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Abstract. In this work, we analyze a mathematical model of a structured cell popu-
lation. Each cell is distinguished by its cycle length and by its age. The daughter cells are
correlated to the whole cell population thanks to the Aggregate Transition Rule. We prove
then that this mathematical model is governed by a Cy—semigroup and we investigate
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1 Introduction

In this work, we are concerned with a mathematical model of structured cell population in
which each cell is distinguished by its cell cycle length ¢ and by its age a. If f = f(t,a,/)
denotes, at time ¢, the cell density with respect to the age a and the cell cycle length ¢,
then the cell population is governed by the following equation

of 0 !
a_{ _ __é _Mf+// (0,0, ', 0) f(t, ', £)da'dl’, (1.1)

where p = p(a, ¢) stands for the cell mortality rate and n(a, ¢, a’,¢') denotes the transition
rate in which cells change their cell cycle length from ¢ to £ and their age from a’ to a.

The cell cycle length ¢ (0 < ¢ < £ < {5 < 00) of each cell, is the time between its birth
and its division, where ¢; and /5 are fixed. The age a of each cell is null (e = 0) at birth
and equals to its cell cycle length ¢ (a = /) at division. Between birth and division, we
always have 0 < a < /.

The master equation (1.1) must be endowed with boundary conditions describing, at
each mitosis, how daughter cells are related to other cells. To this end, we propose two
biological approaches whose first one is

(Ay) - we suppose, at each mitosis, that a daughter
v cell is always related to his mother cell.

This approach means that there exists a correlation § = 6(¢,¢") between the cell cy-
cle length, ¢, of a daughter cell and that of his mother, ¢'. This one, called Biological
Transition Rule, is mathematically described by

F(t,0,0) = ﬁ/fe(e, OV 0,00, e (b, b), (1.2)

where 5 > 0 denotes the average number of daughter cells per mitosis.

The model (1.1), (1.2) has already been studied in [10] but only when 0 < ¢; < fy < 00
and then in [4, 5, 6] when 0 < ¢; < {3 < oo. The limit case, 0 = ¢; < ¢ < {3 = 00, has also
been considered in [2, 3]. We have then proved that the model (1.1), (1.2) is governed by
a Cyp—semigroup and then we have investigated its Asynchronous Growth property.

The second approach is,

we suppose, at each mitosis, a daughter cell is

(Az2) :

viewed as a fraction of the whole cell population.
This approach means that there exists a correlation k = k(¢, a’, ¢') between a daughter cell

and the rest of the cell population. We mathematically describe this correlation (which
we call : Aggregate Transition Rule) by

Oy pl!
F(£0,0) = a / / k(G ) f(t,d, 0)dddl, (€ (). (1.3)
¢ JO
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We call a > 0, the fractional number of daughter cells viable per mitosis.

When the cell population is without mitosis, i.e., « = § = 0, then both approaches (.A;)
and (Az) are the same and therefore (1.2) and (1.3) are reduced to

f(t,0,¢) =0, e (ly,0), (1.4)

which is biologically irrelevant.

However, at each mitosis, both approaches (A;) and (Az) are fundamentally different
whenever o # 0 and [ # 0, and therefore, the mathematical treatment of the boundary
condition (1.2) (see [2, 3, 4, 5, 6, 10]) can not anyway be applied, in this work, to the
boundary condition (1.3).

To the best of our knowledge, the boundary conditions (1.3) have never been considered
in connection with the master equation (1.1). This obviously shows the novelty of the full
model (1.1), (1.3) and motivates this work.

Our challenge, in this work, is to study the well posedness of the full model (1.1), (1.3).
So, in Section 2, we recall some well-known theoretical results that we will use throughout
this work. In Section 3, we define the mathematical setting related to the full model (1.1),
(1.3), and we prove some properties of the linear operator defined by the right hand side
of (1.3).

In Section 4, we firstly prove a useful trace result which allows us to define all unbounded
linear operators of this work. Next, according to suitable assumptions on the kernel k,
we prove that the unperturbed model (1.1)—(with © = n = 0), (1.3) is governed by a
Co—semigroup. The explicit form of that semigroup (see Section 5) will be very useful to
describe the asynchronous exponential growth related to the full model (1.1), (1.3). This
one will be the subject of a forthcoming work ([7]).

In Section 6, we introduce the first linear perturbation and we prove that the unperturbed
model (1.1)—(with n = 0), (1.3) is governed by a Cp—semigroup. Finally, in Section 7, we
introduce the second linear perturbation and we prove that the full model (1.1), (1.3) can
be inferred as a linear perturbation of the unperturbed model (1.1)—(with u = n = 0),
(1.3) (see Section 4) or (1.1)—(with n = 0), (1.3) (see Section 6). In both cases, we prove
that the full model (1.1), (1.3) is governed by a Cy—semigroup. For the positivity and
irreducibility of the generated semigroup are also investigated. We end this work by some
useful remarks.

For the novelty of this subject and for the mathematical background we refer the readers
11,8, 9].

2 Mathematical tools

This section deals with some well-known theoretical results that we will use throughout
this work. Let then 2" be a Banach space whose norm is ||-||,, .
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Lemma 2.1 ([9, Th.I1.3.8]). Let (U,D(U)) be a closed and densely defined linear operator
on & . Suppose that there exist w € R and M > 1 such that, (w,00) C p(U) (resolvent
set) and if X > w, then for all x € Z

H()\—U)_nx”% SM(/\—w)_onH% n=12---

Then U generates on 2 a Co—semigroup U=(U(t)),, satisfying, for v € Z,

U], < Me|z], t>0, (2.1)
n(n -\
=1 - = - = 0. .
and, U(t)x 7}1_{210 (t <t U) ) x t>0 (2.2)

Lemma 2.2 ([9, Th.II1.1.3]). Let (U,D(U)) be the infinitesimal generator of a Co—semigroup
U = (U(t)),50, on 27, satisfying (2.1) and let B be a bounded linear operator from 2 into
itself. Then (U + B,D(U)) generates, on 2, a Co—semigroup V = (V(t)),5, satisfying,
forallx e 2,

and, V(t)x = lim (e%BTU (%))nx t>0. (2.4)
n—»00

Lemma 2.3 ([9, Th.I1.2.7]). Let (U,D(U)) be the infinitesimal generator of a Cy—semigroup
of contractions, on Z", and let B be a linear dissipative operator such that, D(U) C D(B) C
Z . Suppose that there exist 0 < a <1 and b > 0 such that

IBzll, < allUzl| +0l[z]|, =€ D(U).
Then (U + B,D(U)) generates, on 2", a Co—semigroup of contractions.

Now, we suppose that 2" is a Banach lattice space.

Lemma 2.4 ([8, Prop.7.1 and 7.6]). Let (U,D(U)) be the infinitesimal generator of a
Co—semigroup U = (U(t)),», on Z . Then

(1) U= (U(t)),q is positive if and only if (A — U) " is positive for large \.
(2) Suppose that U = (U(t)),, is positive. Then U = (U(t)),s, is irreducible if and only
if (\—=U)"" is irreducible for large .
3 Preparative Results
Let ¢; and ¢35 be such that 0 < £} < £5 < 0o and let
Q= {(a,z) . O0O<a<( and £1<e<£2}.

Let 2" and ¢ be the following Banach spaces

by ot
X = L"(Q) whose norm is lell,, == / lo(a, £)| dadl
- ?1 JO
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1>
and Y = L' (U, ) whose norm is [, = / [ (€)] de.
(41
Since the boundary condition (1.3) we can define the following linear operator

t5
K p(l) = a/ / k(l,a', ") p(d, 0)da'dl, 0 e (b, L), (3.1)
l1 JO

where o« > 0 stands for the fractional number of daughter cells viable per mitosis while k =
k(¢,a’,¢") denotes the correlation between daughter cells and the whole cell population.
The kernel k is subject to the following assumptions

Lo
(Ay) R = ess sup/ k(¢,a’,0")|dl < oo, (3.2)
(o’ £)EQ Jty
(Aﬁ) k is positive,
(Ai)/ k(¢,a’,0') >0 fora.e. (£,a,0) e (l,l) x9N

Some properties of the operator K_ can be formulated as follows,

Lemma 3.1. Let o > 0. If (Af() holds, then K_ is a bounded linear operator from Z
into % satisfying, for all p € Z~,

K. ell, <arlell, (3.3)
where & is defined by (3.2). Furthermore,
(1) if (A}) holds, then K, is positive in ¥ .

(2) if (Ai), holds and o > 0, then K _ is strongly positive in % (z’.e., if =0 and p #0,
then K () > 0 for almost all € € ({1,05)).

Proof. Let ¢ € 2. Since (3.1), we can write that
o | plo
Kol =a [ |[ [ ed o eraaae
‘ 0 |Je Jo

by pl! lo
<a / / [ / |k(z,a',e')\d4 o(d/, )] da'de
l1 JO 01

0 to ol
<a esssup/ [k(¢,a’, 0| de // lp(a', )| da’dl’
(@ 0)eQ Juy 0 Jo

=a & lell,,

de¢

which proves (3.3) and therefore K is bounded from 2" into % because of (All() Finally,
both assertions (1) and (2) are obvious. [
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Let K, (A > 0) be the following linear operator

K, ela,l) = e MK (), (a,l) € Q, (3.4)
whose explicit form is
by ol
K. pla,l) = ae_m/ / k(¢,a' 0" p(d, 0))da'dl, (a,l) € Q. (3.5)
0 Jo

As we are going to see in the sequel, the operator K , will play an important role.
Therefore, it is natural to give some of its properties.

Lemma 3.2. Let a > 0. If (A}) holds, then K, (A > 0) is a bounded linear operator
from X into itself satisfying, for all p € X,
ak
Kool < 5llell, (3.6)

1
and HZICMgo

< oFllell, (3.7)
x
where K is defined by (3.2). Furthermore,
(1) if (A}) holds, then K,

\ 1s positive in 2 .

(2) if (A2) holds and a > 0, then K,
Proof. Let A > 0 and let ¢ € 2. From (3.4) we can write that

\ 1s strongly positive in Z .

12 14 1
el = | [ o] icoto1ae < S,

which leads, by virtue of (3.3), to the desired (3.6) and therefore KC_
Z into itself because of (A}L). Similarly,

lo 1 14
’ :/ [—/ e_’\“da] K, o(0)]dl < HKQSOHQ
x B! ¢ 0

which leads, by virtue of (3.3), to the desired (3.7). Finally, both assertions (1) and (2)
are obvious. |

, is bounded from

1
Jix..o

4 The model (1.1)—(with u =7 =0), (1.3)

In this section we focus our attention on the model (1.1), (1.3) without cell mortality
(i.e., p = 0) and without cell transition (i.e., n = 0). More precisely, we will prove that
the unperturbed model (1.1)—(with u =n = 0), (1.3) is governed by a Cy—semigroup on
Z . Let then T, be the following unbounded linear operator

_8_<p on the domain
Oa (4.1)

D(T)) := {cp e : ¢0,)= Kagp}

T p:

@
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where K is the linear operator defined by (3.1) and

1
7/::{90635” : ?E% and zgpé%}
normed by el = llell, H H H

Lemma 4.1. Let o > 0. The unbounded linear operator T is well defined.

Proof. Let us prove that the definition of the domain D(T,) makes a sense. So, as the
linear operator K is acting in % (Lemma 3.1), then it suffices to prove that ¢(0,-) € &
whenever ¢ € #'.

Let p € #'. For almost all (a,?) € Q we have,

_ “ 0|yl
(0, 0)| = [p(a, )] . ou

= |(a, O)] — /O (sgnsog—z) (5,0)ds

2 (s,0)

l
0
< e(a, 0)] +/
0

da

(s,0)ds

ds.

Integrating this with respect to a € (0,¢) and then with respect to £ € ({1, 4s),

[& (0,0)] de < /52 €|<pa€]dad€—|- N ‘dsdﬁ
1
which can be written in the form
o0, < ¢+ |52] <ol <0
and therefore ¢(0,-) € & |

Before we study the unbounded linear operator T, we need to state some properties of

dp

T,p = 3 on the domain 42)

D(T,) := {(,0 eV 0,) = 0}

which is nothing else but a special case of T, (see (4.1)) corresponding to a = 0 (the case
of no mitosis). From Lemma 4.1 (with o = 0) we obviously infer that T, is well defined.
Now useful properties of T, are given as follows

Lemma 4.2. The following assertions hold.
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(1) Let A > 0. Then (A — To)_1 is a bounded linear operator from Z into itself satisfying,
forall g e X,

_ 1
IO =) gll,, < 5 loll,, (4.3)
1

é ()\ - TO)_l g

and H

<9l - (4.4)

X

2) Let A > 0. Then (\—T,)"" is strictly positive in 2 (i.e., if g = 0 and g # 0 then
0
A=T,) 'g=0and A\—T,) "g+# 0).

3) T, generates, on 2", a positive Co—semigroup T, = (T, (¢ of contractions, i.e.,
0 0 0 t=0
forall p € 2,
IT,@ell, < llell, t>0. (4.5)

(4) The Co—semigroup T, = (T,(t)),5, is defined, for all o € 27, by

T, (t)e(a,l) := x (t,a,l) p(a —t,°0), (a,0) € Q, (4.6)
where x(t,a,0) := {(1) ZZ Z i i’ (4.7)

Proof. (1). Let A > 0 and let g € 2. Easy computations show that

A=T) M ga) = [ N gl 0dd, (@€ (4.8)
0

Accordingly,

b b a
[0=1)gll, = [ [ | e gt 0
* JuJo 1o
2 l a
</ {/ [e7] {/ T ]g(a’,é)\da'} da} de.
01 0 0

Integrating by parts the term inside the brackets, we get that

12 ¢ 4
Jo-tytall, < 5 [ e ot oras [gteniaefae
0y 0 0

1 et
< —/ lg(a, £)| dad?
A ¢ JO

dad/?

1
= <l

which proves (4.3) and leads to the boundedness of (A —T,)™".
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On the other hand

LA o
L e
[T L[]

Lo
- / lg(d, 0)] dade
{1 JO

-

which proves (4.4).
(2). This point easily follows from the explicit form (4.8).

(3). Point (1) yields that (0, co) C p(T,) (resolvent set of T,) and if A > 0 then
(A=T,) is closed and so is T, = A — (A—T,). Also T, is densely defined because of
C.(2) € D(T,) € 2 (C.(2) is the subspace of all continuous functions with compact
support in Q)

Let A > 0. Using (4.3) we infer by induction that, for all g € 27,

(A =T) "], < nllgl!%, n=12,..

Now, all the required conditions of Lemma 2.1 are fulfilled and therefore T, generates,
on 27, a Cy—semigroup T, = (T, (t)),, satisfying (4.5). The positivity of T, = (T, (%)),
follows from that of (A — T,)™" (Point (2)) because of Lemma 2.4(1).

(4). This point is easy to check. |
Now, the resolvent operator of T, can be computed as follows

Lemma 4.3. Let a > 0 and let A > ok where § is defined by (3.2). If (Af() holds, then
(A—=T.)"" is a bounded linear operator from 2 into itself and

A-T)'=(1,-K,) (A=T,)" (4.9)
where K, is defined by (3.5) and 1, denotes the identity operator in 2 . Furthermore,
(1) if (A}) holds, then (XA — T.)~" is positive in 2 and

A=T)'>0-T)">0. (4.10)

(2) if (Ai)/ holds and o > 0, then (A —T,)™" is strongly positive in % .

[e3

Proof. Let X > ar and let f € (1, —K_,) (D(T,)). There exists ¢ € D(T,) such that
f=(1, —K_,) . Using (3.6) and then (3.7) we get that

TR (1+—) el
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1 1
and Hsz < sté? + okl < oo
x x

and therefore f € 2" and §f € 2. Using (3.4) we can write that

giz é?aa( /ngo) B g_i AR,

which leads, by virtue of (3.6), t

and therefore E Z . Using again (3.4) we can write that

f(oa ) = (]lzr - ICQ,A)SO(Ou ) = 90(07 ) - KQQO =0
and therefore f(0,-) = 0. Hence, we have proved that

of
da

) (given by (4.2)) and therefore

H H —I—cm||g0|| < 00

fea, %fe%, €2 and  f(0,)=0

which means that f € D(T,

(L, - K..) (D(L,)) € D(T,). (4.11)

Let ¢ € D(T,). Then (4.11) leads to (1, — K_,) ¢ € D(T,) and therefore

0
(A=T,) (]1% - ICa,A) p=A (]1% - Ka,x) ©+ 9a (]1% - ICO/,A) '

Oy
=Ap — A\ Ag@—l—%jL)\legp
= ()\ - Ta) (107
whence
A-T) (1L, -k, )=0\A-T,). (4.12)
Finally, using Lemma 4.2(1) together with (3.6) we get that the left hand side of (4.12)

is an invertible operator whose inverse is
(1, -K,.)  A=T)" =(A-T)" (4.13)

which proves (4.9) and leads to the boundedness of (A —T.)™" from .2 into itself.

(1). Using (4.13) together with (3.6) and then both Lemma 3.2(1) and Lemma 4.2(2) we
can write that

ZIC > (A-T)' 20, m=0,1,2--
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Putting m = 0 we get (4.10) and therefore (A — T.,) ™" is a positive operator.
(2). Similarly, putting m = 1 we get that

A-T) " >, (A=T)" >0

The strict positivity of (A —T,)”" (Lemma 4.2(2)) and then the strong positivity of K. .
(Lemma 3.2(2)) imply that IC_, (A — T,)”" is strongly positive in .2~ and sois (A — T,)~"
|

Now, the main result of this section can be announced as follows,

Theorem 4.4. Let o > 0. If (All() holds, then T  generates, on Z , a Cy—semigroup
T, = (T, (1)), satisfying, for all p € 27,

@

IT, @)ell, <e“lell, t>0, (4.14)
where & is defined by (3.2). Furthermore,
(1) if (A7) holds, then T, = (T, (t)),s, is positive in 2 and

T, (t) > T,(t) >0, t>0. (4.15)

(2) if (Aﬁ)/ holds and o > 0, then T, = (T, (t)),5, 4s irreducible in 2 .

Proof. Lemma 4.3 yields that (a®, co) C p(T,) (resolvent set of T ) and if A > aF
then (A —T,) is closed and sois T, = A — (A —T,). Also T, is densely defined because
of C.(Q) C D(T,) C Z (C.(R) is the subspace of all continuous functions with compact
support in €2).

Let A > ok and let g € 2. Using (4.9) and then (3.6) and (4.3) we get that

[0=1) o], <|(n -K.)

1
aR )\

A
-1
A= ak il

I =T) "],

2(X)

HgH

and by induction

1

J0-T) 7l < e

Now, all the required conditions of Lemma 2.1 are fulfilled and therefore T generates, on
2, a Co—semigroup T, = (T, (t)),, satisfying (4.14).

(1). Firstly, the positivity of T, = (T, (t)),, follows from that of (A — T ')~ (Lemma 4.3(1))
because of Lemma 2.4(1).
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Next, let A > ak and let g € 2" be such that g > 0. Using (4.10) it follows, by induction,
that

[e3

[A(A—T )‘1}7192 [A(/\—TO)_lrg>O, n=12--

Let t > 0. Putting A = 2 (n large enough), we get that

n/n -17" n/n -17"
vy T [pn) s
L&(t g 19 L& t }g

and at the limit n — oo, the desired (4.15) follows because of (2.2).
(2). This point follows from Lemma 4.3(2) because of Lemma 2.4(2). [

5 The explicit form of T = (T, (t))t>0

In this section we are concerned with the explicit form of the Cy—semigroup T, =
(T, (t)),5o whose existence has already been proved in Theorem 4.4. This explicit form
will be very useful to describe the asynchronous exponential growth related to the full
model (1.1), (1.3), and which will be the subject of a forthcoming work ([7]).

Let A := (—00,0) x ({1,¢2) and let 2, (w > 0) be the weighted Banach space
Lo

0
P, = L*(A,e")  whose norm is Al = / / |h(z, 0)| e**dxdl,
{1 J—o0

and let us prove some auxiliary results. The first one concerns the linear operator T, (t)
(t > 0) defined by

T,(H)h(a,€) == X(t,0, Ohla—£,0), (0,0 €9, (5.1)

1 if a<t
h X(t,a,l) = 7 5.2
where x(t,a,6) {0 if a>t. (52)

Lemma 5.1. T (t) (t > 0) is a bounded linear operator from 2., (w > 0) into 2
satisfying, for all h € 2,

T,(00h=0  and 1%1 |T,(t)n]|, = 0. (5.3)

Furthermore, if w > 0 then
e “t”T (t)hH dt < —||h]] (5.4)
0 0 Z = w w* :

Proof. Let t > 0. Let w > 0 and let h € Z,,. Then

T, ()R], :[/0 Y(t,a,0) |h(a —t,0)] dad?
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by pl—t
- / / X(t, s +t,0) |h(s, )] dsdC.
ly J—t

Using (5.2) we get that X(¢,s + ¢,¢) = 1 if and only if s < 0 and therefore
52 62
IT,()n], / |h(s,£)|dsdl < / |h(s,0)| e**dsdl

which obviously leads to (5.3). This again leads to

V4 0
IT0n, < e“t/2/ (s, 0)] e*dsdl = ¢! [[1]|
V1 J—o0

which proves the boundedness of T, (¢) from .2, into 2 .

However, if w > 0 then

/Oooe_mHTo(t)hH%dtZ/we‘“t [/eyei(t, a,0) |h(a —t,0)] dadﬁ} dt
/62/ V “X(t,a,0) |h(a -t €)|dt]dad€
/62/ [/ "% (0~ 5,0,0) |h(s,€)|ds] dadl.

Using (5.2) we get that X (a — s,a,¢) = 1 if and only if s < 0 and therefore

o0 b 6T 0
| eimon] = [ { / ew<s—a>|h(s,g)|ds]dadg
0 * {1 J0O —00
s 0 l
:/ / {/ e_wada} |h(s,0)|e**dsdl
4y J—oo 0
1 l2 0
—// |h(s, 0)] e“*dsdl
W Joy J—oo

1
=—|h
Zjal,
which proves (5.4). |
The second auxiliary result concerns both linear operators
0l
M, ¢(x, 0) :—a// k(l,a', 0T, (—x)p(a', ¢)da'dl’ (z,0) €A, (5.5)
0, Jo
R Z2 ¢ —_—
and M, h(z,?) ::a// k(¢,d', ") T,(—x)h(d', 0")da'dl’ (z,0) €A, (5.6)
0

where T, (t) and T, (¢) are respectively defined by (4.6) and (5.1). Note that (5.5) and
(5.6) are the explicit forms of

M, o(z,€) =K, (T,(=2)p) (¢) and M_h(z,f) =K, (TO(—x)h) (0). (5.7)
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Lemma 5.2. Let o > 0. If (Af() holds, then
(1) M, is a bounded linear operator from X" into Z.,, (w > 0) satisfying, for all ¢ € X,

ar
IM.ell, < —llell,, (5.8)
where K is defined by (3.2).

(2) M, is a bounded linear operator from %, (w > 0) into itself satisfying, for all h € %,
— ak
IM,A]| < UHhHW. (5.9)

Proof. Let w > 0. Using (5.7) we can write, for all ¢ € 27, that

IM, o], = / ’ / UK, (T, (—a)) (0)] d} 0

oo
/62_
1%

_ /0 h /Z * K (T.(00) (0) dﬁ} et

- / K. (T, (09, e at

which leads, by virtue of (3.3) and then (4.5), to

/0"0 K, (T, (*)¢) (0)] e”tdt} ae

[e.9]

_ [~ o _ " aFR
Mol < o [0, e < am | [T, = i,

which proves (5.8) and leads to the boundedness of M, because of (A}).
Similarly, using (5.7) we can write, for all h € Z,, that

M 2| = /:2 Vl K, (T,(—=)h) ()] ewxdx} de

_ /g N { /O K, (T (00) (0] e_“tdt] ar

0o lo
— / e ! { / 1K, (T,(t)h) (0)] df} dt
0 01
_ /0 e |K, (T,(0n)]), at
which leads, by virtue of (3.3) and then (5.4), to

LV _ [ —wt|IFs ak
IM,A| < om/o || T, ()], dt < —[I],

which proves (5.9) and leads to the boundedness of M_ because of (All{) |
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The last auxiliary result is given as follows
Lemma 5.3. Let o > 0 and let w > ok where & is defined by (3.2). Let A (t) (t > 0) be
the following linear operator

1

A(t):=T)(t)(1, —M,) M (5.10)

[e3 [e3

where T, (t), M, and M are respectively defined by (5.1), (5.5) and (5.6) while 1, denotes
the identity operator in Z.,.

If (Al) holds, then A, (t) (t > 0) is a bounded linear operator from 2 into itself satisfying,
forall p e 2,

A (0)p=0 and ltir(r)l 1A, (®)ell, =0, (5.11)
and, A, (t)p(a, 0) =x(t,a, OK, (T, (t — a)p + A, (t — a)p)(£), (5.12)

for almost all (a,l) € Q, where X is given by (5.2). Furthermore

1A, (®)ell,, Of"ﬂ/ IT,(s)p + A, (s)ell,.ds, t =0, (5.13)
/ eNA (Bpdt = (1, — K, ) K (A=T,) g, A>ar, (5.14)
0

where T, (s), T, and IC_ , are respectively defined by (4.6), (4.2) and (3.5).

a, A

Proof. Let w > ak. Due to (5.9) we infer that (I[w — MQ)_I is a bounded linear operator
from 2, into itself. This boundedness together with that of T, (¢) (¢ > 0) (Lemma 5.1)
and that of M_ (Lemma 5.2(1)) lead to the desired boundedness of the operator A ()
(t > 0) from 2 into itself. Furthermore, if p € 2" then h := (1, — Ma)_l M,p € Z,
and T, (t)h = A, (t)p and therefore

8,00 =T,(0h  and  lm[lA, ()¢, =lim T, ()R],

o

which proves (5.11) because of (5.3).
Let t > 0 and let p € 2. Using (5.1) we get, for almost all (a,?) € €2, that

A, (D)p(a, 0) = X(t,a,6) (1, = M,) " M_p(a—t,0)

w

(t,a,é)[ﬂw+1\/[ (1, _M&)‘I}Mago(a—w)

I
=l =

(t,a,l) [Mago(a —t,0)+ M, (1, — Ma)fl M, ¢(a —t, 6)}

|
=|

which leads, by virtue of (5.7), to

A, (Dp(a,0) = X(t,0,0) K, (T, (¢ — a)g) +K, (T, (¢ — a) (L, = M) M, )] (0
= (.0, 0)[K,(T,(t - ) ) +K, (A, (t = a)p) | (0)
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=x(t,a,0)K, <']I‘0 (t—a)p+A,(t— a)so) (£)

which is nothing else but the desired (5.12).

Since (5.12), we can write that

0l = [ ][ Fea0 i (T ae+ a - 0p)0]ad] a

- /j Ut; X(tt = s,) ‘K (TO(S)so + AJS)@) (12)‘ ds] .

Due to (5.2) we get that X (t,t — s,¢) = 1 if and only if s > 0 and therefore

1A, ()l = /:2 [/Ot
Als

:/Ot K, (T,(s)e + A, (s)) || ds.

(22
t
1A (D¢l < or / IT, () + A, ()], ds

K, (TO (s)p + Aa(s)g)) (Z)‘ ds] 14

K, (T(s)e + A, (s)2) (0) dﬁ} ds

Now (3.3) yields that

which is nothing else but the desired (5.13).
Let A > a&. Using again (5.12) we can write, for almost all (a,¢) € Q, that,

/Oooe_’\tAa (t)p(a, 0)dt :/Oooe_’\ti(t, a, K, (']I‘O(t —a)p+ A (t— a)go) (0)dt

_/_Ooe_,\(sw)ﬂs +a,a,0)K, ('I[‘O(s)<p + A (s)cp) (0)ds.

a

Due to (5.2) we get that X(s + a,a,¢) = 1 if and only if s > 0 and therefore

/Ooo e MA, (t)p(a, O)dt :/Oo ) <’J1‘O(s)go + A (s)¢> (6)ds

0

:eMKa( /O h e T, (s)eds + / Ooe’\sAa(s)gods>(€).

0

This leads, by virtue of (3.4) and then Lemma 4.2(3), to

/0 ) e MA, (Hedt(a, 0) = K, ((A —T) o+ /0 h e_AsAa(s)gpds>(a7 0,

that is to say that,

( /Ow e MA (t)godt) (a,0) :ICM(()\ —T) ot /O s A (s)g ds)(% 0,
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for almost all (a, ) € €2, and therefore,

/ e MA, (pdt =K, (A= T,) "o+ K.\ (/ e)‘SAa(s)gods) .
0 0

Finally,
(1, — ICM) / e MA (t)pdt = K. (A= T,) 'y
0
which leads to (5.14) because of (3.6). |
Now, the aim of this section can be announced as follows

Theorem 5.4. Let o« > 0. If (Af() holds, then the generated Cy—semigroup T, =
(T, (t))=o (Theorem 4.4) is given by

T, (t) == T, (t) + A, (1), t>0, (5.15)

[e3

where T, (t) and A, (t) are respectively defined by (4.6) and (5.10).

Proof. For convenience, we divide the proof in several steps.

Step I. Let S, (¢) (¢ > 0) be the following linear operator

S.(t) =T, (t) + A, (t). (5.16)

o

We claim that §, = (S, (t)),5, is a Co—semigroup, on 2, satisfying
IS, (el < el t=0, (5.17)

for all p € 2.

Due to Lemma 4.2(3) together with Lemma 5.3, we infer that S_(¢) (¢ > 0) is a bounded
linear operator from 2 into itself satisfying, for all ¢ € 2",

S,(0)¢ =T, (0)p + A, (0)p = ¢

. B o B ‘ e
and lim |18, () = ¢ll, <Lml[T,(E)e =, +lim |4, @)l =0
It remains to prove that

S, (t)S,(s) =S, (t+ s), forall t,s>0. (5.18)

(e

Step II. Let t > 0 and s > 0 and let S_ (¢, s) be

S.(t,s) =S, (1)S.(s) — S.(t + 5), (5.19)

«

which can be easily simplified in

S, (t,s) =T, (t)A, (s) + A, (1)S,(s)p — A (t + s). (5.20)

[e4 e
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Let ¢ € 2. Combining then (5.16) and (5.12), it follows that
A, (t)p(a, 0) = X(t,a, OK, (S, (t — a)p) (), (5.21)
for almost all (a, /) € €, and therefore,

A (t+95)p(a,0) =x(t+s,a,0) K, (S,({t+s—a)p)), (5.22)

[

and A, (1)S,(s)p(a,0) =X (t,a,0) K, (S, (t — a)S,(s)p) (£). (5.23)
On the other hand, using (5.21) and (4.6) we get that

T, (t)A, (s)p(a,b)=x (t,a,0) X (s,a —t, ) K (S (t+s— a)ga) (0)
=[xt +sa,0-xta z)}K (S.(t + 5 — a)g) (0), (5.24)

for almost all (a,¢) € Q. Putting (5.22), (5.23) and (5.24) in (5.20) we infer
S.(t,s)p(a, ) =X (t,a, O K, ([S,(t — a)S,(s) =S, (t+ s —a)]p) ()
which can be written, by virtue of (5.19), in the form
S.(t, s)e(a,0) =X (t,a,O) K, (S, (t — a,s)p)(£) a.e. (a,l) €

Integrating it, we get that

||§a(zt,s)soH%z/j{/glZ (t,a,0) [K, (S.(t — a,s) )(g)\da} KT,

_ [T/t;w,t —2,0) |K, (5.(z, 5)0) (0) dx} ar.

Due to (5.2) we get that X (¢t,t — z,¢) = 1 if and only if > 0 and therefore

8.(t.5)e], = [ : [ / K. (5.2 5)¢) (0) cw} d

and by (3.3), it follows that

||S (t,s) goH om/ ||S x,S ng dx.

Grénwall Lemma yields that [|S, (¢, s)goH% = 0 which leads to S, (t,s) = 0 and therefore
(5.18) holds. Our claim, that (S,(t)),, is a Co—semigroup on 2’, is now proved.



147

Finally, using (5.16) together with, on one hand (4.5) and on the other hand (5.13), we
get that

IS, @®)ell, < lell, +IA.@)l,

and 1A (el cm/ns ol da

which leads to .
IS.Oell,. < llell, +Oéﬁ/0 IS, (z)el] . dz.

Now Gronwall Lemma proves (5.17).
Step III. Let S, be the generator of the Co—semigroup S, = (S, (t)),--

Firstly, (5.17) means that (&, 00) C p(S,) (resolvent set of S)). So, let A > aF and let
p € Z. Using (5.16) we get that

u—aJ1¢=/‘e”&@wm
0
:/ e’\tTO(t)@dt—i-/ e MA, (t)pdt
0 0

which leads, by virtue of Lemma 4.2(3) and then (5.14), to
_ _ —1 _
A=8)"e=0-T,) e+ (1, -K.,) K,.OA-T) ¢
—1 _

= <]‘% + (13{ - ICa,/\) ICa,A) ()\ - TO) ! 90

= (1, -K.,) (AT
and by (4.9),

A=8S)"e=0A-T,) "o,

and therefore S, = T, . Now, the uniqueness of the generated semigroup yields that
T, (t) =S, (t) for all t > 0 which proves the desired (5.15) and achieves the proof. |

6 The model (1.1)—(with n =0), (1.3)

In this section we are concerned with the model (1.1), (1.3) without cell transition (i.e.,
n = 0). We will prove that the unperturbed model (1.1)—(with n = 0), (1.3) is governed
by a Cy—semigroup on 2. Let then V_ be the following unbounded linear operator

V, =T, +Q, on D(V,) =D(T,) (6.1)
with, Q¢ = —pp,
where p is subject to the following relevant biological assumptions
(A)) 1 :=esssup |p(a, 0)| < oo, (6.2)
(a,0)eQ

(AZ) 1 is positive.
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Theorem 6.1. Suppose that (Af() holds and let o > 0. If (Ai) holds, then V_ generates,
on 2", a Co—semigroup V, = (V,(t)),=o. Furthermore

(1) if (AR) and (A2) hold, then V, = (V,(t)),, is positive in 2~ and

V. (t) = e ™T (t) >0, t>0, (6.3)

@

where 1 is defined by (6.2).
(2) if (A2) and (A2) hold and o > 0, then V, = (V, (1)), is irreducible.

Proof. Obviously, (Alﬂ) yields that Q, is a bounded linear operator from 2" into itself. Ac-
cordingly, V_ appears as a bounded linear perturbation of the generator T, (Theorem 4.4)
and therefore V, generates, by virtue of Lemma 2.2, a Cp—semigroup V, = (V,(t)),-, sat-
isfying (2.4), i.e.,

V. (t)p = lim <e%QHTa(%)) @, e X, t>0 (6.4)
n—oo
(1). Let ¢ € Z be such that ¢ > 0. Then
zQ 1 m 1 m —Tp
e :Zﬁ(_xﬂﬂ%) = Z%(_];M) ]]‘5%,’ =e€ ﬂ%
m=0 m=0
and therefore
U > e, for all x > 0. (6.5)

Let ¢ > 0. The positivity of T, = (T, ()),5, (Theorem 4.4(1)) together with (6.5) yields,
for all inters n > 1, that

(Fm.(9) ¢ 2 (L) ¢ = T (L) ¢ = T (00 >0

Passing to the limit n — oo and using (6.4), the desired (6.3) immediately follows and
therefore V, = (V,_(t)),, is positive in 2",

(2). The irreducibility of the Co—semigroup V, = (V,(t)),5, follows from that of the
Co—semigroup T, = (T, (t)),5, (Theorem 4.4(2)) because of (6.3). |

7 The full model (1.1), (1.3)

The aim of this section is to prove that the full model (1.1), (1.3) is governed by a
Co—semigroup. To this end, we remark that the full model (1.1), (1.3) can be viewed as
a linear perturbation of the model (1.1)—(n = 0), (1.3) by the following linear operator

¢ Pl
P o(a,l) := [/ n(a,l,a’, 0")p(d, ¢")da'dl, (a,l) € Q,
1J0
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where 7 is subject to the following relevant biological assumptions,

ty pl
(A}?) 7:= sup / In(a,,a’, 0| dadl < oo, (7.1)
(a’,£)eQ Juy

(A%) 7 is positive.
So, we have

Lemma 7.1. If (A%) holds, then P, is a bounded linear operator from 2 into itself
satisfying, for all p € 2,

[Bell, <Tllell, (7.2)
where 7 is given by (7.1). Moreover if (A%) holds, then P, is positive in 2.

Proof. For all ¢ € 2 we have

Lyl L ot
e, = [ [ [ ] wtosteareretat eranar
62 52
/ / [/ In(a,l,a’, 0| |p(d, ") da’ d€'] dad?
42 fg
/ / [/ In(a,t,d E’)\dadé} lp(a’, 0")| da’dl
51 Zl

Z2 L ZQ A
< | sup / In(a,l,a’,¢")| dadl / lp(a’, 0")| da’dl’
0 Jo 0

(a’ £')EQ A

dad/?

= n lell,,

which proves (7.2) and therefore P, is bounded because of (A}]) Finally, the positivity of
P, is obvious. n

Now, let W, be the following unbounded linear operator
W, =V, +P on D(W,)=D(T) (7.3)
which can also be defined by
W, =T, +Q, +P, on D(W,) =D(T)) (7.4)
because of (6.1). Now, the aim of this section can be announced as follows

Theorem 7.2. Suppose that (Ay) and (A}) hold and let o > 0. If (A}) holds, then W,
generates, on 2, a Co—semigroup W, = (W_(t)),-,. Furthermore

(1) if (AR), (A2) and (A2) hold, then (W, (t))io is positive in 2~ and

W)=V ()20, t>0. (7.5)

o «
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(2) i (A?2), (A2) and (A}) hold and o > 0, then (T, (1)), is irreducible.

Proof. Obviously (7.3) allows us to say that W_ is a perturbation of the generator V,
(Theorem 6.1) by the bounded linear operator P (Lemma 7.1). From Lemma 2.2 we infer
that W, generates a Co—semigroup W, = (W,_(t)),., satisfying (2.4), i.e., for all p € 27,

W (t)p = lim (e%RIVa (%))n ®, t > 0. (7.6)

n—oo

(1). Let ¢ € 2 be such that ¢ > 0. Firstly, using the positivity of P (Lemma 7.1), we
can write that

1
ey = — (zP)" ¢ > o, for all z > 0. (7.7)
pIRIES
Let ¢ > 0. The positivity of V, = (V,(t)),5, (Theorem 6.1(1)) together with (7.7) yield
that
(5V. (1) ¢ = (VL(D)' ¢ = Ve >0, =12
and at the limit n — oo we finally get, by virtue of (7.6), the desired (7.5) and therefore
W, = (W, (t)),5, is positive in 2.

«a

(2). The irreducibility of the Cy—semigroup W, = (W, (t)),, follows from that of V, =
(V,(t));>0 (Theorem 6.1(2)) because of (7.5). |

In the context of Theorem 7.2, the unbounded linear operator W, (defined also by (7.4))

appears as a bounded linear perturbation of the generator T, (Theorem 4.4) by the

bounded linear operator Q, + P,. According to Lemma 2.2, we infer then that W, gener-

ates, on 2, the same Cy—semigroup W, = (W,_ (1)), satisfying (2.3) i.e., for all p € 27,
W, 0l < el Il g 10,

which is obviously an imprecise inequality. Therefore, in order to improve it, we need the
following assumption

(Ays) < p
provided that (Ai) holds true, where 7] is given by (7.1) and

= essinf p(a, 0). 7.8
Iz ?gi)lggu(a,) (7.8)

The assumption (AFH?) describes mathematically a relevant biological phenomenon. It
says that the number of died cells is greater than the number of cells changing their cell
cycle length and their age. Now we have

Theorem 7.3. Suppose that (All(), (Ai) and (A}?) hold and let o > 0. If (Ai) and
(A#—n) hold, then the Co—semigroup W, = (W,_ (1)), satisfies, for all p € Z,

IW, ()l < e“™lell, t=0, (7.9)

where & is defined by (3.2).
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Proof. Firstly, the existence of the Co—semigroup W, = (W, (t)),-, is already proved in
Theorem 7.2. It remains then to prove (7.9).

Step I. Let (Ta, D(Ta)) be the following unbounded linear operator

T,:=T —(oR)1, on D(T,)=D(T,). (7.10)

As T, is a bounded linear perturbation of the generator T, (Theorem 4.4) by the bounded
linear operator (aR) 1,., it follows then that T, generates, on 2", the Cy—semigroup
T, = (T, (t))t>0 = (e~(RIT, (t))t>0 satisfying, for all p € 27,

[T, = “IT. ()¢l <e e ell, = el £>0,

which means that the Co—semigroup T, = (T, (¢)) 1o 18 of contractions and therefore T,
is a dissipative generator.

Step II. For all ¢ € 2 we have

<sgn o, (QH + Pn) <p> = /;2/06 sgn(a, ) (pr(a, £) + P o(a, E))dadf

N

o pl
_/Z/O M(a,z)kp(a,f)ldadﬂHPnSOH%
< —plel, +|Pell

which leads, by virtue of (7.2) and then (A

pn) O

(sgng, (Q, +PB) ) < (—p+7)llell, <0

and therefore Q, + P, is a dissipative operator.

Step III. The boundedness of Q, + P, allows us to write that,

D(T,) c 2 =D(Q,+P) andforall ¢eD(T,),

Q. +E) e, <0-[Tel, +Q. +El,, I,
Accordingly, the following unbounded linear operator
W,=T,+Q,+P on D(W,)=D(T,) (7.11)

appears as a O-bounded linear dissipative perturbation (Step II) of the dissipative gener-
ator T (Slep I). Accordingly, all the required conditions (i Lemma 2.3 are fulfilled and
therefore W _ generates, on 2", a Cy—semigroup W, = (Wﬂ (t)) 1> Of contractions i.e.,
satisfying for all p € 27,

IW. 0], <llell, t>0. (7.12)
Finally, according to (7.4) together with (7.10) and (7.11), we infer that
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which means that W, is a bounded linear perturbation of the generator W_ by the
bounded linear operator (ar) 1,.. Hence W_ generates, on 2", the Cy—semigroup W, =
(W, (1));50 = (e“™'W(t ))t>0 satisfying, for all p € 27,

IW, ()¢l = W, ()e| < e“ el t>0

because of (7.12). The proof is now achieved. |

Remark 7.4. Theorem 7.3 means that the full model (1.1), (1.3), i.e

,
of _ _8_£_ f—|—/€l/ (a,6,d,€)f(t, ', ¢)dd'de,

/

ot
b
f(t,0,0) = a/ / k(¢,d 0)f(t,a', 0")da'dl,
0, Jo
\f<07 a, f) = 90<a7 €>7
is well posed in Z". Namely, for all initial data f(0) € 2" there exists a unique solution

f)y=W,(0)f(0) e 2 satisfying  |[f(t)]],. < FO)],. (7.13)

8 Comments

Remark 8.1. The choice of the functional framework 2" (= L' (2)) was natural because
[ £(t)],- denotes the cell number at time ¢ > 0. Nevertheless, we can easily extended this
work to the case p > 1, i.e.,

by pl r
2 =LP(Q) whose norm is lell, == {/ lo(a, )P dadé]
0 Jo
0 7
and W =L (ly,0) whose norm is 11, = [/ 1 (0)| dﬁ]
a0

To this end, it suffices to replace (3.2) by

0 bt
R = esssup/ k(¢,a’, 0| de esssup// k(a0 |da'd€'
(a/,K’)EQ Y21 lLe 81 Lo 01

and (7.1) by
ﬁg 4 62
= sup / |n(a,€,a’,€’)|dad€ sup // (a,0,a', 0 |da’d€'
(a' e Jey JO (a,0)e Juy
where ¢ > 1 is the conjugate of p > 1, i.e., % + % = 1. The other assumptions remain

unchanged.
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Remark 8.2. If & = 0 (i.e., the case of no mitosis) then (7.13) leads to
IF @O, < [1F )],

which means that the number of cells does not increase and therefore no biological interest
can be observed in this case. However, if o # 0 then (7.13) means that the number of cells
increases which leads us to naturally ask the following question : what happens when the
cell density is increasing? This question is answered in [7].
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