Advances in Mathematical

Sciences and Applications S GAKKOTOSHO
TOKYO JAPAN

Vol. 29, No. 2 (2020), pp. 583-637

OPTIMAL CONTROL PROBLEMS FOR 1D PARABOLIC
STATE-SYSTEMS OF KWC TYPES
WITH DYNAMIC BOUNDARY CONDITIONS

SHODAI KUBOTA

Department of Mathematics and Informatics,
Graduate School of Science and Engineering, Chiba University,
1-33, Yayoi-cho, Inage-ku, 263-8522, Chiba, Japan
(E-mail: skubota@chiba-u.jp)

RyoTA NAKAYASHIKI

Department of General Education, Salesian Polytechnic,
4-6-8, Oyamagaoka, Machida-city, Tokyo, 194-0215, Japan
(E-mail: nakayashiki.ryota@salesio-sp.ac.jp)

and

KEN SHIRAKAWA

Department of Mathematics, Faculty of Education, Chiba University,
1-33, Yayoi-cho, Inage-ku, 263-8522, Chiba, Japan
(E-mail: sirakawa@faculty.chiba-u. jp)

Abstract. In this paper, we consider a class of optimal control problems governed
by 1D parabolic state-systems of KWC types with dynamic boundary conditions. The
state-systems are based on a phase-field model of grain boundary motion, proposed in
[Kobayashi-Warren—Carter, Physica D, 140, 141-150, 2000|, and in the context, the dy-
namic boundary conditions are supposed to reproduce the transmitted heat exchanges
between interior and boundary of a polycrystal body. Under suitable assumptions, the
mathematical results concerned with: the well-posedness of state-systems; the solvability
and parameter-dependence in the class of our optimal control problems; and the first order
necessary optimality conditions in regular cases of problems and the limiting approach to
the singular case; will be obtained in forms of three Main Theorems of this paper.
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Introduction

Let (0,7) be a time-interval with a constant 0 < 7" < oo, let = (0,1) C R be a
one-dimensional spatial domain, and let I := {0, 1} be the boundary of Q. Besides, we
set @ :=(0,7) x Qand ¥ := (0,7) x I', and we define:

H = LX(9), HF::{ @[T — R } (~R?), X:=H x Hr,

A = L*0,T;H), 24 :=L*0,T;Hyr), and X := 0 x 7,
as the base spaces for our problems.

In this paper, we consider a class of optimal control problems governed by the following
1D state-systems, which are denoted by (S)., with € > 0.

(S). Find a triplet of functions [n, 0] = [n,nr, 0] € X x A with n = [, nr], fulfilling:

om — 0*n+g(n )V e2+ 0,012 = Lu in Q, (0.1a)
O (t, £) + (—1)@*1amnlr(t,£) = Lrur(t,0), (t,0)€x, (0.1b)
1, =mron X (0.1c)
\ n(0,2) =no(x), x € Q, nr(0,£) =nro(l), £ €T (0.1d)
ap(t, )00 — 0, | o )L—FV%)Q = Mv in Q (0.2a)
0\t t T n 52 T |ax0|2 T ) .
0(t,0) =0, (t,0) X, (0.2b)
0(0,z) = bOy(x), = € Q. (0.2¢)

\

For each € > 0, the optimal control problem is denoted by (OP)., and is prescribed as

follows.

(OP). Find a triplet [w*,v*] = [u*, uf,v*] € ¥ x A with u* = [u*, uf], called optimal
control, which minimizes a cost functional 7., defined as:

T [u, u,ur,v] € X x A — J.(u,v) = J(u,ur,v)

—
K Kr [T
- / (= ma) @ de+ 55 [l = ) OF, di
0

5 [ 16- st

T LF )
e T TR
0 0

M [T )
+5 [v(t)|3 dt € [0, 00), (0.3)
0

where [n,0] = [n,nr,0] € X x 2 with n = [n,nr| is a solution to the system (S)..
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The state-system (S). is a type of KWC' system, i.e. it is based on a phase-field model of
grain boundary motion, proposed by Kobayashi-Warren—Carter [18,19]. In the original
KWC system, the components n € 7 and 6 € 7 are order parameters which indicate
the orientation order and orientation angle of a polycrystal body €2, respectively. Also,
the component np € J#- is an order parameter, which influences the dynamics of 7, as an
external factor exchanged via the boundary I' of polycrystal. [no,nro] € X and 6y € H
are initial data of n = [n,nr] and 6, respectively, and for simplicity, these initial data
are written in a form of a initial triplet [no, 6] = Mo, nro, 0] € X x H with the initial
pair no = [No, Nr,o]. The forcing triplet [u,v] € X x S with the forcing pair u = [u, ur|,
denotes the control variables that can control the profile of solution [n, 0] € X x 7 to (S)..
0 < ag € Wh(Q) and 0 < a € C?*(R) are given functions to reproduce the mobilities
of grain boundary motions. Besides, “|r” denotes the trace on I' for a Sobolev function.
Finally, g € W,5>°(R) is a perturbation for the orientation order 5, and v > 0 is a fixed
constant to relax the diffusion of the orientation angle 6.

As a mathematical model of grain boundary motion, (S). can be said as a coupled
system of an Allen—Cahn type equation (0.1a) subject to the dynamic boundary condition
{(0.1b),(0.1¢)}, and a quasilinear diffusion equation (0.2a) subject to the homogeneous
Dirichlet boundary condition (0.2b). However, it should be noted that the PDE (0.1b)
can be regarded as a governing equation on I', and the initial-boundary value problem
(0.1) also forms a kind of transmission problem between the PDE (0.1a) in © and the
PDE (0.1b) on I', subject to the transmission condition (0.1c).

Since u = [u,ur] € X is a forcing term of the Allen-Cahn type equation (0.1a), the
components u € 7 and ur € 7 can be understood as the temperature controls on the
interior ) and the boundary I" of polycrystal, respectively. Meanwhile, the quasilinear
diffusion equation (0.2a) is to reproduce crystalline micro-structure of polycrystal, and
the case when € = 0 is the closest to the original setting adopted by Kobayashi-Warren—
Carter [18,19]. Indeed, when ¢ = 0, the quasi-linear diffusion as in (0.2a) is described in

a singular form —0, (a(n) \g§§| + y28z6’), and this type of singularity is said to be effective

to reproduce the facet, i.e. the locally uniform (constant) phase in each oriented grain
(cf. [1,8,11,12,14,17-19,21,22,26-29]). Hence, the systems (S)., for positive ¢, can be
said as regularized approximating systems, that are to approach to the physically realistic
situation, reproduced by the limiting system (S)o, as € | 0.

Furthermore, in the optimal control problems (OP). for ¢ > 0, the functions 7,q € 2,
NMraa € 6, and O,q € € are given admissible target profile of the order parameters 7,
nr, and 6, respectively, and the coefficients K > 0, Kr > 0, A >0, L > 0, Ly > 0, and
M > 0 are fixed constants which are to adjust the meaning of optimality in the problems

(OP)..
This paper focuses on two issues:
#1) key-properties of the state-systems (S)., for ¢ > 0;

#2) mathematical analysis of the optimal control problems (OP)., for ¢ > 0.
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With regard to the first issue 1), some kindred KWC type systems have been studied
by several mathematicians, e.g. [15,24,25], and in particular, the analytic ideas, as in [25,
Main Theorems 1 and 2], would be effective for the well-posedness and e-dependence
of the system (S).. However, the previous works [15,24,25] adopted the homogeneous
setting of forcing, and imposed different types of boundary conditions with this study. In
this light, we need to enhance the existing mathematical method before we deal with the
study of our optimal control problems (OP).. Meanwhile, for issue £2), there are now a
number of previous works [6, 10, 30, 31, 33], which dealt with optimal control problems,
governed by PDE systems kindred to (S).. Hence, by integrating the previous works
[6,10,15,24,25,30,31,33], we can expect to develop a certain mathematical control theory
that enables to handle dynamically transmitted situations, as in the dynamic boundary
condition of our state-system (S)..

Now, based on these, we set the goal of this paper to prove three Main Theorems,
summarized as follows:

Main Theorem 1. Mathematical results concerning the following items:

(I-A) (Solvability of state-systems) Existence and uniqueness for the state-system
(S)e, for any € > 0.

(I-B) (Continuous dependence among state-systems) Continuous dependence of
solutions to the systems (S)., with respect to the initial triplet, the forcing triplet,
and the constant ¢ > 0.

Main Theorem 2. Mathematical results concerning the following items:

(II-A)(Solvability of optimal control problems) Existence for the optimal con-
trol problem (OP)., for any € > 0.

(I1I-B) (e-dependence of optimal controls) Some semi-continuous association be-
tween the optimal controls, with respect to the initial triplet and the constant
e > 0.

Main Theorem 3. Mathematical results concerning the following items:

(ITII-A)(Necessary optimality conditions in cases of € > 0) Derivation of the first
order necessary optimality conditions for (OP). via adjoint method.

(I1I-B) (Limiting optimality conditions as e | 0) The limiting adjoint system as
e | 0 associated with the optimality condition for the problem (OP),.

The Main Theorems are stated in Section 3, after the preliminaries in Section 1, and
the auxiliary results in Section 2. The Main Theorems are proved in Sections 4-6, and
in particular, the Main Theorem 3 is proved by means of three Theorems 3-5 which are
stated as a part of the auxiliary results in Section 2. The proofs of Theorems 3-5 are
given in the last Section 7 of appendix.
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1 Preliminaries

We begin by prescribing the notations used throughout this paper.

Abstract notations. For an abstract Banach space X, we denote by |- |x the norm of
X, and denote by (-, -)x the duality pairing between X and its dual X*. In particular,
when X is a Hilbert space, we denote by (-, )y the inner product of X.

For any subset A of a Banach space X, let y4 : X — {0,1} be the characteristic
function of A, i.e.:

1, ifw e A,

Xaiw € X = xa(w) = ,
0, otherwise.

For two Banach spaces X and Y, we denote by Z(X;Y') the Banach space of bounded
linear operators from X into Y, and in particular, we let 2 (X) = Z(X; X).

For Banach spaces Xi,..., Xy, with 1 < N € N, let X; x --- x Xy be the product
Banach space endowed with the norm | - |x;x..xxy = | - |x; + -+ | |xy. However,
when all X7,..., Xy are Hilbert spaces, X; x --- x X denotes the product Hilbert space

endowed with the inner product (-, ) x,x..xxy = (v*)x; + -+ + (+,)x, and the norm
1

Axixexxne = (|- % 4+---+]-1%.)2. In particular, when all X;,..., Xy coincide with
1 N X1 XN
a Banach space Y, we write:
N times

——
YV =YV x---xY.
Additionally, for any (possibly nonlinear) transform 7 : X — Y, we let:

Tlw,...,wn] = [Twi,...,Twy] in [Y]V, for any [wi,...,wy] € [X]V.

Specific notations of this paper. As is mentioned in the introduction, let (0,7) C R
be a bounded time-interval with a finite constant 7 > 0, and let Q := (0,1) C R be a
one-dimensional bounded spatial domain. We denote by I' the boundary 02 = {0, 1} of
), and we define

np(f) = (=1)"" for any £ € T = {0,1}.

Besides, we let Q) := (0,7) x Q and ¥ := (0,7) x I.

Throughout this paper, we denote by 0; and 0, the distributional time-derivative and
the distributional spatial-derivative, respectively. Also, the measure theoretical phrases,
such as “a.e.”, “dt”, “dx”, and so on, are all with respect to the Lebesgue measure in
each corresponding dimension. Additionally, “|r” denotes the trace on I' for a Sobolev
function.

On this basis, we define

Hi= 1), Hy:={@[@:T—R} (~R),
Vi HNQ), Vo= HAQ),

X:=Hx Hp, V=V x Hp,
W= { [@ar] € V| @, () =ir(0), LeT |,



288

A = L*0,T;H), 4 :=L*0,T;Hr),
v = L0, T;V), ¥ :=L*0,T;V),

and

X = x4 (= L*0,T;X)), and 2 := L*0,T;W).

Note that W is a closed linear subspace in the Hilbert space V, so that W is also a Hilbert
space endowed with the inner product of V.

In this paper, we identify the Hilbert spaces H and ¢ with their dual spaces. On
this basis, we have the following relationships of continuous embeddings:

VCH=H"CV* VvV CH="CV*
WcCcvVcX=X*CcV"CW* and 20 C X =X*" C 20",
among the Hilbert spaces H, V, 27, ¥, X, V, W, X, and 20, and the respective dual
spaces H*, V* 7%, v* X*, V*, W* X*, and 20*.

Remark 1. Due to the one-dimensional embeddings V' C C(Q) and V; C C(Q), it is
easily checked that:
o if i € Hand p € V, then ip € H, and
1pla < V20l ulplv,

e if € L>(0,T; H)and p € ¥, then ip € 2,
and |fip|r < V2| 0.1 Pl

(1.1)

Here, we note that the constant v/2 corresponds to the constant of embedding V' C C(Q).
Moreover, under the setting Q := (0,1), this v/2 can be used as a upper bound of the
constants of embeddings V' C L?(§2) and Vy C L9(Q2), for all 1 < ¢ < oc.

Remark 2. Let us take any a € W°(Q) U L>°(0,T; W1*>(Q2)) and any w € ¥;*. Then,
we can say that aw (= wa) € 74", via the following variational form:

<dqu/]>7/0 = <w7d,¢}>//07 fOI' any ¢ € /1/07

and can estimate that:

ve < (14 V2)(|al (@) + 0aii] Loo(g)) [0

|ELU} «//0*7

by using the constant v/2 of the embedding Vy C H. Also, if {@,}>2, ¢ W'(Q) U
L0, T Whe(9)), {wn}i, C (", and

i, — @ in Lo(Q),
Ol — Oyt in Lo(Q),

and
w, — w weakly in 7(*, as n — oo,
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it holds that:
anw, — aw weakly in 7%, as n — 00,

since
ayv € %, {anwn}o2, C %, and a0 — ay in ¥ as n — oo,

for any v € 74 .
In particular, if a € W*°(Q) and w € W12(0,T; Vi), then
aw € WH2(0,T;Vy), and 9y(aw) = adyw + wda in ¥
Moreover, if a € Wh(Q) U L>(0,T; Wh>°(Q)), and loga € L>(Q), then it is estimated
that:
inf a(Q)?
(1+v2)(inf a(Q) + |02 1~ (g))

Notations for the time-discretization. Let T € (0,1) be a constant that denotes the
time-step size, and let {t;}3°, C [0, 00) be a sequence of time defined as:

!&w\vo* > |w|1/0

ti=ir, i=0,1,2,.... (1.2)

Let X be a Banach space. Then, for any sequence {[t;,7;]}52, C [0,00) x X, we define
the forward time-interpolation [7], € LiX.([0,00); X), the backward time-interpolation
(V] € L2.([0,00); X), and the linear time-interpolation [y], € W,b*([0, 00); X), by letting:

loc loc

( o0
[7]T<t) = X(*O0,0] (t)’yo + Z X(tifl,ti] (t)%>
=1
(1) = X(=o00) (D)% + D Xetustesn] ()%, in X, fort>0, (L3
1=0
- t—tiy ti—t
) = 3 s @) (e )
L i=1

respectively.

Remark 3. For an interval / C R, a Banach space X, and a constant ¢ € [1, 00|, we
say that LY(I; X) C L (R;X) (resp. LL.(R;X) C L%I; X)) by identifying X-valued
functions on I (resp. on R) with the zero-extensions onto R (resp. the restriction onto

I). Besides, under the notations as in (1.2) and (1.3), the following facts can be verified.
(Fact0) o If ¢ € [1,00), v € L9(0,T; X), and the sequence {7;}3°, C X is given by:

1[4
vi = —/ v(¢)dsin X, i=0,1,2,..., witht_4 := —7, (1.4)
T Jt;q
then '
Al = s =7, and 7], = v in LY(R; X),
especially in L4(0,T; X), as 7 | 0,
and

(1+(&) = 7(@), [A]-(t) = 7(t), and [y]:(£) — 7(t)
in X, ae teR as7]0.
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e If X is a reflexive Banach space, and v € L>(0,T; X), then the sequence {7;}32, C
X given by (1.4) fulfills that:

S?QP){|[7]T|L°°(O,T;X)7 |[Z]T|L°°(O7T;X)7 |[7]7|L°°(0,T;X)} < |’Y|L°°(O,T;X)u
T7€(0,1

- =, [l =7, and 7], = v
in Ll (R; X), for any g € [1,00), as7 |0,

loc

weakly-* in L>®(R; X),

=) = (), [2]-(t) = ~(t), and [7]-(£) = ~(¢)
in X, ae teR as7]0.

o If v € Wh=(Q), and the sequence {7;}52, C WH>(Q) is given as:

v(t;) in Whee(Q), if ¢, < T,
Vo= (tion) i Whe(Q), if o < T <t;, i=0,1,2,...,
0 in W1>(Q), otherwise,

then
[ sup (I~ )l D)o@} < Mo
72&)% {10+ L= (@) 10: [0+ [ L (@), 10 [0 [ Lo (@) } < 1027 £ (@)
\721(101731) 03] 1@) < 107]1=(@)
7], = v and [3), = 7, in L*(0,T;C(Q)),
V- = v in C(Q),
{@[’y]T — Oy weakly-* in L>(Q),
and in the pointwise sense a.e. in (),
and

0:[7r = 0oy, Dlrlr —= Oy, and Buy]r — oy
weakly-x in L*(Q), as 7 1 0.
and in the pointwise sense a.e. in @),

Notations in convexr analysis. (cf. [7, Chapter II]) For a proper, lower semi-con-
tinuous (l.s.c.), and convex function ¥ : X — (—o0, o0] on a Hilbert space X, we denote
by D(V¥) the effective domain of W. Also, we denote by oW the subdifferential of W.
The subdifferential 0¥ corresponds to a generalized derivative of W, and it is known
as a maximal monotone graph in the product space X x X. The set D(OV) : {z €
X | 0U(z) # 0} is called the domain of . We often use the notation “[wg, wg] € OV in
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X x X7, to mean that “w} € OV (wg) in X for wy € D(OV) 7, by identifying the operator
OV with its graph in X x X.

For Hilbert spaces Xy, -, Xy, with 1 < N € N| let us consider a proper, l.s.c., and
convex function on the product space X; X - -+ x Xy

U:w=|w, -, wy] € Xy XXXy Ulw)=T(w, - ,wy) € (—00,00).

On this basis, for any i € {1,..., N}, we denote by 9, ¥ : X; X --- x Xy — X; a set-
valued operator, which maps any w = [wy, ..., w;,...,wy] € Xy X -+ x X x -+ x Xy to
a subset 0, V(w) C X;, prescribed as follows:

Ouw W(w) = 0y, VU(wy, - ,w;, -, wy)

7 k3

- W € Xz (12)*7'lj)~— wl)XZ S \ij(wly"' 71])7”' 7wN?V '
_‘Il(wla' Wiyttt ,UJN), for any w € Xz
As is easily checked,
DU (w) C Dy U(w)X -+ X Oy ¥(w), (1.5)
for any w = [wy,...,wy| € Xy X -+ x Xy.

But, it should be noted that the converse inclusion of (1.5) is not true, in general.

Remark 4 (Examples of the subdifferential). As one of the representatives of the subdif-
ferentials, we exemplify the following set-valued function Sgn™ : RY — 28" with N € N,
which is defined as:

f: [517"'a§N] € RN = SgDN(f) = SgnN(gla"ng)
P ST
N e 70

DY, otherwise,

where DV denotes the closed unit ball in RY centered at the origin. Indeed, the set-valued
function Sgn” coincides with the subdifferential of the Euclidean norm |- | : & € RN

|£‘ =V f% + o +£]2\/' S [0700)7 Le.:
9] - (&) = Sgn® (€), for any £ € D(J] - [) = RY,
and furthermore, it is observed that:

0 - 1(0) =DV G [~1, 1] =0, | - [(0) x -+ x D, | - [(0).

Finally, we mention about a notion of functional convergence, known as “Mosco-
convergence” .
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Definition 1 (Mosco-convergence: cf. [23]). Let X be an abstract Hilbert space. Let

U : X — (—o00,00] be a proper, ls.c., and convex function, and let {¥,,}>2 ;| be a sequence

of proper, L.s.c., and convex functions ¥,, : X — (—o0, 00}, n = 1,2,3,.... Then, it is said

that ¥,, — ¥ on X, in the sense of Mosco, as n — oo, iff. the following two conditions

are fulfilled:

(M1) The condition of lower-bound: lim V¥, (w,) > V(w), if w € X, {w,}2>, C X,
n—oo

and w, — w weakly in X, as n — oo.

(M2) The condition of optimality: for any w € D(WV), there exists a sequence
{w,}22, C X such that w,, — w in X and ¥, (w,) — V(b), as n — 0.

As well as, if the sequence of convex functions {@8}565 is labeled by a continuous argument
¢ € = with a infinite set = C R , then for any ¢¢ € =, the Mosco-convergence of {\ilg}eeg,
as € — &, is defined by those of subsequences {¥., }2°,, for all sequences {e,}>, C Z,
satisfying €, — €9 as n — oo.

Remark 5. Let X, U, and {¥,,}>°, be as in Definition 1. Then, the following facts hold.
(Fact 1) (cf. [3, Theorem 3.66], [16, Chapter 2]) Let us assume that

v, — ¥ on X, in the sense of Mosco, as n — 00,

and

(w,w] € X x X, [w,,w;] €d¥,in X xX,neN,
wy, — w in X and w; — w* weakly in X, as n — oo.

Then, it holds that:
[w,w*] € OV in X x X, and ¥, (w,) = ¥(w), as n — oo.
(Fact 2) (cf. [9, Lemma 4.1], [13, Appendix]) Let N € N denote the dimension constant,

and let S C RY be a bounded open set. Then, a sequence {(I\l;f}ff’:l of proper, Ls.c.,
and convex functions on L?*(S; X), defined as:

[ wtwte)
w e L*(S; X) — \/I\ff(w) = if U,,(w) € LY(S), forn=1,2,3,...;

oo, otherwise,
converges to a proper, l.s.c., and convex function TS on L?(S; X), defined as:

/\I!(z(t))dt, it W(z) € L(S),

oo, otherwise;

ze LS X) s US(2) =

on L*(S; X), in the sense of Mosco, as n — o0o.
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Remark 6 (Example of Mosco-convergence). For any € > 0, let f. : R — [0,00) be a
continuous and convex function, defined as:

fer§eR = fo(§) = Ve +[¢]* € [0, 00). (1.6)

Then, due to the uniform estimate:

|-(&) = f(&)] = [Ver + [6]? = Ve + [e]?| < [e — €],

forall £ € R, and ¢,¢ > 0,

we easily see that:
fe = fo (=1]-]) on R, in the sense of Mosco, as € | 0.

In addition, for any € > 0, it can be said that the subdifferential 0f. coincides with the
single-valued function of usual differential:

&
Vel +[E7

fir§eRm fIE) = €R.

2 Auxiliary results

In this Section, we prepare some auxiliary results for our study. The auxiliary results are
discussed through the following two Subsections.

§2.1 Abstract theory for the state-system (S).;

§2.2 Mathematical theory for the linearized system of (S)..

2.1 Abstract theory for the state-system (S).

In this Subsection, we refer to [2, Appendix] to overview the abstract theory of nonlinear
evolution equation, which enables us to handle the state-systems (S)., for all e > 0, in a
unified fashion.

The general theory consists of the following two Propositions.

Proposition 1 (cf. [2, Lemma 8.1]). Let {Ao(t)|t € [0,T]} C L (X) be a class of time-
dependent bounded linear operators, let Gy : X — X be a given nonlinear operator, and
let Uy : X — [0,00] be a non-negative, proper, l.s.c., and convex function, fulfilling the
following conditions:

(cp.0) Ao(t) € ZL(X) is positive and selfadjoint, for any t € [0,T], and it holds that
(Ao(t)w, w)x > Kolw|%, for any w € X,

with some constant ko € (0,1), independent of t € [0,T] and w € X.
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(ep.1) Ay : [0,T] — Z(X) is Lipschitz continuous, so that Ay admits the (strong) time-
derivative Ay(t) € L(X) a.e. in (0,T), and

Ay = esssup {max{|Ao(t)] 2(x), Ao ()] 2x) } } < 00
te(0,T

(cp.2) Go + X — X is a Lipschitz continuous operator with a Lipschitz constant Ly,
and Go has a C'-potential functional Gy : X — R, so that the Gateaux derivative
Go(w) € X* (=X) at any w € X coincides with Go(w) € X;

(cp.3) Wo > 0 on X, and the sublevel set {w e X | Uy(w) < 7‘} s compact in X, for any
r > 0.

Then, for any initial data wy € D(Vy) and a forcing term fo € L*(0,T; X), the following
Cauchy problem of evolution equation:

(CP) {Adﬂwﬁ%f&%wﬁn+gdw®)9h®inX,tE(QT%
w(0) = wp in X;

admits a unique solution w € L*(0,T; X), in the sense that:
we WH(0,T; X), Vo(w) € L=(0,T),

and

(Ao(t)w'(t) + Go(w(t)) — fo(t), w(t) — @) x + To(w(t)) < o(w),
for any w € D(Vy), a.e. t € (0,T).
Moreover, both t € [0,T] — Uo(w(t)) € [0,00) and t € [0,T] — Go(w(t)) € R are
absolutely continuous functions in time, and

Aot (0% + 5 (Wolw(t)) + Go(w(1))) = (ole), w'(D)x,

for a.e. t € (0,7T).

Proposition 2 (cf. [2, Lemma 8.2]). Under the notations Ay, Go, Vo, and assumptions
(cp.0)—(cp.3), as in the previous Proposition 1, let us fix wy € D(¥y) and fo € L*(0,T; X),
and take the unique solution w € L*(0,T; X) to the Cauchy problem (CP). Let {¥,}>,,
{won}ee, C X, and {f.}32, be, respectively, a sequence of proper, l.s.c., and convex
functions on X, a sequence of initial data in X, and a sequence of forcing terms in
L*(0,T; X), such that:

(cp-4) ¥, > 0 on X, forn = 1,2,3,..., and the union Uzo:l{w € X‘\Ifn(w) < r} of
sublevel sets is relatively compact in X, for any r > 0;

(cp.5) U, converges to Wy on X, in the sense of Mosco, as n — 0o;
(cp.6) sup,en U (wo,n) < 00, and wg, — wy in X, as n — oo;

(cp.7) fn — fo weakly in L*(0,T; X), as n — oc.
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Let w, € L*(0,T;X) be the solution to the Cauchy problem (CP), for the initial data
won € D(V,,) and forcing term §, € L*(0,T; X). Then,

w, — w in C([0,T); X), weakly in WH2(0,T; X),

/ U, (wy,(t dt—>/ Uo(w(t))dt, asn — oo,
0

and
< Q.

[ Wol

0 w>‘C([O,T]) < i @ ()

’C’([O,T])

In this paper, the readers are recommended to see [2, Appendix| for the detailed
proofs of the above Propositions 1 and 2. Roughly summarized, these Propositions can
be obtained by means of modified (mixed and reduced) methods of the existing theories,
such as [5,7,16].

2.2 Mathematical theory for the linearized system of (S).

In this Subsection, we set up auxiliary results for linearized systems of (S)., which are
associated with the first necessary optimality conditions in our optimal control problems
(OP)., for € > 0. The linearized systems are generally reduced to the following type of
parabolic initial-boundary value problem, denoted by (P).

(P):

(O — O2p+ u(t, 2)p+ w(t, 2)0,z = h(t, 2), (1,7) € Q,
Owpr(t,€) + (=1)'0up, (. 0) = he(t,0), (t,0) €%
p,. =pron,

| P(0,2) = po(z), © €

(a(t, 2)0,2+b(t,2)2— 0, (A(t, 2)0pz+ 120,z +w(t, z)p)
=k(t,x), (t,z) € Q,

z(t,x) =0, (t,z) € X,

L 2(0, %) = zo(z), z € Q.

This system is a key-problem for the Gateaux differential of the cost functional J.. In
the context, [a,b, \,w, A] € [#]° is a given quintet of functions which belongs to a class
S C [A)°, defined as:

) ) a € Wh(Q) with loga € L™(Q),
S =9 ab 6, Al [T | o] € [LQ)P, i€ L¥0,T:H), o (21)
and A € L*>(Q) with A > 0 a.e. in Q

Also, [po, 20] = [po, Pryo, 20] € W x H with py = [po, proo] and [h, k] = [h, hr, k] € X x %
with h = [h, hr] are the initial triplet and forcing triplet in the system (P), respectively.
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Remark 7. If [a,b, p,w, A] € .7, then the condition:
a € Wh(Q) with loga € L=(Q),
brought by (2.1), implies the no degeneration property:
d(a) :==infa(Q) > 0, (2.2)
of the coefficient a in the system (P).

Now, as the key-properties of the system (P), we can verify the following three Theo-
rems.

Theorem 3. Let us assume [a,b, p,w, A] € &, [po,20] = [Po,Pro, 2] € W x H with
Do = [po,pro), and [h, k] = [h,hr, k] € X x ¥ with h = [h, hr]. Then, the system (P)
admits a unique solution [p, z] = [p, pr, z] € X X H with p = [p, pr], in the sense that:

p = [p.pr] € WH(0,T:X) N L=(0,T; W) € C(Q) x C(T),
e W0, T; V) N ¥ < C([0,T); H);

(Oip(t), p)x + (0up(t), Oup)m + (u()p(t), ©)m + (W(t)0x2(1), )
= (h(t),p)x, for any ¢ = [p,or] € W, a.e. t € (0,T),
subject to p(0) = [p(0),pr(0)] = pPo = [po, pro] in X;

and

<a(t)atz(t)7 7vD>V0 + (b(t)z(t>7 ¢)H
+ (A()0:2(t) +1*0:2(t) + p(t)w(t), uv) ;= (k(t), ¥)vi,
for any ¢ € Vi, a.e. t € (0,T), subject to z(0) = 2y in H.

Theorem 4. Let us take arbitrary [a,b, u,w, A] € &, [Po, 20] = [po,Pros20] € W x H
with po = [po, pro), and [h, k] = [h, hr, k] € X x #* with h = [h, hr|, and let us denote by
[p, z] = [p,pr, 2] € X x H with p = [p, pr| the solution to (P). Additionally, let §.(a) be
the positive constant as in (2.2). Then, the following two items hold.

(I) Let C§ be a positive constant, defined as:

_16(1+ |alwre@) + [blre(@) + 11w orm T+ W) (2.3)
0 min{1, 2, d,(a)} ' '

Then, it 1s estimated that:

( (8)[ + 1V alt)=(t ) (Ip®) + v*12(D,)

< Ci (IO + Va0 B) + G (ROR + FOR), (24
for a.e. t € (O,T).
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(IT) Let C§ be the positive constant given in (2.3), and let C;, ¢ = 1,2, be positive
constants, defined as:

Cf == 4(Cy)?ex 7,
C 1= 4(CE)Pe3 T (1 4 alyyroeo)* (2.5)
(14 v+ [bl oo (o) + |wl (@) + |AlL=@)?

Then, it 1s estimated that:
0P + P70y < C1 (IPoliy + [v/a(0, ) 20| + |b[3 + [k
1023, < C5 (ol + 1v/al0, )zol3; + |RI3 + [KI3.).-

Remark 8. By applying Gronwall’s lemma to the inequality in Theorem 4 (I), we also
estimate that:

(|p|%’([0,T];X) + |\/52|?1([0,T];H)) + (Iplay + V*1213,)
< 25T ([pol + v/ a(0, ) zol7; + |R[% + [EI7:).
Theorem 5. Let us assume:

la,b, p,w, A] € L, {[a",b", u", ", A]}02, C (2.7a)

i) (2.6)

[a", Ora™,0,a", b, W™, A — |a, Osa, Opa, b, w, A] weakly-+ in [L=(Q)]°,

and in the pointwise sense a.e. in @, as n — oo, (2.7b)

and
w" — p weakly-x in L*°(0,T; H),
w'(t) — wu(t) in H, in the pointwise sense,  as n — 0O. (2.7¢)
for a.e. t € (0,7T),

Let us assume [po, z0] = [po,Pro, 20] € W x H with py = [po, prol, [k, k] = [k, hr, k] €
X x ¥y with h = [h, hr|, and let us denote by [p, z] = [p, pr, z| € X x F with p = [p, pr|
the solution to (P), for the initial triplet [po, o] = [po, Pro, 20| and forcing triplet [h, k] =
[h, hr, k). Also, for any n € N, let us assume [pg, 25| = [pg,pto 26) € W x H with
Py = [P0, piols [P K] = [, Ay, k"] € X X Y50 with ™ = [h", hi], and let us denote by
[p", 2" = [p", P}, 2"] € X x F with p™ = [p", p}| the solution to (P), for the initial triplet
(PG, 23] = [P0, PL o, 20] and forcing triplet [A™ k"] = [h™, hit, k"]. Then, the convergences
of given data:

asn — 0o, (2.8)

(PG, 20] = [Po, 20) weakly in W x H,
[h", k"] — [h, k] weakly in X x V¥,

implies the convergence of solutions, in the sense that:

[p",2"] — [p, 2] in [C(Q) x C(X)] x S, weakly in W x ¥,
and weakly in W2(0,T;X) x WH2(0,T; Vy), as n — oo. (2.9)



298

Remark 9 (Review of Theorems 3-5). Let us define:
Y = [WH(0, T5X) N L0, T; W)] x [WH2(0,T; Vi) N #).

as a Banach space endowed with the following norm

N =

1B, 21l = (|10, dube] [ + 1B el e oy H1OE e + 125) 7,
for any [p, Z] = [p, pr, 2] € Y with p = [p, pr|.

The Banach space ) is to characterize the regularity of solution to the linearized system
of (S)e. Due to the compactness theory of Aubin’s type (cf. [32, Corollary 4]), this Banach
space 9) is compactly embedded into the Banach space [C(Q) x C(X)] x 2.

Now, for any quintet of functions [a,b, u,w, A] € ., the first and second Theorems
3 and 4 will enable us to define a bounded linear operator P = P(a,b, p,w, A) : [W x
H| x [X x #;'] — 2), which maps any pair [[po, z0), [, k]] € [W x H] x [X x ¥] of the
initial triplet [po, 20] = [po, Pr.o, 20) € W X H with py = [po, pro] and the forcing triplet
[h, k] = [h, hr, k] € X x Y5 with h = [h, hr], to the solution [p, z] = [p,pr, 2] € Y with
p = [p,pr] to the linear system (P). Moreover, the third Theorem 5 will be to guarantee
the continuous dependence of the solution operator P = P(a, b, u,w, A), in the following
sense:

Pla™, b, i, ", A™) [[pg, 2y, [R", k"H — Pla,b, p,w, A) [[po, 2ol, [P, k]]
in the topologies as in (2.9), whenever (2.7) and (2.8) are fulfilled.

The proofs of the three Theorems 3-5 will be given in the appendix, that is assigned
to the last Section 7 of this paper.

3 Main Theorems

We begin by setting up the assumptions needed in our Main Theorems.

(AO) v > 0 is a fixed constant. Let [1aq,0ad] = [Mad, Mrad, Oaa) € X X J with n,q =
[Mad, Mr.aa) be a fixed triplet of functions, called the admissible target profile.

(Al) @« : R — (0,00) and ap : Q@ — (0,00) are Lipschitz continuous functions, such
that:
— a € C?*(R), with the first derivative o/ = ‘fi—f; € C*(R) N L*®(R) and the second
one o = ‘;27‘;“ e C(R);
— /(0)=0,a” >0o0n R, and ac is a Lipschitz continuous function on R;

— a >4, on R, and ag > 6, on @, for some constant &, € (0,1).
(A2) For any € > 0, let f. : R — [0, 00) be the convex function, defined in (1.6).

(A3) g : R — R is a C''-function, which is a Lipschitz continuous on R. Also ¢ has a

nonnegative primitive 0 < G € C?(R), i.e. the derivative G’ = 9 coincides with g

dn
on R.
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Now, the Main Theorems of this paper are stated as follows:

Main Theorem 1. Let us assume (A0)-(A3). Let us firx a constant ¢ > 0, an initial
triplet [no, 0] = [M0,Mr0,00] € W x Vi with my = [0, nro), and a forcing triplet [u,v] =
[u, up,v] € X x S with w = [u,ur]. Then, the following two items hold.

(I-A) The state-system (S)e admits a unique solution [n,0] = [n,nr,0] € X x H with
n = [n,nr], in the sense that:

n = [n,nr] € WH(0,T;X) N L>(0, T3 W) € C(Q) x C(2),
0 € WY2(0,T; H) N L2(0,T; Vo) € C(Q);

(@m(t), 0)y + (9an(t), 0up) , + (9(n(t)), @)
(00 (0:0()), 0) , = (Lu(t), 9)  + (Leur(t), 96)

for any @ = [p,pr] € W, a.e. t € (0,7T),

subject to 1(0) = [1(0), nr(0)] =m0 = [10, nr,0] in X;

and
(ao(1)D0(1),0(t) — ), + V2 (0:0(1), 0u(0(1) — )
+ [ )10 dr < [ al(O)f0,0)da
+(Mu(t),0(t) =), for any ¢ € Vj,

a.e. t € (0,T), subject to 6(0) =0y in H.

(I_B) L@t {5n}$10:1 C [07 1]; {[nO,meO,n]}zozl = {[nO,nan‘,O,meO,n] 3021 C W X ‘/0 thh
{"70,71}30:1 = {[770,717771—‘,0,71]}?1,0:17 and {[umvn]}zo:l = {[unaul—‘,n7vn]}$1,o=1 CXxH
with {u, 1521 = {[un, ur ]}, be given sequences such that:

en =€, [Mon,Oon] = Mo, 0] weakly in W x Vj, (3.1)
and [Luy,, Lrur ,, Mv,] — [Lu, Lyup, Mv] weakly in X x 5€, as n — oc. '

Let [n,0] = [n,nr,0] € X x S with n = [n,nr] be the unique solution to (S).,
for the initial triplet [no,6o] = [no,nro,00) and forcing triplet [w,v] = [u,ur,v].
Additionally, for any n € N, let [0, 0n] = [Nn, rn, On] € X X I with N, = [N, Nr.0)]
be the unique solution to (S).,, for the initial triplet [Mon,60n] = [M0.ns Mr.0ms 000
and forcing triplet [w,, v,] = [Un, Ur n, V). Then, it holds that:

[0, 0n] = [0,6] in [C(Q) x C(2)] x C(Q),
in 0 x ¥, weakly in WH2(0,T;X) x WH3(0,T; H),
and weakly-x in L>(0,T; W) x L>(0,T;Vp), as n — oo, (3.2)

and in particular,

o (1) e, (020r) — "' (n) f(0,0) in A,
and weakly- in L>(0,T; H), as n — oo. (3.3)
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Remark 10. As a consequence of (3.2) and (3.3), we further find a subsequence {n;}32, C
{n}, such that:

[nnmeni] _> [77:0]7 [aa:nnﬂax@nz] _> [811777781‘9]7

and Oé/l(nni)ftfni (0ubn,) — " (n) f(0.0),
in the pointwise sense a.e. in @), as i — oo,

and
[0, (t), 0, (£)] = [n(2),0()] in V' x Vg,

and o (1, (1)) fz,,, (0un, (1)) = " (n(t)) [(0.0(t)) in H,

in the pointwise sense for a.e. t € (0,7, as i — 0.

Main Theorem 2. Under the assumptions (A0)-(A3), let us fix any constant € > 0, and
any initial triplet [no, 6] = (1o, Nr.0, 0] € W x Vo with g = [no, nro]. Then, the following
two items hold.

(II-A) The problem (OP). has at least one optimal control [u*,v*] = [u*, uf,v*] € X X H#
with w* = [u*, uf], so that:

Je(w’,v7) = e, up, v°) = [u,vﬁrelixnx%%(u’v) - [u,upgl}gex%%(u’ur’v)'

(I[_B) Let {gn}zozl C [071] and {[no,meo,n]}fle = {[Uo,mﬁr,o,m@o,n]}zo:l - W x VE] with

{M0 3521 = {[Moms rom] }oy be given sequences such that:

en =&, and [Non,b0n] = [M0,00] weakly in W x V5, as n — oc. (3.4)
In addition, for anyn € N, let [u;,,v;] = [u), up ,, vn] € X X I with w;, = [uj,, uf ]
be the optimal control of (OP).,. Then, there exist a subsequence {n;}2, C {n}
and a triplet of functions [u**, v**| = [u*™, ui, v**| € X x S with u™* = [u**, u}’],
such that:

€n; — €, and [Luy, , Lyrup,, , M, | — [Lu™, Lyup®, Mv™]

weakly in X X €, as i — 00,

and

k3% **]

[w™,v "

= [u™, ur",v™"] is an optimal control of (OP)..

Main Theorem 3. Under the assumptions (A0)—(A3), let us fix any initial triplet [no, 6]
=[N0, Mr,0,00) € W x Vi with no = [0, nro]. Then, the following two items hold.

(III-A) (Necessary condition for (OP). whene > 0) For any e > 0, let [u?, v}] = [u}, uf ., v}]
€ X x 0 with u} = [u,u} ] be an optimal control of (OP)., and let [nf,0%] =
[, np ., 02 € X x 2 with mf = [n,nf ] be the solution to (S)., for the initial
triplet 1o, 00] = [10,71r,0,60] and forcing triplet [w?,vi] = [uf, uf ., vi]. Then, it
holds that:

[L(uZ +p2), Lr(ur . + pr2), M(vZ + 2)] = [0,0,0] in X x A, (3.5)
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e’ E]

(—0pZ(1), )y + (0upZ(t), Dutp) yy + ([0 (102) fo(DuO2)| (O)DE(L), )
+ (g ZO)PE(E), @)y + ([0 (2) FL00D)](8) 022 (1), )
= (K2 = naa)(t), ) + (Kr(ngc = 1r,6a) (8), 1) (3.6)
for any ¢ = [p,or] € W, and a.e. t € (0,T);

where [pf, zX] € Q) is a unique solution to the following variational system.:

and

(=0 (a0zl) (1), ¥)y, + ([a(n2) 2(9:02)] (1) Dp22 (t) + 120,22 (1), 0ut))
+ ([0 () FAO00))()pz(t), 0ut)) oy = (A(OZ — 0aa) (1), ) 4 (3.7)
for any ¢ € V, and a.e. t € (0,T);

subject to the terminal condition:

[p(T), 22(T)] = [Pe(T), pr.(T), 22(T)] = [0,0,0] in X x H. (3.8)
(III-B) Let us define a Hilbert space %y as follows:
Uy = { ¥ € WY(0,T; H) N % | 4(0) = 0 in H }

Then, there exists an optimal control [u®,v°] = [u°, ug,v°] € X X H with u° =
[u®,up] of the problem (OP)y, together with the solution [n°,0°] = [n°, N2, 6°] € X x
J to the system (S)y with n° = [n°,np], for the initial triplet [no, o] = [10, Nr 0, O
and forcing triplet [u®,v°] = [u° up,v°], and moreover, there exist a triplet of
functions [p°, z°] = [p°,p}, 2°] € X x A with p° = [p°,pL], a pair of functions
[£°,v°] € A x L™(Q), and a distribution (° € %, such that:

[L(u® + p°), Lr(ud + p2), M (v° + 2°)] = [0,0,0] in X x H#; (3.9)
p° = [p°, 2] € W0, T:X) N L>(0,T; W) € C(Q) x C(2),

2° € L>(0, T3 H) N ¥y, (3.10)
v° € Sgn'(9,0°), a.e. in Q;

( op°, ‘P) ( 0:p°, 0 go) /f—l—( n°)|0.0° |p° ,(p)
+ (g%, 9) , + (a'(n°)E )
= (K(n Uad)a 90)%0 Kr(np — Ur,ad), QOF)%, (3.11)

for any ¢ = [p, ¢r] € 2,
subject to p°(T) = [p°(T'), pr(T)] = [0,0] in X;

and

(aw02°, 5tw) + (¢°, ¢>,2/ (V20,2° + o/ (n°)v°p°, xqp)%
= (A(0° = 0ua), ¥) s for any ¥ € % (3.12)
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Remark 11. Let Ry € £ () be an isomorphism, defined as:
(Rro)(t) := (T —t) in H, for a.e. t € (0,T).
Also, let us fix € > 0, and denote by QF € Z(X x ;%)) the restriction P|(j0,0,0]} x[xx.#]

of the bounded linear operator P = P(a,b, u,w, A) : [W x H| x [X x ;| — ), as in
Remark 9, in the case when:

[a,b] = Rr|ag, —0:ap] in Wh(Q) x L=(Q),
p=TRrl[g(n) + o’ () f-(8:0%)] in L>=(0,T; H), (3.13)
(w, A] = R [ (02) fL(0.07), a(m2) f2(0.07)] im [L>(Q)].

On this basis, let us define:
Pl :=RroQloRrin L(X x ;).
Then, having in mind:
Oi(aZ) = a0z + Z0,ap in ¥, for any zZ € WH2(0,T; Vy), (3.14)

we can obtain the unique solution [pf, 2] = [pf,pr ., 2] € Y with pl = [pf,pr ] to the
variational system (3.6)—(3.8) as follows:

[ :725] [ps7pF57 z—:] P*[ ( nad)7KF(nli,s_77F,ad)7A(9:_ ad)] IHZ,D

4 Proof of Main Theorem 1

In this Section, we give the proof of the first Main Theorem 1. Before the proof, we refer
to the reformulation method as in [25], and reduce the state-system (S). to an evolution
equation in the Hilbert space X x H.

Let us fix any € > 0. Besides, for any R > 0, let us define a proper functional
P X x H — [0,00], by setting:

q)fw:[nﬂe 7777F76]€XXH'_>CI)R< ) (I)R(TI?@) ch(ﬁﬂ]Fﬁ)

/ |3z77|2d56+ 8 e [ (00 + L) an

- n,0] = [n,nr,0] € W x Vj with g = [, nr], (4.1)

oo, otherwise.

\

Note that the assumptions (A1) and (A2) guarantee the lower semi-continuity and con-
vexity of ®f on X x H.

Remark 12. As consequences of standard variational methods, we easily check the fol-
lowing facts.



603

(Fact 3) For the operator 9,®f : X x H — 2%
D(0y®%) = { [7,0) = 7,70, 0) € W x Vo | § € H*(Q) with Oy -nr =0 on T},

and 0,PF is a single-valued operator such that:

in X,

0,0 (w) = [—@in R+ ) (0:0) + 0 ala)a ()

for any w = [n,0] = [,7r, 0] € D(0,®f).
(Fact 4) 0 e D(@g@f), and 6* € c%(bf(w) = 6(;(1)5(77,«9) = 89(1)5(77,7]1",9), iff. 0 € ‘/0, and

(0°.6 — d)i > (0,0, 0,(0 — ) + / o(n)-(0,9) di — / a(n) - (0:0),

Q Q
for any ¢ € Vj.

In addition, let us define time-dependent operators A(t) € Z(X x H), for t € [0,T],
nonlinear operators G : X x H — X x H, for R > 0, by setting:
A(t) sw = [n, 6] = [n,nr, 0] € X x H
— A(t)w = [n, nr, ao(t)0] € X x H, for t € [0,T], (4.2)
and
G":w = [n,0] = [n,nr.0] € X x H
— Gf(w) = [g(n) — Rn — v %a(n)d(n), 0, O] e X x H, (4.3)
respectively. Then, based on the above (Fact3) and (Fact4), it is verified that the state-
system (S). is equivalent to the following Cauchy problem:
A()w'(t) + [0nPEF x 9@ F] (w(t)) + GR(w(t)) 2 (¢) in X x H,
a.e. t € (0,7),
w(0) =wp in X x H.

In the context, “’” is the time-derivative, and
e wy := 1o, bo] = [N, 1,0, 6] € Wx Vg with no = [10, 71 o]
is the initial data of w = [n, 0] = [n,nr, 0],
(4.4)
e f:=[Lu, Lrur, Mv] € X x 7 is the forcing term of the

Cauchy problem.

\
Now, before the proof of Main Theorem 1, we prepare the following Key-Lemma and
Corollary.

Key-Lemma 1. Let us assume (A0)-(A3), and let us fix any € > 0. Then, there ezists
a positive constant Ry > 0 such that:

DL = [0, x 0@ ] in [X x H] x [X x H].
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Proof. We set: 5
Ro:=1+ ;’04%00(]1{): (4.5)

and prove this Ry is the required constant.
In the light of (1.5), it is immediately verified that:

DL C [0,®F° x 9p@F°] in [X x H] x [X x HJ.

Hence, with the maximality of the monotone graph 9®f in [X x H] x [X x H| in mind,
we can reduce our task to show the monotonicity of [9,®5 x 9y®@0] in [X x H] x [X x H].
Let us assume:

[w, w*] € [9,P5° x 0@ and [, w*] € [0, x Gp@%°] in X x H| x [X x HJ.

Then, by using (4.2), (4.3), (Fact 3), (Fact4), and Young’s inequality, we compute that:

(w* — 0", w — W)xwp > Iy + 15+ 13, (4.6a)
with
I =[0.(n — i)} + Roln — iil% + v*10.(0 — 0) 3, (4.6b)
I2 )fa(a 9) - a( )fe(a 8) n— 77)
/ff (0.0)(e/(n) — /(7)) (n — 7)) da
" / o/ (1) (f-(0:0) — £-(0,8))(n — 7) da
Q ~
> —|a| ooy — 7] |0:(0 — 0)|u
S ‘a,|%00(]12{) o VP AN 12
= _T| _77|H_Z|ax(0_9)|H’ (460)
and

> —|d |z |0 — 71 #|02(0 — 0) |

|a/|%oo(R) 2 2

= —Tln — 7l 4

10,6 — 6)[%. (4.6d)
Due to (4.5), the inequalities in (4.6) lead to:
* ~ % ~ ~12 v N|2
(W = &% w = @)xxn 2 In =7l + 510 = Oy, 20,

which implies the monotonicity of the operator [9,®f* x 9y®%0] in [Xx H|x [Xx H]. O

Corollary 1. Under the notations and assumptions as in the previous Key-Lemma 1, it
holds that

0L = [0,PF x 0,@F] in [X x H] x [X x H], for any R > 0.
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Proof. Let us take arbitrary two constants 0 < R, R < co. Then from (Fact3), we
immediately have

D(0,®%) = D(9,9%) in W, (4.7a)
and

=@+ Ry + (R — Ryn+ o/ () £-(9,8) + v2a(n)a’ (1)

Oy ® (w) 0

€

= 0,0 (w) + (R — R)[n,0] in X, (4.7b)
for any w = [n,0] = [n,1r, 0] € D(0,®F) = D(@,,be).

Also, as a straightforward consequence of (Fact4), it is seen that:
0p®F = 0,®F in H x H. (4.8)

In the meantime, invoking (4.1), [5, Theorem 2.10], and [7, Corollary 2.11], we will infer
that

D(0®F) = D(0®F) in W x V4, (4.9a)

£

and
00F (w) = 99% (w) + (R — R)[,0,0] in X x H. (4.9b)

Now, let us take the constant Ry > 0 obtained in Key-Lemma 1. Then, owing to
(4.7)-(4.9), and Key-Lemma 1, we can compute that

(00 @ x 9p@ L] (w) = [0y @0 x 0@ ] (w) + (R — Ro)[n, 0, 0]
= 005 (w) + (R — Ry)[n,0,0] = 002 (w) in X x H, (4.10)
for any w € D(9,®" x 9,0%) = D(0,05) N D(9,®5).

In the light of (1.5), the above (4.10) is sufficient to conclude this Corollary. O
Remark 13. Let € > 0 be arbitrary constant. Then, as a consequence of (Fact 3), (Fact4),

Key-Lemma 1, and Corollary 1, we can say that the state-system (S). is equivalent to the
following Cauchy problem of evolution equation, denoted by (E)..

(E)e :
A)w'(t) + 0P (w(t)) + GR(w(t)) 3 f(t) in X x H, a.e. t € (0,7),
w(0) =wp in X x H,

for any R > 0.

Now, we are ready to prove the Main Theorem 1.
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Proof of Main Theorem 1 (I-A). Let us fix any R > 0. Then, under the setting
(4.1)—(4.4), we immediately check that:

(ev.0) for any t € [0,T], A(t) € £ (X x H) is positive and selfadjoint, and
(A w, w)gxpr > O.|w|Zy gy, for any w € X x H,
with the constant J, € (0,1) as in (Al);
(ev.l) A€ W>(0,T; Z(X x H)), and

A* = esssup {max{|A(t)]g(XxH), |A/(t)|g(x><H)}} < 1+ |ag|wreeg) < 00;
te(0,T)

(ev.2) G : X x H — X x H is a Lipschitz continuous operator with a Lipschitz constant:
L* =R + ‘g,|L°°(R) + I/_QI(OéO/)/‘LOO(R),

and G has a C'-potential functional

~

G iw =[n.0] =m0 €XxH
SRy Ry® o)

(ev.3) ®F >0 o0n X x H, and the sublevel set {& € X x H | ®F(w) < r} is contained in a
compact set KZ(r) in X x H, defined as

Ky o= { @ = [7,6) = (1,70, 6] € W Vo | [l + 101, < sy -
for any r > 0.

On account of (4.1)—(4.4) and (ev.0)—(ev.3), we can apply Proposition 1, as the case when:

X=XxH, Ag=Ain Wh=(0,T; Z(X x H)),
Go=G"on X x H, ¥y =0 on X x H, and fo = f in X x 27,

and we can find a solution w = [n, 0] = [n,nr, 0] € X x A with n = [n,nr] to the Cauchy
problem (E).. In the light of Proposition 1 and Remark 13, finding this w = [n,0] =
[n,mr, 0] directly leads to the existence and uniqueness of solution to the state-system
(S)-. -

Proof of Main Theorem 1 (I-B). Under the assumptions and notations as in Theo-
rem 1 (I-A), we first fix a constant R > 0, and invoke Remark 13 to confirm that the solu-
tion w := [n, 0] = [n,nr, 0] € X x H# with n = [, nr] to (S). coincides with the solution to
the Cauchy problem (E)., and as well as, the solutions w,, := [0, 0,,] = [, M0, 0] € X X
A with 1, = [N, r.a) to (S)e,, n =1,2,3,..., coincide with the solutions to the Cauchy
problems (E)., for the initial data wo, = [Monbon] = [M0ms Tr0ms Oon] € W X Vg with
No.n = [Mo.n, NMr.on), and forcing terms f, = [Lu,, Lrur,, Mv,] € X x 7, n=1,2,3,....
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On this basis, we next verify:

(ev.d) ®F >0o0onXxH, forn=1,2,3,..., and the union | J;”  {® € Xx H | ®F (@) < r}
of sublevel sets is contained in the compact set K%(r) C X x H, as in (ev.3), for
any r > 0;

(ev.h) @i — ®F on X x H, in the sense of Mosco, as n — 0o, more precisely, the uniform
estimate (1.7) will lead to the corresponding lower bound condition and optimality
condition, in the Mosco-convergence of {®X }2°

n=1’
(ev.6) sup,ey PF (wo,) < oo, and

wo,, — wo in X X H, as n — 00,

more precisely, it follows from (3.1), (A0), and (A1) that

1+ R 1
sup 2 (w0,) < sup (5 uald + 1401+ Bufy) + lalmalh ) < o
neN neN 4

and the weak convergence of {wg, }22; in W x 1 and the compactness of embedding
W x Vy € X x H imply the strong convergence of {wg,}52, in X x H.

On account of (3.1) and (ev.0)—(ev.6), we can apply Proposition 2, to show that:

(wn —w in C([0,T]); X x H)
(i.e. in C([0,T];X) x C([0,T]; H)),
weakly in W12(0,T;X x H)
(i.e. weakly in W'2(0,T;X) x WH2(0,T; H)),

[ et wama [ et

as n — 0o, (4.11a)

2 2
Sup|wn‘LOO(O,T;W)XLOO(O,T;VO) < 4SUIN) |wn|Loo(0,T;vao)
ne

neN
8
- D (w,)| < 00,
< i 1,7 ) o P () toa) < 00

and hence,

wy, — w weakly-x in L>(0,7; W) x L>(0,T;V;), as n — oo. (4.11Db)

Also, as a consequence of the one-dimensional compact embeddings V' C C (Q) and Vj C

C(€2), the uniqueness of solution w to (E)., and Ascoli’s theorem (cf. [32, Corollary 4]),
we can derive from (4.11a) that

w, — w in [C(Q) x C(X)] x C(Q), as n — oo. (4.12)
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Furthermore, from (1.6), (1.7), (4.11), (4.12), and the assumptions (A0)-(A2), one can
observe that:

) . R R
lim 2|c9mn|jf > Iamnljf, lim Elnnlif > —|nl%,

n—oo n—o0

4.13a)
% v? 1 1 (
tim 2005 2 S 10B Tim shla(m)l = 5l
and
L () o, (92600)] 1 gy = lim / / 01 (1)) fon (0100 (1)) derdt
n—oo n—oo
> lim/ / D) o (D,0,(8)) devdt
n—oo
— hm la(n,) — an )|C sug(T@n + |8x(9n\L1(07T;L1(Q)))
ne
> [ [ aa0) @00 0) deit ~ ool i (Tl <)
/ / D)F(0:0(1)) dadt = |a(n) 1:(0.9)] (4.13b)
Here, from (4.1), it is seen that:
T ~
[ era= [ et m0.00)
0 0
1. . R, . 1 N v2&?
_§|aacn|¢2jf+§|n|¢2}€’+ |9|//0+|Oé fE a 0 }LI(Q) 2 Qla(n)if—{—TT
for all £ > 0 and @ = [71, 0] = [7, 7, 6] € D(®2) = W x %. (4.14)
Taking into account (4.11a), (4.13), and (4.14), we deduce that:
10mnlZe + Rlnal5e +v210ul5, — 10e015 + RInl5, + V71015,
and hence, |[n,, Onlly s — [0, 0]y %, as n — oo. (4.15)

Since the norm of Hilbert space ¥ x ¥ is uniformly convex, the convergences (4.11b)
and (4.15) imply the strong convergences:

w, — w in W X ¥, as n — o0, (4.16a)

and furthermore, it follows from (1.7) and (4.16a) that:

‘fgn (axen) - f8(8x9)|éf < |fan(8x9n) - fan (are)léf + |f€n (ar9> - fa(axe)’%’
§|9n—9|%+ﬁ\€n—€\ — 0, as n — oo. (4.16b)

The convergences (4.11), (4.12), and (4.16) are sufficient to verify the conclusions (3.2)
and (3.3) of Main Theorem 1 (I-B). O
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5 Proof of Main Theorem 2

In this Section, we prove the second Main Theorem 2. Let [no, 6] = [0, 7r.0, 0o] € W x Vj
with 1o = [0, 7r,0] be the initial triplet. Also, let us fix arbitrary forcing triplet [u, v] =
[a, ur, 0] € X x A with u = [u,ur| , and let us invoke the definition of the cost functional
(0.3), to estimate that:

0 <J.:= inf J(u,v)<J.:=T(a,0)=J(a,ir,v) < oo, foralle>0. (5.1)
[u,v]eXx A

Also, for any € > 0, we denote by [, 0] = [7., re. 0] € X x € with . = [, 7r¢| the
solution to (S)., for the initial triplet [no, o] = [70, 7r.0, 0] and forcing triplet |[u,v] =
[, tr, V).

Based on these, the Main Theorem 2 is proved as follows.

Proof of Main Theorem 2 (II-A). Let us fix any ¢ > 0. Then, from the estimate
(5.1), we immediately find a sequence of forcing triplets {[w,, v,]}52; = {[tn, Urn, va) 122,
C X x 0 with {u,,}5°, = {[un, ur,)}32,, such that:

n=1 "
ufs(unavn) - Lfs(unaul_‘,navn> \L lea as n — oo, (52&)
and
1
5 supH\/Zun, v/ Lrur . \/MU,L]EX% < J(u,ur,v) < co. (5.2b)
neN

Also, the estimate (5.2b) enables us to take a subsequence of {[wn,v,]}3°, =
{[tn, ur n, v 152, (not relabeled), and to find a triplet of functions [u*, v*] = [u*, uf, v*] €
X x A with u* = [u*, uf], such that:

[\/Eun, \/L_qu, \/Mvn] — [\/fu*, \/L_FUF, \/Mv*]

weakly in X x 2, as n — oo, (5.3a)

and as well as,
(L, Lrur , Mv,] — [Lu*, Lrug, M,v*] weakly in X x 72, as n — oo. (5.3b)

Let [n*,0%] = [n*,nf, 0%] € X x A with n* = [n*, nf] be the solution to (S)., for the
initial triplet [0, 6o] = [10, 710, 0o] and forcing triplet [u*, v*] = [u*, uf, v*]. As well as, for
any n € N, let [n,, 0,] = [0, Mr.n, On] € X X H with m, = [, nr ] be the solution to (S)e,
for the initial triplet [no, 6o] = [10, 710, o] and the forcing triplet [w,,, v,] = [wn, Ur n, Un].
Then, having in mind (5.3) and the initial condition:

14.(0),0,(0)] = [7,(0), 7r,.(0), 0,,(0)]
= [17(0),6(0)] = [57(0), n1-(0), 0*(0)]
= [no, 0] = [0, Mr0,0) in X x H, forn=1,2,3,...,
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we can apply Main Theorem 1 (I-B), to see that:
[0, 0,] — [0%,0%] in [C(Q) x C(X)] x C(Q), as n — oo. (5.4)
On account of (5.2a), (5.3a), and (5.4), it is computed that:
Je (u*, ") = Je(u", up, v")
= 1H\/?(??* — Nad); \/?F(UiE — "ad); \/K(G* — Oad)] ‘ixyf

2
1 * * * 2
—|—§ [V Lu*, \/ Lrup, VM|,
1. 2
< 2 nh_{glo‘ [\/?(Wn — 7ad), V Kr(1rn — 1r.ad), \/K(en — 0aa)] ‘xwf
L. 12
+_§7£%iH\/ZU%7\/LFUFmW AfUonXjf
= lim ~.75(un7vn) = lim sjs(un>uF,n>Un) == lg (S \7E<U*>U*))7
n—oo n—oo
and it implies that
T ) = ) = iy Te) = i T e, 0)
Thus, we conclude the item (II-A). O

Proof of Main Theorem 2 (II-B). Let ¢ € [0,1] and {£,}>°, C [0,1] be as in (3.4).
Let [#,0:] = [.,7re,0:] € X x A with f. = [ij.,7r.] be the solution to the system
(S)e, for the initial triplet [no, o] = [10, nr 0, o] and forcing triplet [@,v] = [u, ur, ], and
let [z, ,0:,] = [7ens 0 ens 0] € X x 5 with ., = [0.,,7re,], n = 1,2,3,..., be the
solutions to (S)., , for the respective initial triplets [0, 0o.n] = [0.ns 005 O0.n] € W X Vg
with 1o, = [0, Mron), n =1,2,3, ..., and the fixed forcing triplet [, v] = [a, ur, v]. On
this basis, let us first apply Main Theorem 1 (I-B) to the solutions [#.,0.] = [#., 7r., 0.]
and [7.,,0.,] = [, e, 0e,], n = 1,2,3,.... Then, we have

(2., 0=,] = [, 0] in [C(Q) x C(2)] x C(Q),

[7(0), 0, (0)] = [M0,0, 00,0] — [7-(0),6-(0)] = [0, 6] (5:5)
in [C(Q) x C(I')] x C(Q), as n — o0,

and hence,

Jsup := sup Iz, (@, 0) = sup J., (@, ur, v) < oo. (5.6)
neN neN

Next, for any n € N, let us denote by [n;;,0;] = [0, 07 ,,05] € X x J with i}, =
[, M1 ,] the solution to (S).,, for the initial triplet [1on,00.n] = [0, 7r,0m,00,] and
forcing triplet [uy, v;] = [uy, uf ,,, vy] € X x  with u;, = [uy,, uf ,]. Then, in the light of
(5.1) and (5.6), we can see that:

1 —
0< §|[\/Zu;‘l7 \/Lpu§7n,\/Mv:]|2xX% <J. < Jgp <00, form=1,2,3,....

— Y, —
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Therefore, we can find a subsequence {n;}°, C {n}, together with a triplet of functions
Lot = [ up,, v € X x A with w = [, up, ], such that:

[u™ v
n,\/_urn,\/_v VLu** N/ Lruts, v/ Mo™]
weakly in X x %ﬂ, as i — 00, (5.7)
and as well as,
[Luy,., Lruy,,., Moy, | — [Lu™, Lrup', Mv*™] weakly in X x 2, as i — oo.
Here, let us denote by [n**, 0**] = [n**, nf*, 0] € X x A with n** = [**, n{*] the solution

to (S)e, for the initial triplet [n9, 6] = [Mon: r.on, Oon) and forcing triplet [w**, v**|
[u**, uiF, v**]. Then, applying Main Theorem 1 (I-B), again, to the solutions [p**, §**] =

(™, i, 0**] and [nn 05 ] = [77;»777;,71“9;1] i=1,2,3,..., we can observe that:
) x C(B)] x C(Q), as i — oo. (5.8)
8), it is verified that:

As a consequence of (5.5), (5.7), and (5.
\76( **7 **) — \Z(u**’u;*’v**)

— %H\/EO]** - nad)a \/E(nli* - nf,ad)7 \/‘/_\(6** o ead))] |;Xjf

3€></?”

1. / * * * 2
= 2 1&%“ K(nni B 77ad>’ V KF(nF,m B 77F,ad>; \/K(Qm o ead)] ‘%x)?”
]- . * / * / * 2
+ 5 }L_H;J [\/Zunp LFuF,m? Mvni] |3€x%’
= lim 7, (up,,v,,) = im T, (up,, ur ., vn,)
i—00 1—00

4 1—>00 4

1 [ 2
- 5 111’11 | (nani - nad)7 KF(nF,sni - nF,ad)7 \/K(HesnZ - 9ad>] |x><j20

2
+ 5 ‘ [\/Zu, LFUF, MU] ‘%X%"
= J.(u,v) = J-(u, ur, v).
Since the choice of [, v] = [u, ur,v] € X x J€ is arbitrary, we conclude that:

T-(u™,0") = T (u™ uff,0") = min J(u,v) = min JTe(u, ur, v),

[u,v]eXx [u,ur,w]EXX A

and complete the proof of the item (II-B). O

6 Proof of Main Theorem 3

This Section is devoted to the proof of the third Main Theorem 3. To this end, we need
to start with the case of ¢ > 0, and prepare some Lemmas, associated with the Gateaux
differential of the regular cost functional 7.
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Let € > 0 be a fixed constant, and let [ng, o] = [10, 7.0, 6o] € Wx Vi with g = [0, 7r.0]
be the initial triplet. Let us take any forcing triplet [w,v] = [u,ur,v] € X x S with
u = [u, ur], and consider the unique solution [n, 0] = [n,nr,0] € X x 7 with n = [n, nr]
to the state-system (S).. Also, let us take any constant 6 € (—1,1) \ {0} and any triplet
of functions [h, k| = [h,hr,k] € X x S with h = [h, hr], and consider another solution
[0?,0°] = [n°,n%, 0°] € X x s with n° = [°,7%] to the system (S)., for the initial triplet
[770,90] = [0, Mr.0,0o] and a perturbed forcing triplet [u + dh,v + dk] = [u + dh,ur +
dhr,v + dk] € X x S with u + dh = [u + 0h,ur + dhr]. On this basis, we consider a
sequence of triplets of functions {[x’,7°]}se—1.n 03 = {X° XD V1 se—1,nq03 € X X H#
with {X’}se-11\0p = {IX°, XP]}oe(-1,1)\(0} defined as:

§ 1 4 5 4
5 61 _rs s s . |m—m =01 1n°—n npp—mnr 0°—6
[x,v]—[x,xrm]-—[ 5 5]—[5, 5 g EXxH

6 o
wﬁhxﬁzuﬂxﬁ=["57ﬂ”F5mifmae<—Ln\{m. (6.1)

This sequence acts a key-role in the computation of Gateaux differential of the cost func-
tional J., for € > 0.

Remark 14. Note that for any 6 € (—1,1) \ {0}, the triplet of functions [x°,7°] =
X, x2, 7] € X x H with x° = [x°, x}] fulfills the following variational forms:

(atxé(t)v ) ( ( ) 8x<10)H

+/ Ag@ﬂﬂ«&(ﬂﬁ>f@ww

/ (

+/ o( l/f@&)+¢@v@ﬂ<aw<wm

=(Lh(t), ©) + (Lrhr(t), or) ., for any ¢ = [p, or] € W,
a.e. t € (0,T), subject to x°(0) = [x°(0), x2(0)] = [0, 0] in X,

)

+
2

f-(0.0(t ))/0 o (n(t) + <6x°(t)) d€> X (1) da

o)

and
(o ()0’ (t),90) 1 + V(07" (t), But))
+ / (a(n‘s(t)) / 1 fL(0:0(t) + <58w‘5(t))dc> 02’ ()0t dx

+ /Q (fé((?x@(t)) /0 a’(n(t)+<5x‘5(t))d€) X’ ()0t d

=(MKk(t),¢)q, for any 1 € Vp, a.e. t € (0,T), subject to v°(0) = 0 in H.
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In fact, these variational forms are obtained by taking the difference between respective
two variational forms for [1°,0°] = [°, nd, 0°] € X x S and [n,0] = [n,nr,0] € X x H#,
as in Main Theorem 1 (I-A), and by using the following linearization formulas:

%(9(775) —9(n)) = (/O g (n+<6x°) dc) X’ in A,

(/0P (0.6 — o/ (1) £-(0.6))
- %(O/ 5 ( )) £-(8,0) + ;a< °)(£:(0:0°) — £-(0:0))
(fs "(n+ 6x°) d<) X’
( /f 89+§53x’y)d§>5x7 in A,
and
S0 F(0.8°) — aln) £1(2,6)

Lol ) (J10.6°) — £10:6)) + 5 (o) — () £1(0:6)

1
= (a(n‘;) / 10,0 +§55x75)d§> 97"
0

1
+ <fa/(ax‘9)/ o (n + ¢6x°) d§) Y in .
0

Incidentally, the above linearization formulas can be verified as consequences of the as-
sumptions (A0)-(A3) and the mean-value theorem (cf. [20, Theorem 5 in p. 313]).

Now, we verify the following two Lemmas.

Lemma 6. Let us fiz ¢ > 0, and assume (A0)-(A3). Then, for any [u,v] = [u,ur,v] €
X X A with u = [u, ur|, the cost functional J. admits the Gateaux derivative J!(u,v) =
T (u,ur,v) € X x H (= [X x H"), such that:

(T (w,0), (B K]) g = (T2 (s ur, 0), (s e K)o
= ([K (7 = 1aa), Kr (10 — nraa), A — 0aa)], Pe[Lh, Lyur, ME]) .,
+ ([Lu, Lyur, M), [h, b, K]) o, oy
for any [k, k] = [h, hr, k] € X x S with h = [h, hy]. (6.2)

In the context, [n,0] = [n,nr,0] € X x S with n = [n,nr| is the solution to the state-
system (S)e, for the initial triplet [no, o] = N0, Mr.0, 0] € W x Vi with mg = [no, nro] and
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forcing triplet [w,v] = [u,ur,v], and P. € L(X x #;9) is the restriction Pl (0,00} x[xx]
of the bounded linear operator P = P(a,b, p,w, A) : [W x H] x [X X %] — 2D, as in

Remark 9, in the case when:

[@,0] = [aw, 0] in Wh(Q) x L*(Q),
p=pe =g (n) +a"(n)fe(9:0) in L>(0,T; H), (6.3)
[w, A] = @, Ac] := [0 (0) f2(0:0), a(n) f£(0:0)] in [L=(Q)]*.
Proof. Let us fix any [u,v] = [u,ur,v] € X x S with v = [u,ur|, and take any
0 € (—1,1)\ {0} and any |h, k] = [h, hr,k] € X x 2 with h = [h, hr]. Then, it is easily

seen that:
1
S(‘]S(u + 0h, v+ 0k) — J-(u,v))
1
:5(\7€(u + dh,ur + dhr,v + 0k) — J-(u, ur, U))

Kr
(n° + 1 — 2naa), xé) + 7(77? + e — 20 ad), x‘%) (6.4)

K

2

(é(eé +60 —20,q), 75) + (£(2u + 0h), h>
2 v \2 v
2 » 2 v

Here, let us set:

(

1 1
il = / g (n+<6x°) ds + f-(0.0) / "(n+6x°) ds in L=(0,T; H),
0 0
@ = a( / F1(0:0 4 660,7°) ds in L>(Q), (6.5a)
A= / F2(0:0 + $60,7°) ds in L®(Q),

and
- 1
K = Mk + 0, {X‘Sf;(ﬁx@)/ o (n +0x°) ds
0

1
) / fH(0,0 + <00:7°) ds | in ¥, (6.5b)
0
for all 6 € (—1,1) \ {0}.

Then, in the light of Remark 14, one can say that:

X’ 7] = X, X, V0] = PO[Lh, Lrhr, kY] in 9, for § € (—1,1)\ {0},
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by using the restriction P? := p\{[o,o,o]}x[xxv/o*] : X x ¥y — 2 of the bounded linear
operator P = P(a,b, p,w, A) : [W x H| x [X x ] — 2, as in Remark 9, in the case
when: B
[a,b,w, A] = [ag, 0,82, AZ] in Wh(Q) x [L=(Q)P,
p=pin L=(0,T; H), for § € (—1,1)\ {0}.
Besides, taking into account (1.6), (6.5), (A0)—(A3), we have:
.16
Co " min{1,226,}
+ 2|O‘//|%°°(R)|f€(ax0)|%°°(0,T;H) + ‘O/|%°°(R)) (6.6a)

(1 + Jaolwreeq) + 2|9/|%00(R)

>0 sup {1t ol + 8o + 1)
“min{1,22,0,} 0<|d|<1 eI OTH) €IL=(Q)

and
[([LA(t), Lehe(t), K2(2)], [0, o0 U]y s |
< (Lh(1), ) | + [ (Lrhr(), ¢r) |+ [(R2(E), ) v
< L) ulelu + Lelhe ()| o ler| oy
+ M) |9+ 2]a | o) X (8)|1|0:90 1
< LIh(®)|ulelv + Lelhe(t)] g lor |
+ (V2M k() 1+ 210 [ oo @ X ()] 1) 9116, (6.6b)
for a.e. t € (0,7), any [, 9] = [, ¢r, Y] € X x 1}
with ¢ = [p, pr], and any 6 € (—1,1) \ {0},
so that
[[LA(), Lok (), K2 (0], .- < Bs (JR(E). K(0)][5,  + X (0)]F)
for a.e. t € (0,7), and any § € (—1,1) \ {0}, (6.6¢)
with a positive constant Bj := 4(L* + Lf + M* + [0/} (g)) -
Now, having in mind (6.6), let us apply Theorem 4 (I) to the case when:
[a, b, p1, w0, A] = [0, 0, 7, w2, AZ],
[h,k] = [h, hr, k] = [Lh, Lrhr, 155]7
[p. 2] = [p,pr, 2] = [X*.7°] = X° x2, 7] = P2[Lh, Lrhr, K],
for 0 € (—1,1) \ {0}.
Then, we estimate that:

i(lx‘s(t)@g + Vo)’ (0)5) + (X O + 1 (OFF,)

dt
Co (X (O + Wao )y (0)7) + G5 (ILA@) - + | Lehr (8|7 + [k2(1)
0

(1+ B3) (I’ () + [V ao(t)y* ()]7) + Co By (|R(t)]% + [k(B)[F),
for a.e. t € (0,7),

< V)
<
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and subsequently, by using (A1) and Gronwall’s lemma, we observe that:

(x1) the sequence {[x°,7’}scc—iingoy = X x2: Y1} seiingor is bounded in
(10,7} X) xC([0, T} )] N [20 % %]

Meanwhile, as consequences of (6.1), (6.3)—(6.6), (x1), (A0)—(A3), Main Theorem 1
(I-B), Remark 10, and Lebesgue’s dominated convergence theorem, one can find a se-
quence {0,}°°, C R, such that:

0 <19, <1, and 6, — 0, as n — oo, (6.7a)

([, 8,7%] = [ —1,6% — 6] = [0,0,0]
in [C(Q) x C(3)] x C(Q), and in W x ¥,

5 5 as n — 0o, (6.7b)
(620X, 00057°] = [0u(n® — 1), (6% — 0)] — [0,0]
in [2#]?, and in the pointwise sense a.e. in Q,
@2, A2] = [@., Ac] weakly-x in [L=(Q)],
and in the pointwise sense a.e. in (), as n — oo, (6.7c)
T T kly-* in L>(0,7; H
et =+ fie weakly-x in L=(0, T3 H), as n — oo, (6.7d)
e (t) — fe(t) in H, for a.e. t € (0,7),

and

1
<]%gn_ Mk7w>7/0 = = (X(Sna f;(axe) (/ 0/(77 + §5nX6n) dC) a:tw>
0

H

1
+ (Xan, o () (/ fL(020 + 60,07 dg) 6@#) — 0, asn —oo. (6.7e)
0

On account of (6.1), (6.3)—(6.7), and Remark 9, we can apply Theorem 5, and can see
that:

X 0] = [, X3, 4] = 755_" [Lh, Lyhy, k]

= [X,7] = X, xr, 7] := Pe[Lh, Lrhr, ME]
in [C(Q) x C(X)] x A, as n — o0. (6.8)

Since the uniqueness of the solution [x,~] = [x, xr, 7] = P:[Lh, Lrhr, Mk] is guaranteed
in Theorem 3, the observations (6.4), (6.7), and (6.8) enable us to compute the directional
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derivative Dip i Jz(w,v) = Dy pp i) J=(u, ur, v) € R, as follows:
D[h’k]i(u, U) = D[h hr, k]%(u ur,v ) hm (\75(11, + (5h, v+ (Sk') ‘75('111, U))

= lim ~ (js(u + 8h, ur + Shr, v + 0k) — Je(u, ur, v))

6—0
- ([K(n - T/ad)7 KF(”F - nF,ad)’ A(@ - ead)], 75€[Lh7 LFhF) Mk])xxj{ﬂ
+ ([Lu, LFUF, MU], [h, hp, k])XX%’”
for any [u,v] = [u, up,v] € X x J with u = [u, ur],
and any direction [h, k| = [h, hr, k] € X x S with h = [h, hr].
Moreover, with Remark 9 and Riesz’s theorem in mind, we deduce the existence of the
Gateaux derivative J!(u,v) = J.(u,ur,v) € [X x H|* (=X x H) at [u,v] = [u,ur,v] €
X x A with u = [u, ur], i.e.:
( ﬂ(u, ur, U), [h, hp, k])%xif = D[h,hr,k]jg(u, ur, 1)),
for every [u,v] = [u, ur,v] and [h, k] = [h, hr, k] € X x JH,
with w = [u, ur] and h = [h, hr], respectively.
Thus, we conclude this lemma with the required property (6.2). O]

Lemma 7. Under the assumptions (A0)-(A3), let [u?,vi] = [uZ,uf ,vi] € X X S with
ul = [uf, uf | be an optimal control of the problem (OP)., and let ["757 0] = [z g, 0% €

Xx withm? = [nZ, i) be the solution to the system (S)., for the initial triplet [no, 6o] =

[10, 1,0, 0o] € W x Vo with mo = [no, 1] and forcing triplet [u},vi] = [ul, uf ., vZ]. Also,
let Pr: Xx 7 — ) be the bounded linear operator, defined in Remark 11, with use of the
solution [nZ,07] = [nZ,np ., 0Z]. Let P. € L(X x ;) be the restriction 7)|{[0,0,0}}x[xx%’]
of the bounded linear operator P = P(a,b, p,w, A) : [W x H| x [X X Y] — D), as in

Remark 9, in the case when:
[a,b] = [, 0] in WH2(Q) x L™=(Q),
0= g/ n) + () f-(0,02) im L0, H), (6.9)
lw, A] = [0 (12) f(0:0%), a(nf) f£(:6%)] in [L=(Q)]*.

Then, the operators P! and P. have a conjugate relationship, in the following sense:

(P: [u, v][h, k])%x)f = (P:[u,up,v], [h, hr, k])
= ([w, 0], Pe[h, k])xxyf = ([u,up,v],PE[h,hF,kaX%,
for all [k, k] = [h, hy, k] and [w,v] = [u,ur,v] € X x H
with b = [h, hy] and w = [u, ur|, respectively.

XxH

Proof. Let us fix arbitrary triplets of functions [h, k] = [h, hr, k] € X x S with h =
[h, hr] and [uw,v] = [u,ur,v] € X x H# with w = [u, ur], and let us put:

[Xea ’Vs] = [Xsu XT,e» 76] = Pe[hy k] = ,Pz-:[ha th k] and
[pa‘a Z&‘] = [p87pr,£a Za] = P:['U/,'U] = P:[U7UF7U]7 in ‘% X %
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Then, invoking Theorem 3, and the settings as in (3.13) and (6.9), we compute that:

(Pi[u,v],[h,k])%xfwz/o (pg(t),h(t))xdt+/0 (2o (0), k(1))
:/0 (h(t)7pa(t))xdt+/0 (k(t), (1)), dt

_ / [ (B:(1). o) 4 + (Buxet), Dupe (1)),
(02 () £-(D,2 (1) xe () (1))
O (1), p:(0)) , + (a'<n:<t>>f;<axe:<t>>am<t>7pe@))H} i

(4
“ [<ao (0:(2), 20y, + (@ (L) O O)e(0), D=e(0)
(o

A0 2002000, 0:2:0)  + 17020 0 (0) , | a

(DX (1)~ 00+ [ | (om0 xet0),
§ (@0, 90, + (0 () .02 0)e(0), (1)
(OO0 + (002 O) O ) 0, |
+ (@o(T)(T) (1)), — (00(0)22(0),72(0))

#0000, + (@00 800,000,

+ (04(77: (t))fé/(acceg (t))a’cza(t)a 8&1:'76 (t))H + V2 (&ng(t), az’ya(t))H :| dt
=(u, X)x + (v,%)r = ([U, v], P:|h, k])xX%.
]

Remark 15. Note that the operator P. € & (X x 2;9), as in Lemma 7, corresponds to
the operator P. € £ (X x J;9)), as in the previous Lemma 6, under the special setting
(6.9).

Now, we are ready to prove the Main Theorem 3.

Proof of (III-A) of Main Theorem 3. Let [u},v!] = [u},uf_,vl] € X x A with

3

ul = [u},uf ] be the optimal control of (OP)., let [n!, 0] = [, i, 0] € X x

3 3

with 07 = [, 77 ] be the solution to the system (S). for the initial triplet [no, 0] =
(M0, 0.0, 00) € W x Vi with g = [0, 7r o], and forcing triplet [u} = [u},uf,vZ], and

E’ 6] 3

let P. € (X x ;) and P € Z(X x ;%) be the two operators as in Lemma
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7. Then, on the basis of the previous Lemmas 6 and 7, Main Theorem 3 (III-A) will be
demonstrated as follows:

0= (Tt v2). k) g, = (T2t ). e B))

XxH
1 « *
- it o0 )
1
= lin% 5(.75(1;: + 0h, uf . + 0hp, vl + 0k) — Jo(ul, upe, v}))
= ([K(nZ = maa), Kr(np. = 10.aa), MO = 0aa)], P[Lh, Lrhr, Mkawf
+ ( Lu LFUF £ Mwv? ] [h7 hr, k])xX}f

[

(P2[K (02 = naa), Kr(nf.c — nr.aa), AOZ = Oaa)], [Lh, Lrhe, ME]) .,
([Lu Lyuy. ., MvZ], [h, hp,k])xx/f

(LpE,LFpFE,Mz] [h, by K]) o + ([Lul, Lrug ., MO, [, b, K))

= (LI +ul), Le(pp. +up), M <zg + )]s [l hr K)o e

for any [h, k| = [h, hr, k| € X x A with h = [h, hr].

XxH

]

Proof of (III-B) of Main Theorem 3. Let [ng, 6] = [no,np 0,00 € W x V with
Mo = [0, 7ro) be the fixed initial triplet. For any ¢ > 0, let [ul,v!] = [ul,uf ,v}] €
X x A with ul = [ul,up.], 0,02 = [nZ.np., 02 € X x 2 with nf = [nZ, 07 ], and
[p%, 2] = [p%,pr., 22] € Y with pi = [pZ, pt.] be as in Main Theorem 3 (III-A). Then, by
Main Theorem 2 (II-B), we find an optimal control [u® v°] = [u®, up,v°] € X x S with

u® = [u®, u}] of (OP)g, and find a zero-convergent sequence {e,}3>, C (0, 1), such that:
[LU;,LI‘UE”,MU;] = [Lu:n,Lpu’ﬁsn, Muv? | = [Lu®, Lpup, Mv°)
weakly in X x S, as n — 0. (6.10a)

Let [1°,60°] € X x S with n° = [n°,n2] be the solution to (S)y, for the initial triplet
M0, 00] = [n0,1r.0, 0] and forcing triplet [u®,v°] = [u°,up,v°]. Then, having in mind
(6.10a), Main Theorem 1 (I-B), and Remark 10, we can find a subsequence of {e,}%,
(not relabeled) and a function v° € L*(Q), such that:

3,05 5= [, 07,) = [n°,0°] in [C(@) x C(S)] x C(@), in 2 x %,
and weakly- in L>°(0,7;V) x L>(0,T; V), (6.10b)

[aaﬂ]n; axen] — [833770781@0] in [%]27

and in the pointwise sense a.e. in @), (6.10c)

(
piy, =g () + " (03) f2,(0:07) — 1° = ¢'(n°) + " (1°)] 907
weakly-* in L>°(0,7T; H), and

in the pointwise sense a.e. in (@, (6.10d)

wh(t) — p°(t) in H, in the pointwise sense for a.e. t € (0,7,
\
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I (0.0;) — .VO weakly-* in L>(Q), (6.10¢)
|v°] <1 aee. in Q,
and
wy = () L (0:05) — o (n°)v° weakly-x in L>°(Q), as n — oo. (6.10f)

Besides, from (6.10c), (6.10e), Remark 5 (Fact 1) and (Fact 2), and [7, Proposition 2.16],
one can see that:
v° € 0f5(0,0°) = Sgn'(9,0°) a.e. in Q. (6.11)

Next, let us put:

[P, 2] = 00 oy 2] = (P2, 28 ) = 2o phe, 22, ] I X280,
A = al) f2,(0:67) in L=(Q), A
Then, from (3.5)-(3.8), and (3.14), it follows that:
[L(uy, +py,), Lr(ur,, + 1), M (v, + 2,)] = [0,0,0] in X x 7, n=1,2,3,..., (6.12a)

- (K(W; — Nad); ‘P) w T (KF("?F,n —1rad), QOF)%IJ

for any ¢ = [p,or] € W, n=1,2,3,..., (6.12b)

<_0408t"7’;:7 w>% + ((_atOCO)Z;a w)%; + (A:La’bzz + VQamZ:L + w:],p:J aﬂﬂ)%
= (A(6;; = 0aa), ) ,,, for any ¢ € %, n=1,2,3,..., (6.12c)

and

P5(T), 2(T)] = [p(T), i (T), 25(T)] = [0,0,0 in X x H,n=1,2,3,....  (6.12d)

’n

Here, invoking the operators QF € Z(X x ;) and Ry € £ (X x ) as in Remark
11, we apply Theorem 4 to the case when:

(

[CL, ba W, A] = RT[Cma _ata07 ,u;im w;;? AZL

[p0720] = [vapF,O7ZO] = [anvo]a

lh, k] = [h, hr, k]
for n € N.
= Ry [K(n = Naa), Kr(nf,, = 1r.aa), A6 — 6ad)]
[pv Z] = [pva7 Z]

= Q¢ [RolK (1} — 1), Kr(nf,, — 10aa), A0}, — 0aa)]],

\
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Then, with use of the constant C; as in (6.6a), it is deduced that:

SR+ [Re(Varz) ()]2)
(\(RTp;; o + V| (Rez) (@)]5,)
}x+‘RT \/_Z )(t )‘ )
RT(Kwn — 1a)) (8)] . + [Re (K (i, = nr.0a)) (8)] 5,
+ R (MG, — 0aa)) (1) QVO*), (6.13a)
for a.e. t € (0,7),n=1,2,3,...,

< G (I
+C(

and

0(Rep;,) 5 < CT(|[Re (K (1, — 0aa))s R (K (5, — 10,0a)) )13
+ R (A0}, — 0aa)) 5 ). (6.13b)

with n-independent positive constant:

Cr = 4(6’6‘)26363T.

As a consequence of (6.6a), (6.10b), (6.13), (Al), and Gronwall’s lemma, we can observe
that:

(x2) the sequence {[py,z;]}p21 = {[ph,pr,.,2i]insy is bounded in [C([0, T];X)x
C([0,T]; H)] N [X x ¥, and {p*}>>, is bounded in W2(0, T’; X).

Furthermore, from (1.1), (1.6), (6.10b), (6.10f), (6.12c), (x2), and (A1), we can derive
the following estimate:
(0 (430.50), 00, | = | (A:0057.04) o
< ‘(aozn,é?t@/))f‘ + [(V* 0,2 + wipl, x?/})]f‘ + (A6 — Qad),zb)f‘ (6.14)
< C;’w‘?/oa for any ¢ € CSO(Q)a n = 172737 )

with n-independent positive constant:

C = 2sup (1422 + |aol Lo (@) + Wil (@) (< o)
= {5 | NS I W |

Due to (6.10e), (6.10f), (6.13b), (6.14), (x2), and the compactness theory of Aubin’s
type (cf. [32, Corollary 4]), we can find subsequences of {[p};, 23] }o21 = { [P}, PL s 20l ozt C
W x ¥, {wioyzi1e, C A, and {—0,(AL0.25) 122, C % (not relabeled), together with
the respective limits [pO,ZO] = [p°,p}, 2°] € W x ¥ with p° = [p°,pp], £ € A, and
¢° € %, such that:

[p:, 25 — [p°, 2°] weakly in 20 x %,
p} — p° in X, weakly in W12(0,T; V*), (6.15a)

and in the pointwise sense a.e. in @,
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wipt — o (n°)v°p° weakly in S, (6.15Db)
wrO0yzr — £° weakly in 72, (6.15¢)

and
—0. (A 0yzr) — (° weakly in %", as n — 0. (6.15d)

Now, the properties (3.9)—(3.12) will be verified through the limiting observations for
(6.12), as n — oo, with use of (6.10), (6.11), and (6.15).

Thus, we complete the proof. [

7 Appendix

The objective of the appendix is to give the proofs of three Theorems 3-5, that are stated
as a part of auxiliary results in Section 2.

The three Theorems 3-5 are proved by means of the time-discretization method. In
view of this, we divide the rest part in two Subsections, which are concerned with the
auxiliary Lemmas in the time-discretization, and the proofs of Theorems 3-5.

7.1 Auxiliary Lemmas in the time-discretization

Let [a, b, p,w, A] € .7 be a fixed quintet of functions, and let d,(a) be the positive constant
as in (2.2). Let [po, 20] = [po, Pro, 20] € W x H with py = [po, pro] be a fixed initial triplet,
and let [h, k] = [h, hr, k] € X x ¥ with h = [h, hr] be a fixed forcing triplet.

On this basis, we denote by 7 € (0, 1) the constant of time-step size, and consider the
following time-discretization scheme for (P), denoted by (DP)..

(DP), Find a sequence {[p;, zi]}7-; = {[pi,pr;zi]}i2; of triplets of functions [p;, 2] =
[Di, pr.i, zi] € W x Vy with p; = [pi,pr.],i =1,2,3,..., such that:

1
for every ¢ = [p,or] e W, i =1,2,3,...,
1
;(ai(zi — Zi-1), ¢)H + (bizi, V)i + (A'iarzi + 10,2 + piwi, &pw)H (7.2)

= (ki, V), for every v € Vp,i=1,2,3,...,
starting from the initial triplet [po, z0] = [po, pro, 2z0] € W x H with py = [po, pro]-

In the context, {[a;, b;, i, ws, Ai]}32, is a bounded sequence in W (Q) x L>(Q) x H x

L> () x L*(£2), such that:

(
sup |a;|wi.ec (o) < lalwriee@), sup |bilre@) < [b]re (@),
i>0 i>0

SUp il < [plzeo i), SUP Wil o) < Wlie(q), (7.3a)

>

Sgg|Ai|Lm(Q) < |A]z= (@), Sl>1£>|10gAi|Loo(Q) < |log Al L= (@),
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a; > d.(a), a.e. in Q, fori=0,1,2,..., (7.3b)

{[a]T — ain Loo_(o,T; C(Q)), (730
la]; = ain C(Q),

{[?] — p weakly-x in L>(0,T; H), (7.30)
(@] (t) = p(t) in H, a.e. t € (0,7T),

[@[a]T,c‘?aE[E]T,[l_)]T7 [@]-, [XH — [Ora, Bpa, b, w, A] weakly-* in [L>®(Q)]®,
and in the pointwise sense a.e. in ), as 7 | 0, (7.3e)
and {[hl, kz]};}io = {[hl, hf,i7 kz]}?io - X x ‘/0* with {hz}fio = {[hz, hp,i]},?io is a bounded
sequence, such that:
K*:= sup [[[A]-.[K]], ,, < oo,

I (Y (7.3f)
[[A];, [k];]— [h k] in X x S, as T ] 0.
Remark 16. Notice that it is straightforward to obtain {[a;,b;, i, w;, A;]}2, and
{[hi, kil }520 = {[hs, hr, ki) }22, fulfilling (7.3), because the assumptions [a, b, i, w, A] € .7
and [h, k] = [h, hp, k] € X x #(* allow us to apply the standard method as in Remark 3
(Fact 0).

Now, for the solvability of the time-discretization scheme (DP),, we prepare the fol-
lowing lemma.
Lemma 8. Let the assume [a,b,p,w, Al € 7 and [h,k] = [h,hr, k| € X x Y with
h = [h,hr]. Let a® € L>®(Q), b° € L>®(Q), p° € H, w° € L>®(Q), and A° € L*(Q) be

functions, such that

|a®| o) < lalpe@)s [0°zoo) < [b]Le (@),
|1° | < |l o 0.0y, |w® |LOO(Q < |w|zeo (@) (7.4a)
|A®| Lo () < |AlLe (@), [1og A°|L(a) < |10gA|L°°(Q)

and

a® > d.(a), a.e. in . (7.4b)

Additionally, let us assume:

min{1, 2?2, 6.(a)}
16(1 + [bl~(q) + ‘M‘%oo(o,T;H) + |w|%°O(Q))‘
Then, for every pairs of functions [h°, k°] = [h°, h, k°] € X x V§© with h® = [h°, h}] and
[Po, 20] = [Po, Pr.o, 20) € Wx H with po = [po, pro], the following variational system admits
a unique solution [p, z| = [p,pr, z] € W x Vi with p = [p, pr]:

1
—(P = Po, )x + (0up, Oup)rr + (1 + W0z, 0) (7.6)

= (h°, @)x, for any ¢ = [p,or] € W,

0<7<79:= (7.5)

1
_(ao<z - 20)7 w)H + (boza 7vD)H + (Aoaxz + VQazZ +pwoa aﬂﬂ)H

T (7.7)
= (k°,¥)vy, for any ¥ € V.
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Proof. First, for the proof of existence, we define a (non-convex) functional £ : X X
H — (=00, 00], by letting:

(
1
E(|P — polx + |[Vao(z — 20) %)
1 s
+3 [0 +I14130,2 + v710,:F) do
Q
1 o2 o 2 o
E(p,z) =E(p.pr,2) = +§/Q(“ P+ & )dx+/szp(w :2) do

_(ho7p)x - <koa Z>Voa

if [p, 2] = [p,pr, 2] € W x Vj with p = [p, pr],

[ 0 otherwise,

for any [p, z] = [p, pr, 2] € X x H with p = [p, pr].

Then, by using the assumption (7.5), Remark 1, and Young’s inequality, one can easily
check that £ is a proper lower semi-continuous functional on X x H, such that:

1 1
E(p,2) = E(p,pr,2) = (Pl + 0u(@)2l) + 3 (101 + v710u2[11)

— 87
1 1. )
= 57 (Ipoli + lalz=(@l=0lk) — (§\h &+ K PVO*) :
for any [p7 Z] = [p,pF,Z] e W x Vb with p = [p’pr]’

via the following computations:
1
Z(|p — polx + |[Vao(z — 20)%)

1 1
>—(pl% + 6. (@)lelh) — 5= (1pol} + lali=(@lzoly),

L[ L Lo
3 | Ib dz = =5 upl ol = [ ol il -+ 102p1)
Q

1 /'LO ,LLO 2
> ol - ('ﬁ +! Q'H) ol

V2

1 1
> = 11000ty = (Infiwion + 5 ) o (7.50)

1
/p(w°~8xz)dx+—/b°|z\2dx
Q 2 Ja

V2 2 1
> — §|6x2|%{ - §|W|iw(Q)|p|%1 - §|b|L°°(Q)|Z|§{a (7.8b)
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and

o o 1 V2 1 o 2 [¢]
(R, p)x = (K 2 > =gl — Tl — R - SRR (789)

Additionally, when 7 € (0, 7)), the system {(7.6),(7.7)} coincides with the stationarity
system for min &, and hence, the solution to {(7.6),(7.7)} is immediately obtained, by
means of the direct method of calculus of variations (cf. [4, Theorem 3.2.1]).

Next, to prove uniqueness, we assume that there are two solutions [p?, 2] = [p?, pk, 2]
€ W x V, with p® = [pf,ph], £ = 1,2, to the system {(7.6),(7.7)}. Besides, let us take the
difference between the equations (7.6) (resp. (7.7)) corresponding to p* = [p%, pt] (resp.
28, 0= 1,2, and put ¢ = [p, or] = [p* — p*,pL — p}] (resp. ¥ = 2! — 2%). Then, taking
the sum of the results, we arrive at

1
—(Ip" =P’ + Ve (2" = 2)[5) +10: (0" = 7)1
—i—][AO]%am(Zl—22)|%{+1/2\(9m(21—22)|%{+/u°|p1—p2|2dx
Q
+2/(p1_pQ)Wo'ax(Zl—22)d$+/bo|zl—22|2d$:().
Q Q

Here, applying (7.8a) and (7.8b) to the case when:

[pVZ] = [p;pF,Z] = [pl _p2721 _22] = [pl _pzup%‘ _p%721 _Z2 ’

and invoking (7.4), (7.5), and Young’s inequality, it is inferred that:
1
Z(|p1 — P2 + 0,(a)|2t — 22 %{) < 0, whenever 7 € (0, 7).

Since 0,(a) > 0 (cf. Remark 7), the proof is finished. O

Remark 17. The existence and uniqueness of the solution to the time-discretization
scheme (DP), are verified by applying Lemma 8, inductively, for every time-steps i =
1,2,3,.... Here, we note that we can obtain the solution to the scheme (DP)., for
any sequence data of forcing {[h;, ki|}520 = {[h:, hra, ki) 1220 € X x Vi with {h;}32, =
{[hi, hri]}32,, and in particular, we do not need the assumption (7.3f) for the solvability
of (DP),.

Next, we prepare the following Lemma, for the limiting observation of the time-
discretization scheme as 7 | 0.

Lemma 9. Let C} be the constant given in (2.3). Let us assume [po, zo] = [Po, Pr.o, 20] €
W x H with po = [po, prol, and assume that {[a;, b;, p;, w;, Ai] }229 C WH*(Q) x L>®(Q) x
H x L*(Q2) x L*>®(Q) is a given sequence satisfying (7.3a) and (7.3b). Let {[h;, k;]}2, =
{{hi, i, ki) 32y € X x Vi with {h;}2, = {[hi, hri]}2, be a given sequence, and let
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{lpi, z:) }221 = {[pispra, zi] 1521 € W x Vo with {p;}2, = {[pi,pri]}2, be the solution to
the scheme (DP),. Then, it holds that:

1
;(|pi|2 |pi— 1|X ({\/CL_ZZZ}H Vai-1zi- 1| +|pi|%i\y+y2|zi|%/o

C*
< 70 ((‘pi‘x + |picil3) + (‘\/a_zzl|H + \/Gif12i71‘2) (7.9)
+ G (il + kilye), 1= 1,2,3,..,

and

1
;’Pi —pialy + (’axpzﬁq - ‘axpifl‘%[)
< Cyr(Ipily + v21zil,) + 27lhil3, 0=1,2,3,.... (7.10)

Proof. Let us fix any integer ¢ € N of the time-step, and let us put ¢ = [p, pr] = p; =
[pi, pri] € Win (7.1). Then, by using Young’s inequality, it is easily seen that:

1
5= (Pl = Ipicalz) + 10epilly < — / il pil? dox — / wipiOpzidr + (hyypi)x.  (7.11)
Q Q

Also, putting ) = z; € Vj in (7.2), we have:

1
Z(l\/a_zzzﬁq - ’\/ai—lzi—lﬁq) + 120,z |%

\a|W1 oo ( Q)

< 2. () | A 1% 1|3 — /bi]zi\zdx—/wipiaxzidx+<ki,zi>vo, (7.12)
Q Q

via the computation:

1
;(\/a'_z(zz — zi-1), Zz)H
1 1 i — Qi
2 ; /Q(a7,|21|2 — ai_1|z,~_1|2) dx — —/Q (%) |Zi—1|2 dz
1 !@\W
> Z(‘\/a_izi‘lzﬁ[_ |Vai—1ziali) — EROR ) D\ JaTza |y,
with the use of (7.3a), (7.3b), and Young’s inequality.

Now, the required inequality (7.9) will be verified by taking the sum of (7.11) and
(7.12), by invoking (2.3), and by applying (7.8) to the case when:

[aovboa/iouwoaAo] = [abbia,ui,whAiL
[ 7Z] = [p7pfaz] = [puzz] = [piapf‘,iazi]a
[he, k°] = [h°, hp, k°] = [, ki) = [hg, hr g, ki)
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Next, let us put ¢ = [, or| = p; = [pi —pi—1,pri —pri-1) € Win (7.1). Then, having
in mind (2.3), and using (1.1) and Young’s inequality, we will observe that:

1 1 1

;|pi —pi1ly + §|awpz|%—[ - §’axpi—1|§{

< V2|wlulpilvIpi — picilm + |wi|Loo ()02 zi| i — Pic1lm + |Rilx|Pi — Pi-1]x

.
(Ipils + 212l + 7lhilx.

< olpi— P+
= 27_ D; Di—1 X
This inequality directly leads to the required (7.10). O

Finally, we prove the following Lemma concerned with a time-discrete version of Gron-
wall’s inequality.

Lemma 10. Let ¢ > 0 be a fized constant, and let T € (0,1) be a time-step size satisfying:
0<er<2. (7.13)

Let 0 < T < oo be a constant of time, and let Ng € N be a time-step such that:
(N[£] -r<T< NyzT. (7.14)

Let {P;}2, C [0,00) and {Q;}2, C [0,00) be sequences such that:

1
~(Pi = P1) < g(P Y P ) +Qi i=1,23,. (7.15)
Then, it is estimated that:
Nz
P <2 | Po+T Y Qi i=1,...,Nz. (7.16)
=1

Proof. From the assumptions (7.13) and (7.15), it is easily derived that:

14+ ¢
P?,S 2P11 TCTQiui:172737""
2 1_?
On this basis, we observe that:
14+ ¢ T
P < ot g =@

1_
1+c7' 2 1+c7' 1
P, < 2| Py+T Q1+ =02 ],
1-% (1—-5) -
( 1+g
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and in general,

Lt i (1)
P < (1_w> (RED R

j=1
1+ < Nz Nz
S(l ;i) Po+7Y Qi fori=1,... Ng. (7.17)
2 =1 "

Here, in view of (7.14), it is inferred that:

o\ Nz Nz,-1
]_ _I_ _2 T 1 1 T
CcT <— 1 1 1 1 1 1
L= 2 o 2 o 2

3 . N -1
< 2e2T with N := -2 — —
cT

1
5

The estimate (7.16) is obtained as a straightforward consequence of (7.17) and (7.18). [

7.2 Proof of Theorems 3-5

For efficiency of explanation, we prove the three Theorems 3-5 in accordance with the
following Steps.

Step 1: proof of the existence part of Theorem 3.
Step 2: proof of Theorem 4 (I).

Step 3: proof of the uniqueness part of Theorem 3.
Step4: proof of Theorem 4 (II).

Step 5: proof of Theorem 5.

Step 1: proof of the existence part of Theorem 3. Let C{ be the positive constant
given in (2.3), and let 75 € (0, 1) be the constant given in (7.5). Besides, we assume that
the time-step size 7 € (0,1) is so small to satisfy that:

1
O<msm:=on (S%)
0

and we set

Tjy = Nyzj7 with use of the time-step Nyz) € N as in (7.14).
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On this basis, let us apply Lemma 10 to the inequality (7.9) in Lemma 9, under the
setting:

)
c=Cs(>1),

P = |pil% + Vawzli + 7Y (Ipil + V1%
§=0
—7(Ipol& + *20l},), i =10,1,2,3, ...,

KQz‘ = Ci(|hilx + ki

2%*), i=1,2,3,....

Then, we have:

il + [aizli + ) (Ipsli + V%1205

=1
Nz,
30o* *
<2257 | (|pol% + [Vaozl %) + Cor Z (IPil% + [KilT:) |
-1
fori: 1,...,N[Z],
which leads to:
2 2
Hp]7'|0([0,T};X)’ P T}LOO(O,T;X)’ HB]T‘LOO(O,T;X)’
2 2
max { 0«(a) ‘ (2] ‘C([O,T];H)’ 0.(a) } [Z]T|L°°(O,T;H)’ 0.(a) ‘ 2] ‘LOO(O,T;H)’

2 olimy |2
Hp]T‘LQ(O,T[T];W) +v HZ]T’L?(O,T[T];VO)
x 2onT 2 2 71 12 AREK
<2C5e2%T (Ipol3 + |v/aozo 3 + ][h]T|L2(07T[T];X) + Hk]T\LQ(O’T[T];VO*)). (7.19)
Also, taking the sum of the inequality in (7.10), for i =1, ... N[Z], it is estimated that:

}@ ‘LQ (0,T})iX )+maX{‘am[p]T|L°°(0,TH)’}a ’LOOOTH |a ‘LOOOTH)}
* —1 |2 2
< 2|poli, + CO( [p]T‘LQ(O,T[T];V) +v { ‘LQ (0,T113V0) ) + 2‘ {L2(O,T[T];X)
* 3o
< 4(C)%e2%T (1po 3 + [Vaozol% + | [ T\LQ(QT[T];X) + |k T|L2(07T[T];VJ)). (7.20)
Meanwhile, since (7.2) implies that:
1
;(&i(zi - Zi—l)a w)H
< ‘Aiaxzi + %0, +piwi‘H 0.0 + 2|bi| Lo 2ilve [V 1ve + Kl v 191wy
A oo + 2 bz Loo(Q

< (‘ =@ > il (@) +v | vlzilvy + |wil Lo il + |Fi 1% Ulv,

2 2 2112 2 \3
< _min{l, vy (1 + v+ ’b‘LOO(Q) + !w!Loo(Q) + |A’Loo(Q)) (\pi]H + v ‘Zi’\/o + |ki’V0*) 2 Y| ve

for all € Vo, and i =1,..., Nyzy,
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one can deduce from (2.3) that:
_ 2 «
Ha]f(t) 8t[z]7(t)|vo* S Co(l +v+ |b|Loo(Q) + ]w]Loo(Q) + |A|Loo(Q))2' (721)
- (I[ﬁ O + 2IE 01, + I (O ) for any ¢ € [0, T}

Additionally, integrating the both sides of (7.21) over [0, 7f;], and invoking Remark 2, we
obtain that:

(1 +v2)*(|[al; |1~ (@) + 10:[al-|1=(@))”
de(a)?
* 2
< (C3)* (1 + lalwioe(@)* (1 4+ v+ [blreo(@) + |wlz=@) + [Alr=@) ™
1 |12 2r—1 |2 - 12
. ( Hp]T’LQ(OvT[T],H) + 14 |[Z:IT’L2(O,T[T];V()) + Hk]T‘LQ(O’T[T];VO*) )
< 4(C5)°e2 %7 (1 + [af )*(1+ v+ 0] + |l + | 4] )
< 0) € awioo(Q) v L=(Q) T [WIL=(Q) L>=(Q)

— 12 — 12
. (|p0|§§ * |\/a_020|%{ * Hh]T{U(OyT[T];H) T Hk]T’U(OaT[TJ;Vo*)) - (72)

|0, [= < |[al- 0,[=

2 2
I+ ‘L2(07T[T] Vi) 7 ‘LQ(O,TH V)

Now, on account of the estimates (7.19)—(7.22), we can say that:
(*3) {lpl:}reom = {[[Plr, [prle] (o, I8 bounded in WH2(0, T5X) N L0, T3 W), and

{[1_9]7'}76(0,71] = { HT?]T? [p_F]T} }Te(o,frl] and {[2]7}76(077'1] = {[[E]T’ [—F]T} }76(077'1] are
bounded in L*>°(0,T; W);

(x4) {[z]+}re(,m) 1s bounded in WH2(0,T; Vi) N C([0,T]; H) N %, and {[Z] }reo,n] and
{[2]+}re(0,] are bounded in L>(0,T; H) N .

In this light, we can apply the compactness theory of Aubin’s type (cf. [32, Corollary

4]) with the one-dimensional compact embeddings V' C C(Q) and V5 C C(Q), and we
can find a sequence {7,}>°, C (0,71), and a limiting point [p,z| = [p,pr, 2] € Y with
p = [p, pr] such that:

TL>Tg>T3>->7,] 0, asn — oo, (7.23)

[Pl =P C@Q) x C(3), in2W,
weakly in W12(0, T; X), weakly- in L>(0,T; W),

and in the pointwise sense a.e. in @, (7.24a)

Pl =P ey o o
{@m%n L*(Q) x L>(%),

in , weakly-x in L>°(0,T; W),

and in the pointwise sense a.e. in @, (7.24b)
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2], — z in C([0,T]; Vi), in S#, weakly in %,
weakly in W12(0, T; V'), weakly-* in L>°(0,T; H),

and in the pointwise sense a.e. in @, (7.25a)
and

[Z], — z and [z],, — 2z in L=([0,T]; V), in 2,
weakly in %, weakly-x in L>°(0,7; H),

and in the pointwise sense a.e. in ), as n — oo. (7.25b)

Furthermore, with (7.1)-(7.3), (7.24), (7.25), and Remark 2 in mind, it will be inferred
that:

at [p]‘rn + [ﬁ]‘rn [ﬁ]‘rn + [w]fn ar [E]Tn - [E]Tn
— Op + pup + wo,z — h weakly in J7, (7.26)

Oilprls, — [hr]s, — Oipr — hr weakly in J4.,

@), 0:[2]7, + [b]7,[Zl7, — K], — a0z + bz — k

weakly in 7(,
— as n — 00, (7.27)
([A]5, + v?)0u[z]r, + [Plra (@], = (A + %)z + pw

weakly in 7,

[ (@, + e Bl + 102031, — 1)) 0) , s
+ / t ((at[pr]m - [h_p]fn)(g),wr)HF ds + / t(8$[ﬁ]fn(g),8xg0)Hdg =0, (7.28a)

and

[ (@8l + B3, - B (00, ds
# [ (@ + 2B+ P Bl) 6. 00) de=0, (728

forall o = [p,or] eW, v € V5, 0<s<t<T,andn=1,23,....

On account of (7.26)—(7.28), and the arbitrary choices of 0 < s <t < T, we will verify
that the limit [p, z] = [p, pr, 2] € Y with p = [p, pr| will be a solution to the system (P),
by letting n — oo in (7.28). O
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Step 2: proof of Theorem 4 (I). Let [p,z] = [p,pr,z] € Y with p = [p,pr| be a
solution to the system (P). Besides, let us put ¢ = [, or] = p(t) = [p(t), pr(t)] € W in
(7.1), put ¥ = z(t) in (7.2), and take the sum of results. Then, it is seen that:

| =

(lp@)]; + [(Vaz)®)];,) + 100D} + v (D,
< (R0 + k0200 + 5 [ a0 do = [ (O do
- / b(t)z(t) dx — Q/p(t)w(t)amz(t) dx, a.e. t € (0,7T).
Q

Q

N —
QL

t

Here, referring to the computations as in (7.8), and using the positive constant Cj as in
(2.3), we arrive at the conclusion (2.4) in Theorem 4 (I). O

Step 3: proof of the uniqueness part of Theorem 3. For every ¢ = 1,2, let
[pt, 2] = [p*,ph, 2] € Y with p* = [p, pf] be the solutions to the system (P) for the
same initial triplet [po, 20] = [po,Pro,20] € W x H with py = [po,pro], and the same
forcing triplet [h, k] = [h, hr, k] € X x #(* with h = [h, hr]. Then, since (P) is a linear
system, the difference of solutions [p' — p? 2! — 2?] = [p' — p?, pt — P&, 2! — 2?] is also
a solution to (P) for the homogeneous initial triplet [0,0,0] € W x H and homogeneous
forcing triplet [0,0,0] € X x ¥#;*. So, from Theorem 4 (I), it immediately follows that:

S|t~ )0+ |[Vat — )2
< (| = PO + [Valzt = 2)B)[5), ae. t € (0,T). (7.29)

The uniqueness result will be verified by applying Gronwall’s lemma to (7.29) with the
assumption (2.2). O

Remark 18. By virtue of the uniqueness result in Theorem 3, we can also conclude the
convergence result of the time-discretization scheme (DP),, as 7 | 0. More precisely, we
can obtain the convergences as in (7.24)—(7.27) for any sequence {7,}>°, (subsequence)
satisfying (7.23).

Step 4: proof of Theorem 4 (II). Asconsequences of (2.5), (7.19), (7.20), and (7.22),
it is inferred that:

|8t[p]7|i + \[P]T’ioo(o,T;V)

< Ci(Ipoly + Vaz|% + HE]TEQ(D,TH;H) + HE]TE?(&T[T];VO*))’ (7.30)

|8t 2]+

a21/0* S C;(’pogg + ‘\/a’zo’%[ + HE]T‘iQ(O,T[T];H) + ’[E]T‘iQ(O,T[T];VO*))'

Hence, having in mind (7.3), (7.24), (7.25), and Remark 18, we can verify the estimate
(2.6) in Theorem 4 (II), just by letting 7 | 0 in (7.30). O
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Step 5: proof of Theorem 5. Since (2.7b) implies that:

a® — ain C(Q), as n — 0o,

we may suppose:

d(a)

a” > , form=1,2,3,...,

without loss of generality. Here, for any n € N, we define:

16 ]_—I— CLn W00 —f- bn oo + ,u”QOO . —I— w"QOO
on = (1+ [a"lwree () + 0" L@ 2o 107 (Q))’ (7.31)

min{1,v? &‘T@}

and
Cf = 4(Cp)2e2 DT,
Cp = 4(C) 28T (1 + |a e () (7.32)

—_

(14 v+ [0 (o) + |0 L= (@) + A" 1= ()

Then, in view of (2.3), (2.5), (2.7), (2.8), (7.3a), (7.3b), (7.31), (7.32), and Remark 8, we
will infer that:
P" &) + IV oy + 1P L2 0. mm) + V212", < G,
|atpn|§€ + |pn|%oo(07T;V) + |atzn 12//0* S C:;:?
forn=1,2,3,...,

with use of a uniform positive constant C5:

Cs = sup{(cfb +C3) (IpG 3y + Wam =515 + [R5 + ’kn‘z’/o)} = oo

neN

Now, we can say that:
(x5) {p"}o2y = {[p", pit] 122, is bounded in W2(0, 7 X) N L*(0, T W);
(x6) {2}, is bounded in W2(0,T;Vy) N C([0,T); H) N %.

In this light, we can apply the compactness theory of Aubin’s type (cf. [32, Corollary 4])

with the one-dimensional compact embeddings V' C C(Q2) and Vi € C(£2), and can find
a subsequence of {[p", z"|}>°; (not relabeled), and a limiting point [p, z] = [p, pr, 2] € Y
with p = [p, pr| such that:

p" — pin C(Q) x C(X), in 20,
weakly in W12(0, T; X), weakly-x in L>(0,T; W),

and in the pointwise sense a.e. in @, (7.33)
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and

2" — zin C([0, T]; V), in 2, weakly in %,
weakly in W2(0,T; Vi), weakly-* in L>(0,T; H),

and in the pointwise sense a.e. in ), as n — oo. (7.34)

Therefore, with (2.7), (2.8), (7.33), (7.34), and Remark 2 in mind, we can see that:

8tpn + ,Lann —|—w"8$z” — A"
— Oyp + pup + w0,z — h weakly in J2 (7.35)
Opt — ht — Opr — hr weakly in S,

aoZ" +b"2" — k™ — a0z + bz — k weakly in ¥,

(A" +12)8,2" + p'w” as n — 0o, (7.36)
— (A +1%)0,2 + pw weakly in S,

p(0).2(0)] = lim [p"(0). 2"(0)] = lim [p. 5] = [po. ] in [C(Q) x H] x Vi, (7.37)
/t <(6tp” + " + w02 — ") (s), go)H ds

+ /: ((@tp? —ht)(9), 90F> . ds + /: (9.0 (5), 8;,;(,0)H ds =0, (7.38a)

and

/t <(a”8tz” + 02" — k") (), ¢>VO ds

i / (A + 090,27 + ) ), 0.:0) ds=0, (7.38b)

forall o =[p,or] e W, v € V5, 0<s<t<T,andn=1,23,....

As a consequence of (7.35)—(7.38), and the arbitrary choices of 0 < s <t < T, we will
verify that the limit [p, z] = [p, pr, 2] € Y with p = [p, pr] will be a solution to the system
(P), by letting n — oo in (7.38). Furthermore, on account of the convergences as in
(7.33) and (7.34), and the uniqueness result in Theorem 3, we will conclude the required
convergence (2.9).

Thus, the proof of Theorem 5 is finished. ]



635

References

1]

2]

3]

[4]

[10]

[11]

[12]

[13]

Andreu-Vaillo, F.; Caselles, V.; Mazon, J. M. Parabolic quasilinear equations min-
imizing linear growth functionals, Vol. 223 of Progress in Mathematics. Birkhauser
Verlag, Basel, 2004.

Antil, H.; Kubota, S.; Shirakawa, K.; Yamazaki, N. Optimal control problems gov-
erned by 1-d kobayashi-warren—carter type systems. Mathematical Control and Re-
lated Fields, to appear.

Attouch, H. Variational Convergence for Functions and Operators. Applicable Math-
ematics Series. Pitman (Advanced Publishing Program), Boston, MA, 1984.

Attouch, H.; Buttazzo, G.; Michaille, G. Variational Analysis in Sobolev and BV
spaces, Vol. 6 of MPS/SIAM Series on Optimization. Society for Industrial and Ap-
plied Mathematics (STAM), Philadelphia, PA; Mathematical Programming Society
(MPS), Philadelphia, PA, 2006. Applications to PDEs and optimization.

Barbu, V. Nonlinear Differential Equations of Monotone Types in Banach Spaces.
Springer Monographs in Mathematics. Springer, New York, 2010.

Boldrini, J. L.; Caretta, B. M. C.; Ferndandez-Cara, E. Some optimal control problems
for a two-phase field model of solidification. Rev. Mat. Complut., 23(1): 49-75, 2010.

Brézis, H. Opérateurs Maximaux Monotones et Semi-groupes de Contractions dans
les Espaces de Hilbert. North-Holland Publishing Co., Amsterdam-London; American
Elsevier Publishing Co., Inc., New York, 1973. North-Holland Mathematics Studies,
No. 5. Notas de Matemética (50).

Caselles, V.; Chambolle, A.; Moll, S.; Novaga, M. A characterization of convex
calibrable sets in R with respect to anisotropic norms. Ann. Inst. H. Poincaré
Anal. Non Linéaire, 25(4): 803-832, 2008.

Colli, P.; Gilardi, G.; Nakayashiki, R.; Shirakawa, K. A class of quasi-linear Allen—
Cahn type equations with dynamic boundary conditions. Nonlinear Anal., 158:
32-59, 2017.

Colli, P.; Sprekels, J. Optimal control of an Allen—Cahn equation with singular
potentials and dynamic boundary condition. SIAM J. Control Optim., 53(1): 213—
234, 2015.

Giga, M.-H.; Giga, Y. Very singular diffusion equations: second and fourth order
problems. Jpn. J. Ind. Appl. Math., 27(3): 323-345, 2010.

Giga, M.-H.; Giga, Y.; Kobayashi, R. Very singular diffusion equations. In Taniguch:
Conference on Mathematics Nara '98, Vol. 31 of Adv. Stud. Pure Math., pp. 93-125.
Math. Soc. Japan, Tokyo, 2001.

Giga, Y.; Kashima, Y.; Yamazaki, N. Local solvability of a constrained gradient
system of total variation. Abstr. Appl. Anal., (8): 651-682, 2004.



636

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

23]

[24]

[25]

[26]

Hoppe, R. H. W.; Winkle, J. J. A splitting scheme for the numerical solution of the
KWC system. Numer. Math. Theory Methods Appl., 12(3): 661-680, 2019.

Ito, A.; Kenmochi, N.; Yamazaki, N. A phase-field model of grain boundary motion.
Appl. Math., 53(5): 433-454, 2008.

Kenmochi, N. Solvability of mnonlinear evolution equations with time-
dependent constraints and applications.  Bull. Fac. FEducation, Chiba Univ.
(http: //ci.nii. ac. jp/naid/ 110004715232 ), 30: 1-87, 1981.

Kobayashi, R.; Giga, Y. Equations with singular diffusivity. J. Statist. Phys., 95(5-
6): 1187-1220, 1999.

Kobayashi, R.; Warren, J. A.; Carter, W. C. A continuum model of grain boundaries.
Phys. D, 140(1-2): 141-150, 2000.

Kobayashi, R.; Warren, J. A.; Carter, W. C. Grain boundary model and singular dif-
fusivity. In Free boundary problems: theory and applications, II (Chiba, 1999), Vol. 14
of GAKUTO Internat. Ser. Math. Sci. Appl., pp. 283-294. Gakkaotosho, Tokyo, 2000.

Lang, S. Analysis 1. Addison-Wesley Publishing Company, 1968.

Moll, S.; Shirakawa, K. Existence of solutions to the Kobayashi-Warren—Carter
system. Cale. Var. Partial Differential Equations, 51(3-4): 621-656, 2014.

Moll, S.; Shirakawa, K.; Watanabe, H. Energy dissipative solutions to the Kobayashi—
Warren—Carter system. Nonlinearity, 30(7): 2752-2784, 2017.

Mosco, U. Convergence of convex sets and of solutions of variational inequalities.
Advances in Math., 3: 510-585, 1969.

Nakayashiki, R. Vectorial quasilinear diffusion equation with dynamic boundary
condition. Proceedings of Equadiff 2017 Conference, pp. 211-220, 2017.

Nakayashiki, R. Quasilinear type Kobayaski-Warren-Carter system including dy-
namic boundary condition. Adv. Math. Sci. Appl., 27(2): 403-437, 2018.

Ohtsuka, T.; Shirakawa, K.; Yamazaki, N. Optimal control problem for Allen-Cahn
type equation associated with total variation energy. Discrete Contin. Dyn. Syst.
Ser. S, 5(1): 159-181, 2012.

Shirakawa, K.; Watanabe, H.; Yamazaki, N. Solvability of one-dimensional phase
field systems associated with grain boundary motion. Math. Ann., 356(1): 301-330,
2013.

Shirakawa, K. Stability for phase field systems involving indefinite surface tension
coefficients. In Dissipative phase transitions, Vol. 71 of Ser. Adv. Math. Appl. Sci.,
pp. 269-288. World Sci. Publ., Hackensack, NJ, 2006.



637

[29] Shirakawa, K.; Kimura, M. Stability analysis for Allen-Cahn type equation associated
with the total variation energy. Nonlinear Anal., 60(2): 257-282, 2005.

[30] Shirakawa, K.; Yamazaki, N. Optimal control problems of phase field system with
total variation functional as the interfacial energy. Adv. Differential Equations, 18(3-
4): 309-350, 2013.

[31] Shirakawa, K.; Yamazaki, N. Convergence of numerical algorithm for approximating
optimal control problems of phase field system with singular diffusivity. Adv. Math.
Sci. Appl., 25(1): 243-272, 2016.

[32] Simon, J. Compact sets in the space LP(0,T; B). Ann. Mat. Pura Appl. (4), 146:
65-96, 1987.

[33] Sprekels, J.; Zheng, S. M. Optimal control problems for a thermodynamically con-
sistent model of phase-field type for phase transitions. Adv. Math. Sci. Appl., 1(1):
113-125, 1992.



