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Abstract. In this paper we formulate a prototype problem of isolated large diffusion,
in the sense that, we consider large diffusion in finite disjoint parts of a domain where there
is no interaction between the diffusion on each part. We show that the solutions present
spatial homogenization and we analyze all asymptotic behavior, as well as convergence of
solutions, eigenvalues and spectral projections.
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1 Introduction

Reaction-diffusion equations is an important type of partial differential equations because
they have a lot of applications, as we can see in [1] and [4]. Among them, the equations
with large diffusion model situations where the heat distribution blows up in the physical
domain of the equation, see [3] and [5]. Thus it is interesting to consider situations where
it is possible to isolate the large diffusion.

In this paper we present a prototype problem when the diffusion coefficient is large
and isolated in finite bounded parts of RY. We will study the well posedness and obtain
the convergence of the solutions in an appropriate energy space.

Let Q = U™,Q; C RY be a smooth open set with m connected smooth components
such that Q; N Q; = 0 if i # j. We denote I'; = 9Q;, for i = 1,...,m, and ' = U™, T
For £ > 0, we define Qf = {x € Q; : dist(x,[;) > e}, i =1,...,m, QF = U",Q and, for

each i = 1,....,n, we take the family of molifiers . € C®(RY), with / n'dr = 1 and
. RN
supp(nl) C B(0,e) C RN, If Xo: is the characteristic function of €2f, then

1 . 1 .
gnz * XQ§<$> = g/ ne(z — y)ng(y) dy — oo, as ¢ —0, (1.1)
supp(n * xaz) C supp(n}) + supp(xa:) = B(0,¢) + Q2 C Q. (1.2)

We consider the family of second order equations

— Div(é zm:nz_ * XQf(m)Vu{f) + A = f(u®) in Q,
i=1

ous __ : -
e = 0 in Iy, 2=1,....,m,

UE(()) = ug?

(1.3)

where A > 0 and f is continuously differentiable and g"s = (L5 i Xas (@) Vus, v5)

is the co-normal derivative in I'; and v; denotes the unit outward normal vector to I';.
Now we informally try to guess what happens when ¢ — 0. For this we fix j and
integrate (1.3) in €2;. By Divergence Theorem,

1 .
/ufdx—/ —nL * xoe (T )8 do; + /)\u daz—/ f(u
Q. r. € ¢ 8

J J

where do; indicates the usual surface measure in I';. And by Neumann boundary condition

ODF]',
/ufda:—l—/ )\uedx:/ f(u®
Q; Q. Q;

J J
Since large diffusivity implies fast homogenization in the spatial variable (see [5]), we
expect that, when € — 0, the limiting solution u; is spatially constant in each €2;, thus

/ujda:—i-/ )\ujdx:/ fuy;) dz
Q, Q Q;

J J
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and we obtain that the limiting problem of (1.3) as ¢ — 0 is given by the ordinary
differential systems

u(0) = uo, '
h i3 L / “(0)d
ere ug =lim » — [ u x.
" R — || Jo,

Our goal is to show that the solutions of (1.3) converges to solutions of (1.4) in an
appropriate functional space. To accomplish this task we divide this paper as follows.
In Section 2 we establish the functional space to treat the problems (1.3) and (1.4).
In Section 3 we prove the convergence of the spectral properties of the related elliptic
operators. Finally, in Section 4 we consider the well posedness of the parabolic problems
and prove that the solutions of (1.3) converges to the solutions of (1.4) as € goes to zero.

2 Functional Setting

In this section we define the variational formulation of the problem (1.3). We will consider
the fractional power space of the linear operators related with (1.3) and we will see that
this energy space with an appropriate inner product generates a norm, which we will state
in what sense the solution of (1.3) converges to the solution of (1.4).

We define the operator A, : D(A.) C L*(Q2) — L*(Q2) by

ou® o=
. 2 . o . I o = i 8
D(A.) ={u e H(Q) =0,i=1,...m}, Au= Dw(e ZEI ML % Xas (x)Vu) + .

) £
ov;

We denote L3 = {u € H'(Q2); Vu = 0in Q}, note that if u € L2 then u is constant a.e
in each ©;, thus we define the operator Ay : Lg C L*(Q2) — L*(Q) by Aju = Y_i" ) A,
where u; denotes the constant value of u in €2;.

Since the diffusion coefficient 2377 7% * yq:(x) is smooth, we known that A. is a
positive invertible operator with compact resolvent for each € € (0, ¢¢], hence we define in

1 1
the usual way, see [6], the fractional power space X2 = H'(Q2) and we denote XZ = L3.
In this spaces we consider the following inner products

1
<u,v>X% = / - an: * Xas () VuVo dr + / Awdz, w,ve X2, €€ (0,e)]; (2.1)
: Q5 =1 @

(u,v) 1 = |Q|_1)\Zuivi, u,v € X¢g. (2.2)

X,
0 i=1

1 1 1
The space X is a finite dimensional closed subspace of X2, € € (0,&] and H*(Q2) — X2
but the injection is not uniform, in fact is valid, as we can see of (2.1) that for ¢ sufficiently

small,

1
2 2
.. < Sl (23
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1
Thus estimates in the H'-norm does not produce well estimates in X2, hence we consider

1
the fractional power space X2 as the functional space to deal with the problems (1.3) and
(1.4).

3 The Elliptic Problem

In this section we study the convergence of the elliptic problems. We prove the convergence
of eigenvalue, eigenfunctions and spectral projections. This approach is essentials to
obtain the convergence of the solutions of the parabolic problem (1.3) and the limiting
one.

We consider the following elliptic problem

—Div(é iné * Xas (x)Vu€> +Au = f(u®) in Q,
i=1

86_ . -
5 =0 in Iy, i=1,..,m,

k3

(3.1)

where f € L*(Q).
1 1
To compare the problems we need to project functions of X2 onto X, thus we consider
the projection

m

1 1
P“_Z<|Qi!/giud$>x% u€L*(Q) or ueX

i=1

1 1
We have P is an orthogonal projection acting on L? onto LZ or X2 onto XZ.

Theorem 3.1. Let u® solution of (3.1). Then

lim|u —u| 1 =0 and i
e—0 X2 e—0

1o
‘E, () |VuElPdr =0 3.2
In/aE L na*XQz("EN U| T ) ( )

where u = \"'Pf and f € L*()). Furthermore

lim [[A-Y — A P
e—0

1 =0. (3.3)
L(L2(2),X2)

Proof. The solutions u® and u satisfies

R 1
- E n: * xo: (¥)VuVodr + [ W odr = | fedr, Ve X2, (3.4)
O Q Q

/)\ugpdx:/Pfgod:L’, V@EXO%. (3.5)
Q Q

Taking ¢ = v —u in (3.4) and ¢ = Pu® — u in (3.5), we obtain by inner product (2.1)
that

o~ ul?, < [ 172 = Pyuc|da.
X Q
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N
N

By Poincar I’s inequality for average, we have

1

FI=Pycldz < S |1f 2, /Vandm ?
[ itz =Py > Wlizy( 19T de)

/]Vu€|2d:c: |Vu€\2d:c+/ V2 de
Q, Qs Q:\Qs

We estimate each above integrals in the following way,

1 1
/ IVue|)? dx < </ |Vu€|2dx>2</ dx)z §C’|QZ~\Q§|% —0 as e¢—0,
Q\02 Q\Q8 Q\08

1 1 <
- V52d < — 7‘* e v52d < 112 <C
 vars [ 23 at e @V e < ey <

Put this estimates together we obtain lim. ¢ [|u® — u||X 3 = 0. The last inequality proves

the second limiting in (3.2).

To prove (3.3) we note that, for each g € L*(Q) with ||g[|;2@) < 1, the equations
A.uf = g and Agu = Pg implies that u* = AZ'g and u = A; ' Pg. The result follows from
the same argument as above. O]

Next we analyse the spectral properties of operator A..

Theorem 3.2. If we denote, for each € € (0,g¢] the spectra of A. by o(Az) = {A], A5, ...}
and the {¢5, 5, ...} the related set of eigenfunctions. Then

(i) X=X and ¢ = |Q| 2.

|

(ii) \; — oo as e — 0 for all i > 2.
(iii) given § > 0 sufficiently small, the operator

Q.= Q.0 =1 / (4t A d, < < (0,0,
|u4A=0

= o

1
are compact projections of L*(Q) onto X2 and

L O O Nl (3.6)

Proof. The statement (i) is immediate from definition of A.. If (ii) fails, we can take

R > 0 and sequences ¢, — 0 and {\}*}, j > 1 such that [A\}*| < R. We can assume

ASF — . Let ¢3* be the corresponding eigenfunction to A%* with ||<p;’“||X% = 1. Then
€k

0 as e, — 0 for

€k — \¢k A—1, €k : -1 -1 £k
o = A Aekl%‘ . Since AZ" converges to A", we can assume ¢;* — u

5 €k 4— €k :]— 0
L ]k >\J €k 1TJ / 0 us
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as ey — 0. Since ¢ — u’, we get u® = pA;'u®, which implies p € o(Ap), thus p = A
and then \}* — X as g, — 0, j > 1, which is an absurd.

To prove (iii) note that, since o(A.) is a sequence that goes to infinity as £ goes to
zero, for ¢ sufficiently small (). is well defined and

1
g . :H_, A = (i + Ay Pd H
||Qa HE(L?(Q),XE%) omi /HAza(#+ a) (M+ 0) 1 L(Lz(QLXE%)

1

< — AN — AP d
<% s [+ A)™ = (1 + Ag) ”a(m(m,xé) |dpl,
1
where we have used that — (n+ Ag) ' Pdp = Ir(12(0))- But, we claim that it is
T Jlu=A=s

valid the following identity
AF((ut 407 — (4 A)P) = A+ A) T ARAT - AT P) ok AT (3)

and then the result follows from convergence (3.3) by noting that A (u+ A.)™' =1 —
pu(p+ A~ and Ag(p + Ag) ™' =T — pu(p + Ag) ™! are uniformly bounded.
To verify (3.7) note that

(n+A)™ = (4 A)) TP = (n+ A) T (1 + Ao) — (u+ A (i + Ag) P
= (p+A) T A(AT = AT P) Ao (e + Ao) ' P

where we have used that A;' = A;'P. O

4 The Parabolic Problem

1
In this section we study the well-posedness of (1.3) in the fractional power space X2. We

prove that the solutions of (1.3) converges to the solution of (1.4) in the XE% -norm.

The results in existence and uniqueness of this section follow from the standard theory
of existence and uniqueness for parabolic equations developed in [2] and [6]. However,
due to the diffusion coefficient in (1.3) and the domain type considered, we will revisit
the theorems addressing the main steps in the statements. In fact we need to ensure that
the constants are independent of &, since we have the blow up condition (1.1).

Definition 4.1. We say that (1.3) is locally well posed if, for any u§ € L*(Q2), ||u||12) <
r, for some r > 0, there is a map u(-,u§) : [0,7] C R — L?(2) such that

(1) ua<'?u8) S C([OvT]v L2(Q))7

(i) w®(-,uy) satisfies the variation of constants formula

t
us(t, ug) = e_Astuf) +/ e_AE(t_S)f(ua(s,ug)) ds, telo,7],
0
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where e~“¢ is the strongly continuous linear semigroup generated by —A..

In this case we say that u®(-,uf) is a mild solution of (1.3). If we can take 7 = oo we
say that (1.3) is globally well posed.

The local well posed is obtained in the following way.

Theorem 4.2. Assume that for each R > 0, there is a constant C = C(R) > 0 such that,
1
the Neminski functional f : X2 — L*(Q) satisfies

1/ () = f(v)]

3 SCllu— v, ad 7, <C
as long as ||u|| 12, ||v|| 2020) < R. Then (1.3) is locally well posed and the solutions depend
continuously on the initial data, that is, if ||ug||Lz, ||v5]| L2 < R, then

[u(t, u5) — w™ (L, vp) || 2() < Cllug — w5l L2(0)-

Proof. Since A. has compact resolvent, we define, for each uj € L*(f2), the linear semi-
group

°° 1
—Aet, e _ =Xtye, e At A -1 €d 4.1
g = DN s €+ A i (4.)
where 7 is the boundary of the set {u € C : |arg(p)| < ¢} \ {1 € C : |u| < r}, for some
¢ € (r/2,7) and r > 0, oriented in such a way that the imaginary part is increasing. it
is valid the following inequality (see [2])

At e 1.
le™ " ug || ooy < Mt lugll 5 (4.2)
Thus, we consider the map &,
t
(Dou)(t) = e etus + / e~ A(=9) f(u(s)) ds, t >0, (4.3)
0

in the space
K =A{u(-) € C([0,7], L*(Q)) : w(0) = ug, |u(t)||Loo(o.04r,22(0) < Mlugllr2e) + 1}-

We can choose 7 > 0 uniformly for all ||ug|z2(q) < 7, such that

t
(@) (Bl 2(2) < MJug|| () + C(Mr + 1)/ (t—s)"2ds
0
< Mjugllz@) + 1, ¢ <[0,7],

which prove that ®.(K,) C K, .
To prove that ®. is a contraction, take u,v € K, to

1(@2u) (1) = (@20) (1)l 20y < C(Mr + 1) / (t =)7L ds sup {Jlu(s) = v(s) |z}

< % sup {llu(s) —v(s)ll L2 }-
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Thus @, is a contraction on K., which implies that ®, has a unique fixed point in C..
Now, let u(-, u§) be the unique mild solution of (1.3) For ||ug|| 2y, [v5]lz2) < 7, we
can prove that

1
lut, ug) = v(t, vo)llzee) < rllug = volla@ + 5 sup {lluls up) — vl w)ll2@}

which implies
Ju(t, ug) — o(t, vp)ll L2 (@) < Cllug — vGll2(@),

for C' > 0 independent of ¢. n

Corollary 4.3. Suppose that f as in Theorem 4.2. Then, for each ug € L*(2) there is a
mazimal time of existence Ty > 0 such that

(1) the solution u®(-,uf) is defined in [0, 7)),
(i1) either Ty = oo or liminf, ., [|u®(t,uf)|| L2 = oo.
Proof. For each uj € L*(2), let
Ta = sup{t; : there is a solition of (1.3) defined on [0,%]}

We have that if the solutions remains bounded in an interval of the form [0, 9], then
there is o > 0 such that the solution u(-, 7, u(7, u§)) is defined in [7, 7+ o]. Let 7 € [0, 7)
be such that 7+ o > 79. Since the function z : [0,79] — L*(Q) is defined by z2(t) =
u(t,uf) for t € [0,7] and 2(t) = u(t, 7, u(r,uf)) for t € [r,7 + o] is a solution, we get a
contradiction. O

Theorem 4.4. Suppose that f as in Theorem 4.2 and for u§ € L*(Q) we have

sup [Ju(t, ug)| L2y < oo, for all 7> 0. (4.4)
te[0,7]

1
Then Ty = oo. That is, (1.3) is globally well posed. Moreover if uf € X2, then

(- ug) € C([0,00), X2). (4.5)

Proof. Since we have the energy estimate, it follows from Gronwall Lemma that the
solutions are defined for all positive time. This solutions satisfy the variation constants
formula. Hence (1.3) is globally well posed if we assume some appropriate conditions in
f. For example, if f satisfies

wf(u) <u? +Clul, tu€R,

for some constant C' > 0, then (4.4) is true. See [2] Chapter 12 for more general conditions.
For the regularity (4.5) we need to consider the relation between the dimension N and
the exponent p = 2 and injection theorem. All details can be found in [2] or [6]. O

Now we are in position to state our main result in this work.
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1
Theorem 4.5. For each u € X2 and f continuously differentiable, the parabolic equation
1 1

(1.3) and the ODE (1.4) are globally well posed in X2 and X§ respectively. Moreover if
u® is the solution of (1.3) and u the solution of (1.4), then

=0.

lim [|u® — u| 1
e—0 X2

Proof. The solution of (1.4) satisfies
t
u(t) = e Mug + / e M) Fu(s)) ds,
0

and the solutions of (1.3) satisfy

t
us(t,ug) = e_AEtu‘é + / 6_A5(t_5)f(u5(s, ug)) ds.
0

It follows form expression (4.1) and the convergence (3.3) that

lim [Je= <" — e~ P|| 1 =0.
e—0 L(L2(2),X2)

Thus we assume, for simplicity, u§ = 0. We decompose X2 =Y. + Z., where Y. = Q. X2
and Z. = (I — Q.)X2. We write the above solutions as u®(t) = v°(t) + w®(t), where

UE(t)Z/o e’)‘(t’s)f(u(s)) and wg(t):/o e’AE(t’s)f(uE(s,ug))ds.

The result is proved if we show that ||w*(¢) HX% — 0 as € — 0. Indeed, we have from (4.2)
that t )
Ol < [ Mt =930 = Qrw )]y ds

It follows from (3.6) that ||w€(t)||X% — 0 ase—0. O
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