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1 Introduction
Generalized Maxwell equations in an electromagnetic field are written by

eOlFE + 03 =curl H,

woH + curl E = F,

ediv E = q, (1.1)
divH =0

in Qp := Q x (0,T), where € is a bounded domain in R*® with a boundary I', E and H
denote the electric and magnetic fields, respectively, € is the permittivity of the electric
field, p is the permeability of the magnetic field, o is the electric conductivity of the
material, 7 is the total current density and ¢ is the density of the electric charge. Since
the displace current €0, E is small in comparison with the eddy currents, we neglect the
term. We use the nonlinear extension of Ohm’s law |j[P~?j = ¢ E (1 < p < 00). Then H
satisfies the following equations containing the p-curlcurl equation

divH =0 (1.2)

{ pOH + curl [2|curl H|P2curl H] = F,
in Q7. The solvability of such a system depends on the nature of the boundary conditions
and the shape of the domain. In the article by Yin et al. [16], they impose the natural
boundary condition

Hxn=0onIl'r:=Ix(0,7), (1.3)

where n denotes the outward normal unit vector field to I and they also impose the initial
condition

H(0) = Hy on . (1.4)

Putting v = 1/0, we consider the following system.

o H + curl [vjcurl HP~2curl H] = F  in Qr,
divH =0 in O,
H xn=0, on I'r,

(1.5)

As a necessary condition for the existence of a solution to this problem, the external field
F must satisfy div F' = 0 in Q7.

The authors of [16] obtained the existence theorem of a weak solution of (1.5) in the
case where p > 2, and 2 is a bounded simply connected domain without holes. The model
system (1.5) provides a good approximation of Bean’s model. Moreover, we can analyze
the phase-change process between normal and superconductor regions. For precision, see
[16] and references therein. Miranda et al. [12] considered the problem (1.5) under a
more general setup in the case where € is simply connected domain with the boundary
condition H -nm = 0 on I'y instead of (1.3). They obtained a "weak” solution. However,
their ”weak” solution is not the solution of (1.5) in the distribution sense, so the ”weak”
solution is not a weak solution strictly speaking.
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In this paper, we consider a more general Maxwell system than (1.5) in the case where
Q) is a multiply-connected domain.

Oyu + curl [S,(z, ¢, [curlu[*)curlu] = F in Qrp,

dive =0 in 7,

uxn=0 on I'p, (1.6)
(u-m,1)r, =0 i=1,...,1,

u(0) = uo in Q,

where the function S(x,t, s) satisfies some structural conditions (2.4a)-(2.4c) below, and
[; (i =0,1,...,1) are connected components of the boundary I with I'y denoting the
boundary of the unbounded connected component of R*\ ©, and (u-n, 1)1, denotes some
duality bracket. More precisely, these are defined in section 2. Under the hypothesis
div F = 0 in Qg, we show the existence of a weak solution of (1.6). Our weak solution
satisfies (1.6) in the distribution sense. To show this, we must extend the space of test
functions in the weak formulation of (1.6) to a wider class of the space of test functions
than that considered in [12].

In the case where the condition div F' = 0 in € is not satisfied, it is natural to consider
the following Maxwell-Stokes type problem: to find (u,7) in an appropriate space such
that

( Oyu + curl [S(z, t, |curl w|?)curlu] + V= f in Qr,
divu =0 in Qr,
uxn=0 on I'r,
(u-m,1)r, =0 i=1,...,1,

[ w(0) = uy in €,

for any f in an appropriate space. In this paper, we derive the existence of a unique weak
solution (u, ) of (1.7) by using the existence of a weak solution of (1.6).
In our previous paper Aramaki [4], we considered the following stationary Maxwell
type problem.
curl [Sy(z, |curlw|?)curlu] = F in ),

divu =0 in Q,
uxn=>0 on I
(u-n,p, =0 i=1,...,1

Under the hypothesis div F' = 0 in 2, we showed the existence of a weak solution and its
regularity under stronger conditions than (2.4a)-(2.4c). The existence of a weak solution
is reconsidered in section 3 in which we treat the stationary Maxwell-Stokes type problem:
to find (u, ) such that

curl [Sy(z, [curlu|*)curlu] + Vo = £ in Q,

divu =0 in €,

uxn=0 on I, (1.8)
=0 on I,

(u-n,1)p, =0 i=1,.... 1

For the stationary case (1.8) or the evolutionary case (1.7), the existence theory of a weak
solution is interesting and it seems to be new in our understanding.
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We should mention a well-known Stokes problem.

du—Au+Vr=f in Qrp,

divu =0 in Qrp,

uxn=>0 onI'p, . (1.9)
T =0 on I'p,

u(0) = uy in Q.

For the system (1.9), Baba et al. [5] showed the existence of a weak solution, by using
the semi-group theory.

It is also interesting to consider the asymptotic behavior of a weak solution (u,7) =
(u(t), m(t)) of (1.7) as t — co. We show that (u(t),7(t)) converges to a weak solution of
the stationary version (1.8).

The paper is organized as follows. In section 2, we give some preliminaries on the shape
of the domain €2, some spaces of functions and the structural conditions of a Carathéodory
function S(z,t,s). In section 3, we consider the stationary Maxwell-Stokes type problem.
Section 4 consists of two subsections. In subsection 4.1, we derive the existence of a
weak solution to an evolutionary Maxwell type problem (1.6), and in subsection 4.2, we
consider an evolutionary Maxwell-Stokes type problem (1.7). Finally, in section 5, we
consider the asymptotic behavior of the solution obtained in section 4 as time ¢ tends
to infinity. In Appendix A, we give a proof of Lemma 4.4, and in Appendix B we give
a different example satisfying the structural conditions (2.4a)-(2.4c) from the function
S(z,t,s) corresponding to p-curlcurl operator.

2 Preliminaries

In this section, we state some preliminaries. Let € be a bounded domain in R? with
a CY! boundary T', and 1 < p < co. Throughout this paper, we denote the conjugate
exponent of p by o/, i.e., (1/p)+(1/p') = 1. From now on we use L?(Q2), W™P(Q), H™(2),
W P(Q), Hy(2) (m > 0 integer), W*P(T') and H*(T') (s € R) for the standard L? and
Sobolev spaces of functions defined in Q and T', respectively, and C§*(£2) is the set of C™
functions with compact support in © (m > 0 integer or m = oo). For any Banach space
B, we denote B x B x B by boldface character B. Hereafter, we use this character to
denote vectors and vector-valued functions, and we denote the standard Euclidean inner
product of vectors @ and b in R? by a-b. For the dual space B of B, we denote (-,*)p' g
for the duality bracket.

Since we allow €2 to be a multiply-connected domain with holes in R3, we assume that
) satisfies the following conditions as in Amrouche and Seloula [1] (cf. Amrouche and
Seloula [2], Dautray and Lions [6] and Girault and Raviart [8]). €2 is locally situated on
one side of I" and satisfies the following (O1) and (O2).

(O1) T has a finite number of connected components Iy, Fl,;. ., I'r with 'y denoting the
boundary of the infinite connected component of R3 \ Q.

(O2) There exist J connected open surfaces ¥;, (j = 1,...,J), called cuts, contained in
Q) such that
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(a) each surface 3; is an open subset of a smooth manifold M,

(b) 0X; C I' (j = 1,...,J), where 0%, denotes the boundary of ¥;, and ¥; is
non-tangential to I,

() TNy =0( #k),

(d) the open set Q° = Q\ (U/,%;) is pseudo C"' simply connected (cf. [1,
Definition 1.1]).

The number J is called the first Betti number and I the second Betti number. We say
that €2 is simply connected if J = 0 and €2 has no holes if I = 0. If we define

KE(Q) = {v € W'P(Q);curlv = 0,divv =0 in Q,v-n=0onT}

and
K2(Q) = {v € W'(Q);curlv = 0,divvo =0in Q,v x n =0 on I'},

then it is well known that dimK%.(Q2) = J and dim K%,(2) = I. In the latter, we need a
basis of K& (2) defined as follows. Let ¢V € W?*P(Q) (1 <4 < I) be a unique solution of
the problem

—Ag =0 in Q,
0|, = 0 and ¢[, = const., for 1 < k<1,
(Ong, D)r, = 03 for 1 <k < I and (9ng, L)r, = —1,

where (-, )r, = (-, Dw-1/po(r,) wi-1s o/ 1,y Then we can see that {Vg'}/_, is a basis of

K%(Q) (ct. [1, Corollary 4.2]).

We introduce some spaces of vector functions. Define a space
XP(Q) ={v € LP(Q);curlv € LP(Q2),dive € LP(Q)}
with the norm
[vllzr @) = vllzr @) + lleurl vl Lo @) + [[divol| Ly @)

We note that XP((2) is a Banach space with respect to the given norm as above. Moreover,
we note that if v € LP(Q) and curlv € LP(Q), then the tangent trace n x v € W~ Y/PP(T)
is well defined and

(n xv,p)r:=(nxwv, Lp)W_l/p,p(r)’wl_l/p/,p/(m = / curlv - pdr — / v - curl pdx
Q

Q

for any ¢ € W(Q), and that if v € LP(Q) and dive € LP(Q), then the normal trace
v-n € WYPP(T) is well defined and

(V- 1, Q)1 1= (V- 1, O)y1/pw(ry w1/ 0/ (1) = /(div v)pdr + / v - Vodz
Q Q

for any ¢ € W' (Q) (cf. [1, p. 45]).
Furthermore, define a closed subspace of XP(Q2) by

X(Q)={veXP(Q);vxn=0o0nTl}.
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From [1, (1.5)], we see that W P(Q) < X% (Q) — W'P(Q), where the symbol < means
that the embedding mapping is continuous, and there exists a constant C' > 0 depending
only on p and €2 such that

||’U||W1,p(Q) S O”'UHXP(Q) fOl“ all v E X?V(Q)
For v € L?(Q2), divo € W—2(Q) and curlv € X% (Q)(C W~?()) are defined by
(divw, @) = —/ v - Vdz for all ¢ € W' (Q),
Q

and

(curlw, ) = / v - curl pdzx for all ¢ € X?\;(Q), (2.1)
Q

respectively. In fact, it follows from the Holder inequality that

[(div v, )| = ‘/Qv Vpdz| < lvller@ IVl o) < vl ol g

for all p € W,* '(€). Thus dive € W=#(Q) is well defined and the inequality
[divo|lw-1e0) < [|[v][zr@)

holds. Similarly, we see that

/ v - curl pdx
Q

for all ¢ € Xzf\l,(Q) Thus curlv € X%(Q)' is well defined and the inequality

[{curlw, )| = < [vllz@llent el g g) < llvllr@ el o

||CU_I“1’U||X%(Q), < lvllzr @)

holds. Thus the linear operators div : v € LP(Q) — diveo € W1(Q) and curl : v €
LP(Q) — curlv € XS{,(Q)’(% W 17(Q)) are continuous.
Moreover, we define a space

VR () ={v e X (Q);divo=0in Q,(v-n,1)r,=0fori=1,...,1}.
The following inequalities are used frequently (cf. [1]). If we define
XM (Q) = {v € XP(Q);v x n € WIV/PP(T)},
then we can see that X'?(Q) — W'?(Q) and there exists a constant C' > 0 depending
only on p and €2 such that
[ollwir@) < Clllvllxe@ + lv X nllyr-rmnr))- (2.2)

Moreover, we can deduce the following (cf. [1, p. 40]): for any v € W'?(Q) with vxn = 0
on I', we have

1
||'U||LP(Q) + ||V’U||LP(Q) < C(HCU_I"I’UHLP(Q) + ||diV’U||Lp(Q) —+ Z |<’U ‘N, 1>Fi|)' (23)

=1

Thus we have the following.
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Lemma 2.1. V& () is a reflexive, separable Banach space with the norm
[vlve @) = [lcurlv]|Lr o)
which is equivalent to the WP (Q)-norm.

We note that it follows from the Sobolev embedding theorem that there exists a
constant C' > 0 depending only on p and  such that for all v € V& (),

[v]lr) + [[v]lre) < Cllvllve ),

where the second term on the left-hand side denotes the norm of the trace of v on I'. If
6/5 < p < 0o, then we have X(Q2) C L*(Q) and define a Hilbert space

L2(Q) = the closure of VX,(Q) in L*(12).

We have V& (Q) — X5(Q2) and so X% (Q2) — VE(Q). If 6/5 < p < oo, then we see that
V2.(Q) is dense in L2(Q), and that V% (Q) — L2(Q) = L%(Q)" — VR(Q) by F. Riesz
identification of L,(2) and L,(£2)".
Let 0 < T < o0, and let Qp = Q x (0,7) and I'r =T x (0, 7). Assume that S(z,t,s)
is a Carathéodoty function in Q7 x [0, 00) satisfying the following structural conditions.
For a.e. (z,t) € Qr, S(xz,t,s) € C*((0,00)) N C([0,00)) as a function of s, and there
exist 1 < p < oo and constants 0 < A < A < oo such that for a.e. (z,t) € Qr and s > 0,

S(z,t,0) = 0 and As®?=2/2 < S (z,t,5) < AsP~2/2, (2.4a)
AsP=2/2 < S (2.1, 5) + 258, (x, t,5) < AsP~2/2, (2.4b)
Sss(x,t,8) <0if 1 <p<2and Ss(z,t,s) >0if p> 2, (2.4¢)

where Sy = 05/0s, Sss = 025/9s?. We note that (2.4a) implies that

2 2
P2 < S(x,t,5) < —AsP/? for ae. (x,t) € Qp and s € [0, 00). (2.5)
p p

Example 2.2. If S(x,t,5) = v(z,t)g(s)s?/?, where v is a measurable function in Qr and

satisfies
0 <v. <v(z,t) <v'<oo forae (x,t)€r (2.6)

for some constants v, and v*, and a function g(s) € C*°([0, 00)).

When g(s) = 1, it follows from elementary calculations that (2.4a)-(2.4c) hold. This
case corresponds to the p-curlcurl operator.

As an another example, we can take

e Vs 41 fors>0,
9(s) = { 1 for s = 0. (2.7)

Then we can see that S(z,t,s) = v(x,t)g(s)sP/? satisfies (2.4a)-(2.4c) if p > 2, for which
we give a proof in Appendiz B.
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Lemma 2.3. If S(x,t,s) satisfies (2.4a) and (2.4b), then for a.e. (z,t) € Qr, J[a] =
S(z,t,|al?) is strictly convez.

Proof. First, it follows from (2.4a) and (2.4b) that for a.e. (z,t) € Qr, a function G(s) =
S(w,t,s%) is a strictly monotone increasing and strictly convex function with respect to
s € [0,00). Indeed, G'(s) = 25S,(x,t,s*) > 2AsP~! > 0 for s > 0 from (2.4a), and

G"(s) = 2(S,(x,t, 5%) + 25%Sys(w,t,5%)) > 0

for s > 0 from (2.4b).
Thus, for any a,b € R? and 0 < X < 1, we have

JAa + (1= \b] < S(x,t, (Mal + (1 = A)|b))%) < AMa] + (1 — N\)J[b].

Thus J is convex. Moreover, let @ # b and 0 < A < 1. When |[Aa + (1 — \)b| <
Ala|+ (1= MN)|b|, since S(z,t, s) is strictly monotone increasing with respect to s, we have

JAa + (1 = \)b] = S(x,t,| a + (1 — \)b]?)
< S(z,t, (Alal + (1 = N)|b])*) < AJla] + (1 — X)J[b].
When |[Aa+ (1 —A)b| = Ma|+ (1 —\)|b|, we see that @ and b are linearly dependent since
a - b = |al|b]. We may assume that b # 0, so we can write a = cb. Since c|b|? = |al|b],

we see that ¢ > 0 and ¢ # 1. Thus we have |a| # |b|. Since S(z,t,s?) is strictly convex
with respect to s, we have

S(x,t, [Aa+ (1 —Nb|*) = S(x,t, (Ma| + (1 = \)|b])?)
< AS(xz,t,]al®) + (1 — A\)S(z,t, |b]*).

Therefore, we have J[Aa + (1 — A\)b] < AJ[a] + (1 — \)J[b]. O

We give the following lemma with respect to the monotonicity of S;.

Lemma 2.4. There exists a constant ¢ > 0 such that for all a,b € R?,

cla — b ifp>2,

2 . 2 . .
(Ss(z.t, al)a = Sz, £, b[)b) - (a = ) > { c(lal + b)) la — b if1<p<2

In particular, S is strictly monotone, that is,
(Ss(z.t, |al*)a — Ss(z,t,|b])b) - (@ —b) >0 if a # b.

For the proof, see [4, Lemma 3.6].
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3 Stationary Maxwell-Stokes type problem

In this section, we consider a stationary Maxwell-Stokes type problem. To do so, let S(z, s)
be a Carathéodory function in Q X [0, c0) satisfying (2.4a)-(2.4c) without t-variable. We
consider the following problem: to find (u,7) € W'?(Q) x W' (Q) such that

curl [Sy(z, [curlu|?)curlu] + Vr = £ in Q,

divu =0 in Q,

uxn=20 on I, (3.1)
=20 on I

(u-n,l)r, =0 i=1,... 1.

We give the notion of weak solutions for (3.1).
Definition 3.1. We say that (u,7) € W'(Q) x W' (Q) is a weak solution of (3.1), if
(u, ) € VE,(Q) x WP (Q) and (w, ) satisfies
/ Sy(, |curl u|*)curl u - curl vdx + / V- vdr = / f-vdx (3.2)
Q Q Q

for all v € X5, (Q).

We have the following.
Theorem 3.2. Assume that 1 < p < oo and f € L” (Q). Then the problem (3.1) has a
weak solution (w,7) € WHP(Q) x WH(Q), if and only if

/ fzde =0 for all z € K5 (Q). (3.3)
Q

In this situation, the weak solution (w,m) is unique, and there exists a constant C' > 0
depending only on p, A and € such that

p P P
Fellir ) 1l ) < CF N o

(

The proof consists of the following lemma and proposition. First, we consider the
following Dirichlet problem for the Poisson equation.

=0 on [ (3.4)

{ Ar =divf in Q,
Lemma 3.3. If f € L”(Q), then the problem (3.4) has a unique weak solution T €
Wol’p/(Q), and there exists a constant C > 0 depending only on p' and S such that
||7T||W014>’(Q) < CHf”LP/(Q)‘

Proof. The proof of Lemma 3.3 follows from the following proposition (for example, see
[1, Theorem 4.2]).
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Proposition 3.4. Let X and M be reflexive Banach spaces with the dual spaces X' and
M, respectively, and let a(v,w) be a continuous bilinear form on X x M. Define an
operator A € L(X, M) by

a(v,w) = (Av,w)yr p for any v € X and w € M,

and put V- = KerA. Then the following (i) and (ii) are equivalent.
(i) The inf-sup condition holds, that is, there ezists 5 > 0 such that

ja(v, w)]

inf  sup ————— > 6.
0FweM opex |[V]x [|wl]ae

(ii)) A: X)V — M' is an isomorphism, and
1
1A= fllxv < Il for-ail f € M.

We continue the proof of Lemma 3.3. We apply this Proposition with X = Wol’p, (Q),M =
WyP(Q) and

a(w,w)—/Vw-dex for any 7 € X and w € M.
Q

The operator A € £(X, M') is defined by
(AT, w)pr o = a(m,w) = / V- Vwdz for any 7 € X and w € M.
Q

From Kozono and Yanagisawa [10, (2.18)], there exists a constant ¢ > 0 depending only
on p and €2 such that

V7 - Vwd
[Vl ¢ sup o YrYude]

(3.5)
0AWEW P (Q) IVwl|Lr @)

From the Poincaré inequality, for f € We7' (), || [ (o) and IV f|| 1 (@) are equivalent.
0

Thus we can easily see that KerA = {0}, and that the inf-sup condition holds. We
know that if f € L(Q), then div f € W'(Q) = WyP(Q), and ||div £l 1) <
CIf L' (- Therefore, it follows from Proposition 3.4 (ii) that there exists a unique

7€ WP (Q) such that
/ Vr - Vwdr = —(div f, w)W,lyp/(Q)’Wol,p(Q) for all w € W, 7(Q). (3.6)
Q

If we take w € C°(Q) as a test function, then it follows that A7 = div £ in W12 (Q). Tt
follows from (3.5) and (3.6) that there exist positive constants C7,Cy and C3 dependent
only on p’ and 2 such that

[(div f, w)W*LP'(Q),Wol’p(Qﬂ

IVwllzro
< C2||divf||W*17P’(Q) < CS”fHLP’(Q)' (3-7>

This completes the proof of Lemma 3.3. O

7l 1oy < C1 sup
0 0A£weW P (Q)
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Remark 3.5. In our previous paper Aramaki [3], we derived the existence and reqularity
of a weak solution to the Poisson equation in (3.4) with the Neumann boundary condition.

Proof of Theorem 3.2 /
Step 1 (Necessity). When (u,7) € V2 (Q) x Wy* (Q) satisfies (3.2), for every z €
K% (), since 7 = 0 on I" and div z = 0 in 2, we have

/ V- zdx = /7‘(‘(2: -m)dS — / ndivzdr =0 (3.8)
Q r Q

where dS denotes the surface measure, and since curlz = 0 in Q, equality (3.3) easily
follows from (3.2) with v = z € K%(Q).

Step 2 (Sufficiency), For given f € L¥(Q), choose m € W™ '(€2) as a weak solution of
(3.4), and put F = f — Vr € L”(Q). Then F satisfies that div F' = 0 in W% () and
from the hypothesis (3.3) and (3.8),

/ F - zdx =0 for all z € K} (Q). (3.9)
0

Thus we can reduce problem (3.1) to

curl [Sy(z, [curlu|?)curlu] = F in €,
divu =0 in Q,
uxn=0 on I
(u-m,1)r, =0 i=1,...,1,

(3.10)

where F' € L¥ (Q) satisfies div F' = 0 in W=7 (Q) and (3.9).
We consider the following minimization problem: to find u € V4(€) such that u is a
minimizer of

R,:= inf R 3.11
vty 1 31

/S , |curl v|? dm—/F vdz.

Here we say that w € V& (2) is a minimizer of (3.11), if R[u] = R,. We claim that (3.11)
has a unique minimizer u € V%4, (Q), and that there exists a constant C' > 0 dependent
only on p, A and €2 such that

where

P 4

Indeed, if uw,v € VE,(2) and u # v, then we have curlu # curlv, otherwise, since
curl (u —v) =0,div(u —v) =0in Q and ((u —v) -n,)r, =0fori=1,...,I, we have
u = v from (2.3). Thus, it follows from Lemma 2.3 that R is a strictly convex and proper
functional. From Aramaki [4], we can see that R is lower semi-continuous on V& (£2). By
(2.5) and the Holder and Young inequalities, we have

A
Rlo] 2 vl @ (@)

= CEIFI ) —ellvly
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for any ¢ > 0. If we choose ¢ > 0 so that e = A/2p, we can see that R is coercive
on V2. (2). Hence it follows from Ekeland and Temam [7, Proposition 1.2] that the
minimization problem has a unique minimizer u € V%(Q).

By the Euler-Lagrange equation

d
—R(u +7v)| =0 for any v € V5, (Q),
dr 7=0
we can see that u satisfies
/ Sy(z, |curlul*)curl u - curl vder = / F - vdzx for all v € V5, (). (3.12)
Q Q

In order to show that w is a weak solution of (3.10), we have to extend the space V& (Q)
of test functions to X% () in (3.12). For any w € XZ(Q)(C W'?(Q)), the Dirichlet
problem

Ay =divw in (,
x =0 on I'

has a unique solution y € W2?(Q) N W, ?(Q). Define

1
v=w-Vx-Y (w-Vx) n1)rVq

i=1

where {V¢¥}L_ | is a basis of KR (Q) defined in the Section 2, then we have curlv =
curlw,divov =divw —Ax=0in Q,vxn=wxn+mnxVy=0on I, because n x V
has only tangential derivatives (cf. Mitreau et al. [13, p. 138]) and xy =0 on I', and

(v-m, ), = (w—=Vx)-n, 1), = > ((w—Vx)-n,1)r,d =0
k=1

for i = 1,...,I by the definition of v. Thus v € V}(€). From the fact that div F =0 in
2 and (3.9), we have

/F-vdx:/F~'wdx—/F-dea::/F"wdaz.
Q Q Q Q

/ F - Vydx = —/(divF)Xd:U + /(F -m)xdS = 0.
0 Q

r

Here we used

Thus wu is a weak solution of (3.9), that is,
/ Sy(z, |curl u|*)curl w - curl wdz = / F - wdz for all w € X3,(Q). (3.13)
Q 0

If we take w = w as a test function of (3.13), it follows from (2.4a), the Hélder and Young
inequalities that for any € > 0, there exists a constant C(¢) > 0 such that

)\ /
5||Curlu\|’£p(ﬂ) < C(e)|| F|l +ellullp -

p
LY (Q)
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If we choose small enough £ > 0, then there exist positive constants C' and C; depending
only on p, A and €2 such that

||u”€/§’v(g) S CHF“I;p’(Q) S Cl”f”ip’(ﬂ) (314)

From the above arguments, we can see that (u,7) € V4 () x Wi (Q) is a weak solution
of (3.1).

We show the uniqueness of a weak solution for (3.1). Let (wy,m;) and (ug, m2) be two
weak solutions of (3.1). Taking v = u; — uy as a test function of (3.2), we have

/ Sy(z, |curl ug|*)curl u; - curl (w; — wg)da + / Vi (ug — ug)dx
Q Q

= / f - (uy —ug)dzx for i =1,2..
Q

Therefore, we can see that
/ (Ss(z, [ewrlug|*)curlug — Ss(z, |curl us|?)curl us) - curl (wy — us)da
Q

+ /Q V(m —ma) - (U — ug)dz = 0.

Since div (u; — u) = 0 in Q and m; — 9 = 0 on T, if we apply the divergence theorem,
then we can see that the last integral on the left-hand side vanishes. Hence, by the strict
monotonicity of S5 (Lemma 2.4), we have u; = uy. Furthermore, if we choose v € C°(£2)
as a test function of (3.2), we have

/ V(m —mg) - vdx =0 for all v € C ().
Q

Since V(m; — mp) = 0 in Lpl(Q)7 we can see that m; — 7 is equal to a constant. Since
m € WP I(Q), we see that the constant is equal to zero, so we have m = 7y in €.

Finally, we show the estimate. From (3.14) and (3.7), there exists a positive constant
C dependent only on p, A and €2 such that

P 4 P’
||’u’||V§7V(Q) + ||7T||W01,p’ Q) < C”fHLp’(Q)‘

(

Remark 3.6. In our previous paper [4], we showed that the equation (3.10) has a weak
solution under the hypothesis div F' = 0 in ) and proved the reqularity of the weak solution

under the additional hypothesis F € C*(§2) for some 0 < o < 1. However, the ezistence
theory of a weak solution for (3.1) seems to be new.

4 Evolutionary Maxwell and Maxwell-Stokes type prob-
lems
In and after this section, we assume that 6/5 < p < oo. In this case, we note that

V2(Q) € L*(Q). We consider an evolutionary Maxwell type problem in subsection 4.1
and an evolutionary Maxwell-Stokes type problem in subsection 4.2..
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4.1 Existence of a weak solution to an evolutionary Maxwell
type problem

Assume that F € L (0,T; L” (Q)) satisfies div F' = 0 in Q7 and ug € L2(Q). We rewrite
the Maxwell type problem (1.6).

Oy + curl [Sy(z, t, |curlul?)curlu) = F  in Qr,

divu =0 in Qr,

uxn=0 on I'r, (4.1)
(u-m,)r, =0 fori=1,...,1,

u(0) = uy in Q.

We give a notion of weak solutions to (4.1).

Definition 4.1. We say that u = u(t) is a weak solution of (4.1), ifu € LP(0,T;VZ(Q2))N
C([0,T); L2(Q)) with dyu € LY (0, T;X5(Q)), and w satisfies that for a.e. t € (0,T),

(Oru(t), w)xr (y xz ( /S x,t, |curl w(t)[*)curl w(t) - curl wdz
= / F(t) - wdzx for allw € X5,(Q), (4.2)
Q

and u(0) = uyg.

To solve (4.1), the next proposition takes an important role. In order to do so, we
define a nonlinear operator A(t) : V&, () — W'(Q)'(— XX (Q)") by

(A(t)u,v) = /QSS(x,t, |curlu|?)curl w - curlvdx for u € V3,(2) and v € W(Q)
and define a functional L(t) € W'P(Q)' (< XZ(Q)") by
(L(t),v) = /QF(t) -wvdz for all v € WHP(Q).
For u € VR (Q) and v € W'?(Q), from (2.4a) and the Hélder inequality, we have

[{(A)u, v)|

IN

A/Q lcurl w|P~! |curl v|dx
< Aljeurlul[f g leurlv]| oo
< CAJu|5s (Q)HvaLp(Q) for all v € WP(Q). (4.3)
Thus A(t)u € W"P(Q) < X§(Q)" is well defined and
AW ullzg iy < CIAD U wisey < Collullyy,
In particular, if we take v € V&,(€2) in (4.3), then we can see that

IA®) vz, 0y < Csllullty (q)- (4.4)
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Here we note that the above constants C7, Cy and C3 are independent of ¢.
On the other hand, for v € W'?(Q), since

(L), v)| < [F @)l llvllwie g,

we see that
L(t) e W'(Q) — XR(Q) — VE.(Q)'.

We consider the problem.

{@u+A@u=L® in Qr, (4.5)

u(0) = ug in Q.
Then we have the following.

Proposition 4.2. Assume that F € L (0,T; L” (Q)) and uy € L*(Q). Then the prob-
lem (4.5) has a unique solution w € LP(0,T;VR(Q)) N C([0,T); L2(Q)) with du €
LP(0,T;VE(Q)). The first equation of (4.5) holds in the sense of L¥ (0, T; V5 (Q)).

Proof. We can see that A(t) satisfies (4.4) and is hemi-continuous on V4 (), that is, for
any v,w, ¢ € VL, (Q) and 7 € R, (A(t)(v+7w), ¢) is continuous in 7. Furthermore, from
(2.4a), we have

(A(t)u,u) = /QSt(x,t, |curlw|?)|curl wl?dz > A|curl ul}, @ = /\HuHVp @

for w € V&, (2). We emphasize that the constant A is independent of ¢, that is, A(t) is
coercive uniformly in ¢. Therefore we can apply the celebrated result of Lions [11, Chapter
2, Theorem 1.2 and Remark 1.8] (cf. Zheng [17, Theorem 3.2.1]). So, system (4.5) has a
unique solution w € LP(0,T; VZ.()) N C([0, T]; L2(Q)) with d,u € L¥ (0, T; V%, (Q)). O

We obtain the following theorem.

Theorem 4.3. Assume that F € L (0, T; L¥ (Q)) satisfies that div F = 0 in Qg and that
for a.e. t € (0,7T),

/ F(t)-zdx =0 for all z € K}(Q),
Q
and assume that wy € L2(QY). Then the problem (4.1) has a unique weak solution
w € LP(0,T;VR(Q) N C([0,T); LA(2)) with dyu € LP(0,T;X%(Q)), and there exists
a constant C' > 0 depending only on p, X and €2 such that

ol o gy + 10 ey < CUFI iy + Nl (46)

Proof. From Proposition 4.2, problem (4.1) has a unique solution w € L?(0,T; VX (£2)) N
C([0,T); L2(Q)) with d,u € L¥ (0, T;VE(Q)') in the sense that for a.e. t € (0,T),

(Oru(t), v)ve @y vz (@) + / Sy(w,t, |curl u(t)|*)curl w(t) - curl vdzx
Q

— / F(t) - vdzx for all v € VR, (Q)
Q



44

and u(0) = ug. However, since we know that A(t)u € XX (Q2) and L(t) € X5 (), we
have dyu(t) € X5(Q) for a.e. t € (0,T), and we can see that the first equation of (4.1)
holds in the sense of L” (0, T; X} (Q)"). That is

(Oru(l), v)xr @y x2 (@) + / Sq(z,t, |curl w(t)|*)curl u(t) - curl vdx
0
= / F(t) - vdz for all v € VR, (). (4.7)
Q

Since C7°(€2) is not contained in V4 (€2), we can not show that (4.7) implies (4.2), or (4.1)
in the distribution sense. To overcome this, we show that we can replace the space V%, (Q)
of test functions in (4.7) with X% (). For any w € X%(Q), we consider the following
Dirichlet problem for the Poisson equation.

{ Af =divw in €, (4.8)

0=0 on I

Since divaw € LP(f2), (4.8) has a unique solution § € W?P(Q). Hence, VO € W*(Q) and
n x VO =0 on I, because the operator n x V contains only tangent derivatives (cf. [13,
p. 138]) and = 0 on I". Thus V6 € X% (Q). If we define

I
v=w-— Vil — Z(('w — Vo) -n, 1), Vg,

=1

then we see that divo =divw — A0 =0in Q, v xn =0on I and (v-n,1)r, =0 for
i=1,...,1,s0 v e V() and curlv = curlw in .
Here we use the following lemma whose proof is given in the Appendix A.

Lemma 4.4. Assume that z € L” (Q). Then curlz € X% (Q) and n x z € WP ()
are well defined, and the following Green formula holds.

(X 2, @) yy1s vy wi-1wa(r) = (CWl 2, @)xr (o) x2 () — / z - curl @dx
0

for all ¢ € X5,(Q).
We continue the proof of Theorem 4.3. For a.e. t € (0,7'), we apply this lemma with

v = S,(x,t, |curl u(t)[})curl u(t) € L7 (Q).
Since curlv = F(t) — dyu(t) € X5 (), it follows from Lemma 4.4 that we have
Sy(z,t, [eurlw(t)|?)curl u(t) x n e W=VPP (1),

SO

n - curl [S,(x, ¢, |curl w(t)]?)curl w(t)]
= divp(Sy(z, t, |curl w(t)|*)curl w(t) x n) € W=HVPP (1),
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where div 1 denotes the surface divergence (cf. [13]). Thus, since # = 0 on I" and div F' = 0
in 2, we have

(Oru(t), VO)xe () xz ()
= / F(t) - VOdx — {curl [Sy(z, t, |curl w(t)|*)curl w(t)], VO)xr @y x2 (@)
Q
= <F(t) "n, 9>W—1/p’,p’(F)7W1—1/p7p(1‘)
—(div p(Ss(w, t, |curl w(t)|*)curl u(t) x n), O w110 ' 0y w21/ (ry = O-

Similarly, from the hypothesis, we have
(Oyu(t), qu\’}XfV(Q)/’X%(Q) = — / Sy(,t, |curl w(t)|*)curl w(t) - curl Vg da
Q
—l—/ F(t)-Vq¢dx
Q

= / F(t)- Vg ds =0,
Q

Thus we have
(Oru(t), v)xr @y xz (@) = (Qu(t), w)xz @y xz (@)
Also we have
/ F(t) - Vodz = (F(t) - 1,0 = 0
Q

and the hypothesis implies

/F(t) -quvdx = 0.

Q

Therefore, we can replace V2 () of test functions in (4.7) with X% (), so we get (4.2).
We show the uniqueness of a weak solution. Let w; = u;(t) (i = 1,2) be two weak

solutions of (4.1). Taking u; — uy as a test function of (4.2) and integrating over (0, 1),

we have

5 [ ) =i+ [ [ (St et () Peart ()

— Sy(z, 7, [curlus(7)]*)curl us (7)) - curl (ui (1) — us(7))dzdr = 0.
By the strict monotonicity (Lemma 2.3) of Sy, we have u;(t) = us(t) in V5.(Q) for a.e.
€ (0,7).
Finally we show the estimate (4.6). Taking w = wu(t) as a test function of (4.2),
integrating over (0,t), and using (2.4a) and the Holder and Young inequalities, we have

() ey + / Jeurlw(r) | o dr

//F dxdr+—\|u0|]Lz

1
<cir /||F M d¢+§/0 el () sy + 5 et
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Therefore, there exists a constant C' > 0 depending only on p, A and 2 such that

t
IIU(t)\|2L2(Q)+/O leurlw(r) | qydr < CUFIE s 1 por gy T 14002200

Taking the sup over (0,7), we get the estimate. This completes the proof of Theorem
4.3. O

Remark 4.5. In the case where Q has no holes, the forth conditions of (4.1) do not exist.
Furthermore, since we showed that we can take X3 (2) as the space of test functions, our
weak solution is a solution of (4.1) in the distribution sense. Hence we must assume that
the compatibility condition div F' = 0 in (.

4.2 Existence of a weak solution to an evolutionary Maxwell-
Stokes type problem

In this subsection, we consider the Maxwell-Stokes type problem (1.7). We give the notion
of a weak solution for the system (1.7).

Definition 4.6. We say that (u,7) = (u(t), 7(t)) is a weak solution of (1.7), if
(u,m) € (LP(0, T; Vi (2)) N C((0,T); L3(Q))) x L¥ (0, T; Wy ()

with Oyu € LP'(0,T;X%(Q)), and (u, ) satisfies that, for a.e. t € (0,T),

(Oru(l), v)xr (yx2 (@) + / Sq(z,t, |curlw(t)|*)curl u(t) - curl vdx
0
+ / Vr(t) - vdx = / f(t)-vdx for allv € XE,(Q) (4.9)
Q Q

and u(0) = uyg.
We have the following theorem.

Theorem 4.7. Assume that S(z,t,s) satisfies the structural conditions (2.4a)-(2.4c),
and that f € L (0,T; L” (Q)) and uy € L2(Q). Furthermore, we assume that for a.e.
€ (0,7),

/ f(t) - zde =0 for all z € K5 (). (4.10)
0

Then (1.7) has a unique weak solution (w, ), and there exists a constant C > 0 depending
only on p, \, A and Q such that

||u||iOO(O,T;L2(Q)) +[lewl g, + 17 Hip O, 1;Wh ()

< C(H-fH OTLP( ) + HUOHiQ(Q)) (411)
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Proof. For a.e. t € (0,T), we first consider the following Dirichlet problem for the Poisson
equation.

=20 on I (4.12)

{ Ar =div f(t) in Q,

By Lemma 3.3, (4.12) has a unique weak solution 7 = () € Wi (Q) which is measurable
with respect to t, and there exists a constant C' > 0 depending only on p’ and €2 such that

7@y < CUFONL o
Hence 7 € L¥ (0, T; Wy (€)), and
||7T||Lp 0TW1P( S C||f||LP’(O,T;LP/(Q))' (413)

If we define F' = f — V& € L”(0,T; L¥ (R2)), then we have div F = div f — Ax = 0 in
Qr. Using the hypothesis (4.10) and the fact that # = 0 on I', for a.e. t € (0,7),

/F zdm—/f zdx—/Vw zdx—/ m(z-n)dS =0

for all z € K% (). Therefore, it follows from Theorem 4.3 that system (1. 7) has a unique
weak solution (u,7) € LP(0,T; V& (Q)) N C([0,T); L2(Q)) with du € L¥ (0, T; X5 (),
and there exists a constant C' > 0 depending only on p, A and €2 such that (4.6) holds.
Since 7 satisfies (4.13), we have

||F||LP’(0,T;LP'(Q)) < ||f||LP’(07T;LP,(Q)) + ||V7r||Lp’(o,T;LP’(Q)) < C(Hf”LP’(QT;LP’(Q))‘

Hence (u, ) is a weak solution of (1.7) and satisfies (4.11).

Finally we show the uniqueness of the weak solution. Let (wy,m) = (uy(t),m(t))
and (ug, ™) = (ua(t), m(t)) be two weak solutions of (1.7). For a.e. t € (0,7), taking
v = uy(t) — us(t) as a test function of (4.9), we have

(0w (1) = us (1)), ua () — wa (1)) (0 x5, ()

—I—/Q(Ss(a:,t, |curl wy (£) %) curl wg (£) — S, (2, ¢, [curl ua () [*)curl ua(t) ) -curl (wg (t) —ua(t))dx

4 /Q V() = ma(t)) - (i (£) — us(t))da = 0.

Since 7;(t) = 0 on I and div u;(¢) = 0 in 2, the last integral on the left-hand side vanishes.
Integrating this equality over (0,¢) and using u1(0) — u2(0) = 0, we have

5 [ @) o+ [ [ (St et () Peart ()

— Sy(z, 7, [curlus (7)]*)curl us(7)) - curl (ui(7) — us(7))dzdr = 0.

By the strict monotonicity of S; (Lemma 2.4), we have u; = wuy. Moreover, taking
v € CP() as a test function of (4.9), we have

/ V(m — 7o) - wdx =0,
Q
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so V(m — me) = 0 in the distribution sense. Therefore, we have m — 7y is equal to a
constant with respect to z. Since m;(t) = ma(t) = 0 on 'y, we have m; = 7. O

When S(z,t,s) = S(x,s) is independent of ¢, we can improve the previous Theorem
4.7, provided that the given data f and wg are more regular.

Proposition 4.8. Let S(x,s) satisfy the structural conditions (2.4a)-(2.4c) with the same
constants \ and A. Assume that f € L>®(0,T; LV () N L*(Qp) satisfies that for a.e.
€ (0,7),

/ f(t) - zde =0 for all z € K5 (),
Q

and assume that ug € VE.(Q). Then the weak solution (w,m) of (1.7) satisfies that
du € L*(Qr), curlu € L>®(0,T; LP(Q)) and

T € LV(0,T; Wy (Q)) N L*(0,T; Hy(Q)),
and that there exists a constant C' > 0 depending only on p, A\, A and € such that
HatuH2L2(QT) + HU’HPOO(O’T;VZ;’V(Q)) + 7l 20,7 m20) < C(HfHQLQ(QT) + |’u0H€/§V(Q))7 (4.14)
in addition to (4.11).

Proof. Using the Galerkin approximation (cf. [17, Chapter 3]), we may choose formally
Oyu(t) as a test function in ). Integrating (4.9) with v = dyu(t) over (0,t) leads to

/ /|8u |dmd7’—|—/ /S , [eurlu(7) ) curl w(7) - curl O,u(7)dwdr

+ /0 /Q Vr(r) - Oyu(r)dedr /0 t /Q £(r) - Ou(r)dadr

For any £ > 0, there exists a constant C'(¢) > 0 such that we have

< CE)1F 12210, )+e/ [ 10-utr)Pasa

Since f(t) € LQ(Q) for a.e. t € (0,7"), the solution 7 of (4.12) satisfies
7l 20,711 2) < CIF L2 r)- (4.15)

- Oru(T)dxdr

Hence, we have

//w w(r)dudr| < CE)| 220, —|—5/ /|au ) [2dudr

On the other hand, it follows from the structural condition (2.4a) that we have

// z, |eurlu(r)[*)curlu(r) - 9;curl u(r)dzdr

/ / —S(z, |curl w(7)|?)dzdr

= —/ S(z, |curl u(t)] )d:p—l/S(x, |curl ug|*)da
2 Ja 2 Ja

A A
2 Sllu®)g o) = 5 lluollie @)
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Here we used the fact that S(z,s) is independent of ¢t. Therefore, if we choose small
enough € > 0, then there exists a constant C' > 0 depending only on A\, A;p and €2 such
that

/ [ e Fdade + la0)1 o) < CUS )+ lually o)
This and (4.15) imply (4.14). O

5 Asymptotic behavior of the weak solution as time
tends to infinity

In this section, we show that the weak solution (w,7) = (u(t),n(t)) of the evolution-
ary problem (1.7) converges to a weak solution of a stationary problem as ¢ — oo in
L2(Q) x W, * (€2) under some conditions. In order to proceed, let a Carathéodory function
S()(z, 5) satisfy the same structural conditions (2.4a)-(2.4c) with the same constants.
Assume that f_ € L¥ (Q) satisfies

/Qfoo - zdx = 0 for all z € K& ().

We write the unique weak solution of the following stationary system by (ts, 7o) €
V2 (Q) x WyP (Q) whose existence is guaranteed in Theorem 3.2, that is,

curl [S) (2, |eurl oo |2)curl woo] + Vi = fo. in ©,

divu,, =0 in €,

U XN =0 on I, (5.1)
m=0 on I’

(Uo -, L), =0 i=1,...,1.

Furthermore, we assume that f = f(t) € L>®(0,00; L” (Q)) satisfies that for a.e. t €
(0, 00),

/ f(t) - zdr =0 for all z € K (Q),
and assume that (u,7) = (u(t),7(t)) € LP(0,00; VA(22)) N C(]0, 00); L2(R)) with d,u €

L7 (0, 00; X5 (2)") is the unique weak solution of (1.7) with 7" = co. Then for a.e. t €
(0,00), m(t) — T is a weak solution of

{ A(m(t) — Too) = div (f(t) — fo) In €,
7(t) — Too =0 on I

Therefore, there exists a constant C' > 0 depending only on p’ and €2 such that
|7 (t) — 7T00||W01»P’(Q) < C|[f(t) - fooHLP'(Q)' (5.2)

For a.e. t € (0,00), taking w(t) = u(t) — us as a test function of (3.2) and (4.9), we
have

/ S0 (2, |curl use|?)curl Uy - curl w(t)dz + /
0

Q

Ve - w(t)dz = /Qfoo ~w(t)dz
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and

(Ou(t), w(t))xe @y xz @) + / Sy(x,t, |curl w(t)|*)curl w(t) - curlw(t)d
Q

+/QV7T(t da:—/f

Hence, we can write

(Orw(t), w(t))xz @y xz (@
+/ (Ss(z,t, [eurl w(t)[*)curl w(t)—Ss(z, ¢, [curl uo|*)curl us, ) -curl w(t)dz = I+ I+13,
Q

where

I, = /V ) — Too) - w(t)dz,
Eo= [ ()£ witds,

Iy = /(S(Oo)(x, lcurl woo|?)curl uog — Sy(2, ¢, [eurl us [*)eurl uog ) - curl w(t)dz.
Q

s

We estimate I3, [ and I3. For a.e t € (0, 00), if we use the Holder and Young inequalities
and (5.2), then we can see that for any ¢ > 0, there exists a constant C'(¢) > 0 such that

L] < CEIVEE) = 7o)y gy F <l
< CEr DFD) — Fullly g +lw®ll
L] < CEUAE ~ Fucllly g + el (O

and
13| < C(e)]|S)(, [curl tos |*)curl ue, — Sy, t, [curl uog | )curluoo“Lp @
+elleurlw(t) |75
Put
_ pA?
€0 = 1) = £ 1202,
where p’ A 2 = min{p’, 2}, and
C(t) = |59 (a2, |eurl oo |?)curl Use — S(z, t, |curl weo|?)curl u°°||ilp’(ﬂ)'

When p > 2, from Lemma 2.4, we have
/ (Ss(z,t, Jeurlu(t) ) eurl u(t) — Sy(z, t, [curl us [*)curl uo ) - curl w(t)dz
Q

> )\/ lcurlw(t)|Pdz = M|w(t) |, @
Q T
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It follows from the Holder inequality that

| i < c.0 (/|w \Pd:c) |
wiPds) < [ P < Gl
([rwra) <c

Hence, if we choose small enough ¢ > 0, then there exists positive constants ¢, C' and D
such that

so we have

/2

th/|w Idfc+c(/ lw(t \d:c) < CE(t) + DC(2). (5.3)

_ / w(t)2de  and  1(t) = 2C€(t) + 2DC (),
0
then inequality (5.3) means that
(1) + 2co(t)* < U(1). (5.4)

If we put

5.1 The degenerate case p > 2
When p > 2, we use the following lemma from Simon [14, p. 600].

Lemma 5.1. Assume that ¢(t) is a continuous positive function in an interval I C R,
and differentiable for a.e. t € I, and satisfies that

O (t) + c(t)p(t)P? < 1(t) ae tel,
where p > 2, ¢(t) >0 and | € LL (). Then for any to,t € I with ty <t,

o(t) < (7%2 /t:c(a)da) oy /t:l(a)da.

Applying this lemma with I = (0, 00),ty = t/2, ¢(t) = 2¢ and
/|w |dx—/|'u, — U |2d,

Theorem 5.2. When p > 2, if we assume that

we have the following.

/t/:(f(r) +((7))dr = 0 as t = o,

then we have
|w(t) — ool g2 — 0 as t — oo.

Furthermore, if £(t) — 0 as t — oo, then we have

Hﬂ'(t) - WOOHWOLP/(Q) — 0 ast — o0.
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5.2 The case p =2

From (5.3), we have

& [P 2 [ iy <), (55)

Since f € L*®(0, 00; L*(2)) and
|52° (2, [curl Uog |*)curl wo, — Sy(7, ¢, [curl ug|?)curl ug| < 2A|curl uy|,

there exists a constant [y independent of ¢ such that I(t) < l. We show that w €
L>(0, 00; L*(2)). Indeed, multiplying e>* to the above inequality (5.5), and then inte-
grating over (o, 7), we have

l
/ / e* 0w (t)| dxdt+20/ / e w(t)|*drdt < lo/ e*tdt = 0( 2T g2,
2¢

Since

/ /626t8t|w(t)|2dxdt:62”/ \w(¢)|2dx—62w/ lw(o)|*dx
s Ja Q Q
Y / / ety (1) P ddl,
o JQ

[
€2CT/ |w(7)Pdx < —0(62” — %) + 6200/ lw(o)|*da.
Q 2c Q

If we put 7 =t and 0 = 0, we have

/ lw(t)[*dz < ;—O +/ [ug — uso|*dx =: I,
Q ¢ Q

Here we use the following lemma (cf. Heraux [9, p. 286]).

we have

Lemma 5.3. Let ¢(t) be a non-negative function, and absolutely continuous in any com-
pact interval of (0,00) and let ¢ > 0 be a constant, and assume that I(t) is a non-negative
function that belongs to Li, (RT). If

&' (t) + cop(t) < U(t) for all t > 0,
then for any to,t € RY with ty < t,

T+1
o(t) < eV (ty) + ! — sup/ : l[(o)do.

1—e >t

AR

and setting ¢, as fixed, then for any ¢ > ¢y, we have

Applying this lemma to (5.5) with

1 T+1
¢(t) < €2c(to—t)¢(t0) + sup/ l(g)dg_
1— € 7‘>t0 T

Thus we have the following.
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Theorem 5.4. When p = 2, if

/t“r (&(1) +¢(1))dr = 0 as t — oo,

then we have
[w(t) = Uoollp2) — 0 as t — oo.

Furthermore, if £(t) — 0 as t — oo,

[7(t) = Mool 3 ) — 0 as t — oo.

5.3 The singular case 6/5 < p < 2

In this case, since we use Proposition 4.8, we assume that S(z,t,s) = S)(z, s) is inde-
pendent of £. Moreover, we assume that f € L>(0, oo; L” (Q)) N L*(Q) satisfies that for
a.ete (0,7),

/Qf(t) 2z = 0 for all z € K2,(Q)

and ugp € V5,(€2). From Proposition 4.8 and Lemma 2.4, we have
d
E/ lw(t)|*dx + )\/(|cur1u(t)| + eurl e | )P 2| curl w(t) P dx < I + L.
Q Q

We use the reverse Hélder inequality (cf. Sobolev [15, p. 8]) with 0 < s = p/2 < 1 and
s'=p/(p—2) <0. We have

/A (Jeurlw(®)] + [eurl wa [)~2|curl w(t) 2z
Q

2/p (p—2)/2
> (/A \curlw(t)|pdx> (/A(]curlu(t)] + ]curluoo\)pda:) :
0 0

Q= {z € O |curlu(z, )| + |curl us (z)] # 0}.

From Theorem 4.7, there exists a constant C' > 0 independent of ¢ such that

where

/(\curlu(t)\ + Jeurl ua|)Pdz < C.
Q

Therefore there exists a constant ¢ > 0 independent of ¢ such that

1d 2/
5%/ |w(t)|2dx+c(/ |cur1'w(t)|pdx> <L+
Q Q

Since VA (Q) — L*(Q), and I; and I, are estimated by similar method as above, if we
choose small enough € > 0, then there exist constants ¢; > 0 and C' > 0 independent of ¢

such that
1d

s [ oo v [ oo < cu)

By method similar to that for the case p = 2, we get the following.
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Theorem 5.5. Assume that S(z,t,5) = S (z,s) and 6/5 < p < 2. Furthermore,
assume that f € L>(0,00; L” (Q)) N L*(Qso) and uy € V5,(Q). If

t+1
/ l(t)dr — 0 as t — o0,
t

then we have
|w(t) — ool g2 — 0 as t — oo.

Furthermore, if £(t) — 0 as t — oo, then we have

||7T(t> - 7TooHW01,p'(Q) — 0 ast — oo.

A Proof of Lemma 4.4

In this appendix, we prove Lemma 4.4. In the Section 2, we showed that if z € Lp/(Q),
then curlz € X5(Q)" is well defined by (2.1). We see that X% (Q) is a subspace of
WP(Q) equipped with the norm || - lwir)- Since curl z € X (), it follows from the

Hahn-Banach theorem that there exists a curl z € W7 (Q)" such that
(curl z, ¢>W1,p(Q)/7W1»P(Q) = (curl 2, ¢>X§’V(Q)/,X7V(Q) for ¢ € X5 ().

By the classical Gagliardo lemma, for any ¢ € W'=Y/PP(T"), there exists bW (Q)
such that ¢ = ¢ on I' and satisfies

[@llwrr@) < Cll@llwi-1/ma )

Define
(nx z, ¢) = (c/u\r/l z, $>Wl,p(9)/’wl,p(g) - / z - curl . (A.1)
Q

We have to show that the right-hand side of (A.1) is independent of the choice of (75 €

W(Q) such that ¢ = ¢ on I'. To do so, let ¢ € WEP(Q)(C XB(Q)). Since CL(Q)

is dense in L¥ (), we can choose z; € CE(Q) such that z; — z in L (). Since the

operator curl : L' (Q) — X& () is continuous, we have curl z; — curl z in XZ ().
Thus, we have

<CUI‘1 Zj, ¢>W1,p(Q)/’W1,p(Q) = <CU.I‘1 Zj, ¢>X§’V(Q)/7X€V(Q)

— <Cur1 =z, ¢>X§V(Q)',X§'\,(Q) = (Curlz, ¢>W1’p(9)/,W1’p(Q)

as j — 00. On the other hand, it follows from the Green formula that

<Cur1 Zj, ¢>W1’p(ﬂ)/,W1’p(Q) = <Cur1 Zj, ¢>X7V(Q),’X?V(Q)

:/zj-curlabdx—i-/zj-((A];><n)dS:/zj-curlada:%/z-curlabdx
) r Q Q
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as j — 00. So we see that

—

(curl z, &)Wl,p(g)/7wl,p(ﬂ) = / z - curl abdzn for all ab € Wé’p(Q).
Q

This implies that the right-hand side of (A.1) is independent of the choice of (75 such that
¢ = ¢ onI'. Since

[(nxz,¢)| < Cllewlzlwirqy + 12l o)lI@llwire)
Cl(HCUﬂZHWLP(Q)' + ||Z||Lp’(g))||¢||W171/p7p(r) for all ¢ € Wlfl/p’p(rh

N

we can see that z x n € WY??(I') is well defined and the Green formula (A.1) holds.
In particular, we have

(nx z, ¢>W—1/p’,p’(r),wl—l/p,p(r) = (curl 2, ¢>X§’V(Q)',X§V(Q) - / z - curl ¢pdx
Q

for all ¢ € X5,(Q).

B Proof of the function in (2.7) to satisfy the struc-
tural conditions

In this appendix, we show that if a function v(x,t) is measurable in 2 and satisfies
(2.6) and a function g(s) is defined by (2.7), then the function S(z,t,s) = v(z,t)g(t)s"/?
satisfies (2.4a)-(2.4c) if p > 2. To do so, by putting S(s) = g(s)s?/?, it suffices to prove
that S(s) satisfies (2.4a)-(2.4c) for some constants 0 < A < A < co. We note that the
function ¢(s) defined by (2.7) is infinitely differentiable in [0, 00) and satisfies 1 < g(s) < 2
in [0, 00). We have, for s > 0,

So = g(s)" + Lg()s7™" = (sg'(s) + S9(s)))s” 27 (B.1)
and
-2
S, — (g"(s)32 T g (s)s + L v ) g(s)) s/ (B.2)
On the other hand, for s > 0,
I _ s
g(s)= e (B.3)
and
//( ) _ _21 —1/s + l —1/s (B 4)
g'(s) = —23¢ ¢ )
Here we note that .
lim —ke_l/s = ( for every integer k > 0,

s—+0 8§
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and so 0 < Sike_l/s < Cf for s > 0 with some constant Cj, > 0. If we substitute (2.7) and
(B.3) for (B.1), then we have

S = (16_1/5 _I,_ B(l _I,_ 6_1/5)) 8(p_2)/2.
° s 2

Since

1
Do et B e = sg(s) + Bty < i+ B+ ),

we see that (2.4a) holds.
If we substitute (2.7), (B.3) and (B.4) for (B.2), then we have

1 1 1 1
Ss + 28555 = {(2; + (2]9 — 3); + p—(p ))671/S + p_(p2 ) } S(p*2)/2.

2
If p > 2, then
p(p—1) 1y 1 s plp—=1) 4 plp—1)
DL < oMy (2p—3)me Ve B Ll BAE )
5 < 25e + (2p 3)56 + 5 € + 5
-1 —1
< 202+(2p—3)01+p(p2 )Co+p(p2 ),

This implies that (2.4b) holds.
Similarly, we have

1 1 ) p
Sssz{(S—Q+(p—2)g+p—(p4 ))e—l/s+p_(p4 )}6@—4)/2_

Here the discriminant D of the quadratic (2)? + (p — 2)% + @ of 1/s satisfies

Dz(p—2)2—4-]¥:—2(p—2)g()ifpzz.

Thus & + (p— 2) + ’# > 0 for s > 0. Therefore, we have (2.4c) if p > 2.
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