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Abstract. In this paper, we discuss shrinking and stretching motion of elastic materials
by a mathematical model given as a system of ordinary differential equations. First, we
propose the model in which the stress is given by a function having a singularity. By using
the singularity we can obtain a uniform estimate for the strain from below. Due to the
estimates, we establish existence and uniqueness of solutions to the model. Moreover, we
construct a numerical scheme preserving the energy, and show existence and convergence
of numerical solutions.
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1 Introduction

The aim of this article is to propose a mathematical model describing shrinking and
stretching motion of elastic materials. This research is strongly motivated by the mathe-
matical analysis for dynamics of shape memory alloy, for instance, Brokate-Sprekels [1].

In this article, we consider dynamics of the one-dimensional elastic material in R? and
assume that it is given by a polygon having N vertexes for each time ¢ and the natural
length of each side is ly., where N € Z+q := {n € Z|n > 0}. Let X; = X;(t) € R? be the
position of each vertex of the polygon (see Figure 1.1). Hence, the strain ¢; of ith side is
given by

li — N :
& = N s 11:|X2+1—Xz‘ fOI'ZIL2,"',N,
lN*
where XN+1 = Xl.
o[ fe)
&
Figure 1.1: Figure 1.2:

Next, we list our physical assumption as follows
e The mass of each side concentrates at the vertex, namely, the mass of X, is

F7
where M is the total mass of the material.

e For each vertex X; only two tensions from X, ; and X, ; are acted. The tension
F; 1 from X, is represented by
Xit1 — X,
l; '

Xip - X,
% correspond to the magnitude and the
7

Fin = f(&i)

Here, the stress function f(e;) and

trend of the tension, respectively.
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e We assume that

1 1
(5 + 3~ m) for the strain ¢ > —1, (1.1)

where k > 0.

One of purposes of this article is to construct a numerical scheme by applying the
structure preserving numerical method (see Furihata and Matsuo [2]). By existence of
Xit1— X

the trend —

function is lineér, namely, Hooke’s law is adapted. Hence, in order to overcome this
difficulty we propose the nonlinear stress function f having a singularity at ¢ = —1. The
singularity of f at ¢ = —1 means that the magnitude tends to infinity as the strain goes
to —1. Moreover, we choose coefficients appearing in (1.1) such that f/(0) = k, namely,
for small € the behavior of f is similar to the function defined by Hooke’s law.

Under the physical assumption as above, Newton’s law implies the following initial
value problem P for the system of second order ordinary differential equations

, we could not show that the scheme has solutions, when the stress

d*X; Xit1 — X, X — Xi-
M- = f(gi)ﬂl—i - f(€i—1)Tl on [0, 77, (1.2)
dX;
=V 1.3
dt (1.3)
X
Xi(0) = Xo;, dd;t(()) =Vo fori=1,2,- N, (1.4)

where Xy = Xy and Xy, = X;, Xy, is the initial position and Vj; is the initial velocity
fori=1,2,--, N.

One of purposes of this article is to discuss a numerical scheme to obtain approximate
solutions of P such that the following energy G(X, V) is conserved

N
ax.v)=% {% V2 + zN*f(gi)} for (X,V) € R,

i=1

where f(g;) = Z (512 +e&+ e
(Vi, Vo, +++, V). By applying ideas in [2], we get the following numerical scheme (NS) =

T
(NS)(At,X(n)’ V(n))’ Where At — ? for K c Z>O- Find X(n+1) —
<X1(n+1)’X2(n+1)7 “‘,X](\?H)) and VD) — <V1(n+1)7 ‘/Q(n—i-l)’ ) V]\(fn—l-l)) <uch that

> fori = 1,2, N, X = (X1,Xs, ", Xy)and V =

V(”+1) _ V(”)

A )

At
__ 5(”—1—1) + 5(”) +1-— 1 Xi(n+1) - Xz‘(ﬁ—fl) + Xi(n) — Xz(f)l
dm )Tt T (1 + gz(.’jil)) (1 n 55@1) ‘X}"*” - Xi(i‘l“)‘ + ‘Xi(”) —x"
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(n+1) (n+1) (n) (n)
i R IO 1 Xig  — X + X1 — X, ., (1.5)
(1) (1) |8 = x| X - x
(n+1) (n) (n+1) (n)
X+ _ x : :
; i Y 0,1 K — Landi= 1,2, N, (1.6)

At - 2
where X V(™ and £ are given.

In this article, we establish existence and uniqueness of solutions to P by applying Banach’s
fixed point theorem in Section 3. Also, we discuss existence of solutions to the scheme (NS) in
Section 4. Finally, we show convergence of the numerical solution to the solution of P and its
rate.

Our system has two advantages. In mathematical analysis for dynamics of elastic materials,
it is important to estimate lower bounds for the strain e, since ¢ = —1 means that different
points overlap. In this paper, by applying the singularity of the stress function, we can get
the lower bound of ¢ (see (3.6) in Lemma 3.2). This is the first advantage of this research.
As a next step of this research, we will try to get a similar estimate in the system of partial
differential equations. The second one is that we can construct the numerical scheme such that
Xit1 — X P
— or
shape memory alloy which is an elastic material Yoshikawa [3, 4] already applied the structure
preserving numerical method and discussed error estimates. Numerical results to P will be
shown in our forthcoming paper.

the energy is conserved, even though it is not easy to handle the difference of

2 Main results

The first mathematical result is concerned with existence and uniqueness of solutions to P.

Theorem 2.1. Let Xo; € R? and Vo; € R? fori =1,2,-*,N. If Xo; # Xoj fori # j, then P
has a unique solution X € C%([0,T])*N

Theorem 2.2 represents existence of a unique solution for the numerical scheme (NS).
Theorem 2.2. Let Xo; € R? and Vo; € R? fori=1,2,-*,N. If X¢; # Xoj fori # j, then there
erists Kg € Z~q such that (NS)(Ath(”),V(”)) has a unique solution (X(”+1),V("+1)) € R*
forn=20,1,"K —1 and K > Ky, where At = % and X = (Xo1, Xog, **, Xon), VO =
(Vo, Voz, =+, Von ).

The third result guarantees convergence of numerical solutions to the solution of P.

Theorem 2.3. Assume Xo; € R?, Vo; € R? for i = 1,2,-*,N, and Xo; # Xoj for i # j.

Let Kq be a positive integer defined in Theorem 2.2 and ( (nH), VI((RH)) be a solution of (NS)
n T

(At xm e ) forn =0,1,, K—1 and K > Ko, where At = —, X9 = (Xo1, X0z, Xow)

and VI(<) (Vor, Voo, =+, Von ). Moreover, put

n+1

XK(t) = V[((n) <t—%>—l—X§?) for%<t§ andn=20,1, K —1,
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XE0) = Xo.
There exists a positive constant C' such that
(X(t) - XK(t)) < C‘At} for 0<t<T and K > K,

where X is a solution of P.

3 Proof of Theorem 2.1

In this section, we prove Theorem 2.1. For its proof we need several steps. From (1.2) and (1.3)
we can obtain the following integral equations

Xi(th) = / Vi(t)dt + Xoi, (3.1)
0
Vi) = / (f@Xi“(j)(t)Xi(”—f<ei_1>Xi(t)l,é;l(”)dtwm, (32)
0 ¢ v

fori=1,2,-*, N and t; € [0, 7).
Let F: C([0, T)*N — C([0,T])*" be the mapping defined by the following

F(Z) = (fl(Z)vf2(Z)>“'afN(Z)agl(Z)mgQ(Z)"“79N(Z)) for Z = (X> V) € C([OaT])4N

where

fi(Z)(t) :/ Vi(r)dr + Xoi, (3.3)
0
9i(2)(t) = ;(/ f(az-)X”l(;)(T_) Xil7) _ f(€i—1)Xi(T;_1‘(>f_i)_l(T) dr) +Voi,  (34)
0 ’ =

X = (XlaXQa aXN)aV = (‘/1aV2>'“>VN) .

Moreover, we define the energy function G as follows
N
> { Vil? + Lo f (el)} for (X,V) € R, (3.5)
i=1

.

1+¢; [N«
X:(XLX%'”, N) aHdV:a/i,VQ,"',VN).

1 li —Ins ,
where f(a)—Z( +eit >a5i:Z Ml =X — Xy| fori=1,2,- N,

The first lemma guarantees that the energy is preserved.

L ax @), vt)) = 0 for

Lemma 3.1. If X is a solution of P, then G is preserved, namely, 7

X
€ [0,T], where V = dcTt on [0,T].
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iXi(t) on both sides of (1.2) for i = 1,2,*, N, we have

Proof. Let t € [0,T]. By multiplying o

d (mL|d 2

_ Zf<€i<t))Xz+1(t) Xz(t) (dXZ(t>> _ Zf(fi—l(t))XZ(t) — Xz—l(t) <5th@)>

i=1 Li(t) dt — i1 ()
N N
- ;f( l(t))Xz—l-l(Z)(t—) Xi(t) (iXAt)) — ;f( l(t))XzH(Z)(t—) Xi(t) <thz+1(t)>

2.6 dt X1 () — X(t)]*

In the calculation above, by using the condition Xy = Xg and X1 = X1, we obtain the second

i(t) = v

equation. Moreover, by using l;(t) = | X;+1(t) — X;(t)| and &;(t) = i ori=1,,2,-*,N
Nx

and t € [0,T], we have

feit) d
o) df

X1 () — X;(0)? _lN*f(E’)jt i(t) fori=1,2,->-,N and t € [0,T].

o 1
Since f(e) = % <€2 +e+ +> is the primitive of f, we have
€

N 2
d m |dX d
— — ? t INx— i =0 for t O,T,
dt{;(2\dt<> +thf(6)>} or t € [0,7]
and
N
d m 2 d
' | Vi * 3, i = fi 7T7
dt{;<2 Vit)* + I dtf(s))} 0 fortel0,7T]
namely,
iG(X V) = 0 onl0,7T]
dt ) - ) *
Hence, G is preserved. Thus, Lemma 3.1 is proved. ]

Next, we give some estimates for X and V obtained from the energy G.

Lemma 3.2. Let (X, V) e R*N. Ifdy = G(X,V) € R, then the following inequalities hold

Kl?
X1 — X:| > —TNx 3.6
‘ i+1 z| = 4d0—|—N/€lN*7 ( )
1
| Xiv1 — Xi] < ;(4dO+NHlN*), (3.7)
1
Vil < \/2 (4dy + Nklyny)  fori=1,2,-* N, (3.8)
m
li — N«
where X = (X1, X2, Xn), V = (Vi,Va, =, Vi), i = [ Xis1 — Xil, & = " and X1 =
Nx*

X;.



Proof. First, let us show (3.6).

dy =
>
>
>
Therefore, we obtain
i,
4do + Nkl N+

It means that (3.6) holds.
Next, we show (3.7). Since

dy =
>
>
>
Therefore, we obtain
| Xit1 — Xi| =

so that (3.7) holds.
Finally, we show (3.8). By t

dy =

By using (3.5) and g; > —1 for i = 1,2,*-*, N, we have

G(X,V)

N A
ZN* Z f (52)
=1

rl N 1
Nx*
25 (s o)

i=1

“ZV* <—N+ ZJZV> for i =1,2,-, N.

< fori=1,2,+, N.

<l = [Xit1 — X

%

lN*

G(X,V)

N
Ine > f (&)
=1
KN o
4 Z;g
KN« (i
A\

e (6 N) fori=1,2, 0N
4 ZN*

>0fori=1,2,":, N, we have

zi* _ZN:I)

l
N+ G4

1
l; < = (4do + Nrly,)

K

fori=1,2,, N,

he similar way to (3.6), we have

G(X,V)

N
3 Vil + v - f ()
i=1
N

m e eSS
5 IVl + D)

N

m KN«
5 |Vz|2 + T Z (_1)
i=1

465
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Nklny
4

> fori =1,2,, N.

m
5 Vil -

Therefore, we obtain (3.8) as follows

1

Vil < \/ (4dy + Nklny) fori=1,2,-- N.
2m

Thus, Lemma 3.2 holds. -

The third lemma is concerned with existence of a set on which F' is a contraction mapping.

Lemma 3.3. For Ty > 0,6 >0,M >0 and M’ > 0 we put
W(Tv,6, M, M) = {(X, V) € C[0, i)™ 6 < [Xipa(t) — Xu(t)| < M,
Vi1 (t) — Vi(t)| < M fori=1,2,-+ N and t € [O,TI]}.

If Xo = (Xo1, Xo2, -, Xon) € RN, Vg = (Vor, Voo, =+, Von) € R*Y and Xo; # Xoj for i # j,
then there exists Ty € (0,T] such that F : W (Ty, 0, M', M) — W (T, 8, M', M) is a contraction.

Proof. First, we prove that F' is a function from W (T,d, M', M) to W (Ty,d, M', M) for some
Ty € (0,T] and 6, M, M" > 0. Let T} € (0,7] and (X,V) € W(T1,6,M’, M). Since Xo; # Xo;
for i # j, it follows that dy = G(Xo, Vo) € R. Clearly, Lemma 3.2 implies

t
[firr (X, V) (@) = (X V)] = [Xog+1) — Xoil —/0 Viga (1) = Vi(7)dr
> | Xogiv1) — Xoil = MTy
HZJZV
—* - MTy; fori=1,2,--,N and t T1].
1o+ Nrie, 1 ford ,2,-+,N and t € [0,T}]
i3,
Now, we choose § > 0 such that ————*—— > 2§, we have
4d0 —f—NlilN*

[firn (X, V))(@) = fi(X,V)@#)] > 26— MTy  fori=1,2,+,N and t € [0,T1].
And we choose T7 > 0 such that MT; < §, we have
i1 (X, V) (@) — (X, V)(@)] > 6 fori=1,2,- N and t € [0,T}].
In the same way, by using (3.7), we have
[fir1 (X, V) (1) = fil (X, V) ()]
< [ Wisr(r) = V(o ldr + X~ Xoi
< MTi+ \Xo iv1) — Xoil
< MT;+ % (4dy + Nklny) fori=1,2,--, N and ¢ € [0, T1].

/

1 M
Now, we choose M’ > 0 such that — (4dg + Nklys) < - we have
K

!

Fer(X V)0~ HVW] € Mt S fori=1,2, N and t € 0, 7],
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/

M
And we choose T7 > 0 such that MT; < 50 we have

st (X, V) () — F(X V(@) < M fori=1,2,-+ N and t € [0, T1].

5 M

Hence, we choose T1 > 0 such that 77 = min { U oM

}, we can obtain

5 < fea (X V)0 = (V)OI <M fori=1,2, Nandte 0,71 (3.9)
Next, by using (3.4) and (3.8), we have

1961 (X, V) () — (X, V)) (D))

< 1 / f(5i+1)Xi+2(l) Xipa(r z / Xia(r Xi(T)dT
m 0 1+1() m 0 7—)
+% / f(Ez‘—l) 3 1(72) 1T )dT + [Vog+1)| + [Vail
0 i—
< / fle X2 D= XintDyp) | 2 / ey o) = Xitr)
| Jo lit1(7) m | ) 1:(7)

9
/ f(ei-1) Ti 1A()§_i)1(7')d7"+2\/21n (4do + Nkl

= A1+A2+A3+2\/2 (4dy + Nklny) fori=1,2,-=- N and t € [0,T].

1 M
First, we choose M > 0 such that 2\/2 (4dy + Nklns) < = Uniform estimates for A; for ¢ =
m

1,2,3 can be obtained in the same way, so we would like to show you how to get the uniform
estimate for only A;. By using (1.1) and the definition of the strain, we have

' Livi(T) — Ins Ive \?| Xigo(r) = Xiga(7)
/0 {2< I >+”<zm<r>>}|Xi+2<f>—xi+1<r>\d7

t 2
r {2 <‘l’+1(7)’+l]\’*> 1+ }dT.
4m o ZN*

K , 1%,

K

4m

A1 =

ZN*
lLiv1(T)

IN

Since (X,V) € W(Ty,8, M', M), we obtain

2
52

M
Hence, we choose T7 > 0 such that i { (M' + lN*) }Tl < = we have

lN*

M
|A1] < —.
)

In the same way, by choosing small 77 > 0, we can obtain

2M M
Agl < — Azl < —.
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Hence, we have

M 2M M M
‘gH_l((X,V))(t) —gi((X, V))( )| < ? + ? + ? + g =M fori= 1 2 N and t € [O,T]

By using the above uniform estimate and (3.9), we can prove F((X,V)) € W(Ty,6,M', M),
namely, F is the mapping from W (T},0, M', M) to W(T,0, M', M).

Finally, we prove that F : W(Ty,d, M', M) — W(Ty,0, M’', M) is a contraction mapping
for some Ty € (0,71]. Let (X,V), (X", V') € W(T,6,M',M). Since X;, V;, fi((X,V)) and
gi((X,V)) € R? fori=1,2,*, N, we can put

Xi = (X, Xi2), Vi=(Vi,Viz), fil(X,V)) = (fu((X, V), fia (X, V)))
gz((va)) = (gil((va))’gﬁ((XaV))) fOI‘iZl,Q,"',N.

And we regard the norm of C([0,T])*V as follows

HF((X7 V)) o F((X/a V,))Hc([O,T])le

N N
(Z £ (V) = Fa (X VD [0z + D 1F2((6 V) = Fi (X V) exomy
=1 i=1

N N %
+ Z ng‘l((Xv V)) - gil((X/a V,))Hé([o’ﬂ) + Z Hgi2((X7 V)) - giz((X,, Vl))”é({gj})) :

=1
(3.10)

By using (3.3), we have
| Fi (X, V() = fis (X, V(1))

< / Vig(r) — V()| dr

T [|Vig = Vijll o om)
Ty ||(X,V) — (X'

IN

IN

HC([OTH)ALN fOI‘ 7/ == 1727 --.7N7j = 172 and t E [07T1]

Therefore, we can obtain
‘f’lj((Xa V))(t) - fU((XI, V/))(t)| < T H(Xa V) - (Xla V,)HC’([O,Tl])‘lN ) (311)

fori=1,2,--, N and t; € [0,T].
Next, by using (3.4), we have

1965 (X, V))(#) = g3 (X', V) (#)]
/ ’f X+ )T) Xij (1) _f(S;)X(iH)j(lf()T; Xii (D]
0 (]
T) — Xii(7 ) X/, T)— X[ (7
+7711/0 f(€i)X(l+1)](li()T) atl )_f(ez) (+1)J(Zi()7—) J( ) dr
t X/ () = X!.(1 = X' (1
% / £ (’“”(li()ﬂ o7 e “*”f(l;()ﬂ il pm




469

.l / Fen X0 = X)L X)Xy @)
0

liea(7) limi(T)
1 t o K1) = X)L Xig (1) — Xfi_nyy(7)
+m/0 fgi) Lia(7) f(gi1) Lot () dr

t
Xi(7) = X{i_1);(7) Xig (1) = X(;_1);(7)
g (i=1)j / i (i=1)j
+— [ |fei)— — f(&i1) dr
m/o ! li—1(7) ! lia(7)
= Bi1+By+B3+By+Bs+Bg fori=1,2,>N, j=1,2and t € [O,Tl]

First, by using (1.1) and the definition of ¢; and I; for i = 1,2, -+, N, we have

5 / Hiers(r) = Xy (1)
0

dr

K ' , 2+¢ei(1) +€j(T) | X (i51);(7) — Xi5(7)]
= 2 ) 8Z'(T)_gi(”‘’H2(1+52-(T))2(1+5g(7))2 P
[ E@ ] B )+ 50) | X () = X ()
Y ‘” 203 (r )1 (7) ‘ o
= 2mlN*/o (‘X(i+1)j(T)_X(’+1)J ‘ ‘X” X’{j(T)D

B (L) + D | Ko@) = X)|
(” MGIEHCIE > nor

Since (X,V) € W (11,6, M', M), we have

K l?V*M/ M/ t /
wM’ l3 *Ml
molN« (1 * N54 > ||, V) = (X, V/)HC([O,Tl])‘*N (3.12)

In the same way, we can obtain

wM' l3 *MI
Beo= sin <1+ N54 )Tl”(Xﬂv)_(levl)HC([O,Tl])“N7 (3.13)

Similarly, we see that

t /
B L / /(=)
0

m (X(i+1)j(7') — Xij(7) - Xéi-l—l)j(T) + ng(ﬂ)

t
K ()| +ive 1 13 1
< WA\ TV AN | 2 "N |~
= 2m/0 ( e 2 TR ) )]

X(‘X(iJrl)j(T) X(z+1) ‘ ‘X” Xl{j(T)DdT

t
2:15 (M/ljv—*lN* + % + ?g;) /0 (‘X(iJrl)j(T) - X(z+1) ’ ‘ng Xz{j(7'>)>d7'

dr

IN
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LB,

K M’+ZN* ! 1A
< (lN +5+ 252) T |(XV) = (X V) ompyan (3.14)
Also, we can obtain
K M/—l-lN* 1 l2 v’
B5 < % (l]\[* + -+ 2(52 T1 H X V ( )HC([O,Tl])‘lN (315)
Similarly to the argument above, we have
1 1
B3 = / ‘f z+1 )_XZIJ(T)> (lz('r) - ZI(T>> ‘ dr
K 11 1 P (1) = Li(7)]
< — 4+ =+=|—r X/ X’ BalT) — %01 g
: 2m/0 ('5“ 33 ) Xl = X6 oy
¢
K () +ive 11 1% ’ / s | () = (7))
< L e x X X; BalT) — 5371
- 2m/o (B 3+ o) )~ Xt S on
t
kM (M +1Iy. 1 11% ,
< T 4
- 2m52< ZN* 2 2 52 A ’lz(T) T)}dT
t
kM (M +iy. 1 113, ,
S o ( In 2 o A (‘X(HUJ( ) = X ‘ ‘ )DdT
kM (M + 1y, 1 1l]2\,* P
S e ( e T2tae ) V) = XV oo (3-16)
In the same way, we can obtain
kM (M +In. 1 11%, o
Be = ( . Tatae ) VI =XV llegnpe - (317)
By using (3.12) - (3.17), we have
|gij((X7 V))(t) - gij((le V/))(t)| < oy H(Xv V) - (X, V/)HC([O,Tl])“N ) (3'18)

fori=1,2,
2cM’
o =
mol s

33, M 26 (M +l1y. 1 13,
(” 51 >+ma<zN* Tatoe) T

,N, 7=1,2and t € [0,71], where « is the positive constant given by

2kM’ (M’JrlN* 1

1,
+ = .
mo? [N 2 242

From (3.10), (3.11) and (3.18), it follows that

|F((X,V)) = F(X", V'

/’ ))HC([O,T1])4N

N N
= (Z £ (VD) = £l (X VD oy + 22 1G4V = i (X VDo
i=1 =1

N
+ > [lgal(x, V)
=1

IN

—gin((X

TN T+ ) (X, V) — (X', V)

1
2

N
YDegory + ; lose((X V) = g( X, V,))H?J([o,m))

HC([O,Tl])‘lN
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1
Therefore, by choosing Ty € (0,77] such that Ty < ——=, we see that F' : W (T, 6, M', M) —
2N (1+ a?)

W (Ty, 6, M', M) is a contraction. Hence, Lemma 3.1 is proved.
]

We can easily show the following lemma. So, we omit its proof.

Lemma 3.4. (1.2), (1.3), (1.4) and X € C?([0,7))?" hold if and only if (3.1), (3.2) and
(X, V) € C%([0, T)*N hold.

Proof of Theorem 2.1. By Lemma 3.3, there exists 77 > 0 such that F : W(Ty,6, M', M) —
W (Ty,8, M', M) is a contraction. Banach’s fixed point theorem implies that there exists one
and only one Z € W(T1,9, M', M) such that Z = F(Z). Thus, by Lemma 3.4 P has a unique
solution on [0, T1].

( )Let t € [T1,T1+1T5] where T € (0,7 —T7]. Let us consider the following initial value problem
p(

on [Tl, T + TQ],

2 x (1) W ) = xDy W x0)
md L(4) = f(€(1)> i1(t) i ()_ <€E1)1) ;) ()

dt® 1)

ax™ ax©® ,
xm) = xOm), (1) = = —(T1)  fori=1,2,N,

where XZ-(O) is the unique solution of P on [0, Ty]. Let F : C([T1, Ty + To))*N — C ([T, Th +To])*N
be the mapping defined by the following

F (Zu)) - (f1 (Z(n) o (Zu)) e fy (Zu)) - (Zu)) . g9 (Zm) gy (Zu))) :

for ZW = (XxW, vy e C([T1, T1 + To])*N, where

fi(#0) ) = / v (rydr + x(1),

T
¢ 1 (1) (1) (1)
(7 _ 1 W\ X (1) =X (1) X (1) = XD (T)
w(m)0 = ([ o) SO ) Wi,
+v(1y),

x1 — (Xi(l),Xél), "',X](\})) . v = (Vi(l)’ V2(1)’ - ngfl)) '
For 6 > 0,M > 0 and M’ > 0 we put

Wi (Ty, 8, M', M) = {(X, V) e O([T, Th + To)) ™| 6 < | Xo1 () — Xa(1)] < M,

[Via () = V(1) < M for i = 1,2, N,t € [Ty, Ty + T3] }.

Here, since Lemma 3.1 implies G(X (T1), V(T1)) = do, we can show that F : Wy (71,6, M', M) —
Wi (Th, 0, M', M) is a contraction. Hence, by applying Banach’s fixed point theorem, again, we
know that P has a unique solution on [0, 277].

By repeating the discussion above, we obtain a solution of P on [0, 7]. Consequently, we can
prove Theorem 2.1. O
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4 Proof of Theorem 2.2

In this section, we prove Theorem 2.2. For its proof we need several steps. In order to han-
T
dle (1.5) and (1.6) easily, for K € Zso and At = —, we define jx (X<n+1>,X<n>,V<">) and

K
sz‘ (V(”H), V() , X(”)) as follows

V(n+1)

7

At n n
== eV el 41— (+1
am (14-81”1

(n+1) (n)
— 9 & +e " +1-—
{ (1+5(”+1) 1+5 }
(D) _ l(

n+1) ( ) X(n)

i+1 z+1 7 + V(n)
+1) +1) i

‘ij:l in ‘ + ‘XH—I - x

X (n+1) X(n-ll—l) +X(n) . ‘X—(n)1

= grci (X0, X0, v ) (4.1)
Xi(n—i-l)
= % (V) X = i (VO v, x 0, (4.2)

fori=1,2,, NNn=0,1,", K.
X(0) = X, V(0) = Vp. For given X(™ and V("™ let Fi : R4 — R*N be the following mapping
Fre(2) = (le (v, V(n)jX(m) - (V,V<">,X<n>) . (V,V(”),X(”)) ,

0K, (X,X(”),V(")) . 0K, (X,X("),V(”)> L Ok (X,X(”),V(”)>> ’
for Z = (X,V) € R4V,
The first lemma guarantees that the energy is preserved by (NS).
Lemma 4.1. If (NS)(At,X("),V(")) has a solution (X(”+1),V(”+1)> forn=0,1,- K —1
and K € Z~g, where At = %, then G(X("H),V("H)) = G(X("), V(”)> forn=0,1,"- K—1.
Proof. Forn=0,1,-, K — 1, easily, we get
G (X(n-&-l)’ V(n+1)) -G (X(”), V("))

-5

))2_
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By using (1.6), we have

X(”+1) _ X(n)

% z ( (n+1) )) (V(”+1)+V”)> Zj:( (n+1) n>) iA—tZ' (4.3)

Here, by using the definition of f , we have
FE) =1 (=7)
= g {((€§n+1))2 B (51@))2) N <€Z(n+1) _ gl(n)) i (1 - ;nﬂ) - :6@)) }

=: Z(Cl—i—CQ—kCg).

Now, by using the definition of ¢; and [; for ¢ = 1,2, -+, N, we see that
Cy
_ (5§n+1) + 6571)) (61(71-1—1) . &_En))
1 ( (n+1) (n)) ( (n+1)  (n)
= — (D 4 em) (D) )

1 (1 4 ) (3 = 0 4 x ) - X (XY - ) - x4 x)

lN*

+1) 1
‘Xz—Ti-Ll - Xz(n )‘ + XZ(—QT-L?[ - Xz(n)

Similarly, we observe that

o= g ()
(Y X ) (T X x4 )
T e ’X(”'H) Z(n+1)’ N Xfﬁ)l —x® ;
Cs ! (SE”H) - 55")>

(1 + 5("“)) (1 + E("))

(R Xty ) (g - i + x)

e (L) (1) | XGED - x4 X - X

Therefore, we have

) =)
SN IREEEY £ 1
Z{ ) () }

P
‘X n+tl) nJrl)‘ + ’X(n X(n)

N
K (n+1) | _(n) 1
—— € +e  +1-
4 ; { (1 + 5("+1)) (1 + 55")) }

ZN*

»Mz
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(7L+1) (n+1) (n) (n)
Xign " =X, +Xip — X, (X(n+1) _ X(n)) .
‘X n+1) XinJrl)‘ + ‘Xl(il - Xl(n)

Since Xo = Xy and X1 = Xy41, we have

S () =1 (7))

i=1
n+1 n+1 n n
Z (n+1 +€()+1 1 Xz( ) X( )+Xz‘()_Xi(7)1
1—1

4 (1 +€(n+1)> <1 +€ ) ’X (n+1) X(n—l—l)’ X ’Xi(n) _Xi(lz)l
n+1 n+1 n n
B g(n+1) n 5(n) L1— 1 Xz(—i-l ) X( ) + Xz(+)1 Xz( )
7 7 <1 + 679@—4—1)) (1 + 6 ) ‘Xzﬁ-ll—l X (n+1) ‘ + ‘XH_l Xl(n)

x (X.(”“) — Xf"’) .

By using (1.5), we have
{7 () - () = G (e ).
i=1
From (4.3) and (4.4), we obtain
G ( X+, V(n+1)) e ( XM, V(n))
N (n+1) (n) N v/ (nt1) (n)
Z( (n+1) )) X X —m¥ Vi VY (Xf”“) —Xf")>
., pat At — At
It means that (3.5) is the preserved energy for scheme (NS). O

The second lemma gives the estimates for Xi(") and Vi(") forn € Z>p,i=1,2,"*,N.

Lemma 4.2. Let K € Z~¢ and (X(”),V(“)> be a solution of (NS)(At X (=1 y7(n— 1) for

T
n =12 " K, where At = I If (X(O), )) e RY™N and X 75 X for i # j, then the
following inequalities hold

2
(n) _ Kl
n n 1
‘XHI - X" < = (4do+ Nrly.), (4.6)
< \/1 Ady + Nkl 4
Vi < /5, (4do + Nklys), (4.7)

fori = 1,2, Non = 1,2, K, where dy = G (X©, V), x0 — (x{", x{", - x{),
v = (Vv V) forn =01, K.
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Proof. By Lemma 4.1 we have G (X(”), V(")) =dy forn=0,1,-*, K — 1, and then Lemma 3.2
guarantees (4.5), (4.6) and (4.7). Thus, we have proved this lemma. O

The last lemma in this section is concerned with existence of a set on which F\K is a con-
traction mapping.

Lemma 4.3. For § >0, M’ >0, M >0, put
/W((S’M/?M) = {Z S R4N ‘ o < |X2'+1 _Xl| < Ml? |V;+1 _‘/7,’ <M fOTi: 1727“'aN}

Then there exists Ko € Zso such that for K > Ky, Fg : /V[7(<5, M' M) — /V[7(6, M' M) is a

contraction mapping.

Proof. First, we prove that Fi is a function from /W(é, M' M) to W(cs, M' M). Let K €
T —~ ~

Lo, At = e (X, V) e W(§,M', M) and put Fx((X,V)) = (X', V’). We shall prove (X', V') €

—~

W (6, M', M) for some K € Z~q, 6 >0, M’ >0 and M > 0. By using (4.2), (4.5) and (4.7), we
have

X = XI = |fren (Vo VO, X0) = fie (v, v, x0))|
> % - ) - 2 (Vi i+ [+ )
KN At

1
BN A o ) Y ady - Nkl fori—=1,2 - N.
1do + Nrly. 2 ( + \/Qm( do + Nrln )> or

In the calculation above, since (X,V) € /I/T7(5, M’; M), the third inequality holds. Here, we

l 2
choose § > 0 such that 26 < m, then we have

m

At 1
\X;+1—X{\225—2<M+2\/2 (4d0+N/ﬂ:lN*)> fori=1,2,, N.

Moreover, we choose K € Z~q such that

At

1
— + — < .

then we have
| Xig —X{|>06 fori=1,2,N.

In the same way, by using (4.6) and (4.7), we have

!/ /
Xi+1 - Xl‘ 1+1

IN

5 Vili = Vi

- -

)

mAt (

) +|x+ x

At 1 1
m? <M+ 2\/2m(4d0 +N/<ZN*)> +— (4do + Nkly.)  fori=1,2N.

!/

1 M
Here, we choose M’ > 0 such that — (4dy + Nkln.) < - Moreover, we take At > 0 such that
K

mAt 1 M’
A0 4 24| —(4do + Nrlyy) | < = 1,
5 ( + \/2m( do + Nkly )> <5 (4.9)
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we have

| X1 — X

Next, we give an estimate for V/ for i = 1,2, -+,

Vi =

’ +1

M/
7+7_M’

M/

for i =1,2,, N.

N. By using (4.1), we have

Gin1 ( X, XM, V(n)) g ( X, XM, V(n))‘

A (&' +e 4 1) (X'H—l X + X,L(Jr)1 Xi(n))
- ’Xm ’Xm x{"

AN 1 Xiv1 — Xi+ XZ(+)1 Xi(n)
Era) (1+2) Ko — X3+ x5 - x
KAt <5z‘+1 +elh + 1) (Xz'+2 ~ i1+ X[~ sz)l)

A W ™
Xiyo — Xi+1‘+’Xi+2 Xit1
+/§At 1 Xigo — Xip1 + Xl(i)Q Xl-(i)l
4 <5i+1 + 1) ( 51)1 + ) ‘Xz+2 — Xiq1|+ Xz(ZQ Xi(i)l
et | (g1 2 1) (X = X+ X - X))
4 Xi— Xz‘—1‘+ ’Xi(n) - Xl@l
kAt 1 X — X1+ Xl(n) — )(Z(q_l)1
4 (1 + 51'71) <1 + 51@1) ‘XZ- — Xi1|+ ‘Xi(”) — Xi(f)l
wat | (si+e +1) (X = X+ X - x(M)
M G
‘Xi-i-l H—l i
+nAt 1 Xip1 — X+ X7 - x
y (€z‘ + 1) <55n) + 1) ‘Xz'+1 ‘Xﬂ x;"
v - v
fori=1,2,-, N.

9
> D
j=1

Since the estimates for Dy, D3, D5 and D7 can be obtained in the same way, so we shall estimate

Dy, here. By using (4.6) and (X, V) € W(8, M', M

A (si +e™ 4 1) (XM ~ X+ x" -

), we have

xM)

|D1| =

4
kAL
<
o 4lN>k
kAL
<

4lN*

i+ |

(-

)
)X111 in

z+1

)

‘Xz—l—l Xz(n)

+ lN*)
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kAL
- 4ZN*

1
(M/ + - (4d() + Nklns) + ZN*> .

Similarly, we have

kAL
D <
|D3| < T

kAL
Dl <
|Ds| < .
kAL
4lN*

Next, since the estimates for Dy, Dy, Dg and Dg _can be obtained in the same way, so we
shall estimate Ds, here. By using (4.5) and (X, V) € W (d§, M’, M), we have

1
(M/ + E (4d0 —I—NRZN*) + ZN*) ,

1
<M’ + = (4do + Nrly.) + zN*> ,

|D7| <

1
(M' + - (4do + Nrln.) + lN*) )

rAt 1 Xiy1 — X5+ Xi(:)l _ Xi(n)
4 (1 + 6¢> (1 + sgn)) ‘XiH — X;|+ ‘Xi(j:)l _ Xi(n)

| Da

HZN*At 1 1

IN

A

A 1 1
E e - ) - X
(4d0+N,‘£lN*)

< AT

= AL

Similarly, we have

(4d0 + NHZN*)
40 ’
Finally, by using (4.7), we have

(4d0 + NHZN*)
< -
|Dg| < At oy

(4d0 + N/{lN*)

Dl < At
|Dal < 46 ’

|Dg| < At

1

M
— and
9

1
Therefore, we choose M > 0 and At > 0 such that 2\/2 (4do + Nklns) <
m

)

Al M A6M } (410)

At = mi ,
e { 9 {M' + L (4do + Nly.) + Ins} 9 (4do + Nrin) + In
then we have
9
Via =V <) IDj| <M fori=1,2,N.
j=1
By combining (4.8),(4.9) and (4.10), we take At > 0 as follows, again

20 oM’
m (M + 2\/% (4do + NHZN*)> ‘m {M /2 (ddo + NHZN*)} + 1 (4dy + Nrly,)

At = min

)
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4N M 46 M
9k {M’ + % (4do + Nklny) + ZN*}’ 9 (4do + NEln+) + In«

and then we see that (X', V') € /W(é, M', M). Thus, we have proved that ﬁK is a function from
W (s, M', M) to W(s, M', M).

Finally, we shall show that Fi: /W(é, M' M) — W\(é, M', M) is a contraction mapping. Let
7,7 € W(s,M', M) and put Z = (X, V), Z' = (X', V). Easily, we have

|Fx(2) - F(2)

Lo = Dl (0 50) e (0 00

=

+Z’gKi (X,Xm), V(n)) ks (Xf,Xm),V(n)) ’2

=1

(n) () x(m)
3l () s (1.0,
N
O res n) ym)) _ 4. (n) 17(n)
+;‘9K2<X,X V) = g (X7, X0, V)|
Here, by using (4.2), we have
)fKZ <V () X ) sz <V’ () X(n))‘ _ %“[L_‘/Z/‘

IN
N
N
.
Ny
2
3
=
o~
|
—_
[\
—
i
=
=

Next, by using (4.1), we have
, (va(n)’v(n)) — dki (X’,X("),V(”))‘

et | (i +e™) (= X+ xM = xM) (e e (- X+ X - x1)

A X = X |+ X - X x; [+ [x - %)
) A ) (o))
] e e e v R
Yy Xi—Xi—1+X§ —x X -xp + X - Xf’_”l
m ‘Xi - Xi—l’ + ‘Xl-(n) - XZ(n )XZ’ - X/ |+ ‘Xi — Xz(f)l
kAL | Xip — X+ X — f”) XL - X x - x
I X = X+ XS - X0 [ - x| x5 - x
kAt Xi— X1 +X( ") Xi(il)l
m | (14 51’—1) (1)) X = Xica| + | X - x(1)
B X XX
<1 + 5§—1> <1 + ggn)l) ‘le - X 1’ + )Xi(n) Xz(f)l
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KA 1 Xiv1 — X, + X0 — x™
4 (n) (n) (n)
m (1 + ei) (1 +¢; ) Xiy1 — X — X
_ ! X = X4+ X0 - X[
(1+e) (1+e) [xe, - x|+ [x5) - x

= FE +FEy+FEs+Es+FEs+FEg fori=1,2,--,N.

For FE; we have

B
j’ﬁf; { (eimt =) (30 = Xy + X = x7) (|oxd = i + | - x7) )‘
(e ) (- X+ X - ) (|t x| - ‘i*w
(e (- X - X X)) ( |+ X - x )‘}
= L (Bt Biot By,

1
where H = . Immediately, we

(=« [ %) (= [~ 5]
have
o (5,'-1 — & 1) (X' ~ X+ XM - X@l)‘
H 3 1‘ +[x @ X(n)1
()
a '—1’ + ‘Xi(n) z( )1
< lN* |Xi — Xic1 — X{ + X[ _4|
< (1% = X+ X - X0 )
< )12 Z s
Since it holds
Bz = |(chio+e™) (X - X+ X = X)) (|1 - xi_ 1’ - D‘
< 52_1"'55?)1‘( 171)—1- m_ xm )( + | X1 XZ(_lD
< 2lel_, +e§’_‘)1 ( i-1 )_Xz(n)l ) 12 - Z/HRW’




480

we have
2 |l —+ 5(n)
E1,2 i—1 i—1 ,
H = / / (n) (n) HZ -7 HR4N :
‘Xz - Xz ‘ + ‘Xz Xi—l
Here, it is easy to see that
/ (n) L 71y (n) ,
Ei—1 + Ei—l S lN ( i*l‘ + li—l —+ 2ZN*) for 7 = ]_’ 2’ - N’
0 )
i—1 <1, <1 fori=1,2, N.

[ xt = x|+ [x - X

71—

Moreover, by using (4.5) in Lemma 4.2, we see that

1 < 4do + Nkln+«

7 fori=1,2,--,N. (4.12)
K Nx

From these inequalities, we have

ELQ < 4 ( 1 4dg + Nkl N«
7 S

o 2 = 2l

Next, we have

By = ’(g;_l n g§ﬁ>1) (Xi— Xi1 — X[+ X1) (’X - XZ-_1’ n ’Xi(”) —-x™ )’
< ey +e (‘Xz - X+ ‘X¢—1 - X1{71‘> (‘Xz - Xi—l’ + ‘Xi(n) - X" )
g 2 5;_1 + 51('ﬁ)1 (’X’L - Xifl‘ + ’X,L(n) - Xz(:l%_ ) HZ - Z/HR4N .
In the same way for 1’2, we have
FEi3 1 4dy + Nkl ,
=< 4 ——— ||| Z-Z :
< (o ) 2 2
Therefore, we obtain
kKAt [ 5 4
E1 < — < — + —— (4dp + Nkly« Z -7 .
'="om {ZN*+Hl]2V*( o KN)}H HRM
Similarly, we have
kKAt [ 5 4
By < — < — + —— (4dy + Nkln« zZ -7 .
2 om {ZN*—I_K/ZJQV*( 0+ “N)}H HR4N
Next, we have
X — X X(n) _ X(n) X' - x! X(”) _ X(")
KAt i i1t i—1 i i-1 Ay i—1

Es

4m ‘X,- - Xi_l‘ + ‘Xi(") -x™
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kAt 1
< 800t ) (- )
= e ) (= ¢ s
kAt 1
= —— (B Fs9).
T H( 31+ E39)
Since
Bar < (%= XI|+ X = X0 ) (|30 = X0 + 3 - x2))
< 2||z-Z| (’X{— 1 +‘XZ.(”)—Xi(f)1 )
we have
o B 201Z — 2| gan ((X; — x|+ ’Xz-(”) —x™ )
B (et ) (e )
_ 2||Z = Z'||gan
i+ 1
21|12 — Z'|lpan

EREa)

71—

In the same way for E3 1, we have

)

£ -xly]

Eya _ 2012 = Z'||pav

Therefore, we have

KAt || Z — Z'||gan

Es .
)
m ’Xz'(n) - Xi(fl
By using (4.12), we have
At
By < ——(4do+ Nklny) ||Z — Z'|| gan -
mlN*
In the same way for E3, we have
At
By < —5—(4do+ Nklny) || Z — Z'|| gan -
mlN*

Next, we have

kAL

E o=
g 4m

1 L1 Xi—Xio1+ Xi(") - Xl(f)l
L+ \ e 1+, ‘Xi _Xi—1’ N ‘Xf") — X
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_’_nAt 1 1 ( X=X — X+ X[ ) ‘
dm |14 1T+e) ’Xi _ Xi—l‘ N ’Xi(n) —x™
N (X{ - X+ xM - Xff)l)
| )
X} = X | = X - X
" { (‘Xi - Xi—l’ + ‘Xi(n) - x" ) (‘Xf - Xz{q‘ + ‘Xi(n) - X" ) H
=: % (Esy+ Es2+ Es3).
We have
1 e —ei1 X;— Xiq+x™ - x
Es, = el - : - i1

1+ 62-11)1 <1 + 51’—1) (1 + 6;_1> ‘Xz _ Xi—l‘ + ‘Xz(n) B AX(n)1

lN* <lN* ) <lN* ) lg_l - li—l
lz(ﬁ)l i1 l;_l [N«

1™\ limaliy

i—1
NERI)

IN

2
lN*

‘Xi(n) -x" ‘Xi = Xi1 ‘X{ - X£_1‘
3 23,12 — Z'gin
o x| [ - x| |xr - x|
By using(4.12), we have
2 (4do + NEln«) |Z — Z'||gan
Es1 < :
S

Since Z,Z' € I//I\/(é, M’ M), we have

2 (4d0 + NHZN*)

E
L= K2

HZ - ZIH]R4N.

In the same way for Es 1, by using (4.12) and Z, Z' € /W(d, M’ M), we have

E 1 1 Xi— Xio1— X+ X|_,
52 =
L+e™ 1+el, ‘Xi B XH’ N ‘Xlgn) ~x™
) ‘Xz’ — X!+ ‘Xz»_l - Xz{—l‘
il L\ X — X | + | XY - X0
< ZJQV* 2|Z = Z'||gan

X

X x| |- X
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2 (4do + Nrly,)
- K62

Finally, in the same way for E5; and Ej5 9, by using (4.12) and Z,Z’ € /W?((S, M’ M), we have

12 = 2| -

(x7 - X1+ x™ - x™)

(1 + 55@1) (1 + 6;_1)
|- |

" { (‘Xi - Xifl’ + ‘Xi(n) - x{") ) (‘X{ - Xz{—l) + ‘Xi(n) - X"

Esz =

?

‘Xi ~ X!

1 + ’Xi—l - Xl{,l
1™

i—1%—1

2
N

X = Xioa| + X" - x)
IR 22 — Z'||pan
’Xi(n) -x") ‘Xf - XZ_1’ ‘Xi - Xifll

2 (4do + Nkly-+)

< 52 |Z — Z'||gan.
Accordingly, we obtain
3At ,
E5 S W(4dO+NHlN*)||Z—Z HR4N.
In the same way for E5, we obtain
3At ,
6 < Ims? (4d0—|—NlilN*)||Z—ZHR4N.

Therefore, we obtain
‘gm (X,X(”),V(”)) — Gk (X',X("),V(”)))

kAL
m

oK 3 2 1 )
{ZN* + E (l2]v* + 52) (4d0 +NlilN*)} ||Z — Z/”RzLN for 1= 1,2, "',N.

By using the above inequality and (4.11), we obtain
1Fx(2) - Fi(2)

R4N
N N
At kKAt ( bk 3 [ 2 1
< Z > HZ - Z,HR4N + Z m {ZN* + p <l]2\7 + (52> (4do + NKZN*)} 1Z — Z/HR‘*N
i=1 i=1 *
NAt oK 3 2 1 ,

for 7,7 € W (5, M', M).
Hence, by choosing At > 0 such that

NAt 5 3 /[ 2 1
i 2 2=+ =) (4dy + Nkly. 1,
5 {m—|— K{ZN*+R<Z%V*+52>( o+ HN)}}<

Fg : W(8, M, M) — W (5, M’, M) is a contraction. O

Proof of Theorem 2.2. By Lemma 4.3, there exists Ko € Zx( such that for K > Ko ﬁK :
W6, M', M) — W@, M’, M) is a contraction. From Banach’s fixed point theorem, Fj has a
unique fixed point Z for K > K. Consequently, Theorem 2.2 has been proved. O
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5 Proof of the convergence

T
In this section, we prove Theorem 2.3. For its proof we need several steps. Let K > Kg, At = —

K
and (X(”), V(”)> € R* be a solution of (NS) (At,X(”_l), V(”_1)> forn =1,2,-+, K. Also, we

define the approximate solution X (): [0,7] — R2N and the approximation of the derivative
V). [0, 7] — R?N of P in the following way

X(n+1) . X(n)

xSy = S (t—nAn 4 X™ fort € [nAt, (n+ DA, n =01, K — 1, (5.1)
(nt1) _ 1/(n)

Vi(K)(t) = % (t —nAt) + Vi(n) for t € [nAt, (n+ 1)At],n=0,1,--, K —1, (5.2)

and X5 — (X{K),XZ(K),---,X}VK)), V) (V(K) v e, VJ(VK))

Now, we see that X" V) € W12(0,7)2 for i = 1,2, N and

dXZ-(K) K-1 Xi(nﬂ) _ Xi(n)
7 = Z TX[nAt,(n+l)At)7 (53)
n=0
dVi(K) K-1 Vi(nH) . Vi(n) '
dt B n=0 TX[nAt,(n+1)At) for i = 17 2’ ) N> (54)

where xr is the characteristic function for the interval I C [0, 7.
The first lemma is concerned with the uniform estimates for the derivative of the approxi-
mation solution.

Lemma 5.1. There exists My > 0 such that

V(”+1) - V*Z(n)

i <M
At =

for any K € Z~q with K > Ky, 1 =1,2,*, N and n=0,1,-"-,N — 1.

Proof. Let K € Z~o with K > Ky, n=0,1,-*, K —1 and i = 1,2,***, N. By using (1.5), we
have

(n+1) _1/(m)
Vit -ve K €n1‘+ 1
At 4m ‘1+5”+1H1+5
K
o A ][

)1+€§n+1)‘ ’14—65”)

By using (4.5) and (4.6) in Lemma 4.2, we have

V;(”+1) o V;(”)

At

2(4dy + NKln, 4dy + Nkl )?
K [20do + Nblye) o ( 0+2HN) ‘
Kl N« k215,
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We put M; > 0 by

2(4dy + Nkl Adg + Nklny)? 1
M, = max 4 £ [2UAdo+ Nrln) o (4o + f”N) ,\/(4d0+N/<LlN*) ,
2m Kl K215, 2m

and then Lemma 4.2 implies
V'i(n‘f'l) V(n)

At <M17 ’V( )<M1 fOI'K>K0’7’L—O71’ ’K—land’i:1727"'7N_

This guarantees that Lemma 5.1 holds. O

Now, we put

() = XE(1) - XK(0) - /tvm)dn (55)
0

for t € [nAt,(n + 1)At],n = 0,1, K —1,K > Kypand i = 1,2,-*, N. The second lemma
shows the convergence of {Z»K as K woofori=1,2,,N.

Lemma 5.2. The following uniform estimate holds

ff(t)’ < 2M(At)?  for K > Ky andi=1,2,, N,

where M is the same constant as in Lemma 5.1, namely, £& — 0 in C([0,T])? as K — oo fori =
1,2, N.

)

Proof. Put XX = (X{fl,ng) VK = (fovfg) and ¢X = ( K.€) for i = 1,2, N. By
using (5.1) and (1.6), we have

7 = Z fX[HAt (7’L+1)At) for t e [nAt, (n + 1)At),n = O, 1, "',K — 1

n=0
By integrating both sides of this equation, we have
(n+1) (n)
dXK V” (1) + Vi (1)

Z B) - X[nAt,(nJrl)At)(T)dTv
0 n=0 JO

for K > Ko,i=1,2,*,N,j=1,2and t € 0, 7).

For the left hand side of the equation, we see that

dXz’K' K K . .
dt” (r)dr = X[5(t) — X;5(0) for K > Ko,i=1,2,-,N,j=1,2and t € [0,T],
0

and for the right hand side, we have

/ Z ’] X[nAt (n+1)AH AT

nAtn 1 V(m—H) v V(n—H) V(™)

- / Z = - 9 Xmag (m+1)At)dT + % (t — nAt)

n—1 V(m+1 Vz(m) VZ(nJrl) _’_V;(n)
> %At—i—%(t—nAt),

m=0



486

for K > Ko,i=1,2,*,N,j =1,2,t € [nAt,(n+ 1)At] and n = 0,1, -

Therefore, we have

n—1 1-(m+1) (m) (n+1) (n)
VA S VA | VASSRRSANT VANt
K K _ 2,] 2,] 2,J 2,]
Xi5(t) = X;5(0) = E 2 At + 5 (t —nAt),

m=0

for K > Ko,i=1,2,"*,N,j =1,2,t € [nAt,(n + 1)At] and n = 0,1, -+

By using(5.2), we have

K-1 V‘(T'H‘l) _ V(”) )
v = Z {W(f —nAt) + V7 } X[nAt,(n+1)At)s
n=0

K —1
(5.6)
K —1

for K > Ko,i=1,2,-*,N,j=1,2 and t € [0,T].

By integrating both sides of the equation, we have

LK1 (1 (1) _ ()
_ / {H(’T — nAt) + Vz(jn)} X[nAt,(n+1)At) AT
0

nAt 5,1 V(m-i-l) _ V.(T-”)
_ / {MAtW(T — mAt) + Vl(;n)} X[mAt,(m+1)at) AT
0 m=0

A
n=1 [y (mt1) _ y,(m) (m+1)At
= T (1 — mAt)dT + VZ-(;W)At
m=0 At mAt 7
V(@""l) _ V(n) t
e A7 = / (1 —nAt)dr + ‘/;S;L)At
nAt

— >, )] At ,J ’L?]
D, Al

n—1 V;(]m—H) + V;(m) V(”“’l) _ V(”) 1
P At 2

for t € [nAt, (n+ 1)At),n=0,1,

By using (5.5), (5.6) and (5.7), we have

= (t—nAt) + Vif]’-‘)} (t — nAt),

Eo( D) )
Vii Vi (n)
+ T(T —nAt) + V57 b Xinat,(nr1)an dT
nAt

(5.7)

K — 1.

¢
| = [0 - xto - [ var
(n+1) (n) (n+1) (n)
y oD |y y D ey
_ . i,j (N i,j i L (n)
= (t—nAt) ey {(At 5 (t nAt)) + Vi H
B B ey T
(n+1) (n) (n+1) (n)
A Ve gy y ) oy
< (t— At Vg TV | L Yig Vi
< (t—nAt) < 5 A7 +3 (t — nAt) A7 ) ,
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for K > Ko,i=1,2,*,N,j =1,2,t € [nAt,(n+ 1)At] and n =0,1,-*, K — 1.
Moreover, since ¢t € [nAt, (n + 1)At], by Lemma 5.1 we have

M, T?

72 for K > Ko,i=1,2,-*,N,j=1,2and t € [0,T].

€5 (0| < My (A1) =
Therefore, we obtain
¢ —=0in C([0,T]) as K — 00 fori=1,2,"+,N and j = 1,2.

We see that £& € C([0,7])? for K > Ko,i = 1,2, N and [¢f] < 20, (At)? on [0,T] for
K > Kgand ¢ =1,2,+-, N. This guarantees that Lemma 5.2 holds. O

Proof of Theorem 2.3. From Theorem 2.1, we have the following integral equation
t
Xz(t) :/ V;(T)deLXol for t € [O,T] andizl’Q’...’N‘
0

By using this equation and (5.5), we have

t
X0 - xE®) = [ (i) - V<) ar - K o), (5.8)
0
for t € [nAt,(n+ 1)At],n=0,1," K —1,K > Kypand i = 1,2, N.
Now, V;(0) = V£(0) holds for K > Ky and i = 1,2,**, N, so we have
Vi(t) = V() = Vi(t) = Vi(0) + Vi (0) = Vi (1)

_ [ - (Cfl‘f (- & (T)> dr + /n ; (Cg (- B (T)> dr

At

- pz: p w <Ccll‘f (1) — d;/;K (7)> d7+/n; (Cgf (1) — d;/;K (T)) dr, (5.9)

fori=1,2,*,N,K > Kop,n=0,1,"*, K — 1 and t € [nAt, (n + 1)At].
By using (1.2) and (1.5), then we have

de

(r) - <>
{ X (v &ﬁ)_

_% {{81@) e (1 +e )) (11 + el 1)) }

X8 (r) - xP(r) + X@”<>—Xwﬂw>

1
m

7 i+1 7
1) 1
‘Xz—li)-)l Xp ‘ )Xz—}‘:l (p )( )‘
1
+i (p)1+€(p 1)+1_

i (=) (1+7)
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G > X0+ XV ) - x50 )
R PN PR ]
fori=1,2,",N,K > Ko, 7 € [(p— 1)At,pAt] and p = 1,2, ", n.

Accordingly, we have

dV; dV;K
dr () - dr (7)

§F1+F27

fori =1,2,--, N, K > Koy, 7 € [(p — 1)At, pAt] and p = 1,2, -, n, where

1, Xin(m) =X _ 1
P | e +1(;) (1) _4i W) 4 7D g - -
m i(7) m (1 +5~p> <1+5ip )
X (n) - xP () + x2V () - xP V()
F e e
1 X;(7) — Xiq(7 K _ 1
By o= | Lp(e )l 3 1 )—4 e? +eP V1 - = 7
m i-1(7) m <1 + 5511) (1 +&77 )

X () = Xy (r) + X7V - X )

]

C X0 = x| + [0 ) - x|

For I we have

K
o< —
L= 4dm

Xi+1(7—) — XZ(T) ' B 1
L) {<25’“ <si+1>2>

- (55?) +6£p—1) +1- (1 +€§p)) El +E§p1)>) }

{Xiﬂ(f)xi(f) Xfﬁ() xP(r) + X270 () - XV () }

i (1) ‘X X(P) ‘ ’Xzil 1) ) — Xi(P—l)(T))

K

+7
4m
z+1

X (55?) + 85?—1) +1-— (1 N egp)) (11 N 51@71)) )

Fi1+ Fip.

For Fy 1 we have

070 4 (cr1) — (1+e?) (1ee07)
.

(o (o) (et )

’l
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2
B z]:;l(p_l)(r) (1) () = 1770 0) + () (1) = 1 (7))}|}

< (v e -

1 IN« .
+ (ZN* + ‘ll(T)‘ ‘lz(p)(i[)‘ l,(pl)(q-)) ’Xz(T) _Xi( )(T)’}
1 I () — xP | L
(e gt 2o

By using (4.5) and Lemmas 3.1 and 3.2, we have

K 1 (4d0 + NI{ZN (p (»)
< — )
Fias 4m {ZN* + /<a3l6 } {)X—H 7) - Xiv ‘ ‘X - X (T)‘

where dy = G (Xo, Vo). Next, for F; o we have

o E X X X0 - X0+ X0 0 - X
1,2 dm li(7) ‘Xz‘(i)l(ﬂ _ Xi(p) (T)‘ 4 ‘Xz(ﬁzl)(T) B XZ'(pil)(T)‘
Fioi|+ |Fig,
< 4’; {‘5&’) + ‘sgp—l)‘ +1+4 (1 +s§.”)> El +€§P—1)> } y ‘ 121‘ : ‘ 122"
where
L _ 1
g -

2|Xii(7) - Xi(r)] (| X2 r) = X ()| + | X200 - XV (0)])
Fioy = 2(Xin(r) - Xi(n)

x (| X200 = xP@)| + | x50 1) - x| - 2| X (1) - Xuln)])
Fios = 2[Xin(r) - Xi(7)|
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x (2Xi11(r) = 2%X(7) = Xy (1) + X = x 2 V(0) + X7V ().
Easily, we get
Fioa| < 2|Xina(?) - Xi(0)| {|Xina(r) - X0 + | Xi(7) - P (7)|

+‘Xz'+1) Xpl ’ ‘X X@'(p_l)(T)‘}7

‘F1,2,2‘ < 2’Xi+1(7—) - Xi(T)’ (‘Xi-i-l(T) - XZL‘ + ’Xi(T) - XZ'(p)(T)‘
+Xia (1) - x50 0| + | i) = X)),
By using (4.12), (4.6) in Lemma 4.2 and Lemmas 3.1 and 3.2, we have
Fio

P ] .
7 B g v [P

X(4do+N:‘€lN (‘X X(P) ‘ + ’XZ‘(T)—X@)(T))
1, z
+‘Xi+1 () = X300 + |xi(r) - X2 V(7))
4d0 + Nkl
= 4Amrk2Y,,

% ([Xia (1) = X2y 0| + [xitr) = X0 (0)| + X () = X200 + | Xir) - X7V

Therefore, we have

{2 [ (4do + NrIn.) + 36213, + (4do + Nkl )2}

Fo< B (|Xin) - X0+ X0 - xP ()|
+‘XZ-+1) x0T ‘ ‘X X(pfl)(T)D fori=1,2, N,
where
_L 315 3
8 = {(/1 Beo + (4do + Nrly,) )

ine (4do + Nly.) {2613, (4do + Nnly.) + 362, + (4do + Nil2)? }}
In the same way for F}, we have
B B(|Xn) - XP )]+ | Xialn) - X2y
‘X — x® Y ) ‘Xl-_l(T) —Xﬁ;l)(T)D for i = 1,2, N.
Therefore, we obtain

av; dvK _
T = () gw(\xiH(T)—Xfﬂ(r)]+\Xi+1<7>—X§£1”<T>\

+|Xir) = x| + | xi(7) X“"”( )|

+ ’Xi_l X(p ( ‘X Xf”;”(T)D : (5.10)



By using (5.8), (5.9) and (5.10),
| Xa(t) — X (t) ]
S /
:1 )

()*
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for K 2 Kovi = 1727“'7N77— S [(p_ 1)At,pAt] andp: 1,2, ,K
we have
t
dvik dv; vk
d d ) — & dr | ds + |¢¥ t‘
() ”/nm - S ) s+ [eF )

(s

p=1

IA
X
\
¢ /N

3

(p—1)At

+283 / Z
(p—1)At
n pAt
+283 / Z
p=1J(p—1)At
n pAL
+23 / Z
p=1J(p—1)At
n pAL
+283 / Z
p=1J(p—1)At
n pAL
+283 / Z
(p—1)At

::R1+R2—|—R3+R4+R5+R6+

t
\Xm )= X ()7 + / [ Xia(r) = x5
At

n+1 ’dT) ds

t
Xia(r) = X2V (7| ar + / [ Xia(r) = X1 df) ds
nAt

nAt

Xi(r) = X2 (r)| dr + / t |Xi(r) - x" ()] dT)

t
Xioa(r) — XP )’d7+/ [ Xica(r) = X ()| dr | ds
nAt
ZK(L‘)), (5.11)
for K > Ko,i=1,2,"*,N,t € [nAt,(n+ 1)At] and n =0,1,-*, K — 1.

For R{ we have

Xita(r) — Xi(ﬁ(ﬂ‘

< X (r) = X5 ()] + ’XZ+1 ) — X[ (pAt)|
dxk
< ’Xi+1( ) — Z+1 ’+/ dizﬂ(u) du,
A u
for K > Kp,i=1,2,*,N,p=0,1,--, K — 1 and 7 € [(p — 1)At, pAt].

By using (5.3), (1.6) and Lemma 5.1, we have

dx X
— (u)

<M
du 1

Therefore, we have

X(p)

‘Xz‘+1( ) — X7

for u € [1,pAt], K > Ky and i = 1,2,-, N. (5.12)

’ | Xig1(r) = X[ ()| + My [pAt — 7|,



492

for K > Kp,i=1,2,*,N,p=0,1,--, K — 1 and 7 € [(p — 1)At, pAt].

By using these inequalities, we have

[ pAt pAL
R < 2 / Z | Xiv1(r) — X (r 7)| drds + 28M; / Z ]pAt —7|drds
0 0

p=1J(p—1)At p=1

+2ﬂ// | Xi1(r) — XE (r \drds+25M1// ((n+1)At — 7)drds

< 25/ / | X1 (1) — X[ (7)| drds + (2BM T?) At
0 0
F2BM,T ((n + 1) AL — nAt) — %(t At + nAt)>
< 2BT/ | Xi1 (1) — X[ (7)] dr + (2BMT?) At + 28M T (At)?.
0

In the same way for Ry, we have
R3 < 2/3T/ | Xi(r) — X[ (7)| dr + (2BMT?) At + 28M T(At)?,

Ry < 26T/ | Xio1(r) — XX, (7)| dr + (2BMT?) At + 28M T(At)?.

Next, for Re by using (5.12), we have

Xt () = XE0)| < [ Xi(r) = X5, (0] + X5 (7) = XEa (0 - )AD)

dX XK
i+1 ('LL)

du

T

< | Xipa(r) = X[ (r |+/
(p—1)At
< }XZ'+1(T)—X5_1(T)| +M1‘7—_ (p—l)At‘,

du

for K > Ko,i=1,2,*,N,p=0,1,-, K — 1 and 7 € [(p — 1)At, pAt]).

By using these inequalities, we have

Ry

ton pAL t n pAL
< 25/ Z | Xiy1(7) XE (7 ()| drds + 28M / Z |T — (p—1)At|drds
0 0

p=1J(p—1)At p=1

—I—ZB/ / ’Xerl Z+1 ‘ )| drds + 25M; / / (T — nAt)drds

gzﬁ//pgﬂ( X[ (r)| drds + (28MT?) At
0 0

+26M,T < (t + nAt) (t — nAt) — nAt(t — nAt))
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< 2ﬁT/ | Xip1 (1) — X1 (7)| dr + (28MT?) At + 26M,T (At)?.
In the same way for Ro, we have
Ry < QBT/ | X;(7) — X (7)| dr + (2BM1T?) At + 260 T (At)?,
Rg < 25T/ | X1 (r) — XX (7)] dr + (28M T?) At + 26M,T (At)?.
Therefore, from the estimates for R; for i = 1,2,3,4,5,6, Lemma 5.2 and (5.11) it follows
| Xi(t)
<4BT{/ | Xi(r) — X5 (7 \dr+/ |1 X(r) — XK (r }dr+/ | Xi—1( ZKl(T)\dT}

+128M, T2 At + 9BM, T (At)* + 2M; (At)*,  (5.13)
for K > Ko,i=1,2,",N and t € [0,T].
By taking the sum of both side of (5.13) from i =1 to N, we obtain

N t' N
Sxi) - xKw)| < 1287 [ > |Xi(r) - X[E ()| dr
=1 0 =1

N {125M1T2At F9BMIT (AD)? + 20, (At)Q} ,

for K > Ky and ¢ € [0,T].

Put Ek(t) = Z | Xi(t) — XlK(t)‘ for K > Ky and t € [0,T]. Easily, we get

t
Ex(t) < 128T / Ex(r)dr + N {126M1T2At +9BMT (At)? + 20, (At)Q} . (5.14)
0

for K > Ko and t € [0, 7).

By using Gronwall’s inequality, we obtain

Ex(t) < N (12ﬁT26125T + 1) {12BM1T2At F9BMIT (AD? + 20, (At)2} (5.15)

— 0 asK—o oo fortel0,T].
We see that Fx — 0 in C(]0,7]) as K — oo, namely,
XK 5 X;in C([0,7T))? as K - o0 fori=1,2,-*,N.
Moreover, by using (5.15), we see that
X)) - xE@)| < N (125T2el257’ + 1) {128M, T2 + 9BM, T (At) + 2M; (A} At,

for K > Ko,i=1,2,*,N and t € [0,T].
Thus, Theorem 2.3 has been proved. O
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