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Abstract. This paper deals with the fully parabolic attraction-repulsion system in
the two dimensional setting. Although the critical mass guaranteeing global existence of
solutions was established for simplified cases, it is still open for the fully parabolic case.
In this paper we construct a Lyapunov functional corresponding to the fully parabolic
case and derive the critical constant.
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1 Introduction

Consider the following fully parabolic system:

(

u = diAu— xV - (uVv) +EV - (uVw)  in Q x (0, 00),

vy = doAv + au — (v in Q x (0, 00),

wy = dsAw + yu — dw in Q x (0, 00), (1)
Ju OJv Ow

5_5_%_0 on 99 x (0, 0),

u(-,0) =ug, v(-,0)=wvg, w(-,0)=wy in Q,

\

in a bounded domain 2 C R? with smooth boundary 9f2. The parameters x, &, «, 8,7, 9, d;
(1 =1,2,3) are positive. As to the initial data (ug, vy, wy) we assume that

up € C°(Q), wup >0 inQ,
vg € WH2(Q), v >0 inQ, (2)
wo € WH®(Q) uy >0 in Q.

When £ = 0 the system (1) is the well-known Keller—Segel system, which is introduced
to describe a biological phenomenon chemotazis in [10]. There are many mathematical
researches on the system (see surveys [7, 1]). Our system (1) describes the aggregation of
microglia in Alzheimer’s disease in [13] or the quorum sensing effect in the chemotactic
movement in [17].

Based on previous results, our system seems to be classified to three cases:

e xYa — &y > 0 (attraction-dominant case);
e Yo — &y < 0 (repulsion-dominant case);
o xYa — &y =0 (balanced case).

Actually for the simplified system (the second and the third equation are replaced by
elliptic equations, or only the third equation is replaced), the picture seems to be clear. In
the attraction-dominant case, the mass critical phenomenon occurs in the two dimensional
setting: when d; = dy = d3 = 1, small mass |Jug||r1(0) < xa4j£7 (luoll 1y < Xagfﬁ for
radial case) implies global existence and boundedness of solutions and also a finite time
blowup solution with large mass ||ugl/z1(q) > Xffﬁ is constructed ([18, 4, 11, 9]). On
the other hand, solutions exist globally in time independently the magnitude of mass and
spacial dimensions in the repulsion-dominant case ([18]).

However, only few results on the fully parabolic system are available. In the attraction-
dominant case, global existence and boundedness of solutions for sufficiently small data
in the two dimensional setting are established in [4], but the critical number is not clear.
Moreover, there is no result on blowup phenomenon. Also, in the repulsion-dominant case,
global existence and boundedness of solutions in the lower dimensional setting (n < 3)
are established in [8]. However there is no result for higher dimensions. Indeed even




the repulsion system (xy = 0) has many open problems (see [2]). As to the balanced
case, global existence is established in the lower dimensional setting in [12]. Recently the
relationship of our system and the indirect signal substances chemotaxis system became
clear and it was proved that a critical phenomenon occurs in the four dimensional setting
in [5, 6].

In this paper we focus on the fully parabolic system in the attraction-dominant case
(xa — &y > 0). Since the previous work [4] applies the moment method, which was
introduced in [14], this method cannot be extend to the fully parabolic case. Moreover
in [9, 16] the authors construct Lyapunov functional to the simplified case and derive the
critical constant. However their construction of functional depends on the fact that the
lower equations are elliptic. Therefore we reconstruct Lyapunov functional to (1) and
derive the critical constant guaranteeing global existence of solutions.

The first result looks a natural extension of the global existence criterion of the Keller-
Segel system.

Theorem 1.1. Let dy = ds, f = 0. Assume that yao — &y > 0. If

/ 47Td1d2
Uy < ———
Q xa — &y
then the solution (u,v,w) of (1) exists globally in time. Moreover the solution remains

bounded:
sup (”u(t)||L°°(Q) + [[o(@) lyr.e0 () + ||w(t>||W1v°°(Q)> < 0.

In the radially symmetric setting the critical number can be relaxed.

Theorem 1.2. Let dy = d3, 8 = 6, R > 0. Assume that xa — &y > 0. Suppose that
Q= {z||z| < R} and (ugy,vo,wp) be radially symmetric. If

/ 87Td1d2

Uy < ——

Q xo =&y

then the solution (u,v,w) of (1) exists globally in time. Moreover the solution remains
bounded:

up ([l o) + 00l vy + (B ey ) < 0.

Without the restriction 5 = 9, we can establish global existence of solutions.

Theorem 1.3. Let dy = d3. Assume that xao — &y > 0. If

/ 47Td1d2
U < ———
Q xo — &y

then the solution (u,v,w) of (1) exists globally in time.

The radially symmetric version is the following;:



Theorem 1.4. Let dy = dz, R > 0. Assume that xa—&vy > 0. Suppose that Q) = {z | |z| <
R} and (ug, vo, wo) be radially symmetric. If

/ 8mdydsy
Uy < ——
Q xa — &y

then the solution (u,v,w) of (1) exists globally in time.
Finally let us give a remark on the attraction-dominant case with dy = d3, 8 = 9.

Remark 1.5. Let dy = d3, 5 = §. Assume that ya — &y > 0. Setting V' := xv — w, then
(u, V') satisfies

(1w, = diAu—V - (uVV) in Q x (0,00),
Vi = do AV + (ax — y§)u — BV in 2 x (0, 00),
You OV
%:EZO 0n3§2><(0,oo),
Lu(,0) =uy, V(-,0)=xvo—E&wy in Q.

If we assume xvo—E&wy > 0 then the above system is the Keller-Segel system. Therefore in

the two dimensional setting the mass critical phenomenon occurs by the constant 47rd121$

Moreover we can construct a finite time blowup solution in the higher dimensional setting
independently the magnitude of mass ([19]).

2 Lyapunov functional

We first recall local existence of classical solutions to (1). The following proposition is
established in [18, Lemma 3.1].

Proposition 2.1. There ezist Tiax € (0,00] and ezactly one triplet (u,v,w) of positive
functions from C*'(Q X (0, Tinax)) N CO([0, Thnax); C°(Q)) that solves (1) in the classical
sense. Also, the solution (u,v,w) satisfies the mass conservation

/ / wy  for allt € (0, Tom). (3)

Moreover, if Thax < 00, then

i (a0 ey + 10O llaeioy + 1000 ey ) = o0

We construct a Lyapunov functional to (1).
Lemma 2.2. Let dy = d3,f = 6. Assume that D := ya — &y > 0. Let (u,v,w) be a
solution of (1) in Q x (0,T). The following identity holds

%}—(u v, w) + D(u,v,w) =0,



where
Fluvw) = dy [ wlogu— [ utvo—gw)+ 35 [ Vow =gl + 35 / o — €wf?
Q Q
1
D(u,v,w) = 5/ |(xv — Ew):]* + / u|V(dy logu — (xv — Ew))[?.
Q Q
Proof. Testing the first equation of (1) by djlogu — (xv — &w) we have
/ u(dilogu — (xv — Ew)) = — / u|V(dy logu — (xv — Ew)) %
Q Q

Here the mass conservation law (3) implies

d
ulogu = [ wlogu+ | uy= | uslogu,
dt Q Q Q

SO
pr (dl/ﬂulogu— Xv—ﬁw))
/ut(dllogu— xv — &w)) /uxv—fw
Q Q

/Q o[V (d) log u — (xv — £w))[? — / ulxv — €w) (4)

On the other hand, by the assumption dy = d3, 3 = 0, the second and third equations
imply

(xv = Ew) = daA(xv — Ew) = B(xv = Ew) + (xor — E7)u, (5)

and then we see that

{Auuv—awt

=5 ([ 10w = g~ | Ao = wo = w5 [ (o - gwoo - g

=5 [0 unP+ 55 (d [ 1V0w= g+ 5 [ 1o - gul). (6

Therefore combining (4) and (6) we conclude that

CZ(all/QulOgu—/Q (xv — &w) +—/‘VXU—£w‘2+ /|XU—§w]2>

2 —
+ 5 [ 10w =g+ [ uVdiogu— (o - €u)f =0,

which is the desired inequality. ]



3 Proof of Theorem 1.1 and Theorem 1.2

Proof of Theorem 1.1 and Theorem 1.2. We can proceed the well-known classical way
in the context of study of the Keller-Segel system (see [15]), that is, by applying the
Trudinger-Moser inequality ([3] and [15, Theorem 2.1]) to Lyapunov functional we will

. . . 4mdyidy 8mdyda ; :
derive an useful energy estimate: if fQ up < g or fQ U < o for radially symmetric

setting, then there exists some C' > 0 such that

[utogu+ [ 10w -cwpP+ [ w-cuP <c,
Q Q Q

and we handle with regularity estimates. Differently from the Keller-Segel system, in our
problem the following equation plays an important role:

(xv = &w)y = 2 A(xv — §w) — B(xv — §w) + (xa — &),
which implies L' estimate from the mass conservation: there exists some C' > 0 satisfying
Ixv = gwllzie < C.

Since the positivity of yv —&w is not valid now, we need a small but natural modification
to apply the classical way in [15]. Indeed, Lemma 2.2 implies that there exists some C' > 0

such that
uwlogu — — [ ulyv —
e A 24, D

By introducing small § > 0, which will be chosen later, the LHS of the above inequality
is written as

1
/Qulogu—(d—l—i—é)/Qu|xv—§w|+5/ﬂu|xv—£w]+2dD/[V xv — Ew)|?

(i +O)h—gul ) 2
— fulog 4 - V(v — cw)?.
/Qu og " + /Qu|xv 2d1D/Q| (xv — &w)|

By Jensen’s inequality we arrive at

(& +9)xo—¢ul (2 +9)xo—€ul
e 4 e “1 u
S S P /N B (N P .
/Q“ ®Ty /Q ( kT ) M
(& +9)xo—tul
e 1 u
M1 c-. =2

= —Mlog/ el tohv-—eul + M log M,
Q

IV(xv - w)|* < C.
Q

v

where M = [, u(t) = [,uo. Now by applying the Trudinger-Moser inequality, for any
€ > 0 there exists some C. > 0 such that

/ o(E+Ov—ul
Q

1 1 2 2(z +9)
< C.exp { (27r* + 8) (d_1 + 5) IV (xv— §w)||%2(9) + d|lT|HXU —&wl[r1@) ¢




where 77 := 47 for general setting; := 87 for radially symmetry setting. Thus we obtain

e o) ol 1 1 2 )
—/Qulog# > -M (27]_* ) (d_1+6) HV<XU_€U))HL2(Q)+C

with some constant C'. Combining above and Lyapunov functional, we infer that

d 1 1
{2d12D_M(27T* ) (d1+5) }/!V xv — &w) ]2—|—5/u\xv—£w|<0

with some C' > 0. Thanks to the assumption on mass, we can choose small ¢ and 9

satisfying
dy 1 1 2
- M 0] >0
2d,D <27r* ) (d1 + ) ’

and then conclude the proof. O

4 Proof of Theorem 1.3 and Theorem 1.4

In this section we consider the case with § # ¢§. Differently from the previous case, the
key equation (5) breaks down. Hence we need a minor modification and unfortunately
cannot construct a Lyapunov functional. However the growth of the functional will be
controlled and it will help us to obtain global existence.

Lemma 4.1. Let dy = d3. Assume that D := xa — &y > 0. Let (u,v,w) be a solution of
(1) in Q x (0,T). The following identity holds

d . §*(6 — pB)? 2
— D <2 7
dt./’- (u,v,w) + D' (u,v,w) < 5D /Qw ,
where

Fwvw) =dy [ ulogu~ [ utew-w)+ 325 [ 1900 - cw)P + 7 [ o - e

D vw) = g5 [ 0w =€) + [ V(o = (= gw)P

Proof. Since
—xBv + &ow = —B(xv — Lw) + (0 — Blw

the second and third equations imply

(xv = §w)y = dayA(xv — Ew) = B(xv — Ew) + (xar = Ey)u+ (0 — Bw

Hence proceeding the similar way as in Section 2 we see that

/(Xv—fw)
D/‘X“_gw |2+ﬁ@<d2/lvxv—£w |2+ﬁ/|xv—§w|2)
LD [ wixo -



and then we conclude that

:lit(dl/ulogu—/ u(xv — &w) +—/|V v — Ew) > + 2D/|XU §w|2)

D / (v =+ [l ldlogu = (o= gw)P

020 [ oo - gu,
1 2(6 — B)?
< E/ﬁuxv—gw)m%/ﬂw?

which is the desired inequality. O]

Proof of Theorem 1.3 and Theorem 1.4. In view of the standard semigroup theory and
the mass conservation law (3), the growth of the functional is controlled:

F'(u,v,w)(t) < F'(u,v,w)(0 /525 B) / 2
< F(u,v,w)(0) +Ct  ¢t>0,

with some C' > 0, which depends on the initial data. Therefore on any interval [0, 7T
(T > 0) the functional is bounded and then we obtain the energy estimate on any fixed
interval [0, 7). Therefore by the same way as in Section 3 global existence of solutions is
guaranteed. O]
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