theorem 7.2]). Furthermore

>0 has already been proved

W (t) >V, (t) >0, t>0 (3.28)
Next, from [1, Theorem 6.1(1)] we get that
V. (t) = e T (t) > 0, t>0. (3.29)
Finally, the desired (3.22) follows from (3.28) and (3.29). [
Corollary 3.3. The type, w, (V,), of the Co—semigroup V, = (V,(t)),s, satisfies
w, (V) < —p, (3.30)

where i is defined by (3.21).
Proof. From (3.20)—(with a = 0) together with (1.3) we get that
W (Vo) < Wo (To> - M.

As the Cyo—semigroup T, = (T, (t)),, is contractive ([1, Lemma 4.2(3)]), then w, (T,) <0
which proves the desired (3.30) and ends the proof. ]

4 Spectral Properties

The purpose of this section is to estimate the type, w, (W), of the full Cy-semigroup

o

W, = (W, (t)),,- Firstly, we consider the following linear operator

o

K. v =K, (%) where g (a) == e, (4.1)

whose explicit form is
b P /
K. () = a/ / ekl d 0 (0)da'dl, e (0, 0s). (4.2)
0, Jo

As we are going to see in this section, the operator K
boundedness is given by

. will play a crucial role. Its



163

Lemma 4.1. Let a > 0. If (A}) holds, then K_, (A > 0) is a bounded linear operator
from % into itself satisfying

akK
Il < 5l

(4.3)

&

for ally € &'. Furthermore,

(1) if (A}) holds, then K, is positive in % .

(2) if (A2)" holds and o > 0, then K,
Proof. Let A > 0 and let ¢» € #. Using (4.1) and then (3.3) we get that,

\ 1s strongly positive in % .

Lot ak
I, ol < amleul, =am [ | [ e aa] piogae < o,
which proves the desired (4.3) and therefore K_, is bounded from & into itself because
of (AL). Finally, both points (1) and (2) are obvious. [
Let x be such that

k(0) := esssup |k(4, a’, ()|, 0 € (01,0,), (4.4)
(a/,£) €

and let us consider the following assumption
(ALY ke (4.5)

thanks to which, interesting properties of KC_ | can be given. The first one is

A

Lemma 4.2. Let o > 0. If (All{)/ holds, then /CZ . (A>0) is a compact linear operator
from % into itself.

Proof. Let A > 0 and let ¢ € % be such that ¢» > 0. Then, for almost all ¢ € ({1, (5), we

have

by pt!
K, 00| <a / / e |k(0,d, )| () da'dl’
{1 JO

— an(0) [ N [ /0 ’ e’\a/da’] B(O)de

lo
k(L) e P(0)de

<

>|Q

and therefore

Lo
| < Sk [ e(e)ar. (4.6)
s )\ )
Now (All{)/ yields that the right hand side of (4.6) is obviously a rank one operator in %
and thus weakly compact on %'. Now Lemma 2.1(3) yields that KC_ , is a weakly compact
operator on % and therefore K is compact because of Lemma 2.1(1). [
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Remark 4.3. Assumption (A}) is stronger than (A}) because of
ZQ 62
E—esssup/ |k(€,a/,£/)|d£</ R(0)AL =[], < oo.
(a’,Z’)EQ 01 01

Therefore, all the previous results related to (All() still hold true whenever (All{), holds
true.

Now the spectrum o (T,) of the generator T, (defined by (3.4)) can be characterized as
follows

Lemma 4.4. Let o > 0. Let A € C be such that Re(\) > 0. If (All()/ holds, then
Aeo(T)=1l€co, <1Ci’k> : (4.7)
Proof. Let us prove the converse of (4.7), i.e.,
lLep(k? )= Aep(T,). (4.8)

Suppose then that 1 € p(lCz A) and let us divide the proof in some steps.

Step L. Firstly, using the boundedness of K_, (see Lemma 4.1) together with the bound-
edness of (A — T,) ™" (see [1, Lemma 4.2(1)]) and that of K _, we get that (1, +K, ) K, (A — T,)""
is a bounded linear operator from 2" into % and therefore

(L, +K. ) K. A=T) "gl|, <Cillgll,  forallge 2,

where C), is a constant.

Next, let g € 2. Since 1 € p(K2 ), then

1 1
o= (1, =K2) (L +K,)K.(-T,) g, (4.9)

belongs to % because of
], < CACallgll, < oo, (4.10)

where C} = H (IL@, - K? A) H From (4.9), it follows that

(:H'@ - ]Ca)\) wA = ch ()\ - TO)_I g,

and therefore X
b =K b +K,A-T,) g (4.11)

Step II. Let ¢, be the following function
o0, 0) == (@B (0 + A= T) " gla,0),  (a,0) €, (1.12)

where ¢, is defined in (4.1). We claim that ¢, € D(T,).



Firstly, integrating (4.12) and then using [1, Lemma 4.2(1)], we get that

e, < | [ e monaes jo -y,

< 1/% (O]de + gl
\>‘€1 ’ )\g%

= < (Iksll, + 1l )

and by (4.10),
1
lell, < 5 (CXC+ 1) gl

Similarly

') 1 4 1 .
</ [— / d] |wx<£>|de+H—<A—To> g
S, ;

Lo 1 l
< - d 0)|de
< [7 [ o] morae i,

1
e

=l ll,, +llgll,,
and by (4.10),
1 /
7] <@+,
X

Deriving (4.12), we get that

dp, 0 0 1

da _a(gxz/)x)—i_%(()‘_To) g)

= _)\5)\1/})\ - T0 </\ - To)_l g
= _>\€>\¢/\ + (g - A <>‘ - To)il g)
=-Aeh+(A-T,) 'g) +¢g

that is to say that

0o,
==\
D4 oyt 9,
which leads to 5
2
2| <l + o,
and by (4.13),
op,
2 < (CLCY +2 .
[52] <@an 2,

Using again (4.12) we get that

QOA(()? ) - (5,\1/& + (>‘ - To)il g) (07 ) = EA(O)wA(.) +0= wA

165

(4.13)

(4.14)

(4.15)

(4.16)
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and
Kagpk = Ka <€>\w>\) + Ka ()\ - TO)_lg
- Ka,A¢A + Ka <>‘ - To)_l g
= q/;)\

because of (4.11) and therefore ¢, (0,-) = K_¢,. This together with (4.13), (4.14) and
(4.16) prove our claim, that is

¢, € D(T)) for all ge . (4.17)
Step III. Due to (4.17) we can rewrite (4.15) as (A —T )¢, = g which implies that
¢, = (A—=T,)"" g (given by (4.12)). Using now (4.13), we get that
1

I =T) " gll, =lell, <+

(CACy+ D) [lgll,,
which proves that (A — T,) ™" is a bounded linear operator from .2 into itself and therefore
)\ € p (Toc>'

Hence, we have proved that if 1 € p(K? ) then A € p(T,) and therefore (4.8) follows.
Accordingly, the converse of (4.8), i.e.,

rAeo(T)=1leao (/cj,k)

also holds true. Finally, the compactness of K? ~(Lemma 4.2) yields that o (IC(Z A> =
op (ICi A) and completes the proof. [ |

Lemma 4.5. Suppose that (Af(), and (Ai)/ hold and let o > 0. Then the spectral radius
r (K, ,) of the linear operator K, (X > 0) is positive. Furthermore

Ae(0, o0) —r (K, ) (4.18)
is a continuous and strictly decreasing mapping.

Proof. For convenience, we divide the proof in some steps.

Step I. Let A > 0. As K_, is a strongly positive operator (Lemma 4.1(2)) with a compact
square (Lemma 4.2), then [3] yields that r (K ) > 0 and there exist a quasi-interior vector
Y, of (%) and a strictly positive functional ¢* € (#*), such that

K..¥, =t (ICM) W, and K.oui=r (ICM) (UN

with [l [, = [|¢;]],

Similarly, if 6 > 0 then r (ICQY 5) > 0 and there exist a quasi-interior vector ¢ of (#'), and
a strictly positive functional ¢* € (%*) such that,

K, 0 =1 (ICM) () and IC:(S%* =7 (ICM) LZJ;‘

_ =1, where K | is the adjoint operator of KC_,.
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with {4 ]],,

(U8 e = 1, where K* ~is the adjoint operator of K_;
Step II. ((4.18) is a strictly decreasing mapping).
Let A > 0 and 6 > 0. The previous step allows us to write that

<w5*’ (’Ca,é B ]Ca,x) 7/&> < a awA> B <¢:’ ’Ca ﬂ/&>
K2t ) = (U.K,,0)
= (0 (Ko) 4 = (4w (K) %)
—r( )<¢5’¢A>_ ( a,x) <¢;’¢A>
= (r(K..) =1 (K.)) (0 )
() —r (k) = (’Cw_ﬁ) %), (119)

Next, using the explicit form (4.2) we get, for almost all £ € (¢1,¢5), that

IS

which leads to

Lo
(K., =K., = a/ / e — e_’\“l) k(¢,a’, 0, (¢")da'dl,

which implies, by virtue of (All{) and then the fact that v, is a quasi-interior vector of
(@)+, that
(K., —K..) >0, whenever A >,

and therefore

<¢5*’ (Ka,a B ’Ca,x) ¢A>
< 5*’¢A>

because 1 is a strictly positive functional on (#/),. Finally, combining (4.19) and (4.20)
we get that

> 0, whenever A >0, (4.20)

r (ICM) > (ICM) whenever A >0,
which proves that (4.18) is a strictly decreasing mapping.
Step III. ((4.18) is a continuous mapping).
Let A > 0 and 6 > 0. From (4.19) we get that

|1“(/Ca,5)— ( oz>\ }\ <¢57¢

Using the explicit form (4.2) and then (4.4) we get that

Lo
1K, st = K], <a///
0 Jo
by ply pl
éa/ / / ‘6—5(1’ o 6—/\(1’
0, Jey Jo
£ by pl / ,
<Oz[/ m(f)dé}// ‘e"s“ —e
01 l1J0

>ch&5¢ K. H (4.21)

—da’ —)\a

k(¢,a’, 0'), (¢')dd'de'de

k(0), () dd'de'de

b (¢)dd'de’
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which leads, by virtue of (All{),, to

ol o
H]Ca,é% o ’C‘Mw)“@ ga”K”@/f [/0

If § > A, then (4.22) becomes

_SAl !
eéa_e)\a

da’] W (£)dr', (4.22)

Lo A
HKMQ—K;wm@<Mmml"[A @*aﬂfwymigwmw
L2 1 — 6755’ 1 — 67)\5’ , )
—alll, [ [ = e

(0] b ’ ’
< -\ =L U /.
<Gl [ = e enar

Similarly, if § < A, then (4.22) becomes

Lo
(6% s RV
i, = Kol <5l [ [ = w@ar.
In both cases, Dominated Convergence Theorem leads to
%gr)l\ H’Ca,adj)\ - Kja,xwx H@ =0,

and by (4.21),
%I_IB\ |I' (ICa,é) - T (ICa,/\>| - O’

which proves that the mapping (4.18) is continuous at A > 0. [ |
Now the main result of this section can be announced as follows

Theorem 4.6. Suppose that (Af{)/, (Aﬁ)/, (AL) and (Ai) hold and let o« > 0. Let
Ay = I — p where T and pu are respectively defined by (3.15) and (3.21). If A\, > 0

and the spectral radius r (lCaAH) > 1 then the type, w, (W), of the Co—semigroup W, =

(W, (2)),5¢ satisfies
w, (W) > —pu. (4.23)

o

Proof. Firstly, from (4.3) we get that,

lim r (K,,) < lim ||K_,|| =0 (4.24)

A—00 ’ A—00 (V)

Next, Lemma 4.5 says that (4.18) is a continuous and strictly decreasing mapping sat-
isfying r (ICW#) > 1 and (4.24). Now, we can say that there exists a unique A, such
that

A>A>0 and v (/cwo) ~1. (4.25)

For convenience, we divide the rest of the proof in some steps.
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Step I. Let A € o (T,) be such that Re(A) > A,. Due to Lemma 4.4, there exists ¢, # 0
such that K? 1, =, . From (4.2) we can write that

by pl!
K. | =a / / e k(- d )i (£)dd Al
¢1 J0O

Oy pl!
@/ / e NK( a! ) i (¢)] da'dl’
l1 JO

= Ko ey 193]
which leads to,
] = K20 S Ko [Kans| SK2, 184
and by induction
W <K ] m=12

Hence r <’CQ,RC(A)> > 1. Now Lemma 4.5 leads to Re(\) < A, and therefore

s(T.) < A, (4.26)

[e3

Step II. As ICMO is a strongly positive operator (Lemma 4.1(2)) with a compact square
(Lemma 4.2), then there exists (see [3]) a quasi-interior vector ¢, of (%), such that

Kongy =1 (K, )ty = 0,

0

Let @, be the following function

@, (a,l) := &\, (a, f)@/}AO (), (a,l) €,

which is nothing else than (4.12)—(with A\, = X and g = 0). So, using the proof of
Lemma 4.4 (Step II), we infer that (4.17)—(with A\, = X and g = 0) holds true and therefore
¢,, € D(T,). Furthermore, (4.15)~(with A, = A and g = 0) becomes T, ¢, = A, which
leads to A\, € 0, (T,) C o (T,) and therefore

A <s(T). (4.27)

0
Step III. Firstly, using (1.4) together with (4.26), (4.27) and then (4.25), we infer that
wo (T,) = s(T,) =X >Ny =1 —p>0. (4.28)

Next, (3.22) leads to

1 1 _
e AT Y L RO

WV
o

and at the limit ¢t — oo, it follows that

Wo (Wa) > Wo (Ta) - H (429)
Finally, combining (4.28) and (4.29) we get that
which proves the desired (4.23) and completes the proof. |



170

5 The essential type of the full semigroup

The aim of this section is to estimate the essential type, wess (W), of the full Cy—semigroup
W, = (W, (t)),5o- This can be done after proving auxiliary results. So, let us start with

«a

the first auxiliary result

Lemma 5.1. Suppose that (All{)/, (Aﬁ), (Ai) and (Ai) hold and let o« > 0. Then, both
Co—semigroups V, = (V,(t)),5o and V, = (V,(t)),~, have the same essential type, i.e.,
Wess (V) = wess (V) . (5.1)

Proof. Let t, be such that t, > 0. Lemma 3.1 yields that

T (to) - To(to) = Ma(t0> + Na(to)' (52>

[e3

Step I (M (t,) is weakly compact).

Firstly, due to the positivity of T, (t,) (see (3.6)) and then (AZ), it follows that M (t,) is
a positive operator.

Next, let ¢ € 2" be such that ¢ > 0. Using (4.4) we can write, for almost all (a,l) € €,
that

to ol
M, (t,)¢(a, ) < ax(ty,a, )k // (t, — a)p(d', 0')da'dl
and by (3.6),

b5
M. (t,)¢(a,l) < ax(t,,a, )k // —a,d 0l +a—t,,0)dd'dl.

The change © = o’ + a — t, with dz = da’ yields that

M. (t, ), ) < aX(t,, a, O)x /ZVHM (te —a,z — a+t,, 0)p(x, )dzde,

Due to (3.7) we get that x(t, — a,z —a +t,,¢') = 1 if and only if 2 > 0 and therefore

Lol
M, (t,)¢(a, ) < ax(ty,a, )k // (z,0")dadl,
which can be written in the form
M, (t,)¢ < h-1®1p, (5.3)

where

I1®1p ::/ o(a,l)dadl and h(a,?) == ax(t,,a, 0)k(L). (5.4)

Using (3.10), we get that

2 2 tO
1A, = // (t,,a,0)x dadﬁza// k(0)dade = ot ]|, (5.5)
¢ J0 ’
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which proves that h € 2 because of (All{),. Hence, the right hand side of (5.3) is a rank
one operator in 2" and therefore M[_(t,)¢ is a weakly compact operator in 2~ because of
Lemma 2.1(2).

Step II (N, (t,) is weakly compact).

Firstly, due to the positivity of T, = (T,(¢)),5, (see [1, Theorem 4.4(2)]), the linear
operator N_(t,) is positive.

Next, let ¢ € 2 be such that ¢ > 0. Using (4.4) we can write, for almost all (a,l) € Q,
that

N, (t,)¢(a, £) < a*(t,, 0, O /ﬁ/()[/e o, )

—a,d 0T (t, —a—ad)p(a’, ¢")da"d"da’dl’.

The change x = t, — a — o’ with dz = —dd’ yields that

lo Ll t —a
NQ(J%)QO(CL,K) < t , a, g / / / / // g//
l1 Jt,—a— 6/

—a,t, —x, 0T, (z)p(a”, ")dzdl'da" de".

Due to (3.10) we get that Xx(t, — a,t, —a — x,¢') = 1 if and only if > 0 and therefore

N (t.)o(a, ) < a*X(t, a, O)% / /;/Z{ /ZZ o 6")d€']
and by (3.2),

lo o
N_ (t,)p(a,l) < ®FX(t,,a,0)k /// o(a”, ")da"dl" dx
141

2R X(ty, 0, O)r(0) / IT. (2)ell, dz.

T (x)p(a”, ¢")da"dl"dz

From [1, Theorem 4.4], it follows that

N, (t)6(0.0) < Rty 0, O(O) el do

0
= aX(ty, a, O)r(0) (9% —1) o],
< ael®™ox(ty, a, O)r(0)] o,

which can be written in the form,

N, (t,)p < eh - 101, (5.6)
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where 1®1¢ and h are given by (5.4). Due to (A ), we infer that e®®% is finite (see
Remark 4.3) and therefore e(®®%h € 2 because of (5.5). Hence, the right hand side of
t

(5.6) is a rank one operator in 2~ and therefore N_(t,) is a weakly compact operator in
A because of Lemma 2.1(2).

Step III (Proof of (5.1)).

Both previous steps yield that T, (t,) — T,(t,) a weakly compact operator in 2" because

of (5.2). Therefore V_(t,) — V,(t,) is also a weakly compact operator in 2~ because of
(3.19) and Lemma 2.1(2). Finally, Lemma 2.2 leads t0 wess (V) = wess (V) which proves

@

(5.1) and ends the proof. |
In the sequel, we need the following assumption
(A nex
where
Aa,0) = suwp |na, b, 0),  (a,0) € (5.7)
(a/,0)eN
Remark 5.2. The assumption (A}])/ is stronger that (A}?) because of
62 I4 52 V4
7= es Ssup/ in(a, £, ', ¢)| dadt < // Ala, O)dadt = 7], < co.
( 1 31 0

1meQ Ji

This means that, if (A%)/ holds true then all the previous results related to (A}7) still
hold true.

Lemma 5.3. Suppose that (A}), (Al) and (A%)/ hold and let o > 0. Then, both
Co—semigroup W, = (W_(t)),, and V, = (V_(t)),5, have the same essential type, i.c.,

Wess (W ) = Wess (V ) N (58)

@ o

Proof. Let ¢ € 2 be such that ¢ > 0. From (3.14) we can write, for almost all (a, ¢) € 2,
that

o P
|H¢(a,€)| < / / n(a, ;a0 |p(a, 0")| da’dl’
0 Jo

which leads, by virtue of (5.7), to

by !
P o(a, 0)] < af// (a, 0" dd'dl’

Pl <7101y (5.9)

where 1®1¢ is defined by (5.4). Now, (A})) yields that the right hand side of (5.9) is a
rank one operator in 2" and therefore P, is a weakly compact operator in 2" because of
Lemma 2.1(3). Finally, Lemma 2.3 leads t0 wess (W) = wess (V) which proves (5.8) and
ends the proof. [ |

and therefore
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Now we are able to state the aim of this section as follows
Theorem 5.4. Suppose that (All()/, (A7), (AL), (A2) and (A}?), hold and let o > 0.
Then the essential type, wess (W, ), of the Co—semigroup W, = (W, (1)), satisfies,

Wess (W) < —p, (5.10)

where p is defined by (3.21).
Proof. This follows from (5.1), (5.8) and (3.30). |

6 Asynchronous Growth Property

This section deals with the Asynchronous Growth Property of the whole cell population.
This can be done by descrying the asymptotic behavior of the full generated semigroup
W, = (W, (%)), (like in Lemma 1.1) as follows

[e3

Theorem 6.1. Suppose that (All()/, (A?), (A}). (A2), (A%)/ and (A2) hold and let

i
a > 0. Let \, := i — p where [i and p are defined by (3.15) and (3.21) respectively. If

A > 0 and the spectral radius r (ICMJ > 1, then there exist a rank one projector P into
Z and an € > 0 such that: for anyn € (0,¢), there exists M,y > 1 satisfying

lemo ™ W, (6) = P|| < M, t20.
Proof. The Cy—semigroup W, = (W, (t)),, is positive and irreducible ([1, Theorem 7.2])

satisfying wess (W,) < w, (W) because of (4.23) and (5.10). All the required conditions
of Lemma 1.1 are now fulfilled. ]

Remark 6.2. Theorem 6.1 allows us to say that the whole cell population described by
the full model (1.1)—(1.2) possesses the Asynchronous Growth Property. In other words,
the unique solution
f@) =W, @) f(0)e 2 t=20
of the full model (1.1)-(1.2) fulfills
e p(t) — RFO), < Mye IFO)], >0

for all initial data f(0) € X.

7 Comments

Remark 7.1. The choice of the functional framework 2" (= L' (2)) was natural because
[£(?)],. denotes the number of cells at time ¢ > 0. Nevertheless, we can easily extended
this work to the case p > 1, 7.e.,

1
by pl P
2 =L (Q) whose norm is lell,, = {/ lo(a, 0) dadé]
0 Jo

I3 7
and W = LP ({y,05) whose norm is 141, = [/z (0 d€] :
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To this end, it suffices to replace (3.2) by

I3 to !
= esssup/ k(¢,a’, ") de esssup// k(¢,d',¢")|dd’ d€’
(a’,0)eQ Jiy Le(ly,42) Jby

and (3.16) by

fz 52
ﬁ:[sup / In(a,?,d, é’)\dadé][sup// (a,l,a f’]dadﬁ’]
(@,0)eQ Joy a,0)eQ Joy

where ¢ > 1 is the conjugate of p > 1, i.e., = + é = 1. The other assumptions remain

unchanged.

1
p

Acknowledgement

The author is grateful and indebted to the professor Jalal Amine (Henri IV Institute.
Poitiers. France). This research was supported by LMCM-RSA.

References

[1] M. Boulanouar. Mathematical Analysis of Cycle Length-Age Structured Cell Popu-
lation with Aggregate Transition Rule: Well-Posedness. Preprint.

[2] G. Greiner. Spectral Properties and Asymptotic behavior of Linear Transport Equa-
tion. Math. Z., 185, 167-177, 1984.

[3] B. PAGTER Irreducible Compact Operators. Math. Z. 192, pp.149-153. 1986.

[4] J. Voigt. A Perturbation Theorem for the Essential Spectral Radius of Strongly
Continuous Semigroups. Mh. Math. 90. pp.153-161. 1980.

[5] J. Voigt. Stability of the essential type of strongly continuous semigroups. Trudy
Mat. Inst. Steklov, Izbran. Voprosy., Mat.Fiz.Anal.,203, 469-477, 1994.

[6] Ph. Clément and al. One-Parameter Semigroups. North-Holland. Amerterdam, New
York. 1987.



