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1 Introduction

We investigate the existence of weak solutions to a system of partial differential equations
coupling chemical reaction, momentum transfer and diffusion, cast in the framework of
mixture theory [5]. For simplicity, we restrict ourselves to a model with a single non-
reversible chemical reaction in a one-dimensional bounded spatial domain [0, 1] enclosed
by unlimited (or instantly replenished) reservoirs of the reacting chemicals. The chemical
reaction is of the N+1-to-1-type with the reacting chemicals consisting out of NV solids and
a single fluid, while the produced chemical is a solid. New mathematical challenges arise
due to the strong nonlinear coupling between all unknowns and their transport fluxes.
Evolution systems, in which chemical reactions, momentum transfer, diffusion and stresses
interplay, thereby satisfying the balances of masses and forces occur in physical systems
or biological processes; see e.g. [7, 11, 15, 25]. Here, the interest lies in capturing the in-
teractions between flows, deformations, chemical reactions and structures. Such a system
is, for instance, used in biology to better understand and eventually forecast plant growth
and plant development [25], and in structural engineering to describe ambiental corrosion,
for example sulfate attack in sewer pipes [15], in order to increase the durability of an
exposed concrete sample. Our initial interest in this topic originates from mathematical
descriptions of sulfate corrosion [4]. The mathematical techniques used for a system de-
scribing sulfate attack - when within a porous media (concrete) sulfuric acid reacts with
slaked lime to produce gypsum - could be equally well applied to systems sharing similar
features (e.g. types of flux couplings and nonlinearities).

At a general level, the system outlined in this paper is a combination of parabolic equations
of diffusion-drift type with production terms by chemical reactions and pseudo-parabolic
stress equations containing elastic and viscoelastic terms. On their own, both parabolic
equations, cf. [13, 21, 22|, and pseudo-parabolic equations, see [3, 14, 16, 27, 28, 31],
are well understood from mathematical and numerical analysis perspectives. However,
coupling these objects leads to systems of equations with a less understood structure.
Many systems in the literature seem similar to ours at a first glance. A coupling resem-
bling our case appears in [1], but with different nonlinear terms due to the combination of
Navier-Stokes and Cahn-Hilliard systems. Other systems do not use chemical reactions or
diffusion like in [7], where multi-dimensional Navier-Stokes-like stress equations are used;
refer to a composite domain situation [11]; do not use stress equations [15]; or contain a
hyperbolic stress equation [25].

We investigate in this paper the simplest case: a one-dimensional bounded domain. The
one-dimensional setting allows one to control the nonlinearities by relying on the em-
bedding H' < L*. In higher-dimensions, this embedding does not hold, and hence,
nonlinearities become difficult to control.

The main target here is to probe the parameter region for which the system is weakly
solvable. To this aim we search for explicit expressions of a priori parameter-dependent
bounds. These bounds delimit the parameter region where the existence of our concept
of weak solutions holds. Our numerical simulations show that the existence region is
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actually larger.

In Section 2 we introduce our mathematical model together with a set of assumptions
based on which the existence of weak solutions can be proven. In Section 3 we present
two theorems: the main existence theorem for the continuous-time system with certain
physical constraints and an auxilliary existence theorem for the time-discretized version of
the system. In Section 4 we prove the auxilliary existence theorem and, then, in Section 5
we prove the main existence theorem by using the auxilliary existence theorem. In Section
6, we validate numerically the existence of solutions and, additionally, we show numeri-
cally that the assumptions seem to be more restrictive than necessary. Moreover, we show
in what manner the existence of weak solutions depends on certain crucial parameters.

2 Formulation of the model equations

Consider a 1-d body, modeled as a d-component (d > 2) mixture of (d — 1) solid com-
ponents and one fluid component. The body will deform under the action of chemical
reactions. This process is described by a system of partial differential equations (PDEs)
and initial and boundary conditions.

We define our system on a time-space domain [0, 7] x [0, 1], where 7" is the not yet deter-
mined final time of the process. The unknowns of our system are two vector functions,
¢ : ([to, T] x [0,1])% — R% and w : ([to, T] x [0,1])4"1 — R?1 and two scalar functions
v:[0,7] x [0,1] = R and W : [0,7] — R denoting respectively the volume fractions of
the d chemical components active in a target chemical reaction, the displacements of the
solid mixture components with respect to the initial domain as reference coordinate sys-
tem, the velocity of the fluid, and the domain size. We identify the different components
of the vectors with the different chemicals and use the following notation convention: The
subscript 1 is related to the produced chemical, the subscript d is related to the fluid, all
other subscripts are related to the remaining solid chemicals.

The time evolution of the unknowns is described by the following system of coupled partial
differential equations: For [ € £ = {1,...,d — 2,d}, the index of the reacting chemicals,
and m € M = {1,...,d — 1}, the index of the solid chemicals, we have

Oy — 010261 + 1(9) (D(d)v) + > Z 0% (Biigm (9)0w) = Goi(0), (1)
mei)ﬁl,j 0
meM =0
ow,, — D 82wm — Y02 0wy, + F () (1c)
+ Z Z a mzn] 818;?20]) = Gw,m7 (¢)
JEM i+n=

7, n>0
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with constants 6;, Dy, vm € Ry and functions Ij, ', Biijm, Hjm, Fin, Eming, Gei, Go,
Gw.m that are actually products of functions f;(-) € C*(]0,1]), satisfying

f(g) = H i) (2)

Furthermore, we abuse notation with || f(-)[|c1 o ¢ < f € Ry for reducing the amount
of constants.

Physically, Equation (1a) can be interpreted as a generalized reaction-diffusion-advection
equation obtained from a mass balance law, Equation (1b) can be interpreted as a trans-
port equation indicating the consequences of retaining incompressibility, and Equation
(1c) is a pseudo-parabolic equation obtained from a generalized momentum balance law.
Note that the system (1a) - (1c¢) must satisfy the constraint Zld:1 ¢, = 1, the fundamental
equation of fractions, which allowed for the elimination of ¢4_1.

We assume the volume fractions are insulated at the boundary: 0.¢ = 0 at z = 0 and
z = 1. The boundary at z = 0 is assumed to be fixed, while the boundary at z = 1
has a displacement W (t) = h(t) — 1, where h(t) is the height of the reaction layer at the
present time ¢ and h(0) = 1. The Rankine-Hugoniot relations, see e.g. [23], state that the
velocity of a chemical at a boundary is offset from Vy = 0 or V; = 9, (), the velocity of
the boundary at z = 0 or z = 1, respectively, by influx or outflux of this chemical, i.e.

¢m (VO,I - atUJm) ‘N o= jm[' (¢m,res - ¢m)
¢d (VO,l - U) ‘N = jd‘c <¢d,res - ¢d>

with Jg, Jp, > 0 for m € M, Gyres, Smges € [0,1] for m € M and 37 dypes = 1. We
assume L(-), the concentration jump across the boundary, to have the semi-permeable
form L(f) := f., the positive part of f. Furthermore, we assume all chemicals have only
one reservoir. The fluid chemical reservoir is assumed to be at 2 = 1: ¢g,.s > 0 at 2 = 1,
Gdres = 0 at z = 0. The solid chemical reservoirs are assumed to be at 2 = 0: ¢y, pes = 0
at 2 =1, ¢mpres > 0 at z = 0 for m € M. We generalize the Rankine-Hugoniot relations
by replacing ¢,, with Hy,,(¢) and ¢4 with I'(¢) in Equation (3).

The influx due to the Rankine-Hugoniot relations shows that the displacement wy,| _,
will not be equal to the boundary displacement W (¢). This will result in stresses, which
we incorporate within a Robin boundary condition at these locations [24, Section 5.3].
Collectively for all ¢ € [0, 77, these boundary conditions are, for m € M, | € £, given by

az¢l| =0 07
2= 4
{ az¢l’z:1 = 0’ ( a)
Hlm(¢)8twm|z:0 = jmﬁ (¢m,res - ¢m|z:0) )
8zwm|zzl =An (wm’Z:1 - W(t)> )
U|z:0 = 0’

F(¢) (atW(t) - U)lz:l = jd»c (¢d,res - ¢d|2:1> )

where A,, € R. Additionally there are positive lower bounds for I'(¢) and all Hy,y,:

L, = d)lélzfg I'(¢) > 0 and H, = gg&qﬁlgé Him(¢) > 0, with Z, = (a,1 — (d — 1)«) for

atz:Oandzzlhold{ (3)

(4b)
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all 0 < o < 1/d. It is worth noting, that in the limit |A,,| — oo one formally obtains
Dirichlet boundary conditions.
The initial conditions describe a uniform and stationary equilibrium solution at ¢ = 0:

$1(0,2) = ¢y and  w,(0,2) =0 forallz€[0,1] and  W(0)=0. (5)

Note that v(0,z) € H'(0,1) needs not to be specified as v(0, z) follows from Equations
(1b), (1c), and (4a) on {0} x (0,1).

The system of PDEs including initial and boundary conditions described above is called
the continuous-time system for later reference in this paper.

3 Main existence result

Introduce ¢ € (0,1 — Cyo(d — 1)/d]. Moreover, C,, the optimal Sobolev constant of
the embedding H'(0,1) C C°[0,1], is given by Cy = coth(1), see [33].
We assume that the following set of restrictions are satisfied.

Assumption 1.
We assume the parameters of the continuous-time system to satisfy:

(i) & >0,

(1) |Am| < 1,
(i11) Epory < ggegy min{3/5, v (1 = [Ap])} min{3, 75 (1 = [4;])},

(iv) AT (¢o)? > (5d — 4)*F(¢0)* Hij(¢0)?,
(v) i > Gumin and Y, ; b0 < % for all 1 < i < d, while Y0, ¢ = 1,
(vi) (3d —2)(5d — 4)7;4% < 1,

(vii) 4v; > (3d —2)(5d — 4)H1pn(¢0)?/T(¢0)?

forall jmeM, alll € £, and all i € {1,...,d}.
Additionally, we assume that the parameters are such that there exist positive constants
Nm1s Tm2, Mmo1j1, Mmorg2 > 0 for j,m € M satisfying

(’U’l@l) Q:lm =1 Z Ej01mnj021m1 > O,
jem

(ZﬁU> Com = ’Ym<1_ ’Am’)_w__Z( 0L + 017 +Ej01m77j01m2) > O,

2 2j€§m TImo1j1 TImo1;52
7d —5 H12 } (72 ‘Am|2 J )
x max { —=% ULC + ") <1
( ) Ffbmin meM { Q:Qm ﬂ%ﬂ znml 277m2

for all m € M.
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Note, conditions (i), (ii), (viii) and (ix) are necessary conditions for coercivity in order
to obtain a-priori estimates. Conditions (iii), (iv), (vi) and (vii) are necessary conditions
for coercivity of a special system in Appendix A for the existence of a special physical
1%, Condition (v) guarantees the physical condition ¢* € (¢min, 1 — (d — 1)Pmin )9, while
condition (x) guarantees boundedness of ||v||z2(0,r;m7(0,1))-

Accepting Assumption 1, we can now formulate the main result of this paper.

Theorem 1.
Let d € {2,3,4} and let the parameters satisfy Assumption 1. Then there exist constants
T >0 andV >0 and functions

¢ € L*(0,T; H*([0,1])) N L>=(0,T; H*(0,1)) N C°([0,T); C°[0, 1])
N H'(0,T;L*0,1)),
v e L*0,T; H(0,1))
w,, € L>(0,T; H*(0,1)
W e H(0,T),

; N C°([0,T]; C*0,1]) N HY(0, T; H'(0, 1)),

for alll € £, m € M such that (¢1,...,P4—2, P, v, w1, ..., we_1,W) satisfies the weak
version of the continuous system (1a)-(1c), (4a), (4b), and (5), such that

(D) [[vllr207:r200)) <V,
(1) |10:v|| 20722000y <V,

(III) min min min @;(t,2) > Puin with ¢g_1 =1—>_ ¢.

1<i<d te[0,T] z€[0,1] leg

The proof of this theorem is given in Section 5, and consists out of the following three
steps.

Step 1.

First, we assume conditions (I), (IT), and (III) to hold. We discretise the continuous-time
system in time with a regular grid of step size At, and apply a specific Euler scheme. This
is the so-called Rothe method, see [18, 29]. Our chosen discretization is such that the
equations become linear elliptic equations with respect to evaluation at time slice {t = #;}
and only contain evaluations at time slices {t = t;} and {t = ¢;_1}. The time derivative
Owu is replaced with the standard first order finite difference DX, (u) := (u* — u*~1)/At,



279

where we use the notation u*(z) := u(ty, z). The discretised system has the form

Dis() — 0027 + L(¢* )0 (D(" 1)) ()
+) iai (Briom (8" w4+ Biitm (6" ) DRy (wim)) = Gou(6" ),
- _i 0. (Hom (6" Hwp, ' + Him (6" ) Dy (wn) (8b)
- 9: (D(¢* v k) =G, (¢"),
Dit<wm) Dy 02wy, vmé’zDAt(wm) + F(o" ot (8¢)

+ Z 0z (Bmiog ("1™ 4 Epnorj ("7 DR,(w5)) = Gum(8"7),

JjEM =0

with initial conditions Equation (5) and boundary conditions (3), (4a), and (4b) become:

{ 8Z¢§c z=0 = 07
8z¢§€ =1 07
Hlm(¢k_1’220)pgta<w$) 2z=0 fl (SU |r68 _?;;:/n;l)’po)
m|a=1 0 =1 (9b)
JaL

v z2=0
[ (64 o) (DAW) =0 ) |y = JaL (Dupee = 017|.Ly)

for I € £ and m € 9, with the notation W* := W (t;,)

For convenience, we refer to the discretised system (8a)-(8¢c), (9a), and (9b) as the discrete-
time system.

A powerful property of this discrete-time system is its sequential solvability at time t;:
the existence of a natural hierarchy in attacking this problem. First, we obtain results
for Equation (8c), then we use these results to obtain results for both Equations (8a) and
(8b). Moreover, the structure of the discrete-time system is that of an elliptic system.
Hence, the general existence and uniqueness theory for elliptic systems can be extended
directly to cover our situation. Omne can either apply standard results from ordinary
differential equations (ODEs), cf. [26, p.130], or from elliptic theory, c¢f. Chapter 6 in
[13], since the discrete-time system at each time slice {¢ = ¢;} can be put into the form
A(uP,vF) = F*1vk with A a continuous coercive bilinear form and F*~! a continuous
operator depending on the previous time slice {t = t;_,} allowing Lax-Milgram to be
applied. We take the elliptic theory option.

(9a)

Step 2.

We prove Theorem 2, the discretized version of Theorem 1, in Section 4 by testing the
time-discrete system with specific test functions such that we obtain quadratic inequali-
ties by using conditions (I), (II) and (III). By application of Young’s inequality and using
Gronwall-like lemmas we obtain energy-like estimates, which are step size At-independent
upper bounds of the Sobolev norms of the weak solutions. These bounds allow for weakly
convergent sequences in At small parameter. Moreover, the upper bounds of the energy-
like estimates are monotonically increasing functions of 7" and V', the parameters used in
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(I), (II) and (III). With these upper bounds, we test whether or not the conditions (I),
(IT) and (IIT) can be satisfied: the consistency check of our assumption. This leads to the
conditions of Assumption 1 to guarantee overlapping regions in (7', V')-space for which
Theorem 2 holds for At small enough, including the conditions (I), (II) and (III). Since
T > 0and V > 0 only have to exist, it is sufficient to find a non-empty intersection of all
the overlapping regions.

Theorem 2.

Let d € {2,3,4} and let the parameters satisfy Assumption 1, then there exist T > 0,
V >0,7 >0 and C > 0 independent of At such that for all 0 < At < T there exists
a sequence of functions (¢F,... ¢k o &% vF wh ... wh | WF) for 0 <t < T satisfying
the weak version of the discrete-time system given by Equations (8a)-(8c), (9a), (9b), and

(5) as well as the following a priori bounds

Z 0:07 120, A Z 12 0y A < V2

7=0

min min @y (2) > Gmin,

1<1<d z€[0,1]
1610 00y >+ 196l 0.0y < €

ZIW!!HQ(OI Zwumm At<ec,

Z”Dm )20y A ;HDN (6|20 AL < C,
Hw1”H2"" w1l 20,1y <€

Z”Dm (wi HHlol) Z”DAt (w)_, HH1(01 At < C,

W] 72 1Dk, (W) At < ¢,
j=1

for all 0 <t < T, where ¢f_; =1 =37, 4 o}

Step 3.
We introduce temporal interpolation functions a(t) = u*~! + (t — tx_1)DX,(u) on [to, T x
[0,1]. Then we use Theorem 2 to show that the interpolation functions are measurable,
bounded and converge weakly. With the Lions-Aubin-Simon lemma, see [8, 10], in com-
bination with the Rellich-Kondrachov theorem, see [2, p.143] and [6], we show strong
convergence as well. The proof concludes by showing that the weak solution of the time-
discrete system converges to a weak solution of the continuous-time system.
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4 Proof of Theorem 2

The proof of Theorem 2 is done in three steps. First, energy bounds are obtained by as-
suming there exist ¢, > 0, V' > 0 and T > 0 for which the three inequalities of Theorem
2 hold.* Second, we apply two discrete variants of Gronwall’s inequality to the quadratic
inequalities to obtain a-priori estimates independent of At. Lastly, we show that ¢, > 0,
V > 0and T > 0 can be chosen if Assumption 1 is satisfied by the parameters of the
continuous-time system.

Before we can do these three steps, we must show that the discrete-time system is well-
posed. We do this iteratively in k, such that the solution of time slice ¢;_; implies the
well-posedness of the solution of time slice k. Since the initial conditions (5) are smooth
and v° follows from a second order system, we obtain the well-posedness for all ¢, € [0, 7.
In more detail see Appendix A.

We obtain the weak form of the discrete-in-time system by multiplying the model equa-
tions with a function in H'(0, 1), integrating over (0,1) and applying the boundary con-
ditions where needed. We test Equation (8a) with ¢f and DX,(¢;), and Equation (8c)
with w® and DX,(w,,) to obtain the quadratic inequalities below:

D, (Z lwmllZ2 + almH@zmeiQ>

meM

7 Jaan(A0) [ D)2, + (20| D, (0210,)2.]

meM

< a4 +Z [a5m||wﬁz||%2 +a6m||azwﬁz||%2 +a7m||w1,§v,_1”%2 +a8m||azwfn_1||2L2
meN

+agm HDZt(wm)Hiﬁ—alom HDZt(GZwm)HiQ] 4 an [[VF |2 + ara]|0.0F |2, (11)

*We would like to point out that for a given time 7', which is not defined as the size of the temporal
domain for which (I), (II), and (III) in Theorem 1 hold, the common procedure for applying the Rothe
method is the procedure as followed in [9], since one can choose sequences At decreasing to 0 such that
T /At is an integer. However, in our case we cannot a-priori claim that T' > At is satisfied or that T/At
is an integer. We shows that there is a delicate relation between T', V and At and that a T > At and
V' > 0, both independent of At, for sufficiently small At can be chosen from a connected set of (T, V)
points for which (I) and (II) hold for all sufficiently small At, especially for sequences At such that T'/At
is an increasing integer. Moreover, one can even choose (T, V)-points independent of At such that (I),
(IT), and (III) in Theorem 1 hold for all At sufficiently small and 7'/ At an increasing sequence of integers.
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foralll € £

2
DX, (lleell72) + bulld- a7 172 + ba (A) || DX (01| 2
< by + ba| 008 32 + bsill@F 172 + D [Doiall 0205132

neg

1
£ 303 [pmun 9502 + b [PEE) 2] - 12)

meM =0

and

0%, (00 + 3 a0l + cn 20 25 .0
leg e

_ 2 —
< co+ a9 F 4 D [en | DA0) [ + clill ot 3
leg

1
#3 3 [enm 080 2+ e [P @] - 13

meM =0

For details of the derivation of these quadratic inequalities and the exact definition of the
‘a’, 'b’, and ’c’-coefficients, see Appendix B.

For coercivity, which is needed to obtain bounds on ||DX,(w,,)||g: and || DX, (é1)|| L2, we
need the conditions ag,, (0) — agy > 0, az,(0) — a1, > 0 and ¢y — ¢z > 0. It follows that
these conditions can be satisfied by choosing the right values for the free parameters 7, if
conditions (viii) and (ix) of Assumption 1 are satisfied, which is only possible if conditions
(i), (ii) and (iii) of Assumption 1 are satisfied.

Before we make use of the quadratic inequalities (11), (12), and (13), we introduce two
versions of the discrete Gronwall lemma, see [12] and Theorem 4 in [17], which we modi-
fied slightly by using the inequalities 1/(1 — a) < e2+%” < 16838 for ( < ¢ < 0.6838, and
14+a<e* <1+ ae® for a > 0.

Lemma 1 (Ist Discrete Gronwall lemma).
Suppose h € (0,H). Let (%), (y**1) and (2*) for k = 0,1,... be sequences in R,
satisfying

C e =
Vb <A+ 4 Baf 1 Caf T and Y Ph<z (1)
=0

for all k =1,... with constants A,B,C" and Z independent of h satisfying
A>0, Z>0, B+C>0, and BH <0.6838,
then
z* < (2% + Z + 1.6838Akh) e(CHLO83BBIkD g
zk:yjh < (mo + 7+ Ahk') o(C+1.6838B)kh

j=1
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Proof. We multiply Equation (14) with A and rewrite it to

1+Ch
1 — Bh

(1— Bh)z* < y*h+ (1 — Bh)a* < Ah + 2*"'h + (1 — Bh)z" 1,

leading to the inequality below by making use of the partial geometric sum identity.

A
B+C

1+ChR\"[ A 7
1— Bh)2* < (1 = Bh
( Jo" < )(1—Bh> {B+C+1+Ch+

xo] — (1 — Bh)
With 1+a<e®fora>0and 1/(1 —a) < erta? < L6838 £ () < g < 0.6838, we obtain

(14 Ch)/(1 — Bh) <exp (Ch+Bh+ B?h?*) <exp (Ch+1.6838Bh), since 0 < Bh< BH <
0.6838. Together with e* — 1 < ae® for a > 0, we see

C +1.6838B
Tk < {A+—

kht 7 0| (C+1.6838B)kh
CtB +24+x ] e

Multiplying Equation (14) with A and summing over k, we obtain

k k k—1
> yWh <Y yh+ (1— Bh)ab < Akh+ Z+2°+ (C+ B)hY 2,
j=1 j=1 j=0

which with our newly obtained identity for #* and the partial geometric sum identity
yields

k
Zyjh < [Ak:h+ Z+:)30} 6(C+1.6838B)kh,
j=1

which concludes the proof. ]

Lemma 2 (2nd Discrete Gronwall lemma).
Let ¢ > 0 and (yx), (gr) be sequences of positive numbers satisfying

ye<c+ Y gy fork>0,
0<j<k

then

ykSCGXp<Z gj> for k> 0.

0<j<k

We are now able to apply Lemma 1 and Lemma 2 to the quadratic inequalities (11),
(12), and (13). The result:

Lemma 3.

Let At € (0, H) with

0.6838 0.6838

agm | min {bs; }
Max § asp, 52 s
meM m

H < min
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There exist positive constants Ginges, dindex, Eindex and parameter functions a(T, V'), do(T, V'),
di(T, V), do(T, V), e1(T, V), and es(T, V') such that for alll € £, for allm € M, and for
all ty, € [0, T the following estimates hold:

||¢é€||%2 < (¢Z20+621(T7 V) +eq; (T’ V)T) 61.f)'838l)5lT7
1
= 10:05 1172 < D _110:67 172 < da(T, V)™V,

leg

LW)Z L — Ga—10l|72 < le(T= V) (14 do(T, V)e®(TV))
d—1""% -1, <

min{cy; — ¢}

)

leg
k
S5 (eu — ) |PAG) |2 At < d(T. V) (1 + do(T, V)e= V)
7j=1 leg
Dl lize < do(T, V),
meM
> aim| 0wk |72 < do(T, V),
meM
k ' )
DD (@(0) = agn) | DA (win) || AL < do(T, V),
7=1 meMm

S S (@3 (0) ~a10m) | DA (Oswn) || AL < do(T, V),

=1 meMm
k 72 42
. 2J
S o 0 a0t P
= ¢min
N 2
k12 0 Jd¢d,res
w2 < [|Ww |+F—T+v\/?
with
do(T, V) = ((an + a12)V? + 1.6838a,T) ™17,
dy(T,V) = c3sT + V2 + (Czn + J12T)do(T, V),
dg (T, V) = Z 0651‘/2 + (Cigl + CZQQT)dQ (T, V),
leg
€11 (T, V) = b3l + meig{b&n}dl (T, V)edQ(T’V) + élldO (T, V),
621(T, V) == b4lV2 + égldo (T, V)
and with

dopy = max {a7m, dsm } + 1.6838 max {a5m, %—m}
A1m em

meM im
dii = max C80m C81m
1 —
meM CLQm(O) — A9m agm(O) — A10m
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CTim
dip = max-< Crom + ——
meIM A1m
5 Z C6l3m Z C613m
dy = max leg + leg
meM CLQm(O) — A9m agm(O) — A10m

()

o9
o
N
I
— —N—

max
meM a
leg Im
~ b?llm
€11 = max- byom +
meM A1m

5 — max { bsiom n bsiim }
21 —
meM agm(O) — A9gm a3m(0) — A10m

Proof.

The conditions ¢5; < ¢17, @gm < a2, (0) and ajg, < as,(0) are satisfied due to conditions
(i), (viii) and (ix) of Assumption 1, respectively. Apply Lemma 1 to Equation (11) in
order to obtain all four w* bounds.

For the bounds of ¢% |, we use Zle @ = 1 in two ways. First, we apply 9, to this identity
and use |z|} < n|z|3 for z € R™ to obtain the upper bound Y, [|0.¢}||3.. Second, we
subtract the same identity at time-slice ¢ = 0 to obtain an upper bound in >, (éF — ¢10)
and, then, apply again |z|? < n|z|3 for z € R™ using the telescoping series for k to obtain
the upper bound kAt Z;?:l > ee DK (Ga—1)|72At.

All the ¢-bounds now follow from applying Lemma 1 to Equation (12) and Lemma 2 to
Equation (13) and inserting the newly obtained w* bounds.

The use of the Gronwall inequalities are only allowed for At small enough, as given by
the conditions for A in Lemma 1. ]

Remark: The a priori estimates in Lemma 3 depend on 7" > 0 and V' > 0. We need to
prove that 7' > 0 and V' > 0 can be chosen for At > 0 small enough. On closer inspection,
we see that we can work with upper bounds only.

Lemma 4.
Let 0 < t, = kAt < T. Let Py be the set of cyclic permutations of (1,...,d). The

k
constraints ¢f(z) € [Pmin,l — (d — )pmin] for 1 < 1 < d, Y [v7[|2.A¢ < V2, and
=0

k
ZO 10,07 ||3, At < V2 are implied by
]:

k
< 1_—% forall« € Py and Z H@ZijiQ At < V2,

k
“llar = Chp .
’ j:0

JjeEM

with Cy given by (ii) from Section 3.

Proof.

The boundary condition (9b) allows the application of the Poincaré inequality to v*, which
gives the bound ||v7||2 < [|0,07]| 2.

For the constraints on ¢F we pick arbitrarily an o € P4 and start with the inequality
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';j < (1 = ¢min)/C10. This inequality is transformed by the Sobolev embed-

Y jem |

ding theorem on [0,1] into > on ’

H1

< 1 — Pmin. Hence, we obtain inf.cqqy ¢, >

k
aj CO
Gmin from the volume fraction identity 1 = Y, ,.,¢F. Since a was chosen arbitrarily,

we conclude that this result holds for all & € P,;. Hence, min inf gbf(z) > Omin- With
1<1<d z£(0,1)

the d infima established it yields that the d suprema follow automatically from the same
volume fraction identity. m

We prove the simultaneous validity of the two inequalities of Lemma 4 with elementary
arguments based on the Intermediate Value Theorem (IVT) for the continuous functions
given as upper bounds in the inequalities of Lemma 3 having parameters T', V' as variables.

Lemma 5.

Let 2 < d < C1g/(Crp— 1) &~ 4194528, 0 < ¢pin < 1 — C1o(d — 1)/d and let ¢° =
(0105 - -+ 0do) € Pa(Pmins (1 — dmin) /Ch0), where the set Py(s,r) is defined as the non-empty
set of points (x1,...,xq) € RY satisfying

(ij<7’ forall1l <1< d,
J#i
<x1~25 forall1 <1< d,

Then there exist an open simply connected region S C R? containing (0,0) such that

1- min
(T,V)e S= P,(T,V) < C—¢ for all o € Py,
1,0
1 - min
(T,V) e 0S = P,(T,V) < 1~ Puin for all a € Py,
1,0
- 1— quin
(T,V)¢ S = P,(T,V) > . for at least one a € Py,
1,0

where Po(T, V) denotes the upper bound of 3 oy ||¢§j||H1 obtained from the a-priori
estimates of Lemma 3.

Proof.

First, we note that the set ®4(Amin, (1 — min)/C10) is non-empty if the following inequal-

ities are satisfied i 1 1
0<(d—1)pmm < —— < — Duin

d Cl,O
This is because (d — 1)¢min and (d — 1)/d are the minimal and the maximal value of the
sum Zjeim To, over all a € Py when minimizing for each a € Py over all (zy,...,24)

satisfying min;<;<q *; > @min and Zle x; = 1. Hence, we obtain the inequalities

d—1 1
<

0 min 1_0 5
< Gmin < L0 p
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for 2 <d < Cyo/(Cip—1) ~ 4.194528 integer.

Second, from Lemma 3, P,(7T,V) are monotonic increasing continuous functions with
respect to the product ordering on R% for all & € Py4. Therefore, there exists a simply
connected open set S, such that P, (T, V) < (1—¢min)/Ci forall (7,V) € S,. Moreover,
from Lemma 3 we deduce that P,(0,0) = Zjem Pa;0 < (1 = Gmin)/Cip for all a € Py,
which implies (0,0) € S, for all @ € Pyq. Thus S = (,p, Su is non-empty and satisfies
all the desired inequalities. O

Lemma 6.
There exist a 7 > 0 such that for all 0 < At < T there exists an open simply connected
region Ra; C R? with the properties

(T, V) € Rar = Qae(T, V) < V2,
(T,V) € ORA = Qa(T, V) = V2,
(T,V) ¢ Rat = Qa(T, V) > V7,

where Qai(T, V) denotes the upper bound of 3=, (o 1 0,072, At obtained from applying
the a-priori estimates of Lemma 3 to Equation (8b) and is given by

Qar(T,V) = QoAt + Q1T + (Q2 4+ QsT)do(T, V)
+[Qu(T)T + (Qs + QsT)do (T, V)]di (T, V)e™TV)

with Q()’Qla Q?u ©37Q47Q57Q6 > 07 Zf
7d—5 { H2

1>Q = Qz(an +ai) = ag(())——am

meM

} (a11 + ai12).
Moreover, the limait lAitrﬁ) Ra: exists and is denoted by Ry.

Proof.

We assume that [0,0°]|7,At < V2 holds for a not yet determined value of V' > 0. By
induction we will prove Zf:o 10.07]]2,At < V? for the same value V' > 0. By our as-
sumption this identity holds for £ = 0.

Note, for all At < T we can choose any K such that KAt € [0,7]. Thus, there are
sequences of At decreasing to 0 such that T//At equals an integer for all At in these se-
quences. Hence, the induction is valid for all kAt = ¢, € [0,7] when 0 < At < 7, where 7
has to be determined at a later stage. Remark, for At > T we have -, (1 [|0:v 12,At =
10.0°]|2, At < V2 by assumption. In this case, the induction ends immediately at k& = 0,
which is a reflection of the fact that the At-sized temporal discretization is too coarse and
smaller At should be chosen.

Thus for our induction step, we take 0 < k = K < T/At for the case At < T (a-priori
assumed to be valid, since T" is not yet determined, but only defined.).

We integrate (8b) from 0 to z. This yields:

[D(¢™1o"]g = /0 Go(¢*1)dz — [Z (Hom (6" wp, "+ Him (6" ) Day(wm))

meMN 0
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Inserting the boundary conditions (9b) and using w? = 0 gives:

P00t = [ 6o )z = 2 (Hon(6 ks + Hin0 )Pl )

meM

i J L(Qbmres - ¢7I§ o )
> <H°m Yy Hlm<¢K|zo>| oA

meM

+jm£(¢m,res - ¢]:n_1|z:0)> .

Dividing both sides by I'(¢*~!) and then applying the derivative 9, to both sides, leads
to the identity

1 T Ori(6F 1) 0! )
S = (Z ag’f—l | qu | RC 1)> x

=1 e

’ l/ TG0z = 3 (Hon(0 Yl + Hi(68)D5 (w0,)

meM
< j (bm res — ¢K| _ )
k— o
—i—T;n(Hmn o) 1‘Z 0 Z Hom (65— ) 0% At
+Jm£(¢m,7‘es - ¢:1_1|z:0 >]
1
= Go(@* ) = (Hom(6" 005 + Him(6F) DK, (0:0n))
meM
OH. i k—1
- Z (Z Oa¢k 1 ¢ HHOm] i 1) Wy,
meM \1=1 Ve
k—1
o Z (Z O Zk; 1 ¢ HHlm,J ht >D2t<wm)] .
meM \i=1 gb jFi

Recalling (2) for f(¢*~') and the notation || f(-)[lc1 (o1 < f, using Minkowski’s inequal-
ity, Holder’s inequality, the embedding H'(0,1) < L*°(0, 1) with optimal constant C1 g,
the definition of Ty, and Hy . ,and the inequality |(z1,...,2,)|? < n|(z1,...,2,)[3 for
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(x1,...,2,) € R", we obtain

d(7d — 5)I'? & B
0.0 72 < F4—Z 1.5 [I72 %
=1

min

G2+ o 3 (Ml 3 + 3 |1 DK () [,

meM

~ 2
Jm¢m,7‘es T
+ Z (HOmH—T + Jm¢m,res>

meM min
7d —5
+ Tr— [G2 > (HgmHa e+ Hi | DA (0:0m) Hiz)
$min meM
dC S H S 1065 Bl
meM =1
+dC2, S ZH@ 01 z2 [| Das(wm Hm] :
meM

Summing over £ = 1 to k = K with KAt < T, multiplying by At, and using the
inequalities of Lemma 3, we obtain

- 7d—5
S0 FAl < 0.0 Al + G
k=0 quin
7d—5 H? H?
— T\ do(T,V
Tt Fémm |:In1;l€a§ { (l3m(0) — A10m } * 2163% { A1m 0( ’ )

2

HOm mgbm TEST + Jm¢m res

T
H¢m1n

2
Pmin ®min meM

2 H? H?
02 1m 1m
+ 1,0 ( Fimm> (ggg { agm(O) — A9gm * agm(O) — A10m

2

H
+ max { HZ + M} T) do (T, V)} dy (T, V)eTV)
meM 1m
— QAt(T7 V)

2(7d—5) | 172
+<2 ) G§+Z

Hence, we can rewrite Qa¢(7, V) as

Qae(T,V) = QoAt + QT + (Qz + QsT)do (T V)
+ [Qs(T)T + (Qs + QeT)do(T, V)] dy (T, V)e®T:V),
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This yields
Qai(0,V) = QoAt + Qado(0,V) + Qsdo(0,V)dy (0, V)2V

7d — 5 H?
o 012 im 2
= [[0.07]]7-At + TZ max {—agm(o) - alOm} (a11 + a12)V

min

LP1a-5C, ([ 1 m,
’ — X
Fémin F?{)min geag?n{ &zm(o) o a/9m a3m(0) B allom

x(a11 + az) (C4 + 6511(6111 + 6612)> Vie(Xies coutFdzi (a1 +az))V?

Hence, we have
2
Qat(0,V) = QoAt + QV? + QaV 4@V
with

7d—5 H?
Q1 = max {—1m } (a11 + a12).
a3m(

If @1 < 1, then by the Intermediate Value Theorem there is a V* € (O, v/ 22_2—8;) for all
At > 0 such that

0Qa:(0,V)
o(V?)

vy AR

because AQa:(0,V)/O(V?) = Q1 + QaV(2 + Q3V?)eV” > Q) + QuQ3V™,
Immediately we see that Qa(0,V*) < (V*)? for 0 < At < 7 if we choose

1=y 1 2
T mln{ O (1 2+Q3(V*)2> (V™) ,H}7

where H denotes the upper bound of At > 0 as found in Lemma 3. Moreover, for
0 < At < 7 we have the inequalities Qa;(0,0) > 0, Qas(0,V*) < (V*)2, and Qa¢(0,V) >
V2= (1-0Q1)/Qy > (V*)? due to Qar(0,V) > Q,V? + Q,V* for V > 0. Hence, by the
Intermediate Value Theorem, there exist Vi o € (0,V*) and Voa € (V*,V) such that
Qar(0,Viar) = Viia, and Qai(0, Vaar) = Viia,-

We see that Qa.(7, V') is a monotonic increasing continuous function with respect to the
product ordering on R2 for 0 < At < 7. Therefore, there exists a simply connected open

K
set Ra; such that Qa(T, V) < V2 for all (T, V) € Ras. Thus Y [|0.0F|2,At < V?Z for
k=0

(T, V) € Ras
Hence, induction states that > |[|0,0%]|2,At < V? for (T, V) € Ras.
t,€[0,T)
Our assumption of ||9,0°||7.At < V2 for some V > 0 can now be lifted for At < T. We
have

10.0°172A8 = QoAt < Qar(0,Viar) = Vip, < VZ for all (0,V) € Ray

and, by monotonicity in 7', this inequality holds for all (T, V) € Ra;. Do note that 7
depends on Qg = [|9,0°||72. Thus for all v € L*(0,1) with v°(0) = 0 there exist a 7 > 0
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such that our assumption and, therefore, our induction holds if (7, V) € Ra;.
Note, the region Ra; contains the cylinder [0,7) x (]|0,v°|| 2V At, 00) such that the case
At > T satisfies the assumption [|9,0°[|7,At < V? and the three domain properties.

Ro, the limit set of Ry, exists because the construction of Ra; is only dependent on
At when using the Intermediate Value Theorem to guarantee the existence of Vj o, and
V. at, which directly follows from the fact that Qa:(7, V') is a right-continuous monotonic
increasing function in At € R,. Moreover, the cylinder [0,T) x (||0,2°]|12v/At, 00) be-
comes the empty set in the limit At = 0, since this cylinder represents the case At > T
and is, therefore, At-thick. Therefore, Ry can be seen as the limit of the part of the set
Ra:, where the case At > T is satisfied. O

Lemma 7.

Let 1 < d < 01,0/(0170 — 1), 0 < At < T, 0 < d)min <1-— 0170((1— 1)/d and ¢0 €
D 4(Gmin, (1 — dmin)/C10), where the set Py(s,r) is as defined in Lemma 5 and T has the
value as determined in the proof of Lemma 6. Then there exists a 7% > 0 such that

{(At,00) x Ry} NSNRar # 0 for all 0 < At < 77,
where S is the set as defined in Lemma 5 and Ry is the set as defined in Lemma 6.

Proof.

Due to the monotonicity of both S and Ra; with respect to T', we only have to check for
all & € P, that there exists a V,, > 0 such that P,(0,V,) < (1 — ¢min)/C1ro. For T =0
and using the equivalence of R"-norms, we obtain

Pn(0,V) < Z Gajo + Z \/b4aj + €1 (ar + a2)V

jem JEM o #d—1

B 2
> corntdar(aritaiz) | 5

+6<l€2 >2\/(d — 1)(es + dii(an + ar)) V-

From Lemma 5 and condition (v) in Assumption 1, there exists ¢° € @y (dmin, (1 — Pmin)/C10)
such that Zje{m Pa;0 < (I = @min)/Cip for all @ € Py Since P,(0,V) is strictly in-
creasing in V, there exists a V., > 0 such that P, (0, Va) = (1 — ¢min)/C1o. Construct
V= min,cp, Va.

Now we have two cases: either V' >Vi;sor0< V< Vi, where Vi ; = limagyr Vi a¢ with
Vi.ar and 7 from the proof of Lemma 6. In the first case, we can introduce 7** = 7, because
({0} x (0, V])NR, # 0. In the second case, we have ({0} x (0,V])NR, = 0. Fortunately,
Vi At is a monotonically increasing function of At, because Qa:(7, V') is monotonically
increasing in At for all (T,V) € R% and Qy(0,0) = 0. Thus the Intermediate Value The-
orem states there exists a 7** < 7 such that V = Vj ,-- and thus ({0} x (0, V]) N\ R~ # 0.
Hence S NRa; # 0 for all 0 < At < 7*. However, T < At is not allowed, as k > 0
integer such that kAt < T was implicitly used up to now in the proofs of Lemmas 3, 4,
5, and 6. Since (0,V*) € Ray, there are (T, V) € Ra; with T < At. Thus, even though
SNRar # 0 for all 0 < At < 7**, we still need to prove {(At,00) x Ry} N SN R # 0.
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For all 0 < At < 7, we have Qa:(0,V*) < (V*)? with V* the unique value, indepen-

dent of At, for which deA(‘T(ZT;V)‘ = 1. Since Qa¢(T,V) is monotonic increasing in
V=V

both At and T, we can define the new function Q(At) = Qa¢(At, V*) — (V*)2. Due to
R, = {0} x {V*} by construction, we find Q(r) > 0, while Q(0) < 0. Hence, by the
Intermediate Value Theorem there exists a 0 < 7* < 7 such that Q(7**) = 0 and,
therefore, {(At,00) x R.}NRa; # 0 for all 0 < At < 7*. Introduce Va; as the minimal
value of V' such that Qa(At, V) < V2 if such a V exists. For 0 < At < 7***, there
exists a (At,Va,) € {(At,00) x Ry} NRa,. Introduce P(At) = maxaep, Pa(At, Vay).
For 7% < 7% if limay o P(AL) < 1_0‘*%, then (At, VAt) cSforall 0 <At < 7" =

7 = min{7*, 7). If lima; e P(AE) > 125?"(;1“, which also occurs for 7** < 7%,

then we recall Qy(0,0) = 0 and P,(0,0) < 18’% for all o € P,. Hence, P(0) < 16"%
By continuity of Qa¢(T,V) and P,(T,V) in the parameters At, T" and V, follows the
continuity of P(At). Thus by the Intermediate Value Theorem, there is a 7% € (0,7") =

(0, min{7**, 7***}) such that P(7*) = l_c‘ﬁ% Thus there exists a 7% € (0, min{7™*, 7***}]
such that (At, Va,) € {(At,00) x R} NRA NS for all 0 < At < 77,

Hence, for all 0 < At < 7% € (0, min{7**, 7***}], we have {(At,00) x Ry} NRA; NS #
due to the monotonicity of Qa.(7, V) and P,(T,V) on the parameters At, T and V. [

We have shown that the conditions ¢5; < ¢y, a9 < 1 and aqo,, < a3, (0) are satisfied
by the conditions (i), (viii) and (ix) in Assumption 1. Moreover, the conditions ¢y, <
1—Cio(d—1)/d and ¢° € ®4(Pmin; (1 — Pmin)/C10) of Lemma 5 follows from (v), while
the conditions (ii), (iii), (iv), (vi) and (vii) are needed for coercivity.

The condition (); < 1 of Lemma 6 is equivalent to

7d —5 H?
1> max {$} (an + alz),
a3m(

Fimin mem 0) - alom

which can be satisfied if (x) in Assumption 1 is satisfied.

We finish the proof of Theorem 2 with remarking that we can choose any pair (T,V) €
S Nint(Ry) to satisfy the theorem, since Etrﬁ){(At’ o0) X Ry}NSNRA: =S Nint(Ry).

5 Proof of Theorem 1

The proof of Theorem 1 is straightforward. We use an interpolation function ua.(t) :=
uF =14 (t—t_1) DK, (u) on each interval [t;,_1, t;] C [0, T for all functions u € {¢y, v, wy,, W}
with [ € £ and m € 9 to extend the discrete-time solutions of Theorem 2 to [0, 7] x [0, 1]
and [0,7]. We see that Ga; is measurable on [0, 7] x [0, 1] for u € {¢;, v, w,,} and [0, T
for u = W, has a time-derivative on [0, 7] x [0, 1] a.e. for u € {¢;, v, w,,} and [0.T] a.e. for
u =W, and has a At-independent bound in an appropriate Bochner space (cf. Theorem
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2). Hence, we obtain the following weak convergence results

(1) drar— d € H'(0,T; L7(0,1)) N L*(0,T; H'(0,1)) N L*(0,T; H*(0,1)),
(2) oA — 0 € L*0,T; H'(0,1)),

(3)  Wmar — W, € HY(0,T; H'(0,1)) N L>®(0,T; H*(0,1)), and

(4)  Wa—WeHY(0,T)

for [ € £ and m € M.

As the time-continuous system has non linear terms, we need strong convergence of the
él,At and Wy, o+ terms in order to pass to the limit At — 0. The strong convergence
is obtained here by combining two versions of the Lions-Aubin-Simon lemma, see [10,
Theorem 1] for the version for piecewise constant functions and [32, Theorem 3] for the
standard Lions-Aubin-Simon, which is used for the piecewise linear functions.

Theorem 3 (Lions-Aubin-Simon lemma for piecewise constant functions).

Let X, B, and Y be Banach spaces such that the embedding X — B is compact and the
embedding B — Y s continuous. Furthermore, let either 1 < p < oo, r =1 or p = o0,
r > 1, and let (ua;) be a sequence of functions, which are constant on each subinterval

(tho1, 1), satisfying
IDae(wac) |- ae vy + luadlleorx) < Co - for all At € (0,7), (21)

where Cy > 0 is a constant which is independent of At. If p < 0o, then (uas) is relatively
compact in LP(0,T; B). If p = oo, there exists a subsequence of (ua;) which converges in
each space L1(0,T; B), 1 < q < oo, to a limit which belongs to C°([0,T]; B).

Theorem 4 (Standard Lions-Aubin-Simon lemma).
Let X and B be Banach spaces, such that X — B is compact. Let f € F C LP(0,T; B)
where 1 < p < 00, and assume

(A) T is bounded in L},.(0,T; X),
(B) ||f(t+ At) — f(t)||zr0r-atB) — 0 as At — 0, uniformly for f € F.
Then F is relatively compact in LP(0,T; B) (and in C(0,T;B) if p = 00).
We apply Theorem 3 and Theorem 4 with the triples
(X,B,Y) = (H*(0,1),C"([0,1]), L*(0,1))

or

(X,B,Y) = (H(0,1),C°([0,1]), L*(0, 1)),

depending on the situation, together with the Rellich-Kondrachov theorem on [0, 1], see
[2, p.143] and [6], ensuing X < B compactly. We obtain the existence of a subsequence
At | 0 for which we also have strong convergence next to the weak convergence:

drae — ¢ € C°([0,T); C°[0,1]) forl e &,
Wyt — W € CU([0,T); CH[0,1])  for m € M.
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The limit functions ¢, ¥ and w,, satisfy the weak formulation of the continuous-time
equations (1a)-(1c).

Using the interpolation-trace inequality, |ullcq) < C||u||}ﬁ9(9)||u||%2(m (for 6 = 1/2, see
(34, Example 21.62 on p.285]), the weak convergence for Theorem 2 applies up to the
boundary, which together with the smoothness of the functions satisfying Equation (2)
ensure the passage of the limit so that the boundary conditions are recovered. The initial
conditions are satisfied by construction.

Hence, there exist ¢pin > 0, T > 0, V' > 0 such that ¢; := ngﬁl, v =0, Wy, = W, and
W=W satisfy Theorem 1.

6 Numerical exploration of allowed parameter sets

In this section we simulate numerically the model (5), (8a)-(8¢c), (9a), and (9b). This
model is already in a format that allows a straightforward numerical implementation next
to allowing some analytical evaluation of observed (numerical) behaviors. The chosen

model has d = 3 and is determined by the following functions and constants, for all [ € £
and m € M

o =9 I'(¢) = 4¢q
Li(¢) = 0 I3(¢) = €
Bllol(qb) = €¢l Blz]m(¢) =0 for (’i,j, m) 7é (1, O, l)
Emle(¢) = %qubm Eminj(¢) = 0 for (Zu?) # (1’0)
Fa(¢) =1 Tm = 7
Goi(0) = ermGy(d) Gu(@) = L(d1,sar — 1) L(P3 — D30r)
Gum(¢) = 0 A, = A

The conditions of Assumption 1 have to be satisfied. To this end, we choose 7,, = (y|A]|
for m € 9 with ¢ > 0 in conditions (ix) and (x) of Assumption 1. This yields for

Gmin € (0,1 —2coth(1)/3) =~ (0,0.124643143) the conditions
(i) 6 >0
(i) |4] < 1
(i) $D%¢2, < s min{3,~(1 — A)} min{3/5,7(1 — A)}
)

64¢2, > 3602, for all | € L.

(iv

d
(V) @jo0> bmins D Pio< j;ﬁ;rgf) and ) ¢pip=1 for all 1<5<d,
i2 i=1

(vi) TTvA% <1,

.o 2
(vii) v > 761‘35’5,
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(Vlll) 0 < Q:lm = 1 — Z Dm_nj0im17
JjEM

(ix) 0<Q:2m:’7(1—(1+%)|A|)_%TL2_i'Z( e +Dm77j01m2>,

Nmo1j1 Mmo01;2

2
(X> 1 > 5 ( ¢min ) nax { Com } z < C + Tm?2 > :

meM

An upper bound for |A| can be determined with (ix) and (x) by taking D,, = 0 and by
removing both the 7,2 terms and €;,,. This yields the conditions

4] <

2 1 — 2¢min \ > Al
2+Cand1>( Prmin ) C2—-12+¢)IA])

Using ¢min < 1/8, we obtain for ( = 6 the maximal value

2

1
A< — < =,
4] 2+§+% 7

<

which is not even attainable due to the approximations made in the derivation. In any
case, (x) is a stronger condition than (ii).

For 7, we need to first determine the values of 1,011 and 7,,0152. For these we choose the
values that are the square root of the product of their lower and upper limits obtained
by letting all undetermined terms in (viii) and (ix) have an equal part such that €;,,, =0
and €y, = 0 for ¢ = 1. This yields, for |A| < %, the positive numbers

7d—5 1
Mmo1j1 = \/ and npo12 = 1

d—1~(1-3lA])

and the inequality

1 — 2¢umin )~ 1 1
1> 1= 2fuin v]Al + = | max
Prmin n)mem |1 _ Dm [ 8

(1-2[A)) ()
TU—3
y1-3A) -5 - B -1 2 (Dj T+Dj>

where we have chosen 7,2 = 7.
In the limit |A| | 0, choosing D,, < 1, we obtain the condition

1= 2¢min \> 1 1 1
1>2(—"tmn) = +
Prmin U] 2_\/5 2y -n—2-/%
Y
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The second term yields a minimal value for n = v — 1 — /7/32, which leads to

1>2<1—2¢mm)2 1 1 N 1
Omin y=1—+/3 2_\/% y—=1—4/3

We obtain
>~ 249.2186 with ¢, <0.124643143. (24)

For a stricter upper bound of |A|, we take D; = 2/min{3,~(1 — |A|)} min{3/5,y(1 — |A])}.
With the v* of Equation (24) and the rough upper bound |A| < 0.201, we see that
D; = 2/v/5. With this value of D;, assuming v > ~*, n = 1/(v|4]), v > /7 and
1/ < 7] A|, we can remove some terms of Equation (23) and obtain

2
152 (1_2%1) Al (14 7).

(bmin

Hence, we obtain

1 1 ¢min 2 1 1 .
<A< A== ~ th Pmin < 0.124643143, 25
72<<| <45 2(1—2¢mm) 14y 72.55(117) ¢ (25)

and additionally

1
5409
Using the values of (26), we see that D7 < 4/5 must hold and that (vi) and (vii) are

also automatically satisfied. Hence, there exists a non-empty parameter region where all
conditions of Assumption 1 are satisfied and, therefore, a continuous solution exists.

1
12T RIS, <A< AL w (26)

The analytically obtained parameter region is very restrictive due to the sometimes crude
estimates used in the proofs of the theorems. The actual parameter region is expected to
be much larger. Numerically, this region can be probed. Moreover, it allows us to probe
the size T of the time-interval satisfying the physical constraints (I), (IT) and (IIT).

A fixed set of reference parameter values have been chosen after a deliberate numer-
ical search for parameter values around which T changes significantly. The reference
parameter values are

A = 0.388 v o= 104 60 = 1 e = 0.0014
D; = 0.38 Dy, =1 k1 = 23.0 ks = —13.5
J = 0 Jy = 04  J3 = 20 oy = 0.1
Orsat = 1 G3ihr = 0 Popes = 1 P3res = 1

¢10 = 0.3 ¢z = 04

We solve the time-discrete system for the small time step At = 0.001. This value has been
chosen arbitrarily, although it is large enough for keeping the computational costs and
duration of the simulation acceptable and small enough for showing continuous temporal
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behaviour.

Following the concept of Rothe method, we only need to solve numerically a 1D spatial
problem at each time slice {t = #;}. At {t = 0} we still need to solve a different 1D spatial
problem in order to obtain v°. We implemented the time-discrete system in MATLAB
using the BVP5c solver, although one can also use the bvp4c solver. These solvers take
a grid, a guess for the solution, and the BVP system as input. Then they automatically
readjust the grid and interpolate the guess solution to obtain a starting point for the
numerical scheme, controlling a certain error metric to determine the solution based on
user-defined-convergence criteria. For an in depth description and performance analysis
of the solvers, see [19, 30] for bvp4c and [20] for bvp5c.

Initially, we take a uniform grid of 300 intervals. As initial guess for the solution, we take
the solution at time slice {t = t;_1} or the zero function.

Tests that check the conditions of Theorem 1 at each time slice, including {¢t = 0}, are
incorporated in the numerical method. For these conditions, we use the value V = 10°
and ¢, = 0.1. At the start of our numerical method additional tests are implemented
to test the pseudo-parabolicity of the system. Failure to pass any of these tests ends the
simulation.

To guarantee the end of any simulation, we incorporate an end time 7,,; = 0.5, which
coincides with the time slice {t = t500}.

The criteria for stopping a simulation in this numerical program allow one to probe the
boundary of S N int(Ra;) at fixed V-value lines and determine 7" in At increments for
different parameter values. Smaller At will yield better approximations to 7.

The simulation of the time-discrete system for the reference parameter values gives inter-
esting results. All volume fractions ¢; are practically spatially constant functions at all
time slices. Numerically, we expect a much larger area in (v, A)-space for which Theorem
1 holds. As (v, A) = (10%,0.388) is well outside the analytically obtained existence re-
gion, we conclude that the conditions Assumption 1 are more restrictive than practically
necessary. The simulation ends at time slice {t = t;94} due to a violation of one of the
condition of Theorem 1 with ¢35 < 0.1 = ¢p;, as shown in Figure 1. This indicates that
193At < T < 194At for these parameter values.

Next to the volume fraction conditions, we have the conditions on the velocity v as stated
in Theorem 1. A clear supra-exponential growth of the L?(0,¢; H3(0,1)) norm of v is
seen in Figure 2 in the region where in Figure 1 the volume fractions exhibited sudden
drastic changes in value. Surprisingly the supra-exponential growth was not large enough
to breach the V' = 10° threshold of Theorem 1. Hence, the simulation was stopped only
because the volume fraction condition was breached. The graph of W (¢) in Figure 2 looks
similar to the graph of the norm, which is due to (4b) and the logarithmic scale of the
axis.

We conclude that the reference parameter values allow a discrete solution that satisfies
Theorem 2, even though the reference parameter values do not satisfy Assumption 1.
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Figure 1: The time evolution of the volume fractions of the simulation at the reference
values. The simulation automatically ended at time slice {t = tj94} due to ¢3(0,t194) <
0.1 = ¢min. The other volume fractions stayed between the two black-lines, which indicates
a guaranteed breach of ¢; < ¢nin by one of the volume fractions.

1. 1010 o
- W(t)

1-1097 _.
== ollL20,6:m2 0,1))
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Figure 2: The time evolution of W (¢) and [|v[| 2(04; 11 0,1)) of the simulation at the reference
values. The simulation automatically ended at time slice {t = tj94} due to ¢3(0,t194) <
0.1 = ¢min. The upper bound V = 10° was not yet reached. Both graphs show supra-
exponential growth in the region where the volume fraction values changed dramatically.

This result showed us a method of probing the parameter space dependence as the simula-
tion was ended prematurely at t = t194. From now on, we denote t = t194 with Ny = 194,
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while a completed simulation is denoted by Nir = 500. By tracking the value of Ng
at different parameter values, we indicate the dependence of T' on the parameters, i.e.
(Nr — 1)At < T < NrAt. We probed a grid in (v, A)-space, a grid in e-space and a grid
in (¢10, oo, P30)-space. We restricted our attention to these parameters because e should
highly affect the volume fractions ¢;, and we have specific existence restrictions given by
Assumption 1 for the other parameters.

It turns out that + has a negligible effect on Ng in our (v, A)-space grid. We choose the
values v € {10%?,10%,10%?,10°, 1052, 10°, 105,107,107, 10®} and

A € {0.376,0.379,0.382,0.385,0.388,0.391, 0.394, 0.397, 0.400 } .

1,000 -

500 —

100 -

Nr

10

-0—¢- with reference parameter values

1 Jd
0.37 0.38 0.39 0.4 0.41
A

Figure 3: The dependence of Ny with respect to A with the other parameters taking their
reference values. An approximately exponential dependence of Ng on A can be discerned.

Note that A can be much larger than m and still lead to a positive time T

The dependence of A on Ny with v = 10* is shown in Figure 3. An approximately expo-
nential dependence of Ny on A can be seen. Moreover, the values of Ng decrease rapidly
to almost 0 for A approaching 0.4. This indicates that the actual threshold of A is much
larger than m

Since condition (viii) of Assumption 1 has been shown to be an underestimation of the
actual existence region with respect to the parameter A, we expect a similar effect to
happen for the initial conditions (¢19, P20, P30). The restriction ¢1g + pog + P30 = 1 hints
at the use of barycentric coordinates to represent the dependence of Ny on the initial
conditions in the best way. In Figure 4 a grid, where the cells have edge size 0.1, has been
placed on the region of nonnegative initial volume fractions. Additionally, the central
gridpoint, where all volume fractions have the identical value 1/3, has been added to the
grid. At each gridpoint the actual value of Ng is shown for the simulation with that
particular set of parameters. The inner shaded small triangle represents the region where
Assumption 1 holds, while the shaded area between the two outer triangles represents the
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region where the initial conditions violate the condition of Theorem 1.

10 =1

1 1 204
A
1 1 94 500

1

185 500 500

P20 =1 ¢30 =1

Figure 4: The dependence of Ng with respect to the initial conditions (@10, 20, ¢30) With
the other parameters taking their reference values. The inner triangle represents the
region where Assumption 1 holds, while the shaded area between the two outer triangles
represents the region where the initial conditions violate the condition of Theorem 1.

In Figure 4, the values of Ng increase with larger values of ¢39, which is expected since
¢3 is transformed in the reaction and can therefore decrease. Moreover, v is sensitive to
the values of ¢3 and changes in v directly effect ¢3. Larger values of ¢39 deminishes the
influence of other terms on v and, therefore, the change in ¢5 itself. As it was shown in
Figure 1 that ¢3 crossed the lower threshold set by Theorem 1, we expect Ny to increase
with larger ¢3y due to both the stabilizing effect and the higher starting value of the
simulation.

Again, we see that the simulation gives Nr > 1 outside of the region defined by Assump-
tion 1 indicating that the analytical condition in Assumption 1 is more restrictive than
practically necessary. It is worth noting that the outer triangle of Ng values are on the
boundary of the region where the condition of Theorem 1 holds. Due to machine-precision
inaccuracies some simulations have Nz = 0, what indicates an unlawful starting value, or
Npg > 0, what indicates that the starting values satisfied all conditions of Theorem 1.

The parameter € indicates how strong certain terms influence the time-derivative of the
volume fractions. In Figure 4, we see that there is a strong dependence between ¢3 and
Npg. Therefore, we expect € to have a significant effect on N as well. To this end we
took a set of € values and solved the time-discrete system for each of these values sup-
plemented with the reference values of the other parameters. The used € values here are:
{1.4-107°,1.4-107%5,14-107,...,1.4-107%°1.4}. In Figure 5 a polynomial relation
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between N and € can be discerned. This confirms our expectation that € has a significant
effect on Np.

1,000

500 —

[ ]
[ ]
[ ]

100 -

Ngr

10 4

-0—¢- with reference parameter values

1-

1-105 1-104 1-1073 1-1072 0.1 1 10
€

Figure 5: The dependence of Ni with respect to € with the other parameters taking their
reference values. A polynomial relation between Ny and € can be discerned.

7 Conclusion

We have employed Rothe’s method to prove Theorem 1, which essentially states that there
exists a weak solution on [0,77] x (0,1) of the continuous-time system given by Equations
(la)-(1c), (4a), (4b), and (5) for (T,V) € S Nint(Ry) provided a suitable parameter
regime is chosen (cf. Assumption 1).

Numerically, we have validated that the conditions of Theorem 1 can be violated for
t large enough. Moreover, we have shown using numerical simulations that the parameter
region for the existence of weak solutions as given by Assumption 1 is restrictive. Both
in (v, A)-space as in (¢19, ¢20, P30)-space the numerical simulations showed existence for
points well outside the regions given by Assumption 1. Additionally, we have shown that
A, ¢30 and € have a significant influence on 7', as was expected. Moreover, we could indi-
cate that v has no significant effect on 7" in the numerical simulations. This was against
the prediction of the shape of the existence region of Assumption 1.

This means that sharper inequality results probably hold, which would finally lead to a
relaxation of conditions (v) and (viii) in Assumption 1.
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A Existence of solutions to discrete-time system

The subsystem (8a) with (9a) is a standard elliptic system in ¢F, which has a unique
solution in ¢f € H(0,1) if ¢, vF~1 wkt € HY(0,1) and wk, € H'(0,1). Similarly,
by direct integration, the subsystem (8b) with (9b) has a unique solution v* € L2(0,1)
if there are unique gzﬁk Lokt wk=1 € L2(0,1), ¢min < gbf_l < 1 almost everywhere, and
wk € L?(0,1). Moreover, this subsystem has a unique solution v* € H*(0, 1) if there are
unique ¢f vF 1wkl € H1(0,1) and wk, € H'(0,1).

The existence of a unique v° € H'(0,1) is slightly more complicated. Even though any
v® € H'(0,1) will give a unique solution, we do realize that the numerical method might
be highly sensitive to the choice of v € H'(0,1). Physically, we expect v € H'(0,1)
to be close to the solution of continuous-time system with the initial conditions filled
in. Unfortunately, we do not have sufficient temporal regularity to extend the system to
the t = 0 boundary. However, since any v € H'(0, 1) would suffice, we just choose the
function v° € H'(0,1) that would be the solution if there was sufficient regularity.

To this end, we integrate (1b) and insert the initial conditions (5) in the continuous-time
system. This yields, at t = 0, a system for v and 0;w,,.

F(¢0)U + Z Hlm(‘bO)atwm = Gv(¢0)z + Z jm£(¢m,res - ¢m0>7 (27&)

meM meM

at'wm - ’ymazatwm + Fm(¢0)v + Z EmOlj(QSO)azatwj = Gw,m(¢0)7 (27b)

JjeEM

with boundary conditions

v|,_, =0, (28a)
j
at'wm|Z:0 (¢0 (Qbm res ¢m0)7 (28b>
big
0. 0w, = <8twm|Z Y IE ¢f)) atwj|zzl> (28¢)
JjeEM
A,

z=1
F(¢0) U(¢O)+ij£<¢j,res_¢j0)+jd£(¢d,res_¢d0)] .

JjeM
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Inserting Equation (27a) in Equation (27b), we obtain

8twm, Z 6

meM
where
1 .
Bm(ua ¢> / ’Ym@ U, zwm + Z EmOlj ¢0)(a uj)¢ Z Fm(qu?g;[l](gbO) uj¢m
JEM JEM 0
+ Uy — 0. (Um¥m) +Z (%)a u¢)]dz
and
B(0) = Cu(on)tin — T |Gulin)s + 3 (00~ @o)] o
0 jEM

z=1
’YmAm (Gv((bO) + Z jj£(¢j,res — ¢j0) + jd£(¢d,res - ¢d0)> wm] .

JjEM

Clearly, B(-,-) = > .con Bm(,-) is a bilinear form on Hj ,..(0, 1)4=1, which is defined
as Hj ,,.(0,1)" = {f € H'(0,1)" | f(0) = 0}. This bilinear form and }> g &m(-)
are obviously continuous. However, B(-,-) is only coercive if the following conditions are
satisfied for all j,m € 9:

Eomonj(¢0)? < Bd= ;)vé)d — (29a)
AT(¢0)* > (5d — 4)* Fn(0)* Hij(0)*. (29b)
v, A3 < ! : (29¢)

I~ (3d = 2)(5d — 4)
Hlm(¢0)2 4v; (29d)

P(¢o)? ~ (3d—2)(5d —4)

Condition (29a) follows from condition (iii) in Assumption 1, while conditions (29b),
(29¢), (29d) are exactly conditions (iv), (vi) and (vii) in Assumption 1, respectively.
Unfortunately, due to the boundary conditions d;w,, is not an element of H} . (0,1)¢71.
However, using the decomposition 9w, = Wy, + G (1 — 2)* + bzAm sin (%z) = Wy, + Cm(2)
with

,free

fn(0) =0, (0. f)m(1) = (fm 43 F fj )} %

JEM

€ {f c H*(0,1)%!

and the bounded values

~

Im
Hlm(¢ )

((bm res ¢m0) )

Oy =
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G o(00)+2 con i L(Dsres — Bjo) + JaL(Pdres — Do)

b= ,
2 jeam H15(90)

which follow from the identities

@ (0) + Gy for A, > —1,
W (0) + @ + gz} for A, = —1,

00 for A, < —1,

we see that 90 C H{ ;... (0,1)47.
Via Lax-Milgram we obtain a unique solution w in Hg ;,.(0,1)"" that satisfies

B(,y) = —B(&(2),1) + > &,(1). (30)

meM

Since, B(-,-) is a coercive bilinear form, there exists a constant C' > 0 such that the
inequality )Zmefm fol (‘Lzbm@z@bmdz‘ < CllYller )i holds for 4, € C1(0,1), the space

of C! functions with compact support on (0,1). Hence, by Proposition 8.3 of [6], we have
w € H?(0,1)%

Applying a partial integration to (30), we see that @ + ¢é(z) can only satisfy (27a)-(28¢)
if v € 2. Hence, there exists a unique solution dyw,, € H?(0,1) and, therefore, a unique
solution v° € Hj 1,..(0, 1) satisfying (27a)-(28c).

For the existence of a unique weak solution w* € H?(0,1)4"!, we follow a similar procedure
and use induction on k. Of course, k = 0 is satisfied by w = 0. For the induction step we
use 0 < k = K < T/At and assume that w*=* € H?(0,1)?"!. We test Equation (8c) with
¢ € H'(0,1)%". Using the decomposition wk, = @k, + ak, (1 — 2)% + 242 sin (22) =
Wk + ¢k (z) with

Wt e {f € HA0, 1) ] f(0) = 0, (0.f)m(1) = An(fn(1))} =W C H f,(0, 1)

and R
T At
dk_wklo +m—£ m,res kila
b= )+ g Ll = O
Ve = 2wk,

which are straightforwardly bounded from (9b), we obtain a bilinear form Aa:(w,1) on
H(% free(O’ 1>d71:

1

meM JjEM
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Unfortunately, this bilinear form is used in the equation

AZt(wk7 Y) = AZt(wkila V) — A’Zt (ék(z)a w)

>

1

meM JEM 0
1
+ 3 G+ DAY )b =D B (6571 wm]
meM JEM 0
1
- > lvm(azwfn_l)@/)m - Emou(w_l)wﬁfl?/)m]
meM JjeEM 0
1
83 [ G e = Bl o+ Y 5" B0t 0.6
mem 0 JjeM i=0
1
— At Z Z Z Emz()j m]
meM LjeM =0 0

1

+ 3 (),

0

-3

meM

(Ym + Do ALY (D05, )b = > By (6" )i thy,
JEM

which has a right-hand-side that violates the conditions of Lax-Milgram. However, we

can create a new bilinear form aj, (w},, 1) on Hj ;,..(0,1)"" such that we can apply Lax-

Milgram. Due to the behaviour of elements of 2 on the boundary of (0,1), we obtain

1
a0, 0) = AL, (0,0) = 3 (9 + D) A, / 0. (i i) 2

meM

+ Z ZEmOIJ B / 9. (w; Mpm)dz = FF (). (31)

meM jeM

Remark that the trace ¢*~1(1) exists due to ¢*~* € H'(0,1).
The continuity of aX,(1, 1) and F*(v) is straightforward. The coercivity of ak,(w, ) is
equivalent to the conditions

77]01m1
0<1-— Z 301m
JEM

]em mo1;1 77m0132

for Mimo1,1, Mmo1j2 > 0, which follow from conditions (ii), (viii) and (ix) in Assumption 1 if
Er01j, Ym and A,, satisfy condition (iii) in Assumption 1.
Thus Lax-Milgram gives a unique solution w* € Hg f,..(0,1)?"". By the coercivity, we ob-

tain again via proposition 8.3 of [6] that @w* € H?(0,1)?"!. Applying a partial integration
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0 (31), we see that equation (8c) with boundary conditions (4b) can only be satisfied if
0¥ € 9. Hence, there is a unique weak solution w* € H?(0,1)?"!. Thus induction gives
us that there is a unique weak solution w* € H?(0,1)%! for all ¢ € [0, 7.

B Derivation of discrete-time quadratic inequalities

In the derivation of the quadratic inequalities (12), (13), (11), we use the following iden-
tities

2(a —b)a = a* — b* + (a — b)?, (33a)
2(a —b)b = a* — b* — (a — b)?, (33b)

which are valid for all a,b € R.

The quadratic inequality (12) is obtained by testing Equation (8a) with ¢;, partially
integrating the Laplacian terms, and using Young’s inequality, leading to the following
identities for the "b”-coefficients, where 11, 12, D3n, Miijm, M1jmn > 0.

1
bu = 20y, betn = M3n + Z Z Mijmn,
i meM j=0
— — BlOOm 4BllOm
b2[<At) - At’ b7l0m - Noom + Z, 77llO’rn'rL
2 neg
G B?
b = brivm = ml;gm (34)
4I r2 4B?
— [2F2 1 — M 2Ph01m
ba + 7%:2 N3n Dsiom Mo1m Z Miimn ’
Bl211
b =m-+n+ Z Z Miigm, bsiim = 77111;:'
meM 4,j=0

Similarly, the quadratic inequality (13) is obtained by testing Equation (8a) with DX, (¢;),
partially integrating the Laplacian terms, and using Young’s inequality, leading to the
following identities for the ”c”-coefficients, where 71, n2, D3n, Mijm, M1jmn > 0.

Cu = 5%; Csi =5 <Th + 102+ M3
neLl
_'_Z Z Z Mi1jmn + Z Z anum> >
neL meM j= meM j=0i=
2I°T _ m
eulBt Bty = % {Wnazvk ot S [Pl 09
ne
2B2
+ 5zl7171111mn HDAt Wm ||H1}]’
G? B2
Is — ol Cri — 1i0m
3 3?111721 Tim 25zglmm

lilm

= o 26im2” Cgim= 28iMi1m
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Note that
21212 2B%, C?
S dare Y |y, 5o | 2o {5 g a
; 0173n OMi10mn
£€[0,T) negl meM tx€[0,T]
2B%, C?
4= 0 (57 Dk, () [, A
Mi11mn the[0,T]

:CGHVQ—FZ Co12m Z |]wfn_1\|§{1At “+C6i3m Z HD2t<wm)H§{1At . (36)

meM tkE[O,T} tkE[O,T]

The quadratic inequality (11) is not so easy to obtain. First, we rewrite Equation (8c)
into a more structured form:

IDZt(wm) - 8ZS7]§1 = Gw,M(¢k_1) - Fm(¢k_1)vk_17 (37)
where SF = Sk + SF | is given by

Sho == [Emooj (¢ )t ™ + Emorj (6* DK, (w;)] ,

JjEM

Skl—D 6w +7mDAt0wm ZE””OJ gbkl

JEM

a term with boundary evaluations at only 2z = 0, SF,, and a term with boundary eval-
uations at only z = 1, S¥ |. Second, we test Equation (37) with both w¥ and DX, (w,,),
apply a partial integration to the 9,SF, term, obtain two quadratic inequalities and sum
them. The partial integration of the 0,SF term yields a boundary evaluation, which we
can bound:

(BN

where we use the following bounds

< [Sp (D) =S5O [[(0) [+ [[Sino (0) |+ Sy (D) 4S50 (1) =S (0) ] 10:40 ] 22,

|Sk,(1)=S3,(0)] < IIDZtSwm)IILz + Gum + Fnll0* 7 2,
J' j,res
|Sﬁ10(0)‘ < Z L [Emoo; T + Emotjl

ij ¢min
jm¢m res jd(bd res
k 9 b
1 < |A D, T
+Dm|Am‘ [|WO| + Vﬁ} + 7m|Am| [HDZt(azwm)HU + ||azvk_1HL2} )
1SE0(D)=Sk0(0)] < Y | Ewooj 10w |22 + Eno; [ DX (0:w)) | 2

jem
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With the above bounds, we can test Equation (37) with both w* and DX,(w,,), apply
Young’s inequality and sum the two inequalities. This leads to the following identities for
the a’-coefficients with all n’s positive:

A1m
(lgm(At)
CLgm(At)

aq

A5m,

Qem

Q7m
agm,

A9m,

a10m

a1

12

Y + D, (38)
2 + At
2%m + (Ym + D) At,
1 1 1 1
D2 | A, AWV (—+ )+D§Z|Am|2V2T (—+ )
TIms Tlams Tmo TNam9

~ 2
1 1 I Omres 1 1
+Gi,m( + )+( P, T) (—+no+ +77a0>
NMm1 TNami H Gmin Tim3 Nam3

A 2
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