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1 Introduction

In this work, we study the existence and the multiplicity of positive solutions for the
following problem:

(Py) —M(/Q ]Vu|2dx> Au = \f(x)u?™' + g(x)u® in Q,
0

u = on 0f),
where M(t) = at + b, Q is a regular bounded domain of R* with smooth boundary 9,
1 < ¢ <2, a,b are positive constants, A is a positive parameter and f, g are continuous
functions on 2, f >0, f # 0 and g > 0.

The problem (P,) is related to the stationary analogue of

Uy — (a/ |Vu|2dx+b> Awu=h(z,u) inQx (0, T),
Q

u=0 on 02 x (0, T),
u(z, 0) =up(z), w(z, 0) =uy(x),

where T is a positive constant, uy u; are given functions. It was presented by Kirchhoff
[12] as an extension of the classical D’Alembert wave equation for free vibrations of elastic
strings. Kirchhoff’s model takes into account the changes in length of the strings produced
by transverse vibrations. In such problem, the parameters have the following meanings:
u denotes the displacement, h(z, u) is the external force, b represents the initial tension
and a is related to the intrinsic properties of the strings (such as Young’s modulus). For
more details, we refer the readers to the work [3] and the references therein.

It is pointed out that nonlocal problems model several physical and also biological
systems where u describes a process depending on the average of itself as population
density. After the famous article of Lions [13] where a functional analysis approach was
proposed, Kirchhoff’s problems began to call attention of researchers.

The following stationary elliptic version has been intensively studied:

—<a/ |Vul*dz + b) Au = h(z,u) in Q
0
u=>0 on 0f),

(Ps)

where  C RY and h(z,u) is a continuous function. In the literature, there are many
works and interested readers can refer to [2] where the autors obtained positive solutions
for such problems by variational methods.

Let us recall a brief historic:

Fora =0,b=1and f = ¢g = 1, Ambrosetti et al. [1] established multiple results
namely, they ensured the existence of a positive constant Ay such that the problem (P,)
admits two positive solutions for A € (0, \g), a positive solution for A\ = A\g and no positive
solution for A > Aq.

For a =0, b= ¢ =1 and g = 1, Tarantello [15] proved the existence of at least two
solutions in a bounded domain of RV, N > 3, under a suitable condition on f.
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In the case a,b > 0, ¢ = 1 and g = 1, Benmansour and Bouchekif [4] have shown the
existence of two solutions under a sufficient condition on f.

Recently, Sun and liu in [14] treated the problem in the case ¢ = f = 1; by using the
Nehari decomposition, they obtained the existence of one solution and pointed out, as
concluding remark, that a natural and interesting question is whether we can establish
multiplicity theorems for the Kirchhoff problem with critical exponent.

Our answer is affirmative but only for a a small enough positive number. To our best
knowledge, this kind of problems has not been considered before.

Throughout this paper, we use the following notation.

H = H}(Q

/u—/u dx,
| = (/Q|Vu|2> is the norm in  H(Q),

C' denotes generic positive constants whose exact values are not important,

B! is the ball of center a and radius r and o, (1) denotes any quantity which tends to
zero as n tends to infinity.

S, is the best Sobolev constant of the embedding of H}(2) into L(Q) for 1 < ¢ < 2 and
S is the best Sobolev constant of the embedding of H}(2) into L5(Q).

We consider the following hypothesis:

Let
A= 2qS4”° Vab [25g\/3ab(4Q>(QQ)](3Q)/3
(6 —q) |1 fllo (6 —q) llgll ’
N = 2qug/2 [ bSE(2 — q) ](6_‘1)/4
(6 =) Ifll L6 —a)llgll
and

A = max(Ag, Ag).

Our main results are:

Theorem 1.1. Let a,b > 0, then there exists a positive ground state solution to the
problem (Py) for all A € (0, \,).

Theorem 1.2. Let a,b > 0 and a sufficiently small, then the problem (Py) admits two
positive solutions for all X € (0, \,).

This work is organized as follows: In Section 2, we give some preliminary results which
we will use later. Section 3 is devoted to the proof of the existence of the positive ground
state solution. In section 4, we determine the level of Palais-Smale condition and give
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some appropriate estimations which allow us to prove the existence of a second positive
solution to the problem (Py).

2 Preliminary results

The energy functional associated to the problem (Py) is given by:

Bw) = 337 (Julf) = § [o@)@) =5 [ @)y, forallu e 1

where J/\/[\(t) is the primitive of M (t) = at+b (]/\/[\(0) = 0). It is clear that I, is well defined,
of C'on H and its critical points are weak solutions of (Py), that is u € H is said to be a
weak solution of (P,) if it satisfies:

(allu]* +b) /VUVU - /g(x)(u+)5v - /\/f(x)(u+)q_lv =0, forallve H.

We know that I, is not bounded from below on H so, we introduce the Nehari manifold
given by:
No={u € H\{0} : (I{(u), u) = 0}.

Let h,(t) = I(tu) for t € R* and u € H\{0}. These maps are known as fibering maps and
were first introduced by Drébek and Pohozaev [10]. The set N is closely linked to the

behavior of h,(t), for more details see for example [8] or [9].
Let

B(0) = 3at|all* + Hlull” = Mo~ 1er? [ fla)ay =t [ gla)(u)
It is natural to split NV, into three subsets:

N o ={ueNy: (1) >0},
NY o ={ueN,: hl(1)=0}

and

Ny :={ueN,: h(1) <0},

which correspond to local minima, points of inflexion and local maxima of I respectively.

We give the following useful results.

Lemma 2.1. Suppose that ug is a local minimizer of I, in Ny and ug ¢ NY. Then

Proof If v is a local minimizer for Iy on Ny, then ug is a solution of the minimization
problem: Min{I,(u); vx(u) = 0}, where

() = alfull* + blJul? — A / F() (@t — / g(x) (ut".
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Hence, by the Theory of Lagrange multipliers, there exists u € R such that

Ix(uo) = pya(uo).
Thus, <I;\(u0),u0> = <7;\(u0),u0>. Since ug € N, and by the fact that ug ¢ N7 , then
<7:\(u0), up) # 0 and we conclude that y = 0. The proof is complete.

The following lemmas play a crucial role in the sequel of this work.

Lemma 2.2. Forall X € (0, \) and for each u € H\{0}, there exists t+ = tT(u) >t .
such that tTu € Ny, and I (tTu) = max I(tu).

—"max

Moreover, if /f(x)(uﬂq > 0 then there exists an unique t~ =t~ (u) <t . such that
tu e Ny and I\(t7u) = min I)(tu).

0<t<HY 1
The proof of this lemma is in [9].

Lemma 2.3. For all A € (0, \.), we have N° = &.

Proof We argue by contradiction. Suppose that there exists u € N7 i.e

3a Jul* + b [luf? = (g — DA / f(@)(h) + 5 / o(z) (u™)?

and u verifies
aflll + bl = [ g()wt)® = A [ sa)ay =0

From this and the Sobolev inequality, we obtain:

2¢/(4 = )2 — q)ab [[ul|”

< a4 —q) [lull® + b2 — g) ||l
< (6= 05 gl llull”,

and

2v/8ab ||u®

2a |ul[* + 4b fu]
A6 = @) [1Fllo S5 llull”

consequently we get

sty=ge=ga) " (A6 017\
6—a) gl <l = | = em o ,

and

1/(2—q)
C6-aldls/, —° 7 4bSe?

which contradicts the fact 0 < A < A..



64

Lemma 2.4. For ) € (0,\.) andu € N,, there exists e > 0 and a differentiable function
(:Bj C H— RT such that ((0) =1, {(v)(u—v) € N, for ||v]| <€ and

(4a ||ul|* + 2b) /Vqu - 6/g(:z:)(u+)5v — )\q/f(:c)(u+)q_1v

<C,(O)7U> = h”(]_)

Proof Define the application F': R x H — R, by:

F(s,w) :as?’\\u—w]]4—|—bs]]u—w|\2—35/g(3:) ((u—w)*)ﬁ—)\/f(a:) ((u—w)")?.
Since

F(1,0) = 0 and %—5(1,0) = h"(1) £ 0,

we obtain the desired result by applying the implicit function Theorem at (1,0).
Lemma 2.5. The functional Iy is coercive and bounded from below on N.

Proof For u € N,, we have

wwﬁ+wwﬁ=/@wmﬁf+x/f@mﬁﬂ

We obtain

1

B = G+ 5l = § [ ot =2 [ ety

a b (6 —q) _
. Jlull* + 3 Jul* — )\T 11l S 4/ ull”

Then, I, is coercive and bounded from below in N,.

Define ¢ = inf I, (u), ¢ = inf I,(v) and ¢y = inf I, (u). Moreover if uy is a local
ueN; vENY ueNx

minimum of [, then we have

sallusl*+ b = Mo = 1) [ @) =5 [ g =0
and since N = &, we deduce that uy € N and so ¢ = c,.

We have the following result:
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Lemma 2.6. For all A € (0, \,), there exist two minimizing sequences (u,) C Ny and
(vn) C Ny such that
(i) I (u,) < cf + % and I (wy) > I (u,) — % lwy — || for all wy € Ny

(it) In(vn) < ¢y + = and Iy (w2) > Iy (vy) — + |[wa — v, || for all wy € N .

Proof It is clear that I, is bounded in N). Then by using the Ekeland variational
principle, we obtain two minimizing sequences (u,,) C N, and (v,) C N, which verify
(i) and (ii) respectively.

3 Proof of Theorem 1

To establish the proof of Theorem 1, we need the following result:
Proposition 3.1. For all 0 < A < A, we have ¢ < 0.

Proof i) Let u € Nyf. Since

A(6—61)/f(fv)(u+)" > 2alfull* + 4bfu]’

> b ul*.

Then,

B = Fhelt+ 3l -5 [o@) =2 [ ety

b(2 —q)

<
= 3q

[ul|* < 0.

We deduce that ¢ < 0.
Here, we prove by applying Ekeland’s variational principle, the existence of a ground state

solution. Indeed we have from i) of Lemma 2.6 the existence of a minimizing sequence
(u,) C Ny such that

1 1
I(un)<c;\r+gand[(w)zf(un)—ﬁﬂw—unH for all w € Ny

Since (u,) is bounded in H, passing to a subsequence if necessary, we have : wu, — ug
weakly in H.
Now we show that ug is not identically zero. Suppose by contradiction that uy = 0.
From i) of Lemma 2.6 , we write:

1 a 4 b 2
5 [ o@D =Sl + 5 lual? - .
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Since u,, € Ny, we also have:

0 < (4 - q)afunll* + (2 = Q)b [lun]* = (6 — g) /g(x)(UZ)G + on(1).
Combining these last, we obtain:

(¢ = 10)

0 94—y
R

< 6(6 —q)cf +0,(1) <O0.

a [[unl* + (24 = 16)bfun||* — 6(6 — g)e + 0a(1)

Which leads to a contradiction. So, we conclude that u is not identically zero.
Consequently,

& < Ii(uo)
= Sl + 3 ol -3 [ @
< lim 7y (uy)
n—oo
= Cj)

SO

cx = I (up) .
It follows that (u,) converges strongly to ug in H and necessarily ug € Ny To conclude
that ug a is local minimum of I, recall that for each © € H, we have

I(su) > I, (t7u) forall 0 <s<t!

a,max’

in particular for u = ug € Ny, we have t~ =1 < t nax- Choose € > 0 small enough to

have 1 < t¥- " and t(w) satisfying t(w) (ug — w) € N, for all |w|| < e. Since t(w) — 1 as

a,max

|w|| — 0, we can suppose that

t(w) < t&o 2 for all w such that ||w| < e,

a,max

hence t(w) (ug — w) € Ny and for 0 < s < % we have

a,max?’

I (s (g = w)) = Iy (t(w) (uo — w)) = Ix (uo),

taking s = 1, we conclude that I (ug —w) > I (up) , for all w € H such that ||w| < e.
As Iy (Ju|) = I, (u) , we deduce by the maximum principle that ug is a positive solution.

4 Existence of a local minimizer on N N

This section is devoted to the existence of a solution u; in N, via Mountain Pass Lemma
such that ¢; = I, (u1). First we determine the good level for covering the Palais-Smale
condition.

The best constant Sg is attained in R? by

—1/2
Us o) = €2 (2 + |z — ao[?) "

I

where zo €  and € > 0.
We have the following important result whose proof is similar to the one in [7] .
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Lemma 4.1. For all A € (0, \,), the functional I satisfies the (P-S). condition for

X - _ b
c<c = ||g|| 53+ ||g|| $ g+ o SGE1+_||9“ ' Sg B+ co,

1/2

where By = (a2 ||g||;,1 Sg +4b HQH;I 56)

Proof Let (u,) be a (P-S). sequence with ¢ < ¢, then (u,,) is a bounded sequence in H.
Thus it has a subsequence still denoted (u,,) such that w, — w in H, u,, — u strongly in
L () forall 1 <s <6 and u,, — u a.e in .

Let w,, = u,, — u. From the Brezis-Lieb Lemma [5], one has:

[l = llwall* + [lull* + 0a(1),
lunll® = llwall* + 2llwal *[lull® + lull* + 0a(1),
and
o)t = [ o+ [ ge)w) +o.0)
Since I)(u,) = ¢+ 0,(1), we get
a 4 b 2, a 2 2 1 +16
¢ 2 a4 _ — L(u) -1
ol + 5l + 5 lanll el = [ 9@ = D) = 150
= c¢— Iy(u) +o,(1).
By the fact that I!(u,) = 0,(1) and (I.(u),u) = 0, we obtain
4 2 2 112 6 _
a[[wn|” + b fJwn[|” + 2a [[wn [|* [[ul]” - /g(flf)(wn) = on(1).

Assume that ||w,|| — [ with [ > 0, it follows that
/g(x)(wn)6 = al* 4 bl% + 2al? ||ul® .
From the definition of .S, we have:
Junll = 52111 [ gta)w; ), for all .

As n — +o00, we deduce that
a _ _ _ 1/2
2 5 llglls " Sy + SG (a® lgll2 Sg + 4|9l Se(b+ 2a[|lu]?))

Consequently we obtain

b a
4 2 2 2
= — = I
c 12[ 3l +6l wl|” + 1) (u)
b
> El4 glz‘i‘CO
_ _ b a?
> —HgH S3+—H9H "} S+ S6E1+ 2 gl SeEr + co

6

*

= C
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which is a contradiction. Therefore [ = 0, then w,, — u strongly in H. Now, we shall
give some useful estimates of the extremal functions. Let o €  and ¢ € C§° (€2) such
that ¢(x) =1 for x € B}, ¢(x) =0 for x € R*\ B2, 0 < ¢ <1 and [Vo¢| < C.

Set Ue 4, () = @(2)Us 4o ().

Similar to the calculation of [6] and [11], we have the following estimates, as € tends
to 0 :

/ g(2) ) = gl A+ O (%), and uewm|P = B+ O(e).

where

A= (+je—2P) ", and B= | VU ()],
R3

R3

and from [15], we also have: /g(x)u5 up = O (g'%) 4+ 0 (/%)

€,20

In the search of our solution, it is natural to show that ¢; < ¢*. For this let ug be the
ground state solution given in Section 3.

Lemma 4.2. For A\ € (0,\,), there exist ag and g9 small enough such that for every
0<e<egyand 0 <a < ay we have Iy (ug + tu. 4,) < c* for all t > 0.

Proof From the above estimates and the Holder Inequality, we obtain

a b 1
[)\ (Uo + tus,mo> = [)\ (u()) + Zt4Hus,on4 + §t2|’u€,xo”2 - étG /g(x)(u;fxo)ﬁ
£ + \5
_E g(x)(ua,a;o) Uo
2 1
Taf? ( / vUost,m) e PG ol ¢ Vuowm)]
+o (/%)
a b 1 o
< I —t*B%+ 2B — Z||g||t°A — —O (£'/?
< A(Uo)+4 +2 6H9|| 6 (5 )+
3
+at? {§||u0|]23+t33/2\|u0||} +o0 (51/2)
= ¢+ Q. () + R(t),
where
__1 6 , @4 é 2_ﬁ 1/2 1/2
Q. (t) = —=||g/|0 At® + = B*t* + ~Bt O (%) +0(£77),
6 4 2 6
and

3
R(t) = a |5t [uol® B + B ul |
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We know that lim @, (t) = —oo, and @, (t) > 0 for ¢ near 0, so sup,~, Q. (¢) is achieved
t—s+o00 -

for t =1, > 0 and T verifies:
—A||gl|T? + aB*T? + bBT. = O (/%)
Also @, (t) attains its maximum at Ty given by

_ _ _ 1/2
allgl| = B2 + (a?||g||:2B* + 4b||g|| L AB)"
2A '

It is clear that 7. tends to Tj as € goes to 0. Write T, = Ty(1 £ 4_), hence 6_tends to 0 as
€ goes to 0.
Moreover, since I (ug + tue ,) — —00 as t goes to oo, there exists 7. < T; such that

T8 =

Iy (uo + tue 5y) < ¢+ Q. (1) + sup R(t).

t<T
On the other hand, we have
1 a b
Q.(I:) = —¢ 19100 AT? + ZBQTf + §BT52 — 0 (%) +0(c7?)
1 b
= 75 191l ATg + ZBQTSL + §BT02

+aTy B, £ bT3BS. F ||g||, TEAS. — O (€/2) + 0 (¢'/?)
a
4

Now substituting the expression of Tj, we obtain

_ _é ”gHoo AT(? + B2T61 + SBTOQ -0 (51/2) + o0 (51/2)

—1 PR3 2 —2 N6 —1 PR3 1/2 3 —2 N6
o.r) = WL UCISIZE LAY
I S BZEA
= Dl g2t + (s gl S (a2lgl22SE + 4bllgll o)
4 19lleo 26 T 5 l1Flloc 26 7 Ug26 T 5 1910 26 )14 11 lloc 26 Illoo 26
-0 (51/2) +o (51/2)
< c*—co—0(81/2)+0(51/2).

Thus we have

Iy (ug + tueyy) < =0 (81/2) +o0 (51/2) + sup R(t)
t<Th

< =0 +o(cM?) +akK,

where K := 3T2 ||uo||* B + T2 B2 |Juy|| .
Consequently, there exist ag and ¢y small enough such that

Iy (up + tue 4,) < c*, for every 0 < e < egp and 0 < a < ay.
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By Lemma Lemma 2.2, there exists unique ¢+ (u) > 0 such that ¢* (v)u € N, and
I\(tTu) > Iy(tu), for all |¢t| > ¢* . and every u € H such that |lul| = 1.

a,max

The extremal property of ¢t (u) and its uniqueness give that it is a continuous function

of u.
%:{mu{u/mn<ﬁ(ﬁﬁ>}

Set
%:{u/mu>ﬁ<ﬁﬁ)}'

As in [15], we remark that for A € (0, \.), we have H\N, = VUV and Ny C Vi, ug € V3
and wg + tou. 5, € Vo for a ty > 0, carefully choosen.

Let I' = {h : [0,1] — H continuous, h(0) = ug, h(1) = ug + toue 4, } .It is obvious that
h:[0,1] — H given by h(t) = ug + ttou. », belongs to I'. We conclude that:

and

= inf In(h(t)) < c".
O R < ¢

As the range of any h € T intersects NV, , one has ¢ > ¢;.
Applying again the Ekeland Variational Principle, we obtain a minimizing sequence
(u,,) C Ny such that
I(u,) =

and
175 (un) || = 0.

We also deduce that ¢; < ¢*.
Consequently, we get a subsequence (u,, ) of (u,) and u; € H such that

Uy, — w; strongly in H.

This implies that u is a critical point for Iy, u; € Ny and I\(u;) = ¢;.
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