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Abstract. We introduce multi-asset options with barrier of hyperplane type and, for
a seminal class of these, closed-form expressions of no-arbitrage prices are obtained. An
interesting aspect of such seminal structure is that it boils down to a well exploited finan-
cial object: a geometric basket of assets. This unveils the fact that general hyperplane
structures naturally represent barrier formats and significantly expand the design possi-
bilities of barrier options. In this work the risky assets evolve independently at first and,
in the sequel, results for the dependent case are provided. We also provide an expression
for a certain joint density function from which prices for more general barrier options
could be obtained numerically.
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1 Introduction

European barrier options are a class of path dependent options that emerged as a signif-
icant product for hedging investments in equity and commodity markets since the late
1980s, largely in the over-the-counter markets. They are standard European options that
involve a barrier constraint tailored for a certain behavior of the underlying asset along
the option’s lifetime. If this behavior is what the investor thinks will happen, then he
may pay less buying the barrier option instead of its standard counterpart, obtaining the
same result whenever his beliefs meet reality. Otherwise, the option’s payoff cancels. We
address the aforementioned subject matter, bringing into focus the multi-asset scenario.

Little work has been done to derive prices of path-dependent options (not necessarily
of barrier type) in this sort of scenario. Quoting [21], an important reason for this is
because the matter poses significant technical difficulties that do not appear in the single-
asset case. Stepping works in this niche are [7] and [17], which consider the Black and
Scholes world, and [24] - entering with jumps. A study on multi-asset Black-Scholes
models with correlated underlyings is found in [12]. The work unveils the fact that certain
conditions have to be satisfied in order to ensure existence of a valid pricing solution in
such scenario, and that certain formulas that appear in the literature should be revisited
for validation or not. When entering with models with more sophisticated structure (e.g.
with stochastic covariance), most exotic options are priced numerically. An analytical
result is that of [2] addressing the case of unrestricted correlations in a two-dimensional
geometric Brownian model with a common stochastic volatility factor. There, closed-form
expressions can be found for pricing two-asset barrier options (double-digital, spread and
double-lookback options). Actually, the authors there reportedly claim that their work is
the first analytical development in the multi-asset correlated framework.

The common feature of the multi-asset kind of options is to hedge the risk associated
with a prescribed set of assets in a unified way. The investor can thus manage the risk of a
hedging portfolio as a whole. In spite of the fact that we are dealing here with frictionless
markets, a by-product of such options is avoiding multiple transaction costs replacing it
by a single one. Now, a desired quality of multi-asset options, particularly multi-asset
barrier options, is to capture the joint behavior of the assets involved. For instance, the
price of a certain asset at a certain time may be viewed as “good” or admissible, or not,
depending on what is happening with the price of some other asset or assets. This is not
the case of the barrier options treated in [2], where the prices of the risky assets are tested
by individual barriers.

In contrast, this notion is plainly captured by the options in this work. Their behavior
is such that a sole asset cannot impose the option to be knocked out or not. Knock out
will actually depend on the joint behavior of the assets. As we said above, there is no good
or bad price that can be assigned beforehand to a certain asset. This condition will be
determined, dynamically, by the behavior of the remaining assets. Namely, we introduce
some sorts of European multi-asset up-and-out call options with barriers of hyperplane
type. The hyperplane monitors the discounted log price vector of the underlying assets,
i.e., the option cancels when this vector breaches the hyperplane. Alternatively, the barrier
scheme can be viewed as an exponential modification of the hyperplane that now tests the
discounted price vector of the underlyings. It is interesting reminding that an assortment
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of celebrated results addressing the scalar barriers with exponential shape, not in space,
but in time, was obtained between 1994 and 2002, as can be observed in [4], [23], [14], [1].

The class of hyperplane barriers addressed herein is actually of a seminal type: the
one generated by the vector 1 = (1,...1) € R"™. One could imagine spacial perturbations
on this class producing a broad range of barrier options, which no-arbitrage prices could
possibly be solved numerically or inferred via estimates stemming from options equipped
with the above seminal class. A simple example is a class of hyperplane barriers now
generated by U = (v1,...v,) € R™, v; > 0.

A quality of our seminal hyperplane monitoring scheme is that it actually refers to
a well exploited financial object that interest practitioners: a geometric basket of assets.
More precisely, saying that the option cancels whenever the discounted log price vector
of assets breaches the hyperplane is the same as saying that the option cancels whenever
the price of the geometric basket composed by such assets breaches the barrier (B) that
tracks the price () of the risk-free asset (the value of the bank account), where

B(u) = cBu), Blu) = B(0)elo )%, (1)

¢ > 0, 5(0) is the initial value arbitrarily set for the bank account, ¢3(0) is the barrier value
at time zero and r is the instantaneous interest rate. There is a one-to-one correspondence
between the hyperplane barrier scheme and the one described above (this is not difficult
to see and is shown ahead in the paper). Options equipped with the scalar barrier (1) are
applied as building blocks for investment products like certificates in Germany, according
to [2]. Moreover, two aspects may interest practitioners: (i) the idea of a barrier that
tracks the risk-free asset is not strange in the context of the fixed income markets (see,
e.g., [5]), although there, interest rates are naturally stochastic, whereas in the case of
equity markets, they are predominantly deterministic (the rationale behind this barrier is
fully described in [6]) and (i7) the scalar barrier (1) is constant if denominated in terms
of the numeraire taken to be the share of the risk-free asset.

Now, the hyperplane format produces a multidimensional test while in the geometric
basket format we have a scalar barrier test instead. One would correctly expect that a
multidimensional test would be richer in information than a scalar test. Nevertheless, the
two formats above are equivalent. The reason for this is that hyperplanes are particular
and simple manifolds and indeed boil down to more strict information, scalar-equivalent.

So, in this paper, we present elegant closed-form pricing formulas for the exact prices
of some sorts of European multi-asset up-and-out call options with barriers of seminal
hyperplane type. Or else, we shall be solving the geometric basket pricing problem in the
light of a multidimensional framework - a starting point for pricing or estimating more
generic multidimensional barrier options. The stochastic underpinning tools are the risk-
neutral pricing technique combined with the multidimensional version of the time change
for martingales theorem (Knight’s Theorem - see [3]), and the Generalised Reflection
Principle for Brownian Motion devised by [21].

Models are a la Black and Scholes (BS) with time dependent volatility. Firstly, we
impose the assets to be independent and, in the sequel, we assume dependence among the
assets - which allows the investor to hedge more efficiently correlation risk. In the latter
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case, incomplete markets may arise, and consequently non-attainable derivatives. Still,
our prices are good approximations, as we can see invoking the risk-minimizing approach,
a technique that inherits concepts of the theory of optimal control ([13]).

BS models for pricing stock derivatives are still often used. This is so because the
model is robust, simple and low-cost in terms of computations ([11], [16], [15], [22], [18],
[9]). It is noteworthy that some works dealing with stochastic volatility focus on whether
their solutions have indeed a significative better performance then the BS counterpart in
applications with real market data in order to justify the use of more complex models
([20)).

Bearing in mind that pure analytical results are difficult, particularly on multivariate
models (see [10], [2], [12]), the fast and ready to use pricing formulas we provide here can
also serve as estimates for prices stemming from “nearby” models.

1.1 The Financial Pricing Problem and Findings
Let (2, F, ]f”) be a probability space, with P a risk neutral probability measure.

1.1.1 Independent asset prices

On this probability space, consider a multidimensional market model where the risky
assets prices evolve according to the stochastic differential equations (SDEs)

dS;(u) = r(u)S;(u)du + o;(w)S;(w)dW;(u), i=0,2,...,m, uel0,T], (2)

where W = (Wy, W4,...,W,,) is an (m + 1)-dimensional P-Brownian Motion and (F;)¢>o,
F; € F, a filtration for this Brownian Motion. The risk-free interest rate r and the
volatilities o;, « = 0..., m, are square integrable deterministic functions of time.
European multi-asset up-and-out call options with barriers of hyperplane type are con-
sidered, where the payoffs per se, i.e., without the barrier, are

(1) on a stock Sy that is not verified by the hyperplane barrier; however it is tested by the
individual barrier

Bo(u) = cof(u) (3)

where ¢y5(0) is the value of the barrier By at time zero (note that pushing ¢y to infinity
recovers the case of a payoff on Sy without the barrier described in (3)), and

(77) on a geometric basket of stocks, involving the assets Sy, ...Sy,.

Now define the discounted log price vector of the underlying assets by

InS(u) = (InSi(u),...In Sy, (u)) (4)

where S;(u) = ?((5)) is the price of the i asset subscribed on the numeraire taken to be
the price of the risk-free asset 3. If this vector breaches the hyperplane under concern at
any time prior to 7', the payoff renders null. This barrier is described in Section 2 and
appears in all cases throughout the paper.

Section 3 provides closed form expressions for the exact prices of multi-asset up-and-

out call barrier options according to items (i) and (i7) above. A class of joint density
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functions is also derived, from which prices of multi-asset up-and-out call barrier options
with more generic payoffs than those of items (i) and (iz) can be derived numerically.

1.1.2 Dependent asset prices

We address the case of non-necessarily complete markets equipped with a risk neutral
measure, where the risky assets are no longer independent on each other and the asset
prices 51, ...S,, evolve according to

dS;(t) = r(t)S;(t)dt + Si(t Zaw i=1,...,m, te[0,T). (5)

We have that m and d are natural numbers, (Wi(t),..., Wy(t)) is a d-dimensional P-
Brownian Motion and a filtration (F;);>¢ is considered for this Brownian Motion. The risk-
free interest rate r and the components of the volatility matrix o (t) = (0;(t) )i=1,....m,j=1,....d
are square integrable deterministic functions of time. The payoff per se, i.e., without the
barrier, is on a geometric basket of stocks, as in (i7) above, and the barrier that tests the
log price vector of the underlyings is a hyperplane, verbatim as above.

Section 4 provides closed form expressions for the exact prices of multi-asset up-and-
out geometric basquet options (according to (iz) above), addressing a bidimensional setup
for the dynamics. It is noteworthy that a bidimensional setup is still good since, in
practice, two-asset options are often traded. However, being aware of the importance of
multi-asset options, we provide an expression for a certain class of joint density function
from which prices can be derived numerically for options according to (i), (i4) or more
generic ones.

2 The Hyperplane Barrier

The hyperplane barrier refers to a hyperplane that monitors the discounted log price
vector of the underlyings. So, we are allowed to test if, over [0, T], the vector In S(u) =
(In(S1(w)), ..., In(Sn(u))) € R™ breaches the hyperplane

H={zeR™|I z=h}, (6)

where A > 0, 1= (1,...,1) € R™ and z -y denotes the usual inner product for z,y € R™.
A necessary and sufficient condition for the option to be exercised is having

1-InS(u) < h, Yue[0,T],

S(u) = ((Si(w)), .- -, (Sm(u))).
This barrier scheme can also be viewed as an exponential modification of the hyperplane
now monitoring the discounted price vector of the underlyings, i.e., we may test if, over

[0, T], S(u) breaches the surface

H.={yeR™| Tz eHsty=c¢e"}
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e* = ("1, ...e"). Defining the half space S = {z € R™|I -z < h}, we have that a
necessary and sufficient condition for the option to be exercised is having

Su)eS.={yeR"|FzeSst.y=e"}Vue|0,T].

Now, reminding that S;(u) = %i(%) and InS(u) = ((InSi(u)),...,(InSy(w))), and
noticing that

it follows that .
T InS(u) < he [](Siw)™ < cBlu),
i=1

where ¢ = "™, So, saying that the option cancels whenever the discounted log price

vector of assets breaches the hyperplane (6) is the same as saying that the option cancels
whenever the price of the geometric basket []",(S;(u))/™ breaches the barrier (B) that
tracks the price (/) of the risk-free asset as given in (1). This equivalence, where a well

exploited financial object appears, is due to the seminal 1 -hyperplane format, which is
the concern of this paper.

3 Pricing Hyperplane Barrier Options with Indepen-
dent Assets

In this section, we obtain closed-form expressions for pricing up-and-out call options
equipped with hyperplane barriers and independent risky assets, as described in Sections
1.1.1 and 2.

Before we skip to the main results, let us state an important lemma. Firstly, in order
to have a zero-origin starting point, define " (u) = n(to +u), 0 < u < T — ty, where 7
stands for 7, oo, 0, S and W. It follows that

dSte (u) = 7' (u) S (u)du + o} (u) S}° (u)dW;* (u),
S°(0) = Si(tg), i =0, ...,m. The to-discounted risky asset price processes
St (u) = SI(u)(B(to) /B(to + 1)) = Si(to) exp{I}°(u)}

are martingales under P, where

R u 5 1 u
1o (u) = / ol (s)dW}o(s) — 5/ (oF(s))’ds, 0<u<T—ty,i=0,....m. (7)
0 0
Also define

MP = max IP(u), sothat max S9(u) = Sy(ty)exp{MP}, (8)

0<u<T —tg 0<u<T —tg

and

—

NI = maxgeyer_s, 1- 10(u)  with  [%(u) = (fmw,...,fg(u)). 9)
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To be used ahead, notice that

{So(u) < Bo(u) Yu € [to, T]} = {Si(u) < By(to) Yu € [0,T — o]}
{So(to) exp{ M} < By(to)}, (10)

and

{T-InSu) <hVuelty,T]} = {I-InS%@w) <hVuel0,T -t}
= {I-I%w) <hVuel0,T—t)]}

= { max f-IAtO(u)SBVUE[O,T—tO}}

0<u<T —1g

= {M" <h}, (11)

where h = h — 1 -1n S(ty).
We now derive the expression for a certain joint probability function, from which our
pricing result stems.

Lemma 3.1. Let us consider an arbitrary but fized time ty € [0,T) and assume that

/t o2(u)du = /taf.(u)du QW) i£j£0, YEE [t T]. (12)

to to

Then, under P, the joint density function of (]\;[to, 1. Ito(T — tg)) is given by

2(22—y) _ly_m _ Qa—y)? .
: mQ(T)\/27m Q) eXp{ 3y — 5Q(T) zQO} y<z 1>0
Firto .10 (1—t0) (%, ) =

0, otherwise.

(13)

Proof. Firstly, we obtain a joint density function of the pair <M to . [to(T — t0)> with

respect to an auxiliary measure If”, under which the process ' is an m-dimensional mar-
tingale. So, relying on the square integrability of o;(u), i = 1,..., m, define the Radon-
Nikodym derivative process

Zb(u —exp{z / thO Z / ol } (14)

0 <u<T—ty as well as the new measure P(A4) = fA Z'(T — to)dP, A € F, under
which (we invoke Girsanov’s Theorem - see, e.g., [19]) W(u) = (Wi(u), ..., Wy(u)) with

Wi(u) = Wi (u) — 1 Ou ol (s)ds, i = .,m, is an m-dimensional Browman Motion and
I'o(u) = (I (u), ..., I%w), 0<u § T—to, is an m-dimensional continuous Martingale,
where

ffo(u):/ o (s)dWi(s), i=1,...,m.
0
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By virtue of the time-change for Martingales theorem - Knight’s Theorem (see, e.g.
[3]) and bearing in mind the condition (12), we may further express I as

Iw) =W (h(u), 0<u<T—t, (15)

where W = (W, ..., W,,) is a m-dimensional Brownian Motion under P, and
o) = [10,20] (0) = [ (o () ds
0

is the quadratic variation of I°(u) for alli = 1,..., m. Moreover, since h'®(u) is continuous
and increasing, (9) gives us that M' = MAX()< s<pto (T—to) T-W(s).

This, (15) and Proposition 3.25 in [21] allow us to state the following version of the
generalised Reflection Principle extended for continuous-time Martingales whose compo-
nents have null covariation and the same deterministic quadratic variation function:

I@’{Mto Zx,f-fto(T—to)gy}:@’{f-fto(T—to)ZQx—y}, y <z, x>0,

or else,

/+ / Fro t stz v) dvdw =BLT- (T~ tg) > 20—y}, y<w,2>0,
where f‘AMtO’T, fto(T—tg) 1S the joint density function of <M fo T. [to(T — to)) under P. Dif-
ferentiating (16) twice, first with respect to x and then with respect to y, and bearing in

mind that 1-I%(T —t,) is normally distributed with zero mean and variance m.h' (T —t,),
we obtain

2 2(2z —y) { —(22 —y)? }
Tto 1.7t T,Yy) = ex , 17
Jiro vor—1o)(@:9) = T (T — to)2mmhin(T — )\ 2mhio(T — to) )

y < x, x> 0. On the other hand,
m T—to 1?() R 1 1 T—to

Z"(T —ty) = exp {Z (/O 012(3) (dWitO(S) + §gf0(s)ds) — g/o (O‘f0<8))2 dS) }

[0(T — to) + tho — to) ——tho —to}

(T —t0> tho —to}
-ftO(T —t0)> + ghtO(T—to)}a
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ED{MtO S l‘,T- th(T - tO) S y} = E [H{Mtoéx,f'ftO(T—to)Sy}
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_1(T.Jto(T—¢ ghto(T—t
A g

E
= / / 1 mh 0 T to } fMtO - ItO(T to)(w U) dw d'U

(18)
Note that

htO(T—tO):/O _O(Ui(s+t0))2d3:/ (0i(w))? du = Q(T).

So, differentiating (18) gives us the desired result. O

3.1 Payoff on the Stock 5

This up-and-out call option is defined in item (i) of Section 1.1.1. Accordingly, its payoff
reads

H(T) = (SO(T)_K)+]I{SO(“)SBO(U)7VHG[O’T}}H{Hgl(si(u))l/mgcﬁ(u),Vue[O,T]}
= (So(T) — K) " Lisy(wy<Bo(w), ¥ uelo,11} Liin 5(u)<h, v uelo,1]) (19)
where ¢ > 0, 0 < K < By(T) is the strike price, T > 0 is the expiration time, 1 =
(1,...,1) e R™ and h =mlinc.

We wish to determine the no-arbitrage price for this option at time ¢, € [0,7] arbi-
trarily fixed, which, by virtue of [8]), reads as

H(to) = E[H(T) B(to)/B(T) | F(to)] . (20)
So, invoking (10) and (11), the ¢y-discounted payoff reads
B(to) (5(750) g B(to)

Jr
HT) == = T) - K| Lisyw<Bo(w) v u Lims
( )6(T) B(T) 0( ) B(T> ) {So(u)<Bo(u) ¥V u€lto, T} H{T-In S(u)<h V¥ u€lto,T]}

= (50"(T = to) = K(t0)) " Ly ug) expfiroy < octon Lsirto <hy

= (Sblto) exp LI (7 = to)} = K(t0)) L{ziorsopsiotoy st <o) oo}
(21)

with K (1) = K200 Fy(to) = In (£ and bo(to) = In (etll)

A simple and scalar version of Lemma 3.1 is needed.
Lemma 3.2. Let ty € [0,T) be an arbitrary but fixed time. Under P, the joint density
function of <Mé°, féo (T — t0)> is given by
2(2z0—y0) 1 1 _ (2x0_310)2
Qo(T)4/27Qo(T) eXp{ 30 — sQ(T) = 56,7 } ’

Yo < xo, To > 0,

f]\}[éojéo (T—to) (*rOu yO) =

0, otherwise,
(22)
where Qo(T) = [ 02(u)du.

to
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The pricing result is the content of the following theorem.

Theorem 3.1. Consider a market with a money market account and risky assets whose
prices S;, i = 0,...,m, evolve according to (2). Also consider a multi-asset up-and-out
call option with payoff on the stock Sy with strike price K and time of expiration T > 0, as
given by (19). A moving barrier is set for Sy, which tracks the price of the risk-free asset as
in (3). Another barrier which also tracks the price of the risk-free asset, namely, B = cf3,
as in (1), monitors a geometric basket composed of stocks S;, i = 1,...,m. Equivalently,
in lieu of B and the geometric basket, consider the hyperplane barrier {z € R™ | Tz = h},
h = mlnc, testing the discounted log price vector InSy,...,InS,,). Let ty € [0,T) be the
prescribed pricing time of interest and assume that condition (12) holds. If the option has
not knocked out prior to ty, then its no-arbitrage price is given by

H(to) = {So(to)[N(zy50,) = N(ztyo)] = K (t0)[N (215 a0) = N2, )]
—Bo(to)[N (2 h,) = N (2 a,)] + K (o) ol N (75,,) = N(z44,)1}
ANGE) = e NG )} (23)

where So(to) is the price of the risky asset Sy observed at time to, K(ty) = g((g?))l(,
0,4 T

ft og(u)du, 2, = Qlo(T) [Ins+3Qu(T)], Q(T) = [, o7 (w)du for any i €

(L2.m), o, = s (290 ], N(2) = 2 [ e dy, ap = So(to) /K (to),

Co = So(to)/Bo(to) ho B2(t0)/(K(t0)So(t0)), do = Bo(t())/S(](to) andl_z = h—fhl S(t) =
h — Z:il In Sz(t())
Proof. Bearing in mind that Sy(to) is F(fo)-measurable, IP(T — 1), ]\/.I'O0 and M are

independent of F(ty), and the pair (I?°(T — to), M) is independent of M it follows,
from (20) and (21), that

- S0
H<t0> = K |:(SO<t0)€{IO (T=to)} K(t0)> ]I{f(t)o(T—to)Zko(to),MéOSbo(to)} H{MWSB} | ‘F(t0>i|
~ 2t _
= F [(SO(tO)e{IO (T=to)} K(t())) ]I{féo(T—to)Zko(to),MéoSbo(to)} | .F(t()):|

E [H{Mtoga} | F (to)]
= (I)-(11),

where

bo to bo(to _
D= [0 St = KG) T gocr-ag 200 o
k

oto) Jyi
and

h h
(]]) = / f]\?[toj‘fto(T_tO)(xay) dx dy

+

where fMtO (T —t0) and fMto L.ito(T—1,) aT€ given by (22) and (13) respectively, and v =

max{v, 0} The pr1cing formula (23) follows after some algebraic manipulation. O
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3.2 Payoff on a geometric basket of stocks

This up-and-out call option is defined in item (ii) of Section 1.1.1 and its payoff reads

s

+
- 1/m
H(T) = ( (Si(T)) —K> Lo (i) /m <esu), v uelor)}

i=1

o +
1/m
= ( (Si(T)V™ — K) Litn S(uy<n v uepo,1)} (24)

=1

where parameters are as defined in Section 3.1. Reminding (11), and that SHT —ty) =
Si(T) (B(to)/B(T)) and S°(u) = S;(to) exp{l;°(u)}, the to-discounted payoff reads

x

=
=
I

s

_l’_
_ 1/m
(Sfo (T — to)) — K(t0)> ]I{i‘.lng(u)gh v u€lto, T]}

1

-
I

Il
.zg

(Sz(to) exp{I{°(T — 750)}) - K(t0)> Iy yrto <hy

(2

1. I'(T — t)
= | S(to)exp {T = K(to) | Liz.io (r—to)>h(to)} Lnrto <ip»

(25)

where S(to) = ([T12, Sito))"/"™, K(to) = K (B(to)/B(T) and k(to) = mIn (K (to)/S(to))-
Thus, the no-arbitrage price at ¢y € [0,7") of this basket option is

M) = B [Hn 5| Fa)
= F <S<t0> exXp {W} - K(t0)> I[{f-fto(Tfto)zk(to)}]I{Mtogl_z} ‘ .7:(150)

(26)
We again rely on our underpinning Lemma 3.1 to obtain the following pricing result.

Theorem 3.2. Consider a market with a money market account and risky assets whose
prices S;, i = 1,...,m, evolve according to (2). Also consider a multi-asset up-and-out
call option with payoff on a geometric basket of stocks with strike price K and time of
expiration T > 0, as given by (24). The barrier that tracks the price of the risk-free asset,
namely B = ¢f3, as in (1), monitors that same geometric basket. Equivalently, in lieu of B
and the monitored geometric basket, consider the hyperplane barrier {x € R™ | 1-z= h},
h = mlnc, testing the discounted log price vector (InSi,...InS,,). Let ty € [0,T) be the
prescribed pricing time of interest and assume that condition (12) holds. If the option has
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not knocked out prior to ty, then its no-arbitrage price is given by

Hty) = S(ty)el'= ) {N(z;gﬁ_Q(to)) — N2 e Q(to))}
=K (t0) {N (5 ) = N5 )
—S(to)e 7)) [N

- +
t0,7L+Q(t0)) N N(Ztmk(to)—?ﬁ—Q(to))} ’
YR (t)e " {N(zt_oﬁ) - N(zgvk(to)_gﬁ)} (27)

where S(tg) = (S1(to), - .., Sm(to)) is the vector price of the risky assets observed at time to,

S(to) = (TT, Silto))™, K(to) = 51 K, k(to) = mIn (K (to)/S(t)), h = h—T-In S(to),
Q(T) = ftfaf(u)du for any i € {1,2,...,m}, zfg’s — \/le(T) [m(;;(T) j:s}, N(z) =

2
\/LZ? fjoo 6_%dy.

Proof. Bearing in mind that S(ty) is F(to)-measurable and 1 - I'(T — t,) and M are
independent of F(ty), it follows, from (26), that

H(ty) = E [(S(to)el'l (T —to)/m _ K(t0)> Lt 0 (7—t0) > kto)y Larto <hy | ]:(tO)]

h h
- / / (S(to)ey/m - K(to)) fMto,f,jto(TftO%I, y) dx dy,
k(to) syt

where fMtO’f_ftO (7—to) 18 given by (13) and y* = max{y, 0}.
Some algebraic manipulation leads us to the pricing formula (27). ]

3.3 Pricing More General Payoffs

Every up-and-out call barrier option whose payoff can be written as a function of the
random variables M and 1.1 (T—t,), with 1" and M given by (7) and (9), respectively,
can have its no-arbitrage price computed at least numerically, at the time tq € [0, 7], by
using the joint density function provided in the underpinning Lemma 3.1.

4 Pricing Hyperplane Barrier Options with Depen-
dent Assets

In what follows we deal with scenarios where the risky assets are not independent amongst
themselves. Complying with Sections 1.1.2 and 2, a hyperplane up-and-out call option
with payoff on a geometric basket of stocks is addressed. We start with a motivating
exercise addressing the bidimensional market model with a specific dependence format
where the closed form expression for the price is obtained. We then extend the ideas to
the multi-asset case.
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4.1 The Bidimensional Case

Let us now consider two dependent risky asset price processes 5; and Sy, i.e., two assets
that depend on each other. More specifically, under the risk-neutral measure P, the
dynamics evolve according to the following SDEs

dSy(t) = r(t)S1(t)dt + o1 (£)Sy ()dW1 (t) + o2(2)S1 (£)dW(2), (28)

dSy(t) = 7(t)So(t)dt 4 oo (t)Sa () AW (t) — o1 (£)S2(t)dWa(t), (29)

where t € [0, 7] and (W1(t), Wa(t)) is a two-dimensional P-Brownian Motion. The volatil-
ities 01 (t), 02(t) and the risk-free interest rate r are deterministic functions of time subject
to the mild constraint of square-integrability. Note that a particular structure for the dis-
turbances is used: only o; and oy appears, instead of the general framework using o1,
012, 091 and o9s.

Let to € [0,T) be an arbitrarily fixed time. The tp-discounted risky asset price pro-
cesses are ]fb—martingales and follow the SDEs

45 () = o1 (W)SP (AW () + 0f (u)S ()W (),
453 (u) = o (u)S1 () AW () — 0% (w)S ()W (). (30)

0 <u <T —ty. The solutions for (30) are

S0 (u) = Si(ty) exp {iﬁo(u)} and SY(u) = Sa(to) exp {i?(u)},

and
ty0) = [ oboaies) - [ v - 5 [ (o) + b6 s

Relying on the square integrability of o1 (u) and o9(u), we define the Radon-Nikodym
derivative process

20 = e { = [ 606 a5 [T 160 1as). (31)

0 <u <T —ty, where O(s) = (O1(s), ©4(s)) is such that

é1<8) _ _(010 (8)2+ U2O<S))

and O,(s) =

and ||©(s)|| denotes the Euclidean norm

1/2

16()]l = (3(s) + ©3(5))
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The It6 integral in (31) is

/@ Wfo)—/é )AW™ (s /@2 YAWD (s
0

We define the new measure P(A) = [, Z"(T — to)d@i, A € F, under which (we invoke
the multidimensional version of Girsanov’s Theorem) W (u) = (W1 (u), Wa(u)) is a two-
dimensional Brownian Motion with

Wi(u) = W (u) +/ O1(s)ds and  Wy(u) = WP (u) +/ Oy (s)ds. (32)
0 0
With respect to the new measure P, the processes itlo and itj’ are martingales given by

i) = / "1 ()aW (s) + / 019 (5)dWa(s), (33)

and
i (u) = / o19(5)dW 1 (5) — / 010 (5)dW(s). (34)

while, from (31) and (32), we have that

7(u) = exp {% (i@ + i) + 1 [ (ot 6)7 + F ) ds} 3

So,
dif (w)diy (w) = of (w)of (u)(dW:(w))* = (o 01 (1)) *dW (u)dW 1 (u)
( ())2d 2 (u)dW, )—0§°(U)U§°(U)(dW2(U))2
= 0y’ (u)oy’ (u)du — 0y (u)oy’ (u)du = 0, (36)

(dIf (w)* = ((0F (u))* + (03 (w))*) du i=12, (37)

or else, from (36) and (37) we may conclude that the covariation process between I (u),
¥ (u) and the quadratic variation process of 11°(u), i = 1,2, read as

o) @ =0  and [0000] (w) = /0“<<o§°<s>>2+<aso<s>>2)ds:A<u>. (38)

By virtue of (38), the multivariate version of the Time-Change for Martingale Theorem
(Knight Theorem - see e.g. [3]), and reminding that I} and I¥ have null covariation, we
may further express

(T (). B (w) = (W1 (A() W2 (Aw) . 0Su<T—to, (39)

where (W (u), Wa(u)) is a two-dimensional P-Brownian Motion.
Since A(u) is increasing and continuous we have that

MO —  max (150(u)+i;0(u)>: max  (Wi(s) + Wa(s)).

0<u<T —tg 0<s< A0 (T—tp)
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This, (39) and Proposition 3.25 in [21] allow us to state the following version of the gener-
alised Reflection Principle extended for continuous-time Martingales whose components
have null covariation and the same deterministic quadratic variation function (in this case
given by the function A in (38)):

P {Mto > 0, 10(T — to) +1(T — ty) < y} —P {130(77 o) 10T — ty) > 20 — y} ,
A A (40)
y < z, v > 0. Differentiating (40) and bearing in mind that I*(T — ¢,) + I(T — t,) is
normally distributed with zero mean and variance 2 A(T — ty), we obtain

(2z—y) o (2z—1y)2 } '
V2A(T—to)y/2mA(T—t0) exp{ IAT—to) [ Y <z, x>0

Ftwo jtoit0 (@) = (41)

0, otherwise,

which is the joint density function of the pair (M, % +I%) under P.
We are now ready to state the following result.

Lemma 4.1. Under P, the joint density function of
(W, T00(T — 10) + T9(T — 1))

s given by

. @Qzmy) 1 . 2x—y)2} .
; V2A(T)\/27A(T) X p{ 2Y A(T) AT (P YST > 0;
Lo jio g0 (4, 9) =

0, otherwise,
(42)
T
where A(T) = [, (07(s) + 03(s)) ds.
Proof. Using the previous expressions (35), (38) and (41) we may write
~ o - - .
P {Mto <z (T —to) + 17(T = to) < y} =L []I{/\;ltogx,itlo(T—to)—l-i;O(T—to)Sy}
_ 1
= F Tto T—t )H{Mt0<xIO(T t0)+IO(T to <y}
= / / e{ v (Tfto)}fthO iio +i;0 (u, v)du dv.
Differentiating the above expression gives us the desired result. O]

4.1.1 Pricing a two-dimensional geometric basket barrier option

Let us illustrate an application of Lemma 4.1 by computing the price of an up-and-out
option with payoff on a geometric basket of two stocks. Its payoff is
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Jr
H(T) = ((SUT)S(T)Y” = K) Tginsuen v ueory

+
= <(Sl(T)SQ(T))1/2 _ K) ]I{(Sl(T)Sg(T))l/2§c,B(u), v uel0,7]}> (43)
where ¢ = e"™. The ty-discounted payoff reads as
- B(to)
H(T) = H(T
1) = CpE)

JF
H{T-lnS(u)gh Y u€lto, T}

1/2

(8T — )3T — 1))~ K(t0))

+
jto(r_ jto(r_
_ ((Sl(tO)SQ(tQ))1/2 <€-[1 (T tO)+I2 (T tO)) — K(to)) H{f-lnS‘(u)ghVue[to,T]}

(44)

where SI°(T —to) = S;(T) (B(to)/B(T)) for i = 1,2, and K(to) = K (B(to)/B(T)). In this
case we have that the following sets are equivalent:

{T-mSu) <hVuelyT)]} = {I-nS%wu) <hVuel0,T -t}

{I,(u) + L(u) <h YV uel0,T —t)}
= {M" <h},

where

h=h—(InSi(t) +1InSy(ty)) and M = max (iﬁo(u) + i;"(u)> :

0<u<T 1o

So, we can write (44) as

Jr

— K(to) | Tivaro<y

-t -t
10 (T —10)+ 120 (T 1) }
2

Ho(T) = | S(to) e{

-t <t
10T =) +1° (T—tg)
2

= | S(to) 6{ } — K(to)

]I{ffo (T—to)+13° (T—to) >k, Mo <h}* (45)

where S(to) = (S1(to)S2(to))"/? and k = 2In <§((f§))>, and the no-arbitrage price of this
option at ty € [0,7] is o
H(ty) = £ [H"(T) | F(to)] - (46)

Theorem 4.1. Consider a market with a money market account and two risky assets
whose prices S;, i = 1,2, depend on each other as they evolve according to (28) and
(29). Also consider a two-asset up-and-out call option with payoff on a geometric basket
of stocks as given by (43), where the hyperplane barrier {x € R™ | 1.z = h} tests the
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discounted log price vector of the risky assets. FEquivalently, in lieu of this monitoring
scheme, consider the barrier that tracks the price of the risk-free asset, namely B = ¢f3
as in (1), c = V™, monitoring the geometric basket afore mentioned. Let ty € [0,T) be
the prescribed pricing time of interest. If the derivative has not knocked out prior to that
time, then its no-arbitrage price is given by

H(t)) = S(to)el7)AD {N(z:(; hoam) — N(zfo,k_A(T))} — K (to) {N(égﬁ) — N(6t+07k)}
+E (to)e ™ {N@ ) = N )}

—S(to)e(_Tl>A(T)E‘ {N(z’

tO,E+A(T)) - N<21;,27L+A(T)fk)} g (47)

where S(to) = (Si(to), S2(to)) is the vector price of the risky assets observed at time t,
S(to) = (S1(to)Sa(t)) /%, K (to) = S K, k = 2111( e ) h = h—(In 8 (to) +1n S(to)),

- ft 0-1 +U2( )) d87 Z;E,s = \/T[ ( ) ] tos = QL(T) [Sj:A(T)]7
N(z)= = [° e =dy.

Proof. Bearing in mind that S(#o) is J(¢o)-measurable and I'(T — to) + I(T — ty) and
M are independent of F(ty), it follows, from (46) and (45), that

=t =t
110(T—t9)+150 (T—tg)
2

e = 2| (sl P 0| s o | 10

h  ph
k Jy

where f o o jto 18 given by (42) and y* = max{y, 0}. The pricing formula (47) follows
1 2
after some algebraic manipulation. O

4.2 Pricing More General Barrier Options in the Multidimen-
sional Case

Let us now consider a non-necessarily complete market equipped with a risk-neutral mea-
sure P, and m risky assets whose prices evolve according to SDEs as those given by (5).
As before, the discounted prices of the risky assets, with ty set as starting point, are
P-martingales given by

d
dSpP(u) = SP(u) Y o(u) dWP(u), i=1,....,m, uwel0,T—t), (48)
j=1
where m and d are positive integers, (W (u),..., Wy(u)) is a d-dimensional P-Brownian
Motion and the components of the volatility matrix o(u) = (04;(w))i=1,. mj=1,..4 are

square integrable deterministic functions of time.
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The solutions for the SDEs in (48) are ]f”—geometric Brownian Motions given by
S (u) = Si(to) exp {EO(U)} L i=1,...,m, u€l0,T—ty,

where

d
—=> (o} i=1,...,m, u€l0,T—tg). (49)

Jj=1

l\DI»—t

d
i (u) = o (u) AW (u
j=1

We require having a solution O (u) = (él(u), o (:)d(u)) for

1
ox = —§D(00T), r € R, (50)

where o = (Ufg (u))i:1 ..... el and D(A) stands for the vector whose entries are those

,,,,,

of the diagonal of A, for a square matrix A. B )
In order to obtain a joint density function for (M 1-1(T —t4)) with

[09(T —to) =Y I°(T'—to) and  MP = [ max I (w), (51)
i=1 T i=1

we construct an auxiliary measure P under which
() = (10w, B (w), ... To(w))

is an m-dimensional martingale. Since we assumed that a solution O for (50) exists, we
may write (49) as

i (u) = Y alg(w) [é( )du+dW;0(u)], i=1,....,m, uwel0,T—t)].  (52)

Note that if m = d and the determinant of the volatility matrix is not null, existence
of ©(u) is ensured.
We then define the Radon-Nikodym derivative process

Zh(y )—exp{ / O(s) - dW™ (s / 16(s)] ds} 0<u<T—1, (53)

and the new measure

B(A) = / Z0(T — t)dP, Ac T,
A

where the It6 integral in (53) is

/Oué(s)-thO(S) :/uél(S)dW§°(S)+“'+/ou@d( W (),

0
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and ||©(s)|| denotes the Euclidean norm

6(s) = (&) + -+ 63())

~ Under P (we invoke the multidimensional version of Girsanov’s Theorem) W(u) =
(Wi(u), ..., Wg(u)) with

AW, (u) = dW? (u) + 0;(u)du, j=1,2,....d, (54)

is a d-dimensional Brownian Motion. (52) and (54) tell us that the processes I =
1,...,m, are continuous P-martingales whose dynamics are

d
df? (u) = Y ol (uw) AW (), u € [0.T — to].
j=1

The differential forms of the covariation and the quadratic variation associated to

fto (u) = (igf)(u), i (u),. .. ,i:g(@) are

d1'® (u) dItO <Za ) du for i#j
and

d
(i) =3
k=1
respectively.
Now, imposing

(@) fy (STiiof(9)os(9)) ds =0 for i #
(b) [ (zgzl (o—g,g(s))Q) ds = A(u) foralli=1,...,m,

the entries of the m-dimensional P-martingale I'(u) will exhibit null covariation, i.e.,
[Ito Ito} (u) =0 fori # j, and the same quadratic variation, i.e., [Ito It(’] (u) = A(u) for

1 07) 1771

alli=1,....m
Hence,

(o), ... o) = O (A@),. . Wi (AW)), 0<u<T—to,  (55)

where (W (u), ..., Wy, (u)) is an m-dimensional P-Brownian Motion.
Since A(u) is increasing and continuous we have that

Mto - OSIUDS%X—m <i§0 (U) oot ifﬁb(u))
= max (W (AQ) + e W (A(w)

= max  (Wi(s) + -+ Wp(s)).

0<s<A(T—1o)
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This, (55) and Proposition 3.25 in [21] allow us to state the following version of the
generalised Reflection Principle extended for continuous-time Martingales whose compo-
nents have null covariation and the same deterministic quadratic variation function:

IF’{/WO > 2, 10T —to) + -+ 19(T — 1) < y} =

P{iﬁo(T—to)jL---jLifg(T—to)22$—y},y§x,x>0. (56)

Differentiating (56) and bearing in mind that I%(T —to) + - - - + 1 (T — t,) is normally
distributed with zero mean and variance m A(T — ty), we obtain

Aoy __(2—y)?
my/mA(T—to)\/2mA(T—to) exp{ 2m.A(T—tO)} ,y<z, x>0

fTMto’i§0+...+ﬁg (ZE, y) - (57)

0, otherwise,

which is the joint den81ty function of the pair (Mo, Ito +-+ ng) under P. To work out
the density of (M, I + ... 4 I%) under P we may write

P {Mto <, iio (T'—to) + - + E?L(T —to) < y} =E [H{MtoSx,itfl(Tfto)+---+if,9(Tfto)§y}

_ 1
=k [Zto (T - tO)H{Mtogx,iﬁo (T—to)+++1,9 (Tt0)<y}:| ' (58)
Differentiating (58) twice, with respect to y and x, we may write
o? 1
fMto N G i (I y) 8x3y Zto(T _ to)H{M%Sriio(T—to)+~-~+i§2(T—to)§y} ) (59)

where f Mt i o is the joint density function of the pair (M, 1% 4. .. + 1) under P.

10+ 4139

4.2.1 Pricing More General Payoffs

Hence, every attainable multi-asset up-and-out call barrier option whose payoff can be
written as a function of the random variables M%* and itlo R Ifg, with I0 following
(49) and M as given in (51), may also have its no-arbitrage price computed numerically,
at the time ¢, € [0,7], via the right side of (59) in conjunction with E[|F,]. For
non-attainable multi-asset barrier options, E [-|F,] is still a good approximation for the
price. To see this, we can rely on the called risk minimizing approach, where a certain
class of strategies evolving on [0,7] are defined in conjunction with a risk function to
be minimized. The concepts of this technique are inherited from the theory of optimal

control ([13]).
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5 Conclusion

This work contributes, theoretically, to the financial scenario with closed-form expressions
of no-arbitrage prices for European multi-asset up-and-out call options with barriers of
hyperplane type, as they recover verbatim standard results as particular cases.

Such hyperplane geometric format, we believe, is being introduced in the literature
for the first time. The barrier scheme consists of a hyperplane that monitors the dis-
counted log price vector of the underlying assets, or else, an exponential modification of
the hyperplane testing the discounted price vector of the underlyings.

A quality of the hyperplane barrier is that it naturally captures the joint behavior of
the assets involved. The class of hyperplanes we address in this paper is generated by the
vector with entries equal to one. Other classes naturally appear via relaxing this seminal
condition and should be the concern of future studies. Other forms, e.g., nonlinear barrier
surfaces, are also in view. It is of interest noticing that the barrier scheme associated to
the seminal class of hyperplanes as specified above boils down to a scalar barrier test on
a popular financial product, namely, a geometric basket of stocks.

Multivariate models a la Black and Scholes with time dependent volatilities are used,
representing, at first, independent assets. We were also able to obtain, analytically, prices
adopting a certain two-dimensional market model for assets that depend on each other, as
well as an expression for a certain joint density function which boils down to calculating,
numerically, the prices of more general barrier options - including non-attainable ones,
in the multidimensional scenario. It is worth pointing out that pure analytical results
are difficult, particularly on multivariate models, not to say the problem identified in [12]
concerning dependent assets. So, the formulas we provide here can also serve as estimates
for prices stemming from “nearby” models.
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