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1 Introduction
1.1 Introduction and main results

In this paper, we consider the following divergence equation
div (ρu) = F

div u = 0
in Td (1.1)

where ρ is a real-valued function, u is a vector-valued function, F is a given real-valued
function and Td is defined by Rd/Zd. We construct a pair (ρ, u) of (1.1) which violates the
chain rule of differentiation. We construct such a pair by adjusting the convex integration
method of Modena and Székelyhidi Jr.[17], where they constructed several weak solutions
of a linear transport equation. Since there is no time dependence, it seems that the
mechanism of finding such a solution is clearer than that of [17]. This construction yields
the following result.

Assumption (A).
1

p
+

1

p̃
> 1 +

1

d− 1

where p ∈ (1,∞) and p̃ ∈ [1,∞).

Theorem 1.1. Assume (A). Let ε > 0, ρ0 ∈ C∞(Td) and F ∈ C∞(Td) with F ̸≡ 0 and∫
Td Fdx = 0. Then there exist ρ ∈ Lp(Td) and u ∈ Lp′(Td) ∩W 1,p̃(Td) such that (ρ, u)

satisfies (1.1) in the sense of distributions and

∥ρ− ρ0∥Lp(Td) < ε.

Here, p′ is the conjugate exponent of p, i.e. 1
p
+ 1

p′
= 1.

From Theorem 1.1, it becomes possible to investigate the reason which causes the
violation of the chain rule. We expect that a solution of (1.1) satisfies the following
equation formally. 

div (Φ(ρ)u) = φ(ρ)F

div u = 0
in Td (1.2)

where φ ∈ C∞
0 (R) and Φ(τ) =

∫ τ

−∞ φ(ξ)dξ. However, this expectation is not true. This
fact is proved in the following theorem.

Theorem 1.2. Assume (A). Let F ∈ C∞(Td) with F ̸≡ 0 and
∫
Td Fdx = 0. Then there

exist φ ∈ C∞
0 (R) with φ ̸≡ 0, ρ ∈ Lp(Td) and u ∈ Lp′(Td) ∩W 1,p̃(Td) such that (ρ, u)

satisfies (1.1) in the sense of distributions but does not satisfy (1.2).

This theorem asserts that the solution constructed in this way does not satisfy the
chain rule. On the other hand, it is possible to understand this result from the perspective
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of renormalized solutions. A solution of (1.1) is called renormalized if it satisfies (1.2) for
all φ ∈ C∞

0 (R). By this definition, Theorem 1.2 asserts that the solution constructed in
this way is not renormalized.

In contrast, a solution of (1.1) is always renormalized when we consider a more regular
pair (ρ, u). This corresponds the results of DiPerna and Lions for transport equations [11].

Assumption (B).
1

p
+

1

p̃
≤ 1

where p ∈ (1,∞) and p̃ ∈ [1,∞).

Theorem 1.3. Assume (B). Let F ∈ C∞(Td) with F ̸≡ 0 and
∫
Td Fdx = 0. Suppose that

ρ ∈ Lp(Td) and u ∈ Lp′(Td) ∩W 1,p̃(Td) satisfy (1.1) in the sense of distributions. Then
(ρ, u) satisfies (1.2) for any φ ∈ C∞

0 (R).

Furthermore, these results can be interpreted from a microscopic point of view. A
method based on the kinetic theory to construct a global solution of first order quasi-
linear equations was introduced in [3, 12, 13]. The key idea is that integrating a micro-
scopic quantity gives an expression for a macroscopic quantity. They consider motion of
microscopic quantity, and then averaging yields macroscopic quantity. The close relation
between a microscopic description and a macroscopic description is essential. A similar
microscopic point of view has been applied to the entropy criterion of more general multi-
dimensional scalar conservation laws [15] and nonlinear elliptic equations [2]. We consider
the equation (1.1) as a macroscopic equation via the following form:

χρ(x, ξ) =

{
1 ( ξ ≤ ρ(x) ) ,

0 ( ξ > ρ(x) ) .

Then the microscopic equation is the following:
divx (χρu) = F∂ξχρ

divx u = 0
in Td × R. (1.3)

Weak solutions of (1.3) correspond to renormalized solutions of (1.1). Hence, we obtain
a reason behind non-renormalized solutions.

Corollary 1.4. Assume (A). Then there exist ρ ∈ Lp(Td) and u ∈ Lp′(Td) ∩W 1,p̃(Td)
such that (ρ, u) satisfies (1.1) in the sense of distributions but does not satisfy (1.3).

Z = div (χρu)− F∂ξχρ(̸≡ 0) has a great effect on the non-uniqueness because it is an
obstruction to the renormalization. This result is consistent with the results of DiPerna
and Lions [11]. In a similar way, it is also possible to describe Theorem 1.3 for appropriate
test functions.
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1.2 Literature overview
Recently the convex integration method has been widely used in the process of con-

structing weak solutions of fluid equations. The convex integration method was used by
DeLellis and Székelyhidi Jr.[8, 9, 10] in order to solve Onsager’s conjecture. They con-
structed non-unique weak solutions to the Euler equation which do not obey the energy
conservation law. Such results have been gradually improved, and recently Onsager’s
conjecture was proved rigorously in [5]. This method played a critical role in constructing
non-unique weak solutions not only to the Euler equation but also to the Navier-Stokes
equation [6]. In a similar way, Modena and Székelyhidi Jr.[17] constructed non-unique
weak solutions of the following transport equation

∂ρ

∂t
+ div (ρu) = 0

div u = 0

in [0, T ]× Td. (1.4)

In this direction, the study of the relation between non-uniqueness and regularity has been
further developed [18, 16, 7]. Especially, the critical space is studied by [7] under less time-
regularity of ρ and u. On the other hand, a long time ago DiPerna and Lions [11] obtained
the unique existence of a weak solution under an irregular u for a transport equation which
is more general than (1.4). Their solution is called a renormalized solution. Their paper
contained the results of the unique and renormalized solution. A remarkable point of
their work is that they proved the uniqueness by using the renormalization. To secure
consistency of the results above, the solution constructed by Modena and Székelyhidi Jr.
[17] should not be renormalized because the renormalization implies the uniqueness.

This paper is organized as follows. In Section 2 we present the facts on the torus.
They are needed in constructing and estimating the solution. Section 3 is devoted to
the construction of the solution of (1.1). We show a key lemma which enables us to
construct the solution by an inductive method. Using this lemma, we prove Theorem
1.1. In Section 4 we consider the renormalization. We show that commutator estimates
play an important role for the renormalization. In Section 5 we prove that Theorem 1.1
implies Theorem 1.2. Renormalization can be characterized by the microscopic point of
view.
Notation. We list some notations for scalar functions. We use the same notation for
vector-valued functions.

• Let X be a functional space on the torus whose elements are integrable on the
torus. Then we denote by Xave the set {f ∈ X :

∫
Td fdx = 0}. For example,

C∞
ave(Td) = {f ∈ C∞(Td) :

∫
Td fdx = 0}.

• For g : Td → R and λ ∈ N, gλ is defined by

gλ(x) = g(λx).

• We denote by C(A1, . . . , Am) a constant which depends on the numbers A1, . . . , Am.
The exact value denoted by C may change from line to line.
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2 Basic estimates and tools
Here, we list some estimations in order to prove theorems in this paper. The proofs of

these estimations are based on the paper of Modena and Székelyhidi Jr.[16, 17]. We state
propositions without proofs here. The only difference is the introduction of a projective
operator in constructing an anti-divergence operator.

2.1 Improved Hölder inequality
Roughly speaking, this proposition says that a product of a function by a scaled one

is bounded above by the original product and a good behaved part. It makes possible to
control the norm of a solution constructed in the following section.

Proposition 2.1. ([17, Lemma 2.1]) Let λ ∈ N and f, g ∈ C∞(Td). Then for every
p ∈ [1,∞],

∥fgλ∥Lp(Td) ≤ ∥f∥Lp(Td)∥g∥Lp(Td) +
C

λ1/p
∥f∥C1(Td)∥g∥Lp(Td)

where C is a constant independent of λ, f and g.

This proposition is proved by dividing Td into small cubes of edge 1/λ and using the
mean value theorem.

2.2 Anti-divergence operators
In this section, we introduce anti-divergence operators. The estimates on these oper-

ators are essentially same as those of Modena and Székelyhidi Jr.[17]. We give slightly
different expression of operators by using the Helmholtz projection.

For f ∈ C∞
ave(Td) there exists a unique u ∈ C∞

ave(Td) such that ∆u = f . So, the operator
∆−1 : C∞

ave(Td) → C∞
ave(Td) is well defined. We write the standard anti-divergence operator

∇∆−1 : C∞
ave(Td) → C∞(Td;Rd) by K. Then it satisfies div (Kf) = f . In addition, K

satisfies the following estimates.

Proposition 2.2. ([17, Lemma 2.2]) Let K be the standard anti-divergence operator

∇∆−1 : C∞
ave(Td) → C∞(Td;Rd).

Then for every k ∈ N, p ∈ [1,∞] and g ∈ C∞
ave(Td),

∥Dk(Kg)∥Lp(Td) ≤ C∥Dkg∥Lp(Td). (2.1)

Moreover, for every λ ∈ N

∥Dk(Kgλ)∥Lp(Td) ≤ C ′λk−1∥Dkg∥Lp(Td). (2.2)

Here, C and C ′ are constants independent of g and λ.
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Notice that div u ∈ C∞
ave(Td) if u ∈ C∞(Td;Rd). Therefore, by using the standard

anti-divergence operator, we write P for the projection Id−Kdiv, where Id is the identity
operator. This projection maps C∞(Td;Rd) onto a subspace of C∞(Td;Rd) whose elements
are divergence-free vector fields. This projection is often called the Helmholtz projection.
We have div (Pu) = 0 for any u ∈ C∞(Td;Rd).

Using these operators, we define the improved anti-divergence operator S for a product
of functions. For f, g ∈ C∞(Td) with g, fg ∈ C∞

ave(Td), S is defined by S(fg) = K(fg) +
P (fKg). From the definition, we have div (Sfg) = fg. The word “improved” comes from
the following result. This proposition says that S gives good estimates for a product of a
function by a scaled one.
Proposition 2.3. Let K be the standard anti-divergence operator

∇∆−1 : C∞
ave(Td) → C∞(Td;Rd),

P = Id − Kdiv and λ ∈ N. For f, g ∈ C∞(Td) with g, fgλ ∈ C∞
ave(Td), set S(fgλ) =

K(fgλ) + P (fKgλ). Then for every k ∈ N and p ∈ [1,∞],

∥DkS(fgλ)∥Lp(Td) ≤ Cλk−1∥f∥Ck+1(Td)∥g∥Wk,p(Td)

where C is a constant independent of λ, f and g.
Remark 2.4. The same estimates were obtained by Modena and Székelyhidi Jr.[17, Lemma
2.3] by replacing S(fgλ) with fKgλ − K(∇f · Kgλ). However, it turns out that these
quantities are same. Indeed,

S(fgλ) = K(fgλ) + P (fKgλ)

= K(fgλ) + fKgλ −Kdiv(fKgλ)

= K(fgλ) + fKgλ −K(∇f ·Kgλ + fdiv(Kgλ))

= K(fgλ) + fKgλ −K(∇f ·Kgλ)−K(fgλ)

= fKgλ −K(∇f ·Kgλ).

In the same way, we are able to find u such that div u = f · gλ if f and g are vector
fields.

2.3 Mikado density and Mikado flow
Here, we recall the result of Mikado from the paper of Modena and Székelyhidi Jr.[17].

We construct a solution by adding these terms step by step in an inductive way.
Proposition 2.5. (cf. [17, Proposition 4.1 and Remark 4.2]) Assume (A). Then there
exist universal constants M > 0 and γ > 0 such that the following holds: For every
µ > 2d and j ∈ {1, . . . , d}, there exist Θj

µ ∈ C∞
ave(Td) and W j

µ ∈ C∞
ave(Td;Rd) such that

the following properties hold.

(i) divW j
µ = div(Θj

µW
j
µ) = 0.

(ii)
1

|Td|

∫
Td

Θj
µW

j
µ = ej
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where {e1, . . . , ed} is the standard basis in Rd.

(iii)
d∑

j=1

∥Θj
µ∥Lp(Td),

d∑
j=1

∥W j
µ∥Lp′ (Td),

d∑
j=1

∥Θj
µW

j
µ∥L1(Td) ≤M/2. (2.3)

(iv) ∥Θj
µ∥L1(Td), ∥W j

µ∥L1(Td), ∥W j
µ∥W 1,p̃(Td) ≤Mµ−γ. (2.4)

(v) For j ̸= k,
suppΘj

µ = suppW j
µ and suppΘj

µ ∩ suppW k
µ = ∅.

We call Θj
µ and W j

µ Mikado density and Mikado flow, respectively.

3 Construction of irregular pairs for a divergence equa-
tion

In this section, we prove Theorem 1.1. In order to construct a solution satisfying the
properties of Theorem 1.1, we consider the approximate solution:


div (ρu)− F = −divR

div u = 0
in Td. (3.1)

R is considered as an error term. Lemma 3.1 plays an important role in the estimates of a
solution. By this lemma, it turns out that the error goes to zero in an inductive method.

This construction of irregular pairs is based on the idea of Modena and Székelyhidi
Jr. [17]. Our method is essentially similar with theirs, but we do not have to consider the
time-dependence in this case. So, we adjust their proof for our setting.

3.1 First step for an inductive method
The following lemma is essential. We prove this by using the Mikado density and the

Mikado flow, which are introduced in Section 2.

Lemma 3.1. Assume (A). Then there exists a universal constant M > 0 such that the
following holds: If δ and η are positive numbers and if a smooth triplet (ρ0, u0, R0) with
R0 ̸≡ 0 satisfies the equation (3.1), then there exists another smooth triplet (ρ1, u1, R1)
satisfying the equation (3.1) such that

∥ρ1 − ρ0∥Lp(Td) ≤Mη∥R0∥1/pL1(Td)
,

∥u1 − u0∥Lp′ (Td) ≤Mη−1∥R0∥1/p
′

L1(Td)
,

∥u1 − u0∥W 1,p̃(Td) ≤ δ,

∥R1∥L1(Td) ≤ δ.

Proof. We divide the proof into five steps. After constructing the triplet (ρ1, u1, R1) in
the first step, we show that this satisfies the estimates in this lemma.
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First step (The definitions of ρ1, u1 and R1)

Let λ ∈ N and µ > 2d be parameters. They will be determined later, being based on
(3.2), (3.4), (3.9) and (3.14). Proposition 2.5 is applied to this µ. We define the triplet
(ρ1, u1, R1) by

ρ1 = ρ0 + θ0,

u1 = u0 + w0 + wc,

R1 = −(Rquad +Rh +Rlinear +Rcorr).

Here,

θ0 = η
d∑

j=1

hj sign(R0,j) |R0,j|1/p (Θj
µ)λ,

w0 = η−1

d∑
j=1

hj |R0,j|1/p
′
(W j

µ)λ,

wc = −η−1

d∑
j=1

S
(
∇(hj |R0,j|1/p

′
) · (W j

µ)λ

)
,

Rquad =
d∑

j=1

S
(
∇(h2jR0,j) · ((Θj

µW
j
µ)λ − ej)

)
,

Rh =
d∑

j=1

(h2j − 1)R0,jej,

Rlinear = ρ0w0 + θ0u0,

Rcorr = ρ0wc + θ0wc

where we write

R0 =
d∑

j=1

R0,jej

using the standard basis in Rd and take the following cut-off function hj ∈ C∞(Td) with
|hj| ≤ 1 and

hj(x) =

{
0 if |R0,j(x)| ≤ δ/8d,

1 if |R0,j(x)| ≥ δ/4d.

Note that wc and Rquad are well defined. In fact, by the construction of the Mikado
density and the Mikado flow, W j

µ and Θj
µW

j
µ − ej have zero-mean value. In addition,

∇(hj |R0,j|1/p
′
) · (W j

µ)λ and ∇(h2jR0,j) · ((Θj
µW

j
µ)λ − ej) have divergence forms because

the divergence of the Mikado is zero.
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By this definition of (ρ1, u1, R1),

−divR1 =
d∑

j=1

∇(h2jR0,j) · ((Θj
µW

j
µ)λ − ej) + div

(
d∑

j=1

(h2j − 1)R0,jej

)
+ div(ρ0w0 + θ0u0 + ρ0wc + θ0wc)

= div

(
d∑

j=1

h2jR0,j

(
(Θj

µW
j
µ)λ − ej

))
+ div

(
d∑

j=1

(h2j − 1)R0,jej

)
+ div(ρ0w0 + θ0u0 + ρ0wc + θ0wc)

= div

(
−R0 +

d∑
j=1

h2jR0,j(Θ
j
µW

j
µ)λ + ρ0w0 + θ0u0 + ρ0wc + θ0wc

)
= − divR0 + div(θ0w0 + ρ0w0 + θ0u0 + ρ0wc + θ0wc)

= div(ρ0u0)− F + div(θ0w0 + ρ0w0 + θ0u0 + ρ0wc + θ0wc)

= div(ρ0 + θ0)(u0 + w0 + wc)− F

= div(ρ1u1)− F.

Forth equality from the last line is by (v) of Proposition 2.5. Hence, the triplet (ρ1, u1, R1)
satisfies (3.1).

Second step (The estimates of ∥ρ1 − ρ0∥Lp(Td) )

By the definition of ρ1,

∥ρ1 − ρ0∥Lp(Td) = ∥θ0∥Lp(Td)

≤ η
d∑

j=1

∥hj sign(R0,j) |R0,j|1/p (Θj
µ)λ∥Lp(Td).

Proposition 2.1 gives

∥ρ1 − ρ0∥Lp(Td) ≤η
d∑

j=1

{
∥hj sign(R0,j) |R0,j|1/p∥Lp(Td)∥Θj

µ∥Lp(Td)

+
C(p)

λ1/p
∥hj sign(R0,j) |R0,j|1/p∥C1(Td)∥Θj

µ∥Lp(Td)

}
.

Recalling the definition of hj, notice that

∥hj sign(R0,j) |R0,j|1/p∥Lp(Td) ≤ ∥|R0,j|1/p∥Lp(Td) ≤ ∥R0∥1/pL1(Td)

and that

∥hj sign(R0,j) |R0,j|1/p∥C1(Td) ≤ C(δ, ∥R0∥C1(Td)).
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In addition, using (2.3), we have

∥ρ1 − ρ0∥Lp(Td) ≤ η∥R0∥1/pL1(Td)

d∑
j=1

∥Θj
µ∥Lp(Td) + η

C(p)

λ1/p
C(δ, ∥R0∥C1(Td))

d∑
j=1

∥Θj
µ∥Lp(Td)

≤ M

2
η∥R0∥1/pL1(Td)

+
C(η, δ, ∥R0∥C1(Td))

λ1/p
. (3.2)

If λ is chosen large enough, we get

∥ρ1 − ρ0∥Lp(Td) ≤Mη∥R0∥1/pL1(Td)
.

Third step (The estimates of ∥u1 − u0∥Lp′ (Td) )

By the definition of u1,
∥u1 − u0∥Lp′ (Td) ≤ ∥w0∥Lp′ (Td) + ∥wc∥Lp′ (Td).

Proposition 2.1 gives

∥w0∥Lp′ (Td) ≤ η−1

d∑
j=1

∥hj |R0,j|1/p
′
(W j

µ)λ∥Lp′ (Td)

≤ η−1

d∑
j=1

{
∥hj |R0,j|1/p

′∥Lp′ (Td)∥W j
µ∥Lp′ (Td) +

C(p′)

λ1/p′
∥hj |R0,j|1/p

′∥C1(Td)∥W j
µ∥Lp′ (Td)

}
.

Recalling the definition of hj, notice that

∥hj |R0,j|1/p
′∥Lp′ (Td) ≤ ∥|R0,j|1/p

′∥Lp′ (Td) ≤ ∥R0∥1/p
′

L1(Td)

and that
∥hj |R0,j|1/p

′∥C1(Td) ≤ C(δ, ∥R0∥C1(Td)).

In addition, using (2.3), we have

∥w0∥Lp′ (Td) ≤ η−1∥R0∥1/p
′

L1(Td)

d∑
j=1

∥W j
µ∥Lp′ (Td) + η−1C(p

′)

λ1/p′
C(δ, ∥R0∥C1(Td))

d∑
j=1

∥W j
µ∥Lp′ (Td)

≤ M

2
η−1∥R0∥1/p

′

L1(Td)
+
C(η, δ, ∥R0∥C1(Td))

λ1/p′
.

On the other hand, Proposition 2.3 gives

∥wc∥Lp′ (Td) ≤ η−1

d∑
j=1

∥S
(
∇(hj |R0,j|1/p

′
) · (W j

µ)λ

)
∥Lp′ (Td)

≤ η−1

d∑
j=1

C(p)λ−1∥∇(hj |R0,j|1/p
′
)∥C1(Td)∥W j

µ∥Lp′ (Td)

≤ η−1λ−1C(δ, ∥R0∥C2(Td))
d∑

j=1

∥W j
µ∥Lp′ (Td)

≤
C(η, δ, ∥R0∥C2(Td))

λ
. (3.3)
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Hence,

∥u1 − u0∥Lp′ (Td) ≤
M

2
η−1∥R0∥1/p

′

L1(Td)

+
C(η, δ, ∥R0∥C1(Td))

λ1/p′
+
C(η, δ, ∥R0∥C2(Td))

λ
. (3.4)

If λ is chosen large enough, we get

∥u1 − u0∥Lp′ (Td) ≤Mη−1∥R0∥1/p
′

L1(Td)
.

Forth step (The estimates of ∥u1 − u0∥W 1,p̃(Td) )

By the definition of u1,

∥u1 − u0∥W 1,p̃(Td) ≤ ∥w0∥W 1,p̃(Td) + ∥wc∥W 1,p̃(Td).

We start to estimate ∥w0∥W 1,p̃(Td). Recalling the definition of hj, we have the pointwise
estimate:

|w0| ≤ η−1

d∑
j=1

|hj |R0,j|1/p
′| |(W j

µ)λ|

≤ η−1C(δ, ∥R0∥C1(Td))
d∑

j=1

|(W j
µ)λ|.

Hence, using (2.4),

∥w0∥Lp̃(Td) ≤ C(η, δ, ∥R0∥C1(Td))
d∑

j=1

∥(W j
µ)λ∥Lp̃(Td)

≤ C(η, δ, ∥R0∥C1(Td))
d∑

j=1

∥W j
µ∥Lp̃(Td)

≤ C(η, δ, ∥R0∥C1(Td))µ
−γ. (3.5)

Furthermore, it holds that

Dw0(x) = η−1

d∑
j=1

{
∇
(
hj(x)|R0,j(x)|1/p

′
)
⊗W j

µ(λx) + hj(x)|R0,j(x)|1/p
′
λDW j

µ(λx)
}
.

So, we have the pointwise estimate:

|Dw0(x)| ≤ η−1C(δ, ∥R0∥C1(Td))
d∑

j=1

{
|W j

µ(λx)|+ λ|DW j
µ(λx)|

}
.
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Therefore, by using (2.4) and the condition λ ≥ 1,

∥Dw0∥Lp̃(Td) ≤ C(η, δ, ∥R0∥C1(Td))
d∑

j=1

{
∥W j

µ∥Lp̃(Td) + λ∥DW j
µ∥Lp̃(Td)

}
≤ C(η, δ, ∥R0∥C1(Td))λµ

−γ. (3.6)

Combining (3.5) and (3.6), we get

∥w0∥W 1,p̃(Td) ≤ C(η, δ, ∥R0∥C1(Td))λµ
−γ. (3.7)

Next, we estimate ∥wc∥W 1,p̃(Td). Proposition 2.3 and (2.4) give

∥wc∥Lp̃(Td) ≤ η−1

d∑
j=1

∥∥∥S (∇(hj |R0,j|1/p
′
) · (W j

µ)λ

)∥∥∥
Lp̃(Td)

≤ η−1

d∑
j=1

Cλ−1∥∇(hj |R0,j|1/p
′
)∥C1(Td)∥W j

µ∥Lp̃(Td)

≤ η−1λ−1C(δ, ∥R0∥C2(Td))
d∑

j=1

∥W j
µ∥Lp̃(Td)

≤ C(η, δ, ∥R0∥C2(Td)) λ
−1µ−γ

and

∥Dwc∥Lp̃(Td) ≤ η−1

d∑
j=1

∥∥∥DS (∇(hj |R0,j|1/p
′
) · (W j

µ)λ

)∥∥∥
Lp̃(Td)

≤ η−1

d∑
j=1

Cλ0∥∇(hj |R0,j|1/p
′
)∥C2(Td)∥W j

µ∥W 1,p̃(Td)

≤ η−1C(δ, ∥R0∥C3(Td))
d∑

j=1

∥W j
µ∥W 1,p̃(Td)

≤ C(η, δ, ∥R0∥C3(Td)) µ
−γ.

Hence,

∥wc∥W 1,p̃(Td) ≤ C(η, δ, ∥R0∥C3(Td)) µ
−γ. (3.8)

From (3.7) and (3.8),

∥u1 − u0∥W 1,p̃(Td) ≤ C(η, δ, ∥R0∥C1(Td))λµ
−γ + C(η, δ, ∥R0∥C3(Td)) µ

−γ. (3.9)

If µ is chosen of the form µ = λβ with β > 1/γ and λ is chosen large enough, we get

∥u1 − u0∥W 1,p̃(Td) ≤ δ.
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Fifth step (The estimates of ∥R1∥L1(Td) )

We estimate Rquad, Rh, Rlinear and Rcorr, respectively.
Proposition 2.3 and (2.3) give

∥Rquad∥L1(Td) ≤
d∑

j=1

∥∥S (∇(h2jR0,j) · ((Θj
µW

j
µ)λ − ej)

)∥∥
≤

d∑
j=1

Cλ−1∥∇(h2jR0,j)∥C1(Td)∥(Θj
µW

j
µ − ej)∥L1(Td)

≤ λ−1C(δ, ∥R0∥C2(Td))
d∑

j=1

∥(Θj
µW

j
µ − ej)∥L1(Td)

≤
C(δ, ∥R0∥C2(Td))

λ
. (3.10)

By the definition of hj, Rh ̸= 0 only when |R0,j(x)| ≤ δ/4d. So, we have the pointwise
estimate:

|Rh| ≤
d∑

j=1

|h2j − 1||R0,j| ≤ d · 2 · δ
4d

=
δ

2
.

Hence,

∥Rh∥L1(Td) ≤
δ

2
. (3.11)

Using (2.4), we have

∥Rlinear∥L1(Td) ≤∥ρ0w0∥L1(Td) + ∥θ0u0∥L1(Td)

≤∥ρ0∥L∞(Td)∥w0∥L1(Td) + ∥u0∥L∞(Td)∥θ0∥L1(Td)

≤∥ρ0∥L∞(Td) η
−1

d∑
j=1

∥|R0,j|1/p
′∥L∞(Td)∥W j

µ∥L1(Td)

+ ∥u0∥L∞(Td) η
d∑

j=1

∥|R0,j|1/p∥L∞(Td)∥Θj
µ∥L1(Td)

≤C(η, ∥ρ0∥L∞(Td), ∥R0∥L∞(Td)) µ
−γ

+ C(η, ∥u0∥L∞(Td), ∥R0∥L∞(Td)) µ
−γ

≤C(η, ∥ρ0∥L∞(Td), ∥u0∥L∞(Td), ∥R0∥L∞(Td)) µ
−γ. (3.12)
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Using (3.2) and (3.3), we have

∥Rcorr∥L1(Td) ≤∥ρ0wc∥L1(Td) + ∥θ0wc∥L1(Td)

≤∥ρ0∥L∞(Td)∥wc∥L1(Td) + ∥θ0∥Lp(Td)∥wc∥Lp′ (Td)

≤∥ρ0∥L∞(Td)C∥wc∥Lp′ (Td) + ∥θ0∥Lp(Td)∥wc∥Lp′ (Td)

≤
C(η, δ, ∥ρ0∥L∞(Td), ∥R0∥C2(Td))

λ

+

(
M

2
η∥R0∥1/pL1(Td)

+
C(η, δ, ∥R0∥C1(Td))

λ1/p

)
·
C(η, δ, ∥R0∥C2(Td))

λ

≤
C(η, δ, ∥ρ0∥L∞(Td), ∥R0∥C2(Td))

λ
. (3.13)

From (3.10), (3.11), (3.12) and (3.13),

∥R1∥L1(Td) ≤
δ

2
+ C(η, ∥ρ0∥L∞(Td), ∥u0∥L∞(Td), ∥R0∥L∞(Td)) µ

−γ

+
C(η, δ, ∥ρ0∥L∞(Td), ∥R0∥C2(Td))

λ
. (3.14)

If µ is chosen of the form µ = λβ with β > 1/γ and λ is chosen large enough, we get

∥R1∥L1(Td) ≤ δ.

Thus, we have completed the proof of Lemma 3.1.

3.2 Construction of an approximate solution by an inductive
method

From Lemma 3.1, we obtain Theorem 1.1. We construct a solution by applying Lemma
3.1 repeatedly. Lemma 3.1 guarantees the convergence of the approximate sequence to a
solution of (1.1).

Proof of Theorem 1.1. Take u0 ∈ C∞(Td;Rd) with div u0 = 0 and set

R0 = −ρ0u0 +KF.

It is well defined because F ∈ C∞
ave(Td). Then the triplet (ρ0, u0, R0) satisfies (3.1). If

R0 = 0, we have nothing to prove. Let R0 ̸= 0. Fix η with

η <
ε

M(∥R0∥1/pL1(Td)
+
∑∞

n=1 2
−n/p)

.

Starting from (ρ0, u0, R0), we apply Lemma 3.1 repeatedly. In the n-th step, we apply
Lemma 3.1 for the above η and δ = 2−n. As a result, we get the sequences {ρn}, {un}
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and {Rn} such that for n ≥ 1

∥ρn+1 − ρn∥Lp(Td) ≤Mη 2−n/p,

∥un+1 − un∥Lp′ (Td) ≤Mη−1 2−n/p,

∥un+1 − un∥W 1,p̃(Td) ≤ 2−(n+1)/p,

∥Rn+1∥L1(Td) ≤ 2−(n+1)/p.

Therefore, there exist ρ ∈ Lp(Td) and u ∈ Lp′(Td) ∩W 1,p̃(Td) such that

∥ρ− ρn∥Lp(Td) → 0,

∥u− un∥Lp′ (Td) → 0,

∥u− un∥W 1,p̃(Td) → 0,

∥Rn∥L1(Td) → 0

as n → ∞. Hence, (ρ, u) satisfies (1.1) in the sense of distributions. Moreover, by the
construction,

∥ρ− ρ0∥Lp(Td) ≤
∞∑
n=0

∥ρn+1 − ρn∥Lp(Td)

≤Mη∥R0∥1/pL1(Td)
+Mη

∞∑
n=1

2−n/p

< ε.

This completes the proof.

4 Regular pairs
In this section, we prove Theorem 1.3 after proving commutator estimates. By the

commutator estimates, we can prove the result, which is more general than Theorem 1.3.

4.1 Commutator estimates
We prepare commutator estimates [11, Lemma II.1] for a periodic setting. We impose

the divegence-free condition for simplicity.

Lemma 4.1. (cf. [11, Lemma II.1]) Assume (B). Let ρ ∈ Lp(Td) and u ∈ Lp′(Td) ∩
W 1,p̃(Td) with div u = 0. Let ηε be Friedrich’s mollifier for ε > 0. Put

rε(ρ, u) = div((ρ ∗ ηε)u)− (div(ρu)) ∗ ηε.

Then rε goes to 0 as ε goes to 0 in Lα(Td) where 1
α
= 1

p
+ 1

p̃
.
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Proof. We give the proof for the reader’s convenience. The proof is essentially found in
[11]. First, we estimate rε(ρ, u). We observe that

(div(ρu)) ∗ ηε =
∫
Td

(divy(ρ(y)u(y)))ηε(x− y)dy

= −
∫
Td

ρ(y)u(y) · ∇yηε(x− y)dy.

Therefore,

(rε(ρ, u))(x) = divx

(∫
Td

ρ(y)ηε(x− y)dy u(x)

)
+

∫
Td

ρ(y)u(y) · ∇yηε(x− y)dy

=

∫
Td

{ρ(y)divx (ηε(x− y)u(x)) + ρ(y)u(y) · ∇yηε(x− y)}dy.

Since div u = 0,

(rε(ρ, u))(x) =

∫
Td

ρ(y) {u(x)− u(y) · ∇xηε(x− y)} dy.

Notice that suppηε ⊂ {x : |x| ≤ C̃ε} for some C̃ and that ∥∇η∥L∞(Td) is bounded. Then,
it holds that

|(rε(ρ, u))(x)| =
∣∣∣∣∫

|x−y|≤C̃ε

ρ(y)
u(x)− u(y)

ε
· ε∇xηε(x− y)dy

∣∣∣∣
≤ C

∫
|z|≤C̃

|ρ(x+ εz)| |u(x+ εz)− u(x)|
ε

dz

Hence,

∥rε(ρ, u)∥αLα(Td) ≤ Cα

∫
Td

∣∣∣∣∫
|z|≤C̃

|ρ(x+ εz)| |u(x+ εz)− u(x)|
ε

dz

∣∣∣∣α dx
≤ Cα

∫
Td

∫
|z|≤C̃

∣∣∣∣ρ(x+ εz)
u(x+ εz)− u(x)

ε

∣∣∣∣α dzdx
From this, we obtain

∥rε(ρ, u)∥Lα(Td) ≤ C

{∫
Td

∫
|z|≤C̃

|ρ(x+ εz)|pdzdx
}1/p

{∫
Td

∫
|z|≤C̃

∣∣∣∣u(x+ εz)− u(x)

ε

∣∣∣∣p̃ dzdx
}1/p̃

.

Observe that

|u(x+ εz)− u(x)| ≤ ε

∫ 1

0

|Du(x+ tεz)|dt|z|.

Then, ∫
Td

∫
|z|≤C̃

∣∣∣∣u(x+ εz)− u(x)

ε

∣∣∣∣p̃ dzdx ≤
∫
Td

∫
|z|≤C̃

∫ 1

0

|Du(x+ tεz)|p̃dt|z|p̃dzdx

=

∫
|z|≤C̃

∥Du∥p̃
Lp̃(Td)

|z|p̃dz

= C∥Du∥p̃
Lp̃(Td)

.
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This yields

∥rε(ρ, u)∥Lα(Td) ≤ C∥ρ∥Lp(Td)∥Du∥Lp̃(Td).

From density and this equality, we conclude that rε → 0 as ε → 0. Indeed, rε → 0 as
ε→ 0 if ρ and u are smooth.

Corollary 4.2. Assume (B). Let F ∈ C∞(Td) with F ̸≡ 0 and
∫
Td Fdx = 0. Suppose

that ρ ∈ Lp(Td) and u ∈ Lp′(Td)∩W 1,p̃(Td) satisfy (1.1) in the sense of distributions. Let
ηε be Friedrich’s mollifier for ε > 0. Put ρε = ρ ∗ ηε. Then ρε satisfies

div (ρεu) = Fε + r̃ε

where r̃ε goes to 0 and Fε goes to F as ε goes to 0 in Lα(Td) and α is given by 1
α
= 1

p
+ 1

p̃
.

Proof. From (1.1),

(div(ρu)) ∗ ηε = F ∗ ηε.

By using Lemma 4.1, we have

div(ρεu) = F ∗ ηε + rε(ρ, u).

Therefore, if we take Fε = F ∗ηε and r̃ε = rε(ρ, u), they satisfy the desired properties.

4.2 Regularity for renormalization
Here, we prove the result, which is more general than Theorem 1.3. The proof of

Theorem 1.3 is a consequence of the following.

Theorem 4.3. Assume (B). Let F ∈ C∞(Td) with F ̸≡ 0 and
∫
Td Fdx = 0. Suppose that

ρ ∈ Lp(Td) and u ∈ Lp′(Td) ∩W 1,p̃(Td) satisfy (1.1) in the sense of distributions. Then
(ρ, u) satisfies

div((θ ◦ ρ)u) = (θ′ ◦ ρ)F

for any θ ∈ C2(R) with θ′, θ′′ ∈ L∞(R).

Proof. From (1.1) and Corollary 4.2, we have

div((θ ◦ ρε)u) = (θ′ ◦ ρε)∇ρε · u
= (θ′ ◦ ρε)div(ρεu)
= (θ′ ◦ ρε)Fε + (θ′ ◦ ρε)r̃ε

Notice that θ′ ◦ ρε is bounded independent of ε. Since r̃ε → 0 as ε → 0 in Lα(Td), the
second term converges to 0 as ε goes to 0 in Lα(Td). Observe that

(θ′ ◦ ρε)Fε − (θ′ ◦ ρ)F = (θ′ ◦ ρε − θ′ ◦ ρ)Fε + (θ′ ◦ ρ)(Fε − F )
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and that

∥θ′ ◦ ρε − θ′ ◦ ρ∥Lα(Td) =

∥∥∥∥∥
∫ ρε(x)

ρ(x)

θ′′(ξ)dξ

∥∥∥∥∥
Lα(Td)

≤ ∥θ′′∥L∞(R)∥ρε − ρ∥Lα(Td).

Then, the first term converges to (θ′◦ρ)F as ε goes to 0 in Lα(Td). Since θ◦ρε → θ◦ρ a.e.,
we obtain

div((θ ◦ ρ)u) = (θ′ ◦ ρ)F.

5 Microscopic viewpoint
In this section, we prove Theorem 1.2. After proving the existence of a non-renormalized

solution, we summarize the results from the microscopic point of view.

5.1 Existence of a non-renormalized solution
Here, we prove that Theorem 1.1 implies Theorem 1.2.

Proof of Theorem 1.2. Take φ ∈ C∞
0 (R) with φ ̸≡ 0 and

φ(ξ)ξ ≥ 0

for all ξ ∈ R. Set αφ =
∫
Td φ(F )F , then αφ > 0. Furthermore, fix ε with

0 < ε <
αφ

2∥φ′∥L∞(R)∥F∥Lp′ (Td)

.

By applying Theorem 1.1 to this ε, ρ0 = F and a given F , there exist ρ ∈ Lp(Td) and
u ∈ Lp′(Td) ∩W 1,p̃(Td) such that (ρ, u) satisfies (1.1) and

∥ρ− F∥Lp(Td) < ε.

Notice that

φ(ρ(x))− φ(F (x)) =

∫ ρ(x)

F (x)

φ′(ξ)dξ.

Then, it holds that∣∣∣∣∫
Td

(φ(ρ)− φ(F ))F

∣∣∣∣ ≤ ∫
Td

|φ(ρ)− φ(F )||F |

≤ ∥φ′∥L∞(R)

∫
Td

|ρ− F ||F |

≤ ∥φ′∥L∞(R) ∥ρ− F∥Lp(Td) ∥F∥Lp′ (Td).
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Therefore, ∫
Td

φ(ρ)F =

∫
Td

φ(F )F +

∫
Td

(φ(ρ)− φ(F ))F

≥
∫
Td

φ(F )F −
∣∣∣∣∫

Td

(φ(ρ)− φ(F ))F

∣∣∣∣
≥
∫
Td

φ(F )F − ∥φ′∥L∞(R) ∥ρ− F∥Lp(Td) ∥F∥Lp′ (Td)

> αφ − αφ/2 > 0.

On the other hand, we have
∫
Td div (Φ(ρ)u) = 0. Hence, this (ρ, u) does not satisfy (1.2).

Thus, we have completed the proof.

Theorem 5.1. For ε and F under the same assumption as Theorem 1.2, suppose that
φ ∈ C∞

0 (R) with the following properties:

φ ̸≡ 0,

φ(ξ)ξ ≥ 0 for all ξ ∈ R,

ε <

∫
Td φ(F )F

∥φ′∥L∞(R) ∥F∥Lp′ (Td)

.

Then, the same argument as above is valid. Hence, there exist several φ in Theorem 1.2.

5.2 Kinetic interpretation of a non-renormalized solution
We introduce the relation between a renormalized solution of (1.1) and a weak solution

of (1.3). Consider a weak solution of (1.3). It holds that∫
Td

∫
R
{χρ(x, ξ)u(x) · ∇xϕ(x, ξ)− F (x)χρ(x, ξ)∂ξϕ(x, ξ)}dξdx = 0

for all ϕ ∈ C∞
0 (Td × R). In particular, if a test function is chosen of the form ϕ(x, ξ) =

φ(ξ)ψ(x), then it holds that

0 =

∫
Td

∫
R
{χρ(x, ξ)u(x) · ∇x(φ(ξ)ψ(x))− F (x)χρ(x, ξ)∂ξ(φ(ξ)ψ(x))}dξdx

=

∫
Td

∫
R
{χρ(x, ξ)u(x) · φ(ξ)∇xψ(x)− F (x)χρ(x, ξ)(∂ξφ(ξ))ψ(x)}dξdx

=

∫
Td

{u(x) · ∇xψ(x)

∫ ρ(x)

−∞
φ(ξ)dξ − F (x)ψ(x)

∫ ρ(x)

−∞
(∂ξφ(ξ))dξ}dx

=

∫
Td

{Φ(ρ(x))u(x) · ∇xψ(x)− φ(ρ(x))F (x)ψ(x)}dx

for all φ(ξ) ∈ C∞
0 (R) and ψ(x) ∈ C∞

0 (Td). Therefore, a weak solution of (1.3) is a
renormalized solution of (1.1), but not vice versa. This calculation shows that a solution
of (1.1) in Theorem 1.2 cannot give a solution of (1.3) and hence we obtain Corollary1.4.
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We consider the non-zero term Z = div (χρu) − F∂ξχρ as a factor causing the non-
renormalization. It remains to be investigated what kind of properties this Z has.
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