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1 Introduction

The purpose of the paper is to establish the exact controllability of a strongly nonlinear
wave equation in bounded regions of R™ with boundary controls.

Let {ug,u;} be the initial values and let {vg,v1} be the target values with both in a
subset of H'(2) x L*(€), one wishes to find (i) a control x acting on a portion of the
boundary 02 and (ii) a weak solution w of the problem

w' — Aw+ |wP?w = fin Qx(0,7),
w=0on (0Q/T) x (0, 7) , v.Vw=yx onI x(0,7), (1.1)

{w,w'} [i=o= {uo, w1} , {w,w'} |i=r= {vo,v1}

The exact controllability of the linear wave equation has been the subject of inves-
tigations in the late 80’s following the introduction of the HUM’s method of J.L.Lions
[11]. More recently, Carleman estimates were used to establish the exact controllability
of the wave equation with a potential by L.Baudoin,M de Buhanand and S.Ervedoza [2],
by I.Lasiecka,R.Triggiani and P.F. Rao [6] for a plate equation on a Riemann manifold
with energy level terms .

For nonlinear wave equations with Dirichlet-type controls, the problem has been stud-
ied by E.Zuazua [18,19 | using a variant of HUM’s method. The nonlinear term is asymp-
totically linear and in C'! if the initial and target spaces are in H'(2) x L*(£2), has at most
a linear growth if the spaces are in H7(2) x H~7(Q) for [0, 1],y # 1/2. The exact control-
lability for semi linear wave equations has been investigated by C.Bardos,G.Lebeau and
J.Rauch([1], X.Fu,J.Yong and X.Zhang [4], L.Hu [3],G.Leugering, T.Li and Y.Wang [5],T.T
Li and B.P.Rao [9], T.T.Li,B.P.Rao and P.F.Yao [10 |, L.Li and X.Zhang [7],R,Triggiani
[15],P.F.Yao [16], X.Zhang [17] and others. In the works on semi-linear wave equations
of [18 ,19] , the first step is the application of Lions’s result on the exact controllability
of a linear wave equation with Dirichlet-type controls. The solution is shown to be in
L*(0,T; H'2(Q)) with the control in L2(0,T; L*(T')) and appropriate initial and target
values.The lack of space regularity has been a major obstacle to the study of the exact
controllability of wave equations with a nonlinear polynomial growth.

The approach taken in this paper is different in several respects : (i) the study of
the exact controllability for a linear wave equation with an internal instead of boundary
controls, (ii) the use of techniques of the theory of variational inequalities to show the
existence of a special T-periodic solution with a control on the solution which turns out
to be the key to the establishment of the exact controllability with an internal control
,(iii)the use of the time-reversibility of the wave equation.

Similar ideas have been used by the writer in Ton [14] to study the exact controllability
of nonlinear wave and Schrodinger equations and for T-periodic solutions of nonlinear
wave equations in [ 13 |.

Notations are given in Section 2. The exact controllability of the linear wave equation
with an internal control with mixed Neumann-Dirichlet boundary conditions is established
in Section 3. A nonlinear problem is considered in Section 4 and the main result of the
paper is proved in Section 5.
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The writer is grateful to Professor J.I.Diaz for calling his attention to the research
potential of a proposed addendum to [6].

2 Notations

Let 2 be a bounded open subset of R™ with a smooth boundary and let I' be a non-empty
closed subset of 9€2. Let H}(2) be the Hilbert space

Ho(Q) ={u:ue H(Q),u=0on0Q/T}.
We have
Hy () C L*(Q) € H Q).
Throughout the paper the pairing between various spaces are all denoted by (., .).

Let J be the duality mapping of L*(0,T; L*(Q2)) into L?(0,T; L*(Q)) associated with
the gauge function ®(r) = r. Then J is a hemi-continuous monotone operator and

T
/(Ju,u)dt = ||Ju||L2(07T;L2(Q))||u||L2(07T;L2(Q))
0
= Hu”%?(o,T;L‘Z(Q))

Let K be the set
T
K ={u:ue L*0,T; L*(Q)), / u( ., t)dt =0}
0

K is a closed convex subset of L?(0,T; L*(2)). We denote by 8 the penalty function
associated with the closed convex subset K of L?(0,T; L*(€)). It is defined by

B(u) = J(u — Pgu)
where P is the projection of H(2) onto K. We know that § is a monotone hemi-
continuous mapping of L*(0,T; L*(Q)) into L*(0,T; L*()).
3 The linear case

In this section we shall establish the exact controllability of the linear wave equation with
an interior control. The main result of the section is the following theorem.

Theorem 3.1. Let {yo,y1} and {zy, 21} be in HY(Q) N H?(Q)} x H*(Q) with
vVyo=v.Vzy =v.Vyy =v.Vz; =0 onI.

There exists
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(i) an internal control 0 = 0 + 0 with
{0,0} € CH(0,T; L*(Q)) x H(Q)
1) a weak solution « of the problem
(i) p
" —Aa+60 = 0 immQx(0,7),

a=0o0n(0Q/T)x (0, T) , vVa=0onT x(0,T) (3.1)
{a,a'} [i=o={yo,;n} » {a,a'} [i=r= {20, 21}

Moreover

HO‘”LOO(O,T;H})(Q)) + Ha/”LOO(O,T;Hl(Q)) + ||O//HL°°(0,T;L2(Q))
+ ||é||cl(o,T;L2(Q)) + 116l 51 ()
< C{HyOHHé(Q)mH?(Q) + 11l m2(0) + 120/l @)nm2(@)
+ Azl )

The proof of the theorem will be carried out in two steps. First we shall use the
penalty function and a regularization to study the problem

&"—AaG+0 = 0inQx(0,7),
& =0 on (900) x (0,T) , v.Va=0onT x (0,7), (3.2)
{&7&/} ‘t:OZ {?JOan} ) OAé( 7T) = Yo

In Step 2, we note that if the given data y; = 0 then we have a special T-periodic
solution as &'(.,T) = 0 = &/(.,0) and use that crucial fact to construct the internal
control 6

Step 1. Let 0 < € and consider the problem

of —eAal —Aa. + e'8(al) =0 in Qx (0,7),
a. =0on (0Q/T) x (0,T7) , vVa.=0onl x(0,7) (3.3)
Oég<.,0) = %Yo ) Oé;(,()) :gl

Lemma 3.1. Let {yo, 91} be in H{(Q) x H(Q), then there exists a weak solution a. of
(3.3). Moreover
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loz®lZ2@ + IVae(®)lZzg) + 2eNVaclizn o

+ 28_1/(5(a;),,oz'5)ds
0

< IVuolliz ) +ellVinlliz o) + Il

The constant C' is independent of €.

Proof. Let {¢,} be an orthonormal basis of H}(€2) and consider the Galerkin approx-
imating system

(o, 0;) +e(Var,, Vo) + (Va,, Vo) +e 1 (B(a),), ;) =0
O-/n( 70) = Yon ) O/(':O) =Uin ; ] = 17 L

The existence of a solution with the stated estimate is easy to establish and we shall
not reproduce it [

Lemma 3.2. Suppose all the hypotheses of Lemma 3.1 are satisfied and let o be as in
Lemma 3.1. Then there is a subsequence such that

{oz, ot} = {a,d'}

m
{[L(0, T; Ho () wear N C(0,T; L*(€2))} x [L(0, T; L*(2))]wear+
Moreover
H@/(t)H%?(Q) + |’V@(t)”i2(m < ||QIH%2(Q) + HvyOH%?(Q)
and

a(.,0) =yo=a(.,T).

Proof. 1) We have only to show that &(.,0) = yo = @&. as all the other assertions
follow from Lemma 3.1. We get

18l 20,2y = (o = Prar) || 220,020

lal — Pral|lz20.m02(0)

2l|allz2 0,2 ()

C

VANVAN

with C independent of €. Thus,
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B(al) — x in [L*(0,T; L*(2))]weak-

On the other hand we have from the equation

e{al —eAal — Ao} — 0

in D'(0,T; H(2)). Hence y = 0.
2) From the estimate of Lemma 3.1 we have

/O (B(al) . al)dt — 0

as ¢ — 0. . Hence
T
/ (=), ol — )it > 0 Vo € L2(0,T; ().
0
With o' = & + M/ for o/ in L*(0,T; L*(Q2)) we obtain

/T(ﬁ(a; + ), )t < 0
0

Let A — 0 and since 3 is hemi continuous, we deduce that

/T(ﬁ(d’),u’)dt <0 Vo' € L*(0,T; L*(Q))

With —u/ instead of 4/ and we have
T
| 3@ = 0w e 120, T3t3(e0)

It follows that 5(&') = 0 i.e.

Lemma 3.3. Suppose all the hypotheses of Lemma 3.1. Then there exists a time-independent
0 in H1(Q) and & is a solution of the problem

& —Aa+0 = 0inQx(0,7),
& =0 on (0QT)x (0,T) , v.Va=0onT x(0,T), (3.4)
d("O): = ( ) ) d/("o):?jl-



219

Furthermore

T T
/ (6,v)dt = lim 51/ (B(al),v)dt Vv € C5°(0,T; Hy(€2)).
0 0

e—0

Proof. 1) Let ¢ be in C5°(0,T;H(Q2)) then ¢’ is in K and therefore 3(y') = 0. We
have

/0 (Blel) — B¢, o — )t = / (Blal), o — )t
> 0V e G5 (0,T; Hy(Q))

It follows from (3.3) that

T T
/ (o, al —")dt + 8/ (Val,V(al —¢'))dt
’ 7
+ / (Vae, V(al — ¢'))dt
0

< 0 V€ G (0, T; Ho())-

We rewrite it as

E(as) < (13(045, 90)

with
E( o 1 / T 2 1 2 V /(12
a:) = 5“%( >HL2(Q)_§Hy1HL2(Q)+8H aaHLQ(O,T;LQ(Q))
1 1
+ §||vaa(T)||%2(Q) - §||Vy0||%2(n)
and

T T T
O(az, p) = / (af, ¢")dt + 8/ (Val, V')dt +/ (Vae, V')dt
0 0 0
Changing ¢ into —¢ and we obtain

<D<04€a 90) < _E(O%)

Combining the two inequalities and we get
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E(a.) < ®(ae, ) < —E(a.) Yy € C57(0,T3Hy ()
Let A > 0 and consider ¢/ instead of ¢ and we have

AE(a:) < P(as, p) < —AE(ae)

Hence
®(ae, ) =0 ¥ ¢ € C5°(0, T3 Hy ()
Let ¢ — 0 and we get
O(d, ) =0 Y € C5°(0,T; Hp(2))
le.
{@" — Aa}Y =0 in D'(0,T; H1(Q)).
2) Hence there exists a time-independent 6 in H~(£2) such that
&' —ANa+0=0

and

T

T
/ (&" ¢ + (Va,V)d
0

/T St Y € L2(0,T: HY(Q))

Let ¢ — 0 in (3.3) and we get

T T
/ @ )t + / (Va, Vio)dt
0 0

T
= —lim 51/ (B(al),p)dt Y € L*(0,T;Hy())
0

e—0

It follows from (3.5)-(3.6) that

for all o € L?(0,T; H())

(3.5)

(3.6)

(3.7)
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3) We now show that the control 6 given by (3.7) is unique. Indeed if 7 is another
element of H~1(Q) such that

then

for all o € L?(0,T; H())
Therefore = ~v U

Lemma 3.4. Let 0 be the time-independent control of Lemma 3.3 then
1601 1) < C{llyollmz 0y + 1911l 22 }

Proof. Let ¢ be a C§°(0,T) function and let v be in H}(€2). From (3.5) we get

R T T T
—(0,v) /0 Cdt = /0 (&, v¢")dt — /0 (Vé, (Vv)dt

Hence

| (6,0) |

H@HH(I)(Q) ||U||H5(Q)

<
< C{llwollr ey + Nl 2@ Hivlla o) Yo € Ho()

and the lemma is proved [l
Lemma 3.5. Let {yo, 91} be in {H}(Q) N H2(Q)} x H'(Q) with
v.Vyo=v.Vzg=v.Vz1 =0 on I
and let & be as in Lemmas 3.3-3.4, then
{a,d/,a"}
m
L=(0,T;Hg(Q)) x L(0,T; H' () x L=(0,T; L*(2))

Moreover

‘|Vd<'t>||%2(0) + Hd/(t)H%%Q) < HVyoHi2(9) + HQ1H%2(Q)

Furthermore if 3 =0 then &/'(.,0) =0=4&/(.,7T).
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Proof.
The estimate is an immediate consequence of that of Lemma 3.1.

1) Let dj, be the usual time difference quotient. Since 6 is time-independent we get

from (3.4)
(dpd)" — A(dpa) = 0in Q x (0,7),
dpa =0on (0Q/T) x (0,7) , v.Vd,a=0onl x (0,7T)
(dpd)(.,0) =hgr , (dp@)'(.,0) = hAym
We have

af

ldné oo oz ) + 1(dn@) | 0.2y < C{INRG () + 7AYol L2 }

It follows that {&/,&"} is in L>(0,T; H(2)) x L>=(0,T; L*(Q2))

3) It is clear from the estimate that if g3 = 0 then &/'(.,7) = 0 as &(.,0) = yp =

LT O

Step 2. We shall now construct the inner control F' and establish the exact control-
lability of (3.1).

Proof of Theorem 3.1. Let

a(.,t) = 2Tz —yo} —tt —T)T 'y
Pt —T)T*{—2 —y1 + 2T [20 — o)}

Then

&( 70) :07 65( 7T) = 20 — Yo, &( 70) = Y1, ~/< 7T) = Z1
with

d/( ,t) = QtT_2{2’0 — yo} — (Qt — T)T_lyl
(32 — 2TV 2{—2 — y1 + 27 20 — v}
Set
a = &+ a with & as in Lemma 3.5 with ; =0

then

Oé/<.70) :dl(70>+&/(70> :O+y1 =Y,
a’(.,T) = A,(.,T)—Fd,(.,T) :0—|-21 = Z21
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With

vVy=v.Vzg=v.Vz;=0o0n T

it is clear that

vVa=0onT x (0,T)as y; = 0.

Set

0 =—{a" — Aa} (3.9)

It is trivial to check that « is a solution of (3.1) with all the stated properties [J

4 A nonlinear problem

In this section we shall consider a nonlinear problem before establishing the exact control-
lability for the nonlinear wave equations. The main result of the section is the following
theorem.

Theorem 4.1. Let {ug, u1, f} be in HL(Q) x L2(Q) x L2(0,T; L2(Q)) and let {o, 0,0} be
as in Theorem 3.1.

Suppose that 2 <p <2(n—1)/(n—2) with 2 < p < oo if n = 2. There exists

(1) a time-independent control g in H™(Q)

(i) a weak solution w of the problem

w — Awt |wt+a P2 (wra) = f+0+60inQx(0,T), (4.1)
w=0on(0Q/T')*x(0,T) , v.Vwu=—-gonl x(0,T),
w(.,0)=uy—yo=w(.,T) , w(.,0)=u —uy

with {w,w'} in L>(0,T; HL(Q)) x L>=(0,T; L*(Q)).

We shall proceed as in Section 3 with some minor differences. In this section ,.J is the
duality mapping of L?(0,T; L*(T) into L?(0,T; L*(T")) with gauge function ®(r) = r and
f3 is the e penalty function associated with the closed convex subset K, of L?(0,T; L?(T"))
with

K. = {u|r: u € K, |Jull 20,7;020r)) < C}

for a large positive constant C.
First we consider the problem
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wl, —eAwl, —Aw.py + |wey+alP? (wey+a)=f+ 0+0
we, = 0 on (0Q/T) x (0,T)
v.V(ewl, +w.,) = —n 'Bw.,)onl x(0,T), (4.2)

w€,7]<'70) =Uo — Yo ) w;,n(wo) =Ur — Y

Lemma 4.1. Suppose all the hypotheses of Theorem /4.1 are satisfied. There exists a
solution w., of (4.2) and

Il Ol2@) + 26NVl [z n02@) + IVwen(®)l720)

2
2wy + @)Dl + 20 / /ﬂ€nwawﬁ

< lus = w729y + 1V (w0 = 90) 1720 ||u0|| @
¢
+ /(f—&—& ds—l——/ | (we,y, + ) ()5,
0
1 /
+ HO‘ ||L°°(0T7—L1( Q)

Proof. Let ¢; be an orthonormal basis of H(€2) and consider the Galerkin approxi-
mation system

(wys 05) +e(Vw,, Vi) + (Vwn, Vo) + (| w, +a P72 (w, + @), ¢;)
oo [ Ao = (F 4040, G <
with
{wn(.,0),w,,(+,0)} = {wn 0, wa1} — {uo — yo,ur — y1} in Hp() x L*(Q)

The existence of a solution is known and we have
lw, (D72 + 26NV 1220.00200) + IVwn ()] 7210
2 t
+ —||(wn+a)()|| /(Iwn+a|(wn+a),a')dt

¢
+ 277_1/ /B wdads-/(f—i—é—i—é,w;)ds
0

2
= 3l + 190 = 30) oy + ol
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Since 2 < p < 2n/(n — 2) we have
H () C LP(Q).

With o in L=(0,T;H () we get

t t
_ p—1
| / (e + P72 (g a)oal)ds | < 2m / e + 2l

1
pHO‘ “Loo(OTHl(Q))

+

Hence

lwn 2@+ 26IVWLlTe@nmr@) + IVt

T —||(wn+04)()||LpQ)+277_1//ﬁ )l dods

IA

— / (10, + ) (3) oyl + s = yluiz(m + 19 0 = )

Taking the Gronwall’s lemma into account, then let n — oo and we get the stated
estimate [J

Lemma 4.2. Let w., be as in Lemma 4.1.Then there exists a subsequence such that

{wep, wl, } — {we, wl}
m
[L°(0, T; Ho(2))wear= % [L(0,T5 L*(2))]wear-

with f(wl) =0 d.e. we(.,0) =wuy—yo=we(.,T).
Moreover

2
Hw;@)H%?(Q) + 25||Vwé||2L2(,t;L2(Q)) + };H(we + a)(t)Hip(Q))

IN

2
[Jur — ylH%Q(Q) + IV (uo — yO)H%Q(Q) + —||U0||Z£p(g)

t
[ ut)s+ 6l = w) + 1o oy
0
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Proof. 1) The first assertion of the lemma is an immediate consequence of the estimate
of Lemma 4.1. We have

18w, N ezomewy = NJ(wl, — Prowl )l 20702

= |wl, = Prx.wl,llz20m02(r)

2||wé,n ”%Q(O,T;Hl(ﬂ))
210

VARVAN

Hence

5(wz{:,n) — Xe iIl [L2<07 T; L2(F>)]weak-

On the other hand from the equation we get
T
/ / B(w.,)pdodt — 0 Vo € L*(0,T; Hy(Q))
0 Jr

Therefore . |r= 0.
2) With p € L*(0,T; H}(Q)) we have

(wl,, o) + e(VwL,, Vo) + (Vwey, Vo)

en
+ (| Wey + ‘piz (ws,n +a),p) = (f +0+ éa‘P)

The boundary term disappears as ¢ = 0 on I'. Thus,

[wZ ) L2071 () < Cs

and

wl, —w. in L*(0,T; L*(T)) N L*(0,T; H'(Q)), ¥7,0 <7 < 1.
We deduce that

B(w;,n) — ﬁ(w;) = Xe = 0 in [L2(07T7 Lz(r))]weak

Therefore wl € K, i.e w.(.,0) =w.(.,T).
3) Let ¢ be in C§°(0,T;Hy(Q2)) with

||90,HL2(0,T;H1(Q)) <R
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then ¢’ € K and gpir € K,. We have

/0 ) /F {B(wl,) — Bl Hul, — ¢'}dodt = /O : /F Blul,) {wl, — ¢ }dodt

> 0

It now follows from (4.2) that

E(wey) < @(wey, ) Yoo € C5°(0, T5 Hp(€2)).

with
L., 2 1 2 ro2
E(w.,) = §Hwa,n(T)HL2(Q) - 5““1 - ?/1HLZ(Q) + €”vwa7nHL2(0,T;L2(Q))
1 1 1
+ §”Vw€,n<T)||%2(Q) - §||V(U0 - y0)||2L2(Q) + ]_)”wa,n(T) + (1)}
1 r ~
/
— ol [ (=Bl
T ~ A
- /0 (| wey +a P72 (wey + @), a)dt + (0, wl,(T)) — (0,ur — 31)
and

T T T
P(wey, @) = /O(w;'m,gal)dt—ks/o (Vw;m,Vgp')dt—i—/o (Vw,,, V')dt

T T
+ /(|ws,n+oz|p‘2 (ws,n+oc>,<p’—/ (f+0+0,¢)dt
0 0

for all ¢ inC§°(0,T;Hy(Q)) with

1| 2075010 < R

Changing ¢ into —¢ and we obtain

Therefore
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for all  in C5°(0,T; H3(2)) with

€' | L20m501 () < R

Let R — oo and we get

E(wep) < (e, ) < —E(wep) Y € C3°(0,T5H,(Q)).
With A > 0 and A~!¢ instead of ¢ , we obtain by combining the two cases

AE(we ) < P(wey, p) < —AE(wey)

Hence

D (w.,y, ) = 0 Voo € CG°(0, GT; Hy(2))

Let n — 0 and a simple argument gives
O(w:, ) =0 Yo € C5°(0, T; Hp ()
ie.
{w” — eAw. — AwA+ | w. +a P72 (w.+a) — f—0 — 0} =0 in D'(0,T; Hg ' ()
Thus there exists g. in H () such that

w! —eAw, — AwA+ | w.+a P2 (weta) = f—g-+0+0 (4.3)

We now show that g. has its support in I" and that it is uniquely defined. From
(4.2)-(4.3) we deduce that

T T
/ (ge, p)dt = 1in%77‘1/ /B(wén)-wdadt Vo € L*(0,T; Ho(Q))
0 n— o Jr '

It is clear from the above equation that the support of g. is in I'.
Suppose that h. in H~(Q) is such that

w! —eAw — AwA+ | w. + o P72 (we+0) = f—he+0+0

then

T T T
/ (ge, )dt = / (he, )dt = limn~* / /ﬁ(w; ,) -pdodt
0 0 n—0 o Jr ’

for all ¢ in L*(0,T;H(2)). Hence g. = h. O
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Lemma 4.3. Let g. be as in Lemma 4.2 then

19ell2=10) < CLIf 120,200 + ol 20y + [lurl[ o)}
C'is a constant independent of €.

Proof Let ¢ be in C5°(0,T) and let v be in H}(£2) then we have

T T T
(gs,v)/o Cdt = —/0 (wé,(’v)dt—e/o (Vw,, ('Vv)dt

T T
+ / (Vw,, (Vv)dt + / (| we +a [P~ (we + ), Cv)dt
0 0

T
= / (f +6,Cv)dt.
0

Hence

—1
| (ge0) | < C{llwlllzzorie2@) + 1Vwellz2or:e20)) + [lwe + llf o 1)
+ N fllz20,m020)) + ||0||L2(0,T;L2(Q)}HUH’H}J(Q)}

Taking into account the estimate of Lemma 4.2 and of Theorem 3.1 , we get the stated
result [

Proof of Theorem 4.1 1) Let {w.,g.} be as in Lemmas 4.2-4.3. Then there exists
a subsequence such that

{w87w;7g€} % {w7w/7g}
n
[LOO(O:T§ Hé(Q))]weak* X [LOO(O>T§ L2(Q))]weak* X [Hil(Q)]weak-
Furthermore
fuwl} = {w,w'} in C(0, T () x OO, T:H™ ().

It follows that w(.,0) = up —yo = w(.,T) and w'(.,0) = uy — y;.
A standard argument gives

| we + « |p_2 (we + ) = w+ |p_2 (w+ «) in[LY0,T; LYQ))]weak
2) With

(9,) = lim(ge, ) Voo € Hy(€2)

and support of g. in I', it is clear that the support of ¢ is also in I'.
It is now trivial to check that {w, g} is a solution of (4.1) OJ
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5 Exact controllability

In this section we shall establish the exact controllability of a strongly nonlinear wave
equation with Dirichlet boundary controls. The main result of the paper is the following
theorem

Theorem 5.1. Let f be in L*(0,T;L*(Q)) and let {ug,ui}, {vo,v1} be in {H () N
H?(Q)} x HY(Q). Suppose that 2 < p < 2(n—1)/(n —2) with 2 < p < oo if n = 2.
Then there exists

(i) a time independent control x in H()), support on T'

(ii) a weak solution w of the problem

w — Aw+ |wP?w = finQx(0,T),
w=0on (0/T) x(0,T) , v.Vw=xonl x(0,7), (5.1)

{U%wl} li=0= {uo, w1}, {w,w'} |i=r= {vo,v1}

Moreover {w,w'} € L>®(0,T; H}(Q)) x L>(0,T; L*(Q))

Let o be as in Theorem 3.1 with y; = 0 and denote by «, the extension of a to (=7, 0)
as an even function

a(t)=a(.,t) fort € [0,T], a.(.,t)=al.,—t) for t € [-T,0]

Since o(.,0) = y1 = 0 we have /,(.,0) = 0. and «, is in L>(=T,T; H'(Q2)). Similarly
we denote by f., 0, the extension of f, § =6+ 0 to (—T,0) as even functions.

First we consider the nonlinear problem

W — A+ |+ a, P20+ a,) = fo+0, in(=T,0) x Q, (5.2)
w=0 on (0Q/T) x (=7,0) , v.Vw=—gonl x(-T,0),
w(a_T) :Uo—yozw(-ao) ) ’LZ}/(,—T) :_(Ul_zl)

Lemma 5.1. Let ug, vg, 29, & be as in Theorem 4.1 with y, = 0. Then there exists
(1) a time-independent control g in H™Y(Q2) with support in T,
(ii) a weak solution w of (5.2) with {w,w'} in

Proof. It is Theorem 4.1 when we start at —7" instead of 0 J
Let

W(.,8) =w(.,t)fors=—t, =T <t<0
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Then

and (5.2) becomes

W"(.,8) — A+ |0+ P2 (0 + o) = fo+6. in(0,T)xQ,
w=0o0n(00) x(0,7) , v.Vo=—-gonl x(0,7),
w(wT):Uo—yo:ﬁ)(-,O) ) w/('aT):Ul_Zl (53>

Set

wi(.,t) = w(.,t)for =T <t<0
= w(.,t)=w(.,—t)for 0 <T.

From (5.2)-(5.3) we get

w! — Aw,+ | w, +ay [P (wy + ) = fo+0,0n (=T,T) x Q,
w, =0 on (0Q/T) x O v.Vw,=—gon(=T,T) xT
Wi, =T)=uy—yo = ws(.,0) (5.4)

w(.,—T)=—(vy—2) , w(.T)=v—2z

We now consider the initial boundary value problem

V' = Avt+ vt a PP (vt a,) = fo+boin (-T,T) x Q,
v=0 on (/") x (0,T7) , v.Vv=—gonl x (=T,7T)
U( . —T) = Ug — Yo s UI( . —T) = —(Ul — 21) (55)

Lemma 5.2. Suppose all the hypotheses of Theorem 5.1 are satisfied then there exists a
unique solution v of (5.5) with {v,v",v"} in

Proof. The proof of the existence of a solution is standard and we shall not reproduce
it.
Suppose that © and v are two solutions of (5.5) and set

Ve=0—0={0+a,} — {0+ a}
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We have as in Lions [ 5 |, p.15 (1.55)

[0+ P72 (0 +a)= [0+ P72 (04 au), o)) |

< Csup{||v + O‘*H[;oQ(o,T;Ln(Q))v 10+ 0‘*|’§;2(0,T;L"(Q))}

X[[(0 4+ c)(t) — (0 + ) (@) | La 10" ()| 22(0)

< C{||0 + || oo, @)) + 1|10+ il zoeo.1m1 () IV (O | ) |02 22 ()

with 1/¢g+1/n+1/2=1.
Now the same proof as in [12], p.15 shows that the solution is unique .

Proof of Theorem 5.1 1) We deduce from Lemma 5.2 that v = w, and thus

w, € C(=T,T; H ()

and since w, is an even function we have

Dfw.(.,0) = —D; w,(.,0)

On the other hand w/, is in C(—T,T; H~*()), therefore w’(.,0) = 0.
2) We now have from (5.3)

" — A+ |0 +a PP (0 +a) = f4+0onQx(0,T),
w=0 on (0Q/T) x (0,7) , v.Vo=-g onl x(0,T),

{117, Uy} |t:O: {Uo — Yo, 0} ) {117, 171/} ’t:T: {20 — Yo, U1 — 21}

Set

with « as in Theorem 3.1. Then

{w,w'} iz = {yo+ 1o —v0,0+u1} = {up,u1}
{w,w'} ier = {yo+vo—yo, 21 +v1 — 21} = {vo, 01}

and taking (3.1) into account we have
w’ — Aw+ |w P2 w=f in Qx (0,7T)
with

w=0on (0Q/T) x (0,T)
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and

Vw [r=v.Vu |r +v.Va [p= —g + 0

The theorem is proved [

Remark One may wish to have Dirichlet type of boundary control.Let o be as in
Theorem 3.1 but with null Dirichlet boundary conditions instead of mixed Neumann-
Dirichlet null boundary conditions and let w = w + «, then we have

w — Aw+t |wP?w = fin Qx(,T),
{w, '} [i=o= {uo,ua} , {w,w'} i=r= {vo,v1}

w=0on (0Q/T)x (0, 7) , w=xonl x(0,7T)
where

X="|r +a|p=1w0|r

Since w is in L>(0,T;H5(2)), we get x in L>®(0,T; H*(T')) with 0 < v < 1/2. The
control is time-dependent.
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