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Abstract. The very singular diffusion equation
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is called one-harmonic map flow equation. By effect of the very singular diffusivity term
div <|§—“u‘>, one-harmonic map flow equation admits piecewise constant solutions. Hence,

piecewise constant discretizations are one of natural discretizations which have consider-
ation of characteristics of this equation. In this paper, we study the piecewise constant
discretization, proposed by Y. Giga, H. Kuroda and N. Yamazaki (2005), for the Neu-
mann problem of the one-harmonic map flow equation. Since they formulated a discretized
version of one-harmonic map flow equations as differential inclusions, uniqueness and ex-
istence of its solutions are not clear. We establish existence and uniqueness of solutions
to this discretized problem.
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1. Introduction

Let Q be a bounded Lipschitz domain in R? and let M be a manifold embedded into R™.
We consider the system of partial differential equations

% - <—div (%)) (HF)

for vector fields u : Q x (0,7) — M C R", where V is the gradient on R? and m,, is the
orthogonal projection from R" to the tangent space T,M C R™ at p € M. The equation
(HF) is called the one-harmonic map flow equation from {2 to M. This equation and
related ones are commonly known as very singular diffusion equations ([15], [16]) since
the evolution speed is determined by a nonlocal quantity at Vu = 0.

One-harmonic map flow equations are proposed as methods of image processing and
as a continuum model of grain boundary. In the case of M = S?, unite two-dimensional
sphere, such equations are proposed as a method of de-noising of color images with pre-
serving sharp edge and the chromaticity ([31],[32]). In the case of M = SO(3), the space
of three-dimensional rotations, such equations are suggested for continuum model of grain
boundary ([26], [24], [25]). In the case of M = SPD(3), the space of symmetric positive
definite three-dimensional matrices, such equations are proposed for denosing DT-MRI
([5], 9], [30], [33)).

1.1. Mathematical analysis

Mathematical analysis of one-harmonic map flows has been done by several authors. No-
tions of solutions to one-harmonic map flow equations are not clear because of a singularity
at Vu = 0. In [20], Y. Giga and H. Kuroda proved that rotational symmetric solutions in
the classical sense to one-harmonic map flows equation from unit disk D to unit sphere S?
may break down in finite time. Moreover, in [12], L. Giacomelli and S. Moll established
the optimal blowup criterion for initial datum given in [20] and proved that so-called
reverse bubbling blowup may happen. On the other hand, we need to consider notions
of weak solution to treat solutions which admit singularities at Vu = 0. In the case of
unconstraint equation version of (HF), that is to say the total variation flow equation of

the form 5 -
U U
2 div [ TVF
iy dlv(|vu|), (TVF)

we can formulate (TVF) as an evolution equation with a monotone law associated with
a convex energy, so-called the total variation,

/\Vu\
Q

For this model, we can apply a nonlinear semigroup theory initiated by Y. Komura ([27])
and developed by H. Brezis ([8]) and others to show well-posedness. However, in the case
of constraint equation, such approach is not available since the convexity of the energy is
lost because of the constraint of map with values into M. For (HF), two notions of weak
solution are proposed.
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1.1.1. Giga—Kobayashi solutions

In [19], Y. Giga and R. Kobayashi proposed a notion of solution as a solution of an evolu-
tion inclusion with the subdifferential of the convex energy in some real Hilbert space. We
shall refer to such a notion of solution as Giga—Kobayashi solution (for short, GK solu-
tion). In this formulation, they established existence and uniqueness of piecewise constant
solution to general manifold valued problems in bounded open interval when initial data is
piecewise constant by computing the sub-differential of the total variation in the space of
piecewise constant functions. Moreover, they proved a finite time stopping phenomenon
for S'-valued problem. However, in [21], Y. Giga and H. Kuroda constructed a counter
example of this phenomenon for a flow values into S®. In [20], Y. Giga, Y. Kashima and N.
Yamagzaki established a local-in-time solution with small initial datum which is unneces-
sary piecewise constant. Unfortunately, uniqueness for local-in-time solutions is not clear.
On the other hand, in [22] and [23], Y. Giga, H. Kuroda and N. Yamazaki considered a
discretization of one-harmonic map flow equations with values into a unit sphere in multi-
dimensional domain and proved global solvability of this discretized problem by reducing
the problem to ordinary differential equations. Unfortunately, uniqueness was not clear.
In this paper, we establish uniqueness. We shall call such solutions to the discretized
problem discrete Giga—Kobayashi solutions (for short, discrete GK solution). Discrete
GK solutions may not correspond to GK solutions except one-dimensional problem. This
is also observed in unconstrained problem of crystalline flow ([7], [16]), for instance.

1.1.2. Giacomelli-Mazon—Moll solutions

In [4] and [10], X. Feng and his collaborators proposed a notion of a BV-solution to a
sphere-valued problem with Neumann boundary condition and presented an existence re-
sult. However, in [13], L. Giacomelli, M. Mazén and S. Moll pointed out that jump of
values of solution is not considered in their argument. They introduced an appropriate
notion of a BV-solution to S!-valued problem with the Neumann boundary condition
in [13] and [14]. We shall refer to their notion of solution as Giacomelli-Mazén—Moll
solution (simply, GMM solution). In [13], they established the time-global existence and
uniqueness of solution of a semicircle valued problem in a multi-dimensional bounded do-
main and time-global existence of solution to a circle valued problem in multi-dimensional
bounded domain with initial datum whose angle is bounded essentially and does not jump
larger than 7. In [14], they generalized the notion of solutions in [13] to a hyper-octant
valued problem with the Neumann boundary condition and established an existence of
time-global solutions. Uniqueness for GMM solutions to a hyper-octant valued problem
is still open.

1.1.3. Giga—Kobayashi solutions vs Giacomelli-Mazon—Moll solutions

GK solutions and GMM solutions may not coincide. The difference of two notations
is how to measure the jump of values of solutions. GK solutions measure the jump of
values of solutions by an extrinsic metric. On other hand, GMM solutions measure it
by the intrinsic metric. In Section 5, we will construct a GK solution and two GMM
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solutions to a Neumann problem with certain piecewise constant initial datum to check
their difference.

1.2. Contribution of this paper

The main object of this paper is to show a existence and uniqueness of discrete Giga—
Kobayashi solution to an embedded manifold-valued problem with the Neumann boundary
condition in a multi-dimensional domain. Difficulty of this problem is that discrete Giga—
Kobayashi solutions are solutions to an evolution inclusion. We assume that manifolds
are compact, path-connected and embedded into R™. This assumption is reasonable
because we are interested in S? and SO(3)-valued problems for image processing and
grain boundary problem, respectively. We emphasize that only existence of S2-valued
problem was established in [22] and [23], so an existence and uniqueness for general
manifold valued problems were not considered. In particular, uniqueness was not clear
even if we considered S?-valued problem. On the other hand, we construct two examples of
piecewise constant GMM solutions. These examples show that difference of GK solutions
and GMM solutions, and GMM solutions do not hold similar uniqueness result in [19]
unlike GK solutions.

1.3. Organization

The plan of this paper is as follows. In Section 2, we explain the notations and the
mathematical tools which are used in this paper. In Section 3, we recall the notions of
solutions to the Neumann problem of (HF) proposed in [19] and its discretized problem
proposed in [22]. Moreover, we state our main result in this paper. In Section 4, we prove
the main result in this paper. We split this section into existence part and uniqueness
part. In existence part, we use the Moreau—Yosida approximation in order to construct
solutions. In uniqueness part, evolution variational inequalities have an important role.
These inequalities are used for formulating gradient flows in a metric space, and the def-
inition implies that uniqueness of gradient flows holds. We focus on this strong property,
and we prove that discrete one-harmonic map flows satisfy some evolution variational
inequality in order to obtain uniqueness. In Section 5, we give non-uniqueness example
by constructing explicit GMM solutions to the Neumann problem of one-harmonic map
flow equations with values into a circle.

2. Notation and Preliminaries

We explain and recall several notion, notation and tools in mathematics which are used in
this paper. We consider the space RY as the normed space associated with the standard
norm || - ||[g~ induced by the standard inner product (-, -)gn:

lzllmx = (&, 2)rx) "2,

N
(& y)ry =) 2y,
j=1
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where z := (21,...,2V),y :== (y},...,y") € RY. A choice of norms of the vector space

RY plays important role since total variations of R"-valued functions depends on norms
of RY. On the other hand, we denote by

e LV : the N-dimensional Lebesgue measure for an integer N > 0,

e HP : the D-dimensional Hausdorff measure for D > 0.

2.1. Quantities in manifolds

Let M be a manifold embedded into R". For p € M, we denote by
e T, : the orthogonal projection from R" to the tangent space T,M of M at p,
° 7rpL : the orthogonal projection from R" to the normal space N,M of M at p.

We denote by diam(M) the diameter of M, i.e.,

diam(M) := sup ||p — q||r=-
p,qEM

On the other hand, we denote by dist,; the intrinsic distance on M, i.e., dist,, is defined
by the formula:

1
distar(p,q) = inf / 17 (1) et ()
0

Here v : [0,1] — M is a smooth curve in M with v(0) = p and (1) = ¢. It is well known
that minimizers ~, : [0,1] — M of the minimizing problem (L) satisfy that 7.(0) = p,
7+(1) = q and myyyy (t) = 0 for all ¢ € (0,1). In general, a smooth curve v : [ty, 1] = M
is called a geodesic if v satisfies that )7 (t) = 0 for all ¢ € (ty,t1). In addition, for
each two distinct points p and ¢ in M, there exists an arc-length parameterized geodesic
v 0, distas(p, q)] — M such that v(0) = p and ~v(dista/(p, q)) = ¢ when M is a compact
and path-connected manifold.

2.1.1. Curvature

Let p be a point in M and v be a vector in T,M with ||v|[g» = 1. Then we denote by
#x(p,v) the normal curvature of M at p with the direction v € T,,M is given by

w(p,0) = 77 (O)lrn,

where v is a curve such that vy(c) = p and +/(¢) = v with ||v]|[g= = 1 for some ¢ € R.
This quantity is independent of a choice of curves. In addition, we denote by curv(M)
the normal curvature of M, i.e.,

curv(M) := sup sup K(p,v).
PEM veT, M,lv]|gn=1
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2.1.2. Local feature size

We recall several notion and notation developed in the computation geometry. A point
x € R" is said to have the unique nearest point if there exists a unique point p(z) € M
such that p(z) € argmin ||z —p|lr». Let So(M) denote the set of all points in R"™ which
do not have the unique nearest point. The closure of Sy(M) is called the medial axis of
M and is denoted by S(M). Then the local feature size of M is the quantity defined by

Ifs(M) == inf inf ||p — q||r».
S(M) = inf inf i = dllr

If M is a compact C* manifold embedded into R™ with k& > 2, then Ifs(M) is positive

([11]).

2.2. Function spaces

Here we explain the notations which are used in this paper.

2.2.1. Spaces of R"-valued functions

Let Q be a bounded Lipschitz domain in R?. Then we denote by
e C(Q; R™) : the space of smooth R"-valued functions with compact support,
e [P(2;R™) : the space of p-integrable R™-valued functions on 2 endowed with
the norm [|ul|rrny = ([, ullgs)"? for 1 < p < oo and the space of essen-
tial bounded R"-valued functions on €2 endowed with the norm ||ul|z~@rn) =

esssup,cqllu(x)||re for p = co.

e BV (Q;R™) : the space of integrable R™-valued functions on € with finite total vari-

ation endowed with the norm ||ul|py(orn) == ||ull1urn) + [ [Dul, where [, |Dul
is the isotropic total variation of u := (u',...,u") given by the formula
agok 0k €CX(0Q),1<j<d1<k<n,
Du| := sup / J: dﬁd o o )
/| = {;; (Zj:12k:1|%k( )2 <1,z e

e M(Q:;R") : the space of R"-valued finite Radon measures p := (u',...,u") on
Q2 endowed with the norm ||u||amn) = |1|(€2), where |u| is the total variation
measure of u given by the formula:

floo ) € CR (R,
e —SUP{Z/JC!W Hf )HRnglforalleQ. }

for all Borel sets F in €.
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2.2.2. Spaces of Banach space-valued functions

Let X be a real Banach space with a norm || - || x. We denote by C([0,T]; X) the space of
continuous X-valued functions on [0, 7] and denote by C'([0,T]; X') the space of continu-
ous differentiable X-valued functions on [0, 7). For p € [1,00), we denote by LP((0,7); X)
the space of the strongly measurable X-valued functions on (0,7") with

T
| Tl < o<,
0

and this space is a real Banach space with the norm

T
el oy = ( / ||u<t>||§<dt)
0

In the case of p = oo, we also refer the Banach space L*°((0,7); X) with the usual
modification. On the other hand, L?((0,7T); X) is a real Hilbert space with the inner
product

1/p

(1, 0) 220y = /0 (), (1)) xdt

when X is a real Hilbert space with an inner product (-, -)x.

d
Given u € LP((0,T); X), we say that u is weakly differentiable if there exists d—? €
LP((0,7); X) such that

/0 Z—?(t)go(t)dt:— /0 u(t)fl—f(t)dt

for all smooth test ¢ : (0,7) — R with compact support. We denote by W?((0,T); X)
the space of functions in LP((0,7"); X) which are weak differentiable.

Proposition 2.1 ([3], Theorem 1.20, Aubin-Lions compact criterion). Let Xy, X; and
Xy be three Banach spaces with Xo C X1 C Xs. Let 1 < p,q < oco. Suppose that X is
compactly embedded in Xy and that X is continuously embedded in X5. Then the set

W= {u e LP((0,T): Xo) | % € Lq((O,T);XQ).}

Lp((0>T);X1) Zf p< oo

is embedded compactly into { C(0,T;X1) if p=occandqg>1"

2.3. Monotone operators and subdifferential of convex function-
als

2.3.1. Monotone operators

Let X be a real Hilbert space with an inner product (-,-)x. Let A : X — 2% be a
multi-valued operator in X. We often write (u,v) € A as v € A(u) and denote by D(A)
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the effective domain of A, D(A) := {u € X | (u,v) € A}(={ue X | Au) # 0.}). A
multi-valued operator A : X — 2% is said to be monotone if the inequalities

<U_U7C—77>X20

hold for all (u, (), (v,n) € A. In particular, A is said to be maximal if A satisfies that
A = A if A is a monotone operator such that A C A. If X is a real Hilbert space, it is
well known that maximal monotone operators in X are characterized as follows:

Proposition 2.2 ([3], Proposition 2.2, Hilbert space version). Let A be a monotone
operator in a real Hilbert space X. Then A is maximal if and only if for any A > 0 and
any f € X there exists unique uy s € D(A) such that

Uy, + )\AU)\J > f.

By above proposition, for A > 0, we define the resolvent operator J{' : X — X given
by the formula :

J;\L‘f = u,\,f,

and each resolvent operator is contractive on X, i.e.,
195 (w) = I (0)llx < [lu—v]lx

for all (u,v) € X x X([3], Proposition 2.3). On the other hand, maximal monotone
operators have the following strong-weak closed property.

Proposition 2.3 ([3], Proposition 2.1, Hilbert space version). Let A be a maximal mono-
tone operator in a real Hilbert space X and let {(u;,(;)} be a sequence in A. If {u;}
converges strongly to w in X and {(;} converges weakly to ¢ in X, then (u,() € A.

2.3.2. subdifferential of convex functionals

One of important classes of monotone operators is given by the subdifferential of func-
tionals. We recall two notations, (Fréchet) differential and subdifferential, since subdiffer-
ential is one of generalizations of differential of convex functions. Let I : X — (—o00, 00|
be convex on X, i.e., I satisfies

I(0u+ (1 — 0)v) < 0I(u) + (1 — )I(v)

for any (u,v) € X x X and any 6 € [0,1]. We say that [ is differentiable at v € X if
there exists ( € X such that

[[(u+h) —1(u) — (¢, h)x]|
|Ih]|x—0 R x

=0,

and VxI(u) := ( is called (Fréchet) gradient of I at u and denote by D(V xI) the effective
domain of VxI:
D(VxI) :={u e X | I is differentiable at u}.



39

On the other hand, we say that I is subdifferentiable at u if there exists ( € X such that
I(u+h) > I(u)+ (C,h)x for any h € X,
and ( is called subgradient of I at u and
OxI(u):={¢ € X | ( is subgradient of I at u}
and denote by D(0xI) the effective domain of OxI:
D(0xI) :={u € X | I is subdifferentiable at u}.

Since [ is convex on X, the inclusion D(VxI) C D(0xI) holds. In particular, if u €
D(VxI), then OxI(u) ={VxI(u)}.

Proposition 2.4 ([3], Theorem 2.8). Let I : X — (—o0,00] be a proper, lower semi-
continuous and convex, i.e., I satisfies that

(i)(proper) The effective domain of I, D(I) :={u € X | I(u) < 0o}, is not empty.

(i1) (lower semi-continuity) If {u;}52, C X converges to u strongly in X, then

I(u) < liminf I(u;).

Jj—00
(i11) (convezity) For any (u,v) € X x X and any 0 € [0, 1], following inequality holds:
I(Ou+ (1 =0)v) <0I(u)+ (1 —0)[(v).
Then Ox I is mazimal monotone in X X X.

In this paper, we often consider functionals on space-time spaces. Let X be a real
Hilbert space with the inner product (-, -)x. Given functional I : X — (—o00, 0] which
is proper, lower semi-continuous and convex in X, we define a functional I7 on the real
Hilbert space L*((0,7T); X) associated with I by

I (u) ::/O I(u(t))dt.

Proposition 2.5. Let I : X — [0,00] be a proper, convex and lower semicontinuous in
X. Then

(i) I is proper, lower semicontinuous and convexr on L*((0,T); X).

(i4) Or2(o,ryx) " is mazimal monotone in L*((0,T); X) and is characterized as follows:

8L2((07T);X)IT<U) ={¢ € L*(0,T); X) | ¢(t) € OxI(u(t)) for a.e. t € (0,T)}
for all u € L2((0,7); X).
Proof of Proposition 2.5 Let A := 8L2((0,T);X)IT and

Bu = {¢ € L*((0,T); X) | ¢(t) € OxI(u(t)) for a.e. t € (0,T)}.
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(i) This is immediate consequence of Fatou’s lemma and lower semi-continuity of I.

(ii) Monotonicity of A is immediate consequence of monotonicity of dxI. So, we prove
A = B. We split this into A C B and B C A. First, we prove B C A. Let (u,() € B.
Since ((t) € OxI(u(t)) for a.e. t € (0,T), we have

(C(@), h(t))x < I(u(t) + h(t)) — I(u(t))
for any h € L?((0,T); X) and a.e. ¢t € (0,T). Taking integration on (0,7, we have

<C, h>L2((O,T);X) S IT<U + h) — IT(U)

This means that (u,() € A. Next, we prove that A C B. We prove that B is maximal
in L?((0,T); X). Proposition 2.2 implies that it is sufficient to prove that for any f €
L*((0,7); X) and A > 0, there exits unique wu, ; such that uy s + ABuy s 3 f. Such uy ;
is given by v := J} , f, where

T4 L2((0,T): X) — L2((0,T); X); ult) > JFu(t)
We check this. By definition of resolvent, it follows that v is unique X-valued function
on (0,7 satisfying
v(t) £ AC(t) = f(t) in X
for a.e. t € (0,T), where ((t) € Bu(t) for a.e. t € (0,T). Hence, it is sufficient to check

to prove that v € L?((0,7); X) and ¢ € L*((0,T); X). Since JP is contractive in X, the
operator J , is also contractive, and v(= J3,f) € L*((0,7); X). On the other hand,

)

¢ € L*(0,T); X) since ¢ = A7 f —v). O

2.4. Moreau—Yosida regularization

Let X be a real Hilbert space and let I : X — (—o0, oo] be a proper, lower semicontinuous
and convex functional on X and let J! := J%%! 7 > 0 be the resolvent operators of dx 1.
Then the Yosida regularizations (Ox1), : X — X of OxI are defined as

(Ox1); = %(Idx —Jh, (1)

where Idx is the identity operator in X. Then it is known that the following holds:

Proposition 2.6 ([3], Proposition 2.3). Let I : X — (—o0, 0] be a proper, convex and
lower semicontinuous in X. Then the following holds:

(i) (0x1)-(u) € OxI(JE(u)) for all T >0 and all u € X.

(ii) Each J! is contractive on X, i.e.,

177 () = J7()llx < lu—vllx
for all (u,v) € X x X.

(iii) Each (0x1I), is Lipschitz continuous in X with constant 771, i.e.,

|0 D), (u) = (Ox1):(w)lx _ 1

sup =—.
l[u—v]| x 70 Ju —vl|x T

In particular, D((0x1),) = X.
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On the other hand, the Moreau—Yosida regularizations of I are defined by

L(u) = inf {J(m + ol - u||§(} |

veX
Then it is known that following holds:

Proposition 2.7 ([3], Theorem 2.9). Let [ : X — (—o0, 0] be a proper, lower semicon-
tinuous and convex on X. Then the Moreau—Yosida reqularizations {1, },;~o of I is also a
proper, continuous and convex on X, and the following holds for all u € X and all 7 > 0:

(1) Ir(u) < oo,
1
(i) 1 () = 1(J20) + o-lju —
(ii1) I, is differentiable at u, and VxI,;(u) = (0xI),u,
(iv) I(Ju) < I (u) < I(u) and lir% I(u) = I(u).
T—

3. Setting and Main Result

In this section, first we will recall the notion of solutions proposed in [19] to the following
the Neumann problem for one-harmonic map flow equations:

ou Vu
i — —_— ] —_— 3
;= 7Tu( le(]Vu!)) in Q x (0,7),

QM T,
(HFHMT, 4y0) lg_u“' - on 99 x (0,T),
u(0) = uo in 0,

where  is a bounded Lipschitz domain in R¢, 99 is the boundary of € and v is the
unit outer vector of €2, M is a compact manifold embedded into R", 7, : R* — T,M be
the orthogonal projection from R"™ to the tangent space T,M of M at p € M. Next, we
recall the notion of solutions to a discretized problem of (HF**7; ) proposed in [22]
and state our main result. In the case of Dirichlet problems, their discretized problem
were proposed in [23].

3.1. Giga—Kobayashi solutions

We recall the formulation of one-harmonic map flow equation proposed by Y. Giga and R.
Kobayashi in [19], which formulate (HF**T: 4,) as an evolution inclusion in a space-time
Hilbert space whose law is the composition of the subdifferential of total variation and
the projection associated with the orthogonal projections 7, : R" — T,M,p € M.

First, we explain notations of spaces to describe (HF DM 44) as an evolution inclu-
sion:

e H:=L*(Q;R"),
o H" := L*((0,7); H),
e M:={uecH]|u(z) e M for ae. z € 2},
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e M":={ueH” |u(t)eMforae. te(0,T)}.

Next, we explain notations to describe the law of the evolution inclusions. Let

O(u) := / |Du|, ueH,
0

d'(u) = /OT/Q|Du(t)|dt, u € H.

Since the total variation is L' lower semicontinuous ([1]) and convex on BV, ® is lower
semicontinuous and convex on H. Moreover, Proposition 2.5 (i) implies ®7 is lower semi-

continuous and convex on H”. Hence its subdifferential dgr®7 (u) is maximal monotone

in H”, and corresponds to —div <|§—Z|> with the Neumann boundary condition. On the

other hand, for v € M”, PT : H” — H” denotes the projections associated with the
orthogonal projections m, : R" — T, M defined by

PvTT](xa t) = 7Tv(ﬂt,t)n<x7t)7 (x,t) € x (O, T)7
where n € H?. Of course, PI corresponds to T,.

QMT.
F ;

Using these notations, Giga—Kobayashi solutions to the Neumann problem (H up)

are defined as follows:

Definition 3.1 (Giga—Kobayashi solutions). Let 7" > 0. Let up € M. Then u €
C([0,T);H) is called a Giga-Kobayashi solution to (HF®M7T: ) if u(t) € M for all
t€[0,7] and u € W2((0,7); H) N D(Oggr®T) solves

dt

d
T ) M e PTOgrdT(u) in H,
y 40

u(0) = g in H.

3.2. Discrete Giga—Kobayashi solutions and main result

We recall the discretization, proposed by Y. Giga, H. Kuroda and N. Yamazaki in [22],
of Giga—Kobayashi solutions, and state main theorem in this paper.

3.2.1. Discrete Giga—Kobayashi solutions

Y. Giga and his collaborators formulated discrete solutions to (HF7; ) as a Giga—
Kobayashi solutions whose associated energy ® replaced by the discrete energy associated
with a rectangle discretization. Note this notion of discrete solutions may not coincide
one of the original problems except for single-variable case. For related works, see [4], [19]
and [23].

Let us begin with explanation of a rectangle decomposition. Let €2 be a bounded
Lipschitz domain in R%. We call a finite family Qa = {Q4}aca of subsets of Q a
rectangle decomposition of €2 indexed by A if QA satisfies

® Usea =1,
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e 0, NOs =0 fora# 06, (o,B) € A x A,
e For each a € A, there exists a rectangle R, in R such that Q, = R, N .
For each Q, € Q, the symbol 1, denotes the characteristic function on €2, in :

1o, (x) == 1 for x€Q,,
WT 0 for 2 €Q)\ Q.

By the definition of 24, each €2, has finite perimeter. Figure 1 shows an example of Q.

>

~g | L

Figure 1: Example of a decomposition

Next, we define the discretized versions of H and H” associated with Qa as follows:

e Hy .= {Zualga | u, € R”.} C H,

a€A
e HL := L2((0,7);HA) C HT.

Note that the inner product of these two discretized spaces is given by the formula:

<U?U>HA = Z(uoc>va>R”£d(Qa)a u,v € HA:

acA

T
(u", 0" ) py =/ W (t), v (t))udt, ol 0" € HE.
0

We also define the discretized versions of M and M7 associated with Q4 as follows:

o My = {Zualga |uaeM} cM,

aEA

e MX :={ueH" |u(t) € Ma for ae. t € (0,7)} c M.
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Next, we define the discrete functionals ®x and ®X of ® and ®7 associated with Q given
by the formula, respectively:

Du| if u € Ha,
Dp(u) = /Q| | °
~+00, otherwise.
T
Du(t)|dt if ue HY,
S N R ALYO) 5
400, otherwise.

Note that for u := 3" A tala, € Ha, its isotropic total variation [, |Dul is given by the

formula:
JALTED SR R
Q (a,B)EAXA

where w, 5 := H(0Q, NN N Q) for each (o, B) € A x A. On the other hand, ®x
(@X, respectively) is proper, convex and lower semicontinuous on Ha (HY, respectively).

Next, for v € M and v € M”, we define the two projections P, : H — H and
PT . HT — HT by

Pu((w) = mu@)((), T €9,
PUTT](ZE,t) = Trv(l“,t)n(xvt)7 (fL‘,t) < Q X (O7T)7

where ¢ € H and 7 € H”. Using these notation, the discrete solutions of (HF*7: )
are defined as follows:

Definition 3.2 (Discrete Giga—Kobayashi solution). Let € be a bounded Lipschitz do-
main in R? and let Q4 be a rectangle decomposition of €. Let M be a manifold embedded
into R". Let T' > 0. Let ug € Ma. Then a map u € C([0,7]; H) is a discrete Giga—
Kobayashi solution associated with Qa of (HF®™T; ) if u(t) € Ma for all ¢t € [0, 7] and
u e WH2((0,7); H) N D(0gr®L) solves

du .
u(0) = ug in H.

Remark 3.1. For a.e. t € (0,7, u(t) € Ha since u € D(9yxr®X) C HA.

Remark 3.2. In the case of d = 1, Giga—Kobayashi solutions and discrete Giga—Kobayashi
solutions coincide([19]).

3.2.2. Main result

Theorem 3.1. Let T" > 0 and M be an m-dimensional compact and path-connected
C? manifold embedded into R™. Let Q be a bounded Lipschitz domain in RY and let
Qa = {Qataea be a rectangle decomposition of Q0. Then
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(i) (Existence) For every uy € Ma, there exists a discrete Giga—Kobayashi solution to
(HFMT: 04) associated with Qn.

(11)(Umqueness) Letu}, u? be in M. Letu',u® € C([0,T); H) be discrete Giga—Kobayashi
solutions to (HF*MT, uo) and (HFMT, uo) associated with Qa, respectively. Then

lu(t) — w @)y < efo Aoanr g — 227 (2)

holds for a.e. t € (0,T), where Aq, ar is a positive and square-integrable function on [0, T
depending only on Qa and M. In particular, if ul = ud in Ha, then u' = v? in HX.

Remark 3.3. Y. Giga et al. ([22]) proved global existence of discrete Giga—Kobayashi
solutions when n = 3, d = 2 and M = S2. Here, we shall explain their approach breifly.
First, they considered the the regularized energies of ®X given by

/ Z Hua — ugl|gs + €2 wapdt, if u:= Zualga c H},
7ﬁ GAXA OCEA
—+00, otherwise,

where w, g := H'(0Q, NIz N Q) for each (o, f) € A x A. Then, one can compute

~ w, Uy — U
Opr @3 (u) = i e 7
IR AN e

for u == Y catala, € HL. Subsequently, they considered the regularized problem
associated with @£’6:

du, ~7e )
ue(0) = uo in  H.

These problems are regard as ordinary differential equations in S% and admit solutions
thanks to the computations of 8HT®£76. Finally, they applied the abstract convergence

result established by Y. Giga et al. ([17]) to prove that the solutions to (DHFgﬁgSQ’T; Up)e
converge to a discrete Giga—Kobayashi solution.

Their approach is still available to our setting. In this paper, we prove that we can also
construct discrete Giga—Kobayashi solutions by the Moreau—Yosida regularizations. A dif-
ference of their regularizations and the Moreau—Yosida regularizations of @ is smoothness
of them. The Moreau—Yosida regularizations are not smoother than their regularizations.
Therefore, the Moreau—Yosida regularizations are considered to be preserve the singular-
ity of ®a. On the other hand, we do not use the abstract convergence result and prove
directy.

Remark 3.4. In the case of Dirichlet problem, Giga—Kuroda—Yamazaki ([23]) proved
global existence of discrete Giga—Kobayashi solutions when M = S? and d = 2. we can
obtain a similar result.
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4. Proof of Theorem 3.1.

Here a proof of main theorem in this paper is given. We split a proof into Theorem 3.1
(i)(existence) and Theorem 3.1 (ii)(uniqueness).

4.1. Proof of Theorem 3.1.(i) (Existence).

We shall split a proof of existence to five steps again.

Step 1 : Reduction of the Problem

The multi-valued operator dyr®X may take vales in HT. A purpose of this step is to
consider a reduced problem of (DHFg?gM’T;uO) whose 0, 4 replaced with the subd-
ifferential of the below reduced functionals on HX, and we prove that solutions to the
reduced problem are also solutions to the original problem. Existence of solutions of the
reduced problem is proved in Step 4. Let us begin with next lemma:

Lemma 4.1. Let U5 : Hx — R and VY : HY — R be functionals defined as the
formulae:

\IIA(u) = @A(u), u € Ha,

BT () = L (u) :/0 Ua(u(s))ds, ucHL

Then
(i) W is convex on Ha and Lipschitz continuous on Ha, i.e.,

Y — U
Lip(Wa) :=  sup R2NC) a(v)]
lu—ola 20 [[w—vllE,

(ii) WL is also convexr and Lipschitz continuous on HY.

Proof of Lemma 4.1 (i) and (ii) are clear because of the definitions of ®5 and ®%. O

Next, proposition states that it is enough to consider the problem associated with
O, W instead of (DHFpM T wp).

Proposition 4.1. Assume the assumption in Theorem 3.1. If u € C([0,T]; Ha) is such
that u(t) € Ma for allt € (0,T) and u € D(@H:E\Ilz) NW2((0,T); Ha) solves

du .
’ u(0) = ug in Ha,

then u solves (DHF%%’M’T;UO). In particular, v is a discrete Giga—Kobayashi solution
associated with Qa to (HFHMT: ).
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This proposition is an immediately consequence of next lemma:

Lemma 4.2. Let Va and WX be as in Lemma 4.1. Then the following inclusions hold:
(i) O Va(u) C OaPa(u) for allu € D(Og,¥Ya).
(i1) (9H£\I/£(u) C Ogr®L (u) for all u € D(&HZ\I@).

Proof of Lemma 4.2. (i) Let (u,() € 0, Va. We shall prove that (u,() € 0aPa,
ie.,
(¢ h)u + Palu) < Pa(u+h)
for all h € H.
First, we assume h € Ha. Then convexity of &5 in Ha(Lemma 4.1. (i)) implies

(¢ hu = (¢, h)n,
S \I’A(U + h) — \I/A(u)
= @A(u + h) - @A(u)

Next, we assume h € H\Ha. Then (¢, h)g+®Pa(u) < co. On the other hand, ®a(u+h) =
oo since u+h & D(®a). Hence, (¢, h)m + Pa(u) < Pa(u+ h). Therefore, (u,() € OuPa.

(i) Let (u,() € 8H£\Il£. By Proposition 2.5 (ii), we see that (u(t),((t)) € OuVa
for a.e. t € (0,7). Lemma 4.2 (i) implies that (u(t),((t)) € Oa®a for a.e. t € (0,7).
Applying Proposition 2.5 (ii) again, we have (u,() € Ogr®X. ]

Proof of Proposition 4.1. Let u be solution to (DHFgﬁ{%’dT;uo). Then, by the
assumption of w, it is trivial that w satisfies the condition of discrete Giga—Kobayashi

solution except
d
d—q: € —Pl'ogr®i(u) in H”,
This condition is immediate conclusion of Lemma 4.2. Indeed, Lemma 4.2 and u € Mx

imply —P; Oz VA (u) C — P} 9pr @} (u), and this and (DHFg%%J, up) imply that

d
d—;‘ € ~Ployr WA (u) C — Pl oyr®% (u) in H.

Hence, u is a discrete Giga—Kobayashi solution associated with Qa to (HF*M7:vyy). O

Step 2 : Approximation of the Reduced Problem

A purpose of this step, we consider the approximation problems of (DHFgﬁ(%’dT; Up)
with the Moreau—Yosida approximations of WA and construct solutions to their approxi-
mation problems.

Let us begin with the notations to state approximation problems. Let {J¥2},. be
the resolvents of Oy, ¥a where U, is as in Lemma 4.1. Let ¥} := (Va),,7 > 0 be the
Moreau—Yosida approximations of Wx(See Section 2.4):

1
U7 (u) ;= inf {\IJA(U)+Z|W—U|’%—IA}7 7> 0.

vEHA
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We define the space-time energy \Ifz’T on HX associated with U% by

T
‘Pﬁ’T(U)Z/O WA (u(t))dt, u € HX.

Then our approximation problems of the reduced problem are as follows:

Proposition 4.2. Assume the assumption in Theorem 3.1. Let T > 0. Then there exists
a map u, € CY([0,T]; Ha) such that u.(t) € Ma for allt € [0,T] and u, solves

du, . .
e, { ) P TR0, s 1€ (0T)

u(0) = ug in Ha.

In particular, u, satisfies that the energy estimate, 1i.e.,
t
J

Proof of Proposition 4.2. Proposition 2.7 (iii) and Proposition 2.6 (iii) imply that
Va, V7 is Lipschitz continuous on Ha. Moreover, for u € Ma, P,Vg, ¥V} (u) is tangent
vector at u since P, is the orthogonal projection from Ha to the tangent space T, MAa.
Hence, the problems (DHFg%%g, ug), are considered as the ordinary differential equa-~
tions with the continuous law in finite dimensional compact manifold M. Hence each
problem (DHFg%%J, up), admits at least one global solution ..

Next, we establish the energy estimate (3). Since W7} is Fréchet differentiable on
H (Proposition 2.7 (iii)) and w, € C'([0,T]);Ha), ¥4 (u,) is differentiable on (0,T).
Hence,

2
du,

7 (5)

ds + W3 (uy (1)) < W (uo) (3)

for allt € 10,T).

%\PTA(UT(Q) - <VHA\II£(UT(t))’ %(t)>m

= (Vi YA (ur (), = Pur o) Via A (ur (1)) ) g,
= — (Pur(y Vi YA (ur (), P, (9 Vs WA (ur (1))

2
‘ du.,

t
for t € (0, T). Taking integral on [0, ¢] of the above identity, we have the energy identity

/

By Proposition 2.7 (iv), we have

/

Ha

2
du,

= (5)

; ds + Vi (u-(t)) = Wi (ug).

2

du,
dt

(s)||  ds+ Wa(ur(t)) < Ua(uo).

Ha
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Step 3 : Estimates for approximation solutions

In this step, we establish inequalities for approximation solutions.

Lemma 4.3. Let {u,},~o be as in Proposition 4.2. Then the following inequalities hold
for a.e. t € (0,T):

sup || Ve WA (ur) ||y < T/2Lip(Va).

>0

Proof of Lemma 4.3.  Set (; := Vyr klfi’T(uT). By Proposition 2.5 (ii) and Proposition
2.6 (i) and convexity of W in Ha, the following inequalities hold for a.e. ¢t € (0,7):
16O laa = Vs WA (ur(8) || 1a
= sup (Va,Va(ur(t)), h)n,

Il <1

S s (Wa(FS (1) + 1) ~ WaLL(0n(0) )

S sup |\IJA(J7\—IIA(UT(t))+h> - \PA(‘JJ—IJA(UT(ZS))MH]%HHA
0<|lAllz, <1 [N

< Lip(¥a).

Taking the L*((0,7); R) norm in the above inequalities, we have
¢ lsry < T2 Lip(Wa).
[

Lemma 4.4. Let u., 7™ > 0 be as in Proposition 4.2. Then there exists a positive constant

C such that
sup [[ur ()]s + llurllwrzorms) < C-

te[0,7
Proof of Lemma 4.4. Since ug € Ma and u,(t) € Ma for all t € [0, 7], we see that
sup [Jur(t)[ls < sup [ur(t) | z=(@mn) £9(2)? < sup [|pl|r-£7(2)"/ (4)
t€[0,T] te[0,T] peM

for all 7 > 0. Since M is compact and 2 is bounded, the right-hand side of (4) is finite.
On the other hand, the energy estimate (3) implies that

1

for all 7 > 0. Of course, Wa(uy) < oo by the definition of W5. We plug (4) and (5) to
obtain

du,

| < s o)

HY

duy
dt

sup [ur (8) e + l[urllwr2orymay < sup fus(8)[lus + T2 sup IIUT(t)IIHﬁ'
te[0,7] te[0,7) te(0,T) HY

< (147" sup pllre LAY + U a(ug) /2.
peE
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Taking
re LY(Q)Y? + Wi (ug) '/,

C:=01+ T1/2) sup ||p|
peEM

we obtain the desired inequality. O]

Step 4 : Convergence of Approximation Solutions

Proposition 4.3. Assume the assumption in Theorem 3.1. There exists a map u €
C([0,T); Ha) such that u(t) € My for allt € (0,T) andu € WH?((0,T); Ha)ND(9yz VA)

and u solves the reduced problem of (DHF &M up):
Qa,M,T du € —Plogr Vi (u) in HX
(DHFS S ) g &~ Ot ¥ S
u(0) = uyg in Ha.

We need four lemmas to prove Proposition 4.3.

Lemma 4.5. Let {u,},~o be as in Proposition 4.2. There exists a positive sequence {7 }7°,
converging to 0 such that there exists u € C([0,T]; Ha) N WY2((0,T); Hp) and ¢ € HX
satisfying

lin% U, = u strongly in C([0,T]; Ha), (6)
TI—
Tlligh Var UL (uy,) = ¢ weakly in HY. (7)

Proof of Lemma 4.5. Note that Hp is embedded compactly into itself since Hx is a
finite dimensional space. Hence the Aubin-Lions compact criterion (Proposition 2.1 with
p=o00,q=2and Xy = X; = X, :=Hju) implies that the space

d
{ue ro.mima) | G e 120,110
is compactly embedded into C([0,7]; Ha). Hence Lemma 4.4 implies that we can take a
sequence {7, }7°_; tending to 0 and u € C([0,T]; Ha) N W2((0,7); Ha) such that

lim u, = u strongly in C([0,7]; Ha).

l1—>oo

On the other hand, Lemma 4.3 and weak compactness in the Hilbert space Ha imply
that there exists a subsequence {7, }7°_; of {7, } such that

. T, . T
nl;glo Var ¥a *(ur,) = ¢ weakly in Hy.
Therefore, {7, }7<_, is a desired positive sequence. O

Lemma 4.6. Let {ur,}7°, andu be as in Lemma 4.5. Let J}» : HA — HY be the operator
defined by
v 7V
JoA)(t) == J 2 (v(t))  forae te(0,T).

Then the sequence {J72 (ur,)}2, converges strongly to u in HY.
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Proof of Lemma 4.6. Fixt € (0,T). Since J¥ is contractive on Ha and the definition
of the Yosida regularization (see (1).), we have

1732 (ur, (1) — w(t) [y < WY (tr, (8)) =t (0) lirs + Nur, (8) — w(t)] s
=71 Oy VYa)n (un () [las + llun () — w(t)||m,
< Lip(Ya)7 + [lun (t) — u(t)|[m,-

Taking the norm L?(0,T') of above inequalities, a triangle inequality implies that we have
1952 (ur) = ullagz < Lip(Pa)7 + [Jur, — ullasll20.0m)

< |Lip(Ya)7l 201w + [lllun — ullaallzorw)
= T'2Lip(Wa)7 + [[tr, — ullgag-

By Lemma 4.5, we see that hm 172 (ur,) — ullgz = 0. O

Lemma 4.7. Let u and ¢ be as in Lemma 4.5. Then ( € GHX\IJ:g(u).

Proof of Lemma 4.7. Let {u,} be as in Lemma 4.5. Set ¢, := VHglllz’Tl(uﬂ). Then
Proposition 2.5 (ii) and Proposition 2.6 (i) imply that

(T2 (un (1)), G (1)) € Oy P

for a.e. t € (0,7) and every 7;. This can be rewritten as
(JEZA (uTl)7 C‘n) € aqujg’

where Jg;A is as in Lemma 4.6. Hence, Lemma 4.6, Lemma 4.5 and the maximal mono-
tonicity of Jur WA (see Proposition 2.5 (i) and Proposition 2.3) imply that we have

Lemma 4.8. Let {(,}°, {ur}i2, v and ¢ be as in Lemma 4.5. Then {puTTZCn}f‘;
converges weakly to PT¢ in HA.

Proof of Lemma 4.8. Let n € HX. Write
un(t) =) (un()alan, ult):=Y (u(t))ala, 0(t):=) (n(t))ala,
acA acA a€A

for a.e. t € (0,7). Lemma 4.5 implies that

hn%)(un (t))a = (u(t))o in R" forallt € [0,7] and all @ € A. (8)
TI—
A smoothness of 7 : M — R™™ and (8) imply that 7, 1)), (1(t))a converges to ), (1(t))a

for a.e. ¢t € (0,7) and all @ € A. Since each 7, ), is the orthogonal projection, we
have ||7(u,, (1)a [|Rrxn < 1, and then |7, ). (1(1))allrRe < [[(1(t))allrn for a.e. t € (0,T)
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and all a € A. Hence (8), n € HL and the Lebesgue convergence theorem imply that
Pl 1 converges strongly to Pr 1 in HYX. Since {(,} converges weakly in HX, we have

1 (PL o marg = Jim (G PE mhg, = (G, PEn)arg = (PG g,

Now, we return to a proof of Proposition 4.3.

Proof of Proposition 4.3. Let {u,}, {¢;}, v and ¢ be as in Lemma 4.5. We prove
that u satisfies the required equation. Let v € HA. Then

[ (G, = [ PaPnatitn ) ot

Taking the limit ; — 0, Lemma 4.5 and Lemma 4.8 imply that we have

/OT <Ccli_?<t>’ ”<t>>HA dt = /0T<—Pu(t>C(t), v(t)) g dt.

Hence,

du .

pri —PT¢ in HA.
Therefore, Lemma 4.7 implies that we have

du .
7 € —PUT@HZ\Pz(u) in HY.

Step 5 : Connect the previous steps
In this step, we finish a proof of existence.

Proof of Theorem 3.1 (i). Let u be as in Proposition 4.3. Then Proposition 4.1
implies that u is a discrete Giga—Kobayashi solution to (HF®T; ) associated with Q,.
Our proof of Theorem 3.1 (i) is completed. O

4.2. Proof of Theorem 3.1 (ii) (Uniqueness).

We use so-called evolution variational inequalities to establish the inequality (2) for dis-
crete Giga-Kobayashi solutions. First we state an evolution variational inequality in
Hilbert spaces:

Lemma 4.9 (Evolution variational inequality). Let X be a real Hilbert space. Let I :
X — (—00,00| be a functional on X. Let x',x* € W'2((0,T); X). Suppose that there
exists a subset Y of D(I) and \ € L*(0,T) such that z'(t),2*(t) € Y and

1d A(t)

(BVES (@), 10) 20—yl < 1) ~ 1 (0) + 221 (0) — il
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forally €Y and a.e. t € (0,T) and j =1,2. Then
la'(t) = (D) < b X2 (0) — 22(0)%
for allt € [0,T]. In particular, if x'(0) = 2*(0) in X, then ' = 2 in L*((0,7T); X).
1

Proof of Lemma 4.9. Fix ¢ € (0,7). Inserting y = 2%(t) in (EVI; 2'(t),y, I, \) and
y=x'(t) in (EVL; y,2%(t), I, \), we obtain

%Hxl(t) — 22 O)|% < 2 O ||l (@t) — 2 (@))%

By the Gronwall inequality, we have
|21 (t) = 22(B)][% < o X821 (0) - 22(0)]%

for all t € [0,T7. O

Moreover, we need two lemmas in order to prove uniqueness:

Lemma 4.10. Let X be a compact and path-connected C?-manifold embedded into R™.
Let p and q be points in X and let v be a unit vector in N,X. Then we have

1 .
[P, v)mn = (@, V)me| < 5 - cwrv(X) - dist% (p, ).

Proof of Lemma 4.10. Let v : [0,distx(p,q)] — X be an arc-length parametrized
geodesic with v(0) = p and y(distx (p, ¢)) = ¢. Then, by the Taylor expansion of (v, v)gr»
at 0 with second order, we have

"

dist x (p,q)
(@, v)re = (7(0),v)r~ + (7/(0), v)r~distx (p, ) +/0 (distx (p,q) —s)(y (s), V)rnds.

Here, 7(0) = p and +/(0) € T, X imply that

1

diStX(paq) .
(q, V>Rn = <p, 7/>R" +/ (dlStX(p, CI) - 3)(7 (s), V)Rndé\
0

Hence, we have

"

distx (p,q)
|(p, V)R — (¢, V)Rr| = /0 (distx(p,q) — s)(v (), V)mrnds.

We apply the triangle inequality, the Cauchy—Schwarz inequality and Holder inequality
to obtain that

diStX(paq) »
/ (distx(p,q) — $){v (), V)Rrnds
0

. diStX (p7q) .
< sup v (8)|lrn / (distx(p,q) — s)ds | .
()] 0

s€[0,distx
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Since Wﬁ%(t)’)/”(t) = ~"(t) for all ¢, we have

. dist x (p,q) '
sup lv ($)|lrn / (distx(p,q) — s)ds
(p,9)] 0

sE[O,diStX s
= sy ()l - =5
s€(0,dist x (p,q)]

The definition of the curvature of M implies that

" dist% (p, q) dist% (p, )
sup iy ($)llme - =57 = sup k(3(s),9/(s) - 0
s€[0,dist x (p,q)] s€[0,dist x (p,q)]
dist?
S Curv(X) . 1SXT<p7q)

Lemma 4.11. Under the assumption in Lemma 4.10, the following inequality holds:

. diam(X
Ip — gllr» < distx(p,¢) < 2max {1, #} lp — qllrn

Ifs(X)
for each point p and q in X.

Proof of Lemma 4.11. Let p and ¢ be in X. The inequality that ||p—¢||r~ < distx(p, q)
is trivial because of the definition of an intrinsic distance distx. We need the next lemma
to prove the opposite inequality:

Lemma 4.12 ([28], Proposition 6.3). Let Y be a compact C? manifold embedded into R™.
Then, the inequality

Ol 12
disty (P, Q) < 1fs(Y) (1 - (1 _ %) )

holds for every point P and Q in'Y with ||P — Q|lr» < lfs(Y)/2.

First, we assume ||p — ¢||g» < lfs(X)/2. By Lemma 4.12 with Y := X, P := p and
@ := q and by the inequality 1 — z < /1 — z for all x € [0, 1], we have

. N\ 12
distx (p, ) < Us(X) (1 - (1 - %) )

<) (1= (1= 2B ) ) 2 gl

Next, we assume that ||p — ¢|[r» > lfs(X)/2. Then we have

) dist x (p, diam
distx(p,q) = i XE]H )H —qllr < T())Hp q|Rrn-
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Hence, we have

) diam (X
st () < 2 {1, DYy g

Now, we return to prove of uniqueness.

Proof of Theorem 3.1.(ii). For j = 1,2, let v/ be discrete Giga—Kobayashi solu-
tions to (HFMT; 1)) associated with Qa. Let ¢/ € Our OL (w?) for j = 1,2, and let

Aaar(t) = 40 m) g £4(02,) 2 curv(3) -ma ({1, %})}%n@(wnﬂ.

We shall check that u! and u? satisfy the assumption in Lemma 4.9 with X := H, I := ®,,
Y := Mj and X := Ag, a. By the definition of discrete Giga-Kobayashi solutions, it is
trivial that u! and u? satisfy the assumption in Lemma 4.9 except evolution variational
inequalities. Hence, in the rest of the proof, we shall focus on these issues. First we
consider u'. For v € M, we compute EHU1 — vl|3; to split the monotone term I and the

non-monotone term II. In order to do this, write

= Zui(t)lﬂa € Ma, v:= Zvalga € My fortel0,T].

aceA aEA

Ont the other hand, set

=Y v, t€0,T], k=1,....n—m,

acA

where each family {v; ,(t)};Z1" is orthogonal bases of Ny M forallt € [0,T] and a € A.
Then we can write
Pun (' (t) —v) = — o, O)ri(t),  te[0T].
k:l

We argue for fixed time ¢ € [0,7] and we do not specify the dependence on
time for notational convenlience.

By Proposition 2.5 (ii), — = —P,1¢* and we have
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Next, we estimate the terms I and II, respectively:

e Estimate for the term I: Since ¢ € du,Pa(u'), the definition of the subdifferential
implies that

I<Pa(v) — Pa(ul).

e Estimate for the term II: The Cauchy—Schwarz inequality implies that

n—m
< ma [l 3 Mt vime = (o,
' k=1

D=

_ j — 11 . 1 2 pd
— max [l Y (Z b vh o) = (vas o)L ma))

k=1 acA

Lemma 4.10 and Lemma 4.11 imply that

ma |7 3 (Z b v e = (v, v,i,a>m\2cd<ﬂa>)

k=1 \a€eA

N[

1

< ma ‘|Cj|‘HTin (Z 4 curv(M)? (max {1, %})4 g, — UaH4R”‘Cd(QO‘>> 5

k=1 aEA
dlam 2
fs(M
(ae

(I, — vl £4(2% >5>4£d(9"‘>_1>
)\QAM 1 1.4
< == (E (ug, = vallrn £7(24)2) >

aEA

= 2(n —m) max ||¢? || geurv(M (
j=1,2

Cls(M)
A

The monotonicity of the sequence p-norms for exponents p € [1, oo implies

2

i <Z<\|u;—vaum.cd<sza>%>4) < et (Z(Hu;—vanmﬁdmaﬁ)?)

i
ol

a€A aEA
AQ M
o
A M

To connect the inequalities for IT, we have IT < |ut — v||%.

Therefore, we combine the estimates of I and II to obtain

2

Sl = vl < ®a(0) - aul) + — ol
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By similar argument for u!, we also have an evolution variational inequality for u?:

1d
5o llu” = vl < @av) — Pa(u?) +

A
2dt

u® = vl
Therefore, Lemma 4.9 implies that
ot (8) = (@) < 00O g — |y
for all ¢ € [0, T]. Our proof of Theorem 3.1 (ii) is completed. O

Remark 4.1. Since a discrete Giga—Kobayashi solution constructed in Theorem 3.1 is
unique and W, is Lipschitz on Ha, we see that the square-integrable function Mg, as is
bounded by some positive constant depending only on (2A and M.

5. Non-uniqueness for piecewise constant Giacomelli—
Mazon—Moll solutions

Lt Q={0<z<1}, 0 ={0<z<2'},Q ={2 <z <1}, T:=7/4,
(@) = (1,0)1g,(z) + (=1,0)15 (z) € S' for z € Q.

In this section, we consider the Neumann problem of one-harmonic map flow equation
from the interval € into S*:

o O — w0y %) =0 in Q x (O,f),
Q.81 7T, ~ -~
(HE05 o) (3—3\ —0 in {0,1} x (0,7),
u(0) = T on Q,

and our purpose is to compare with Giga-Kobayashi solutions and Giacomelli-Mazon—
Moll solutions to (HFQ’Sl’T; Up). In the case of Giga—Kobayashi solutions, one can prove
that g is a unique stationary solution in a space of piecewise constant functions by
similar argument in [15, Subsections 4.1 and 4.2]. ! On the other hand, in the case of
Giacomelli-Mazdén—Moll solutions, g is not a stationary solution, and there exist at least
two piecewise constant solutions. This occurs due to the fact that there exist two geodesic
midpoints in S! between (1,0) and (—1,0) and Giacomelli-Mazén—Moll solutions is related
to the geodesic distance of S*. We shall prove the result about Giacomelli-Mazén—Moll
solutions.

First, we recall their notion of solution in our setting. For more general setting, see [13]
and [14]. Before giving the notion of solution, we recall additional fundamental properties

1Y. Giga et al. considered the Dirichlet boundary problem ([19]). Their argument is still valid even in
the case of the Neumann boundary conditions. Indeed, by similar argument in [19], we can calculate as

Ox ( 9210 ) = (-2,0)15,+(2,0)15 =:v in the sense of Giga-Kobayashi solutions. In addition, mz,v = 0

since Ug and v are orthogonal. Hence, @y is a stationary Giga—Kobayashi solution.
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of functions of bounded variation on an interval. For fundamental of functions in BV
space, we refer to the monographs by [1].

Let © be an open interval. Let u := (u',u?) € BV(Q;R?). Then there exists a finite
Radon measure p := (p', p?) € M(Q; R?) such that

—/d—wujdﬁlz/cpduj for j =1,2
o dx Q

for all smooth tests ¢ : Q@ — R with compact support. We write Du := u. The Radon
measure Du is decomposed into three mutually orthogonal measures:

d )
Du=2pt + Dy + D’u,
dx

where du/dx denotes the Radon—Nikodym derivative of the measure Du w.r.t the Lebesgue
measure £'. D is the Cantor part of u, which is supported on the set, denoted by Q\ J,,,

of the Lebesgue points of u, i.e., these points z € Q for which there exists a u(x) € R?

such that
1

hm—/ u/; —Uu 2d =0,
r=0 L1(B,(x)) By (0) () ()l r2dy

where B,.(z) := {y € R | |r — y| <r}. D’u is the jump part of u, which is supported on
the set, denoted by .J,, of the jump points of u, i.e., these points x € Q for which there
exist u(z)",u(z)” € R? and v, (x) € {£1} such that

1
lim / w(@)® — u(y)||gedy = 0,
M CT(BE @) S oy 1 W

where B (z,v,(z)) :=={y € R | (y—x)vu(x) 2 0, |z —y| < r}. The jump set J, is a Borel
set. To keep this fact in mind, we denote by u* the precise representation of v which is
defined by

W) — u(z) if e Q\J,,
(z) { (w(@)t +u(x)")/2 if  x€J,

In what follows, we identify v =4 = u* on Q \ J,,.
Now, we return to state the definition of Giacomelli-Mazén—Moll solutions. Note that

the equation
O u
O — my0p | —— ) =0
e (raxu\)

can be rewritten as
Oyu

) — |Opulu = 0.

Giacomelli-Mazon—Moll solutions are defined for this form, and we need to pay attention
to the interpretation of |0,u|u because u may be a BV function.
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Definition 5.1 (representation of |0 ulu). Let u € BV (Q;R?) with u(z) € S! for a.e.
x € Q. We write v € u9|Du| whenever v can be written as
= u(||Opul|r2 L + |Du|) + w|ju" — u ||r2H s,

where w9 : J, — S' maps = € J, to a geodesic midpoint ? u?(z) € S! between u™(x) and
u™(z) and u9||ut — u~||r2 is H’-measurable.

Definition 5.2 (Giacomelli-Mazén—-Moll solution). Let a < b. Let Q := {a < z < b}.
Let T > 0. Let ug € L*(€; R?) with ug € S' in a.e. Q. A map

ue C([0,T]; L* (€ R?)) N L'((0,7); BV (4 R?)) n WH2((0,T); L* (€ R?))  (9)

is a Giacomelli-Mazén—Moll solution, GMM solution for short, to (HF®S"T: ) if u(0) =
ug, u € S! for a.e. in Q x (0,7), and there exists a map z € L>*(Q x (0,7); R?) with
2]l Lo @ (0,m)R2) < 1 such that z(t) := z(-,t) € BV(;R?) in a.e. (0,T),

(z(x,t),u(z,t))rz = 0 for a.e. (z,t) € Qx (0,7,

and the following holds for a.e. t € (0,7):

duult) — 8,2(t) € (u(t)?|Du(t)| in M(QR?),
dpu(t) A u(t) = ,(=(t) Au(t)) in LA R),
2(a,t) = 2(b,t) = 0 in R

where
z(a,t) == lim z(z,t), 2z(bt):= lim z(x,t)

T—+a r—b—
and A is the wedge product, i.e., z Ay := z'y? — 2%y! for x := (2!, 2%) and y := (y',9?).
Theorem 5.1 (Non-uniqueness). Let Q= {0 < z < 1}, O, := {0 < z < 271}, Q, =

(27 <z <1}, T:=n/4,
o == (1,0)1g + (—1,0)1g,

Let 0, and 0_ be functions on Q x [0,7/4) defined by the forms:
O( 1) == £2t1q + (1 —20)15

FQS T

Then uy = (cosfOi,sinb.) are Giacomelli-Mazén—Moll solutions to (H ;Up), and

up (1) #u (-, t) in L2 R2) for all t € (0,7).

Proof of Theorem 5.1. By the definition of uy., we see that uy satisfy (9), us(-,0) = g
and uy (-, t) # u_(-, 1) in L(Q:R2) for a.c. t € (0,T). We shall prove that u. are GMM
solutions to (HFQ S T Up). Let

ne(@,t) = £2215 £ (2-22)15 , (x,t) € Qx (0,7),

2Geodesically midpoints : A point m € S! is called a geodesically midpoint between p € S' and g € S?
if dg1(p,m) = dg1(m, q), where dg: (P, Q) denotes the geodesic distance between P € S! and Q € S*.
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(@, t) = yun, e (a,t),  (a,t) € Qx (0,7),
),cos(f+)). Then by the definition, we see that 2. (-, 1) € BV((AZ' R?)

where v; = (—sin(0

and 2. (0,t) = 2. (1,t) = O forae. t € (0,7), and ||z+(z,t)||rz < 1 and (us(z,1), 24 (2, t))g2 =
0 for a.e. (x,t) € Q2 x (O,T). By calculations, we have the following equality for a.e.

t e (0,7):

Orus (-, t) = 271 (- t)1g F 2v+( 1)1 in L*((;R?),

Opza(t) = £295 (-, )15 F 292(-, 1)1 + (0, F2cos(2t))d: in M(Q;R?),

SHEREEE)

where 01/, denotes the Dirac delta at 1/2. Since the geodesically midpoints between
us(1/2,¢)" and ug(1/2,t)” are {(0,41)} for t € (0,7T) , we see that uy and z4 satisfy

N

[Du(-,t)] = in M(Q;R?),

01 =2 cos(2t)d

1
2

~

Aus(-,t) — Bpze(,t) € u(-,t)?|Dug (-, )] in M(Q;R?) aein (0,7).
On the other hand, since
Op(ug (1, 0) Az (+, 1)) = Oune (-, 1), Opus(-,t) ANus(-,t) = 00+(-,t), Oune(-,t) = 00+(+,t)
in L2(Q; R?) for a.e. ¢ € (0,7, we have
Op(us (- t) A zs (- 1) = us (-, t) Aug(-,t) in L*(QR?) for ae. t € (0,7).

Therefore, uy are GMM solutions to (HFQ StT. ;Up). O
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