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Abstract. In this paper, we consider a coupled system of two parabolic type initial-
boundary value problems, which is called Kobayashi—Warren—Carter system. The system
is known as a mathematical model of grain boundary motion in a polycrystal, which re-
produces the crystalline dynamics by means of a type of quasilinear (singular) diffusion
equation. Recently, the theoretical results of the Kobayashi-Warren—Carter systems have
been established by a number of researchers under the simple setting of boundary con-
ditions. However, the variety of the boundary conditions, such as inhomogeneous and
more dynamic cases, were not focused so much. The main issue of this paper is to study
the qualitative properties of the Kobayashi-Warren—-Carter systems including dynamic
boundary conditions. Consequently, we prove two Main Theorems, concerned with the
existence of the solution, and upper semi-continuity among solution classes.
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Introduction

Let v > 0 be a fixed constant. Let (0,7") be the time-interval with a constant 7" > 0.
Let 2 be a bounded spatial domain with a dimension 1 < N € N. We denote by I' the
boundary of 2, we suppose C*®°-regularity for I'. We denote by np € S~ the unit outer
normal on I', and set @ := (0,7) x Q2 and ¥ := (0,7) x I'.

In this paper, we take a nonnegative constant € > 0 to consider the following coupled
system of parabolic type PDEs, denoted by (KWC)..

(KWC).:
Om — An+g(n) +/(n)| V| = 0'in Q, (0.1)
ao(n)0,0 — div < (n )% + y2ve) =0in Q, (0.2)
Vi -nr =0on X, (0.3)
O0r — > Arfr + (a(n)% + 12V0).-np =0, and 0. = fp on X, (0.4)
n(0,-) =no, 0(0,-) =6y in 2, and Or(0,-) =Opp on I'. (0.5)

The above system is known as “Kobayashi—Warren—Carter system”, named after R.
Kobayashi, J. A. Warren, and W. C. Carter, who proposed a phase-field model of grain
boundary motion in a polycrystal (cf. [12,13]). Our system (KWC). is one of modified
versions of the original system and the principal modifications are in the point that:

e the quasilinear diffusion in (0.2), with singularity includes the regularization term
12V with a small constant v > 0;

e the boundary data O treated as an unknown variable, which is governed by the
dynamic boundary conditions (0.4), consisting of the parabolic type PDE and the
transmission condition 6|, = fr, on 3.

In the original model [12,13], the spatial domain 2 is settled as a two-dimensional domain
(N = 2), and the main focus is to reproduce the dynamics of the crystalline orientation
by the time and spatial variation of a vector field:

(t,z) € Q> w(t,x) :==n(t,x)" [cosO(t, z),sinO(t, )],

consisting of two order parameters n = n(t,x) and # = 0(t,z). The variation of w =
w(t,x) is supposed to be governed by gradient flow of the following energy functional,
called free-energy, and for any € > 0, the free-energy for (KWC). is provided as follows.

n,0,0r] € D(F.) — F.(n,0,0r) : /|Vn|2dx—|—/ g(n)dx
(0.6)

+/a(n)|v9|dx+—/ |V0|2dx+—/\vp(50p)|2dF€ [0, o],
0 2 Ja 2 Jr

with the effective domain:

D(ﬁe) = { [7770781“}

ne HY(Q),0e H(Q), b € H2(T),
efp € HY(T) and 6. = 6p in H2(T) |



405

In the context, the unknowns n = n(t,z) and 0 = 0(t,z) are supposed to be order
parameters which correspond to the orientation order and the orientation angle in a
polycrystal, respectively. 7 is supposed to take values on [0, 1] and the threshold values
1 and 0 indicate the completely oriented phase and the disoriented phase of orientation,
respectively. g = g(n) in (0.1) is a given Lipschitz continuous function on R, and § = ()
is its nonnegative primitive. 0 < ap = ap(n) in (0.2) is a given Lipschitz function,
0 < a=a(n)in (0.1)-(0.2) is a given C?*-convex function, and o/ = o/(n) is the differential
of a. Besides, “.” denotes the trace on I' for a Sobolev function, dI' denotes the area
element on I', Vi denotes the surface gradient on I', and Ar denotes the Laplacian on
the surface, i.e. the so-called Laplace-Beltrami operator (cf. [18]). The equations in (0.5)
are initial conditions with given initial data 7, 6y, and 6, for the components 7, ¢, and
Or, respectively.

The objective of this study is to develop the mathematical analysis for the Kobayashi—
Warren—Carter systems, and the main issue of this paper is concerned with the qual-
itative properties of the systems (KWC),, for any ¢ > 0. The theoretical results of
the Kobayashi—Warren—Carter systems have been established by a number of researchers
(cf. [6-8,11,15,16,19-22]), and a number of qualitative results for L2-based solutions have
been obtained from various viewpoints. However, for the settings of boundary conditions,
most of previous works supposed only a few simple cases, such as homogeneous Dirichlet
/ Neumann cases, and the variety of the boundary conditions, such as inhomogeneous
and more dynamic cases, were not focused so much.

On the other hand, there is a previous work [4] which dealt with the system, consisting
of quasilinear diffusion Allen—Cahn type equations with the dynamic boundary conditions.
Then, the qualitative results of the systems, such as the existence of the unique solution
and some continuous dependences, were obtained by means of the theory of nonlinear
evolution equation.

In view of this, we set the goal in this paper to show the following two Main Theorems.

Main Theorem 1: the existence of solution to (KWC)., and the uniqueness in the con-
stant case of ag.

Main Theorem 2: upper semi-continuity of solution classes with respect to ¢ > 0.

Here is the contents of this paper. In Section 1, we list some preliminaries and some
specific notations which are used throughout this paper. In Section 2, we state Main
Theorems, with the assumptions for (KWC),, and the definition of the solutions. The
proofs of Main Theorems are stated in Section 5, and these are discussed on the basis of
the Key-properties, demonstrated in Sections 3 and 4, respectively.

1 Preliminaries

In this Section, we outline some notations and known facts, as preliminaries of our study.

Notation 1 (Notations in real analysis). For arbitrary a,b € [—00, 00], we define:

aVb:=max{a,b} and a A b := min{a, b},
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and especially, we write [a]" := a VvV 0 and [b]” := —(b A 0), respectively.

Let d € N be any fixed dimension. Then, we simply denote by |z| and z -y the
Euclidean norm of x € R? and the standard scalar product of z,y € R? respectively.
Also, we denote by B? and S ! the d-dimensional unit open ball centered at the origin,
and its boundary, respectively, i.e.:

B:={zeR!||z]<1} andS*':={zeR?||z]=1 }.

In particular, when d > 1, we write x < y, if x; < y;, for alli =1,---  d, and define:

{$\/y:: [Ty Vs, ..., 2qgVya, x ANy :=[z1 Ayr, ..., g A yal, for all 2,y € R

[z]T = [[x1]+, o [xd]ﬂ and [y|” = [[yl]_, o [yd]_},

For any d € N, the d-dimensional Lebesgue measure is denoted by £¢. Unless otherwise
specified, the measure theoretical phrases, such as “a.e.”, “dt”, “dx”, and so on, are
with respect to the Lebesgue measure in each corresponding dimension. Also, in the
observations on a smooth surface S, the phrase “a.e.” is with respect to the Hausdorff
measure in each corresponding Hausdorff dimension, and the area element on S is denoted
by dS.

Additionally, we note the following elementary fact.

(Fact 0) Let m € N be a fixed finite number. If {ay,...,a,} C R and {a*}>,, k
1,...,m, fulfill that:

m m
lim a® > oy, k=1,...,m, and hmg ,’igg ay,
n—o0 n—oo —1 e

Then, it holds that:
lim aﬁ:&k, k=1,...,m.
n—oo
Notation 2 (Notations of functional analysis). For an abstract Banach space X, we
denote by | - |x the norm of X, and denote by (-, - )x the duality pairing between X
and the dual space X* of X. Let Zx : X — X be the identity map from X onto X. In
particular, when X is a Hilbert space, we denote by (-, - )x the inner product in X.

For two Banach spaces X, Y, let £(X,Y) be the Banach space of bounded linear
operators from X onto Y.

For two Banach spaces X, Y, and a set-valued operator A, we denote by D(A) the
domain of A, i.e. D(A) := {Ze X| Az # (0}, and we often say “[20, 25] € Ain X xY” to
mean “zy € D(.A) and z§ € Az, by identifying the operator A with its graph in X x Y.

For Banach spaces X7, -+, Xy with 1 <d € N, let X; x--- X be the product Banach
space endowed with the norm | - |x;x..xx, == |- |x, + -+ |- |x,- However, when all
Xy, , X4 are Hilbert spaces, X; X - -- x Xy denotes the product Hilbert space endowed
with the inner product (-, -)x, x..xx, and the norm |- |x,w...xx, == (|- [%, +-- -+ |§(d)%.

Notation 3. Throughout this paper, let 7" > 0,1 < N € N, and v > 0 be fixed constants.
Let Q c RY be a bounded domain, such that:
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(w1) 2 has a C*®-boundary I' := 9€;

(w2) the function dr : € Q — dp(x) = inlﬁ |z —y| € [0,00) forms a C*°-function as a
ye
neighborhood of T'.

Let Ay be the operator of Laplacian, subject to the zero-Neumann boundary condi-
tion, which is defined as:

Ay:ve D(Ay) = { ze€ H¥Q) ‘ Vz. -np =0 in Hz(T) }c L*(Q)
= Ayv = Av € LA(Q).

In this paper, we identify the operator —Ay as an linear and continuous operator from
H'(Q) into H*(Q)*, via the following Green-type formula (cf. [1, Proposition 5.6.2]):

—/ANzwdx = / Vz-Vwdz, forall [z,w] € D(Ayx) x L*(Q).
0 0

Notation 4 (Notations of surface-differentials). On this basis of Notation 3, let [-, nr]

be a linear operator from C*°(2) into D’'(I"), which is defined as:

<[wanf]7§0> = / dingoexdx_|_ / o - V(Pexdx,
Q Q
for all w € C®(Q)N and ¢ € C=(T),

by using the extension ™ € C*°(2) of each p € C=(T").
Let Vr be the operator of surface-gradient on I', which is defined as:

Vi€ C®(I) s Vg = Vo™ — (Vdr ® Vdp)Ve™ € C(I)V, (1.1)

by using the extension ¢ € C'*°(Q2) of each p € C(T").
Let divr be the operator of surface-divergence, which is defined as:

divp : w € C=(I)Y = divpw = divw™ — V(w™ - Vdr) - Vdr € C*(I), (1.2)

by using the extension w™ € C=(Q)" of each w € C(I")".

It is known that the definition formulas (1.1) and (1.2) are well-defined, and the values
Ve and divrw are settled independently of the choices of extensions ™ € C*°(Q) and
w™ € C®(Q)N of p € C®(T") and w € C=(I")V, respectively.

On the basis of (1.1) and (1.2), the Laplace—Beltrami operator Ar, i.e. the surface-
Laplacian on I' is defined as follows:

Ar:p e C®(T) — Arp := divp(Vry) € C(T).

Remark 1. Let us define a closed subspace L2 () in L?(2)Y, and a closed subspace
L2 (') in L*(T)", by putting:

tan
L%,(Q):={ we LN |divw € L*(Q) },

and L, () :={ we L*T)Y |w-nr=0ae. onT }, respectively.

tan

Then, on account of the general theories as in [10, 18], we can see the following facts.
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(Fact 1) (cf. [10]) The mapping v € H'(Q)N = v, -np € H2(T) can be extended as

a linear and continuous operator [( - ). - nr] from L2 () into H~2(I'), such that:

Ir

(v ‘nF]’Z|r>H%(F) = / divyzdx+/u-Vzdx,
Q Q
for all v € L2, () and 2z € H'(Q).

(Fact 2) The surface gradient Vi can be extended as a linear and continuous operator
from HY(T) into L2 _(T'). The extension is derived in the definition process of the

space H'(T") as the completion of C*°(T"). Then, the topology of the completion is
taken with respect to the norm, induced by the following bi-linear form:

[e.0] € CX(TF = [ (o0 + Vrp- Vo) dr,

The inner product in (-, -)g1(r) is given as the extension of the above bi-linear form.
Hence, in this paper, we identify the operator Vr with the extension from H(T')
into L2, (T"). Additionally, since the boundary I' = 92 has no boundary as (N —1)-
dimensional surface, the dual space H!'(T')* of H'(T') coincides with H~!(T') (=
Cx(I")), i.e. the closure of the class C°(I") of smooth functions with compact

supports on I in the topology of H*(T)*.

(Fact 3) The surface divergence divr can be defined as a linear and continuous operator
from L2 (T') into H (") (= H'(T')*), via the following Green-type formula (cf. [18,

tan

Section 2|):

—/dinwzdF = /w - Vrzdl, for any z € H(T') and
r r

any w € L2, (T) satisfying divrw € L*(T).
Hence, in this paper, we regard the Laplace-Beltrami operator Ar = divp o Vr as
the linear and continuous operator from H'(T) into H~*(T).

Notation 5 (Notations in convex analysis). For any proper lower semi-continuous (l.s.c.
from now on) and convex function ¥ : X — (—o00,00] defined on a Hilbert space X,
we denote by D(V) its effective domain, and denote by OV its subdifferential. The
subdifferential OV is a set-valued map corresponding to a weak differential of ¥, and it
has a maximal monotone graph in the product space X? := X x X (cf. [3, Chapter 2]).
More precisely, for each zy € X, the value 0W(z) is defined as a set of all elements 2§ € X
which satisfy the following variational inequality:

(25,2 — 20)x < V(2) — U(z), for any z € D(V).

For Hilbert spaces Xq,---, Xy with 1 < d € N, let us consider a proper l.s.c. and
convex function on the product space X; x --- x Xy

Uz, ,zd]€X1><---><Xdr—>q!(z):\il(z1,--- , 24) € (—00, 00].
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Then, for any i € {1,...,d}, we denote by 9,0 : X; x --- x Xy — X, a set-valued
operator, which maps any z = [21,...,2;,...,24] € X3 X -+ X X; X -+- x X, to a subset
in X;:

0.V (z) =0, W(z1, 2,0, 20)

(3

:{g*EXZ

Remark 2 (Examples of the subdifferentials). As one of representatives of the subdiffer-
entials, we exemplify the following set-valued function Sgn : RV — QRN, given as:

(5*72_27,))(1 S\i('zla"' 727"' sz)
_\I/(Zl?'” ) Riy Tt 7Zd)7 for an}’EeXz '

i, if w#0,

w e RY = Sgn(w) = wl
BN, otherwise.

It is known that the set-valued function Sgn coincides with the subdifferential of the
Euclidean norm |- | :w € RY = |w| = yw - w € [0,00), i.e.

d| - |(w) = Sgn(w), for any w € D(J|-|) = RN,

Also, it is known that (cf. [2, Section 2 in Chapter 2|, [3, Chapter 2]) the operator —Ay :
z € D(Ay) C L*(Q) — —Az € L*(Q) coincides with the subdifferential of a proper l.s.c.
and convex function ¥y on L*(QQ), defined as:

1
— [ |Vz*dz, if z € HY(Q),
2 € LX) = Un(z) = 2/Q| Fda, itz € HI(Q)

00, otherwise.
More precisely:
IUn(z) = {—Anz} in L*(Q), for any z € D(0Vy) = D(An).
Remark 3. As is easily checked:
oW C 0,0 x - xd,,0in [X; X - x X2,

but it should be noted that the converse inclusion is not true, necessarily. In fact, the
monotonicity of ,,¥ x -+ x 9,,¥ in [X; X --- X X4|* is not so obvious.

Finally, we note that notions of functional-convergence.

Definition 1 (Mosco-convergence: cf. [17]). Let X be an abstract Hilbert space. Let
U : X — (—o00,00| be a proper l.s.c. and convex function, and let {W, }°°, be a sequence
of proper l.s.c. and convex functions ¥,, : X — (—o0, 0], n € N. Then, it is said that
v, — ¥ on X, in the sense of Mosco, as n — oo, iff. the following two conditions are

fulfilled.



410

(M1) Lower-bound condition: lim ¥, (2,) > ¥(2), if 2 € X, {£,}22, C X, and
n—oo
Z, — Z weakly in X as n — oc.

(M2) Optimality condition: for any z € D(¥), there exists a sequence {Z,}5°, C X
such that 2z, — 2 in X and V,,(2,) — ¥(Z2), as n — 0.

Remark 4. As a basic matter of the Mosco-convergence, we can see the following fact
(see [1, Theorem 3.66], [9, Chapter 2], and so on).

(Fact 4) Let X, U and {¥,,}>°, be as in Definition 1. Besides, let us assume that:

v, — ¥ on X, in the sense of Mosco, as n — 00,

and

[2,2*] € X2, [2n,27] € 09, in X%, n €N,
z, — zin X and z; — 2" weakly in X, as n — oo.

Then, it holds that:

[2,2*] € 0¥ in X2, and ¥,,(2,) = ¥(2), as n — oc.

2 Statements of Main Theorems

Next, we state Main Theorems in this paper. First, let us set the product spaces:
o H:=L*0) x LX), 2 = L*(Q) x H,

¢ € HY(Q), & € HA (D), e € HY(I), }

. VE::{ w=I[¢ &) € H (2.1)

and €. = & in H2(T)
e Vo={z=[Cuwl e |(eH(Q) andw=[¢&]€V. }, foranye >0. (2.2)

Remark 5. If ¢ > 0 (resp. € = 0), then V. and 7 (resp. Vy and %), given in (2.1) and
(2.2), are closed linear spaces in H*(2) x HY(T') and H*(Q2) x (H'(Q) x HYT)) (resp.
HYQ) x H2(T') and HY(Q) x (H'(Q) x Hz(T"))), and hence, they are Hilbert spaces
endowed with the inner products of H'(2) x HY(T") and H'(Q) x (H*(2) x HY(T")) (resp.
HY(Q) x Hz(T') and H(Q) x (H(Q) x Hz(T))), respectively.

Next, we prescribe the assumptions in this study.

(A0) 1< NeN, T>0,v>0,and Q C RY be the fixed constants, and the bounded
domain as in Notation 3. Besides, let np : I' = S¥~! be the unit outer normal on
= 09.

(A1) g: R — R is a Lipschitz continuous function, such that:
¢(0) < 0 and g(1) > 0.

Also, g is supposed to have a nonnegative potential §: R — [0, 00).



411

(A2) o : R — (0,00) is a Lipschitz continuous function on R.

(A3) a: R — (0,00) is a C*-function such that o/(0) = 0, o/ € L*°(R) and o” > 0 on
R. Also, ae’ is a Lipschitz continuous function on R.

(A4) There exists a positive constant d, > 0, such that:

ap(o) > 0, and a(o) > 4, for any o € R.

(A5) There are two fixed constants my and My, and for any ¢ > 0, the initial data
Uy =[N0, Vo] = [0, B0, Or o] belongs to a class Z. C S, defined as:

9 L Z:[C7w]:[§a§7gf]€% OSC§17m0§€SM07a-e' iHQ,
T withw =[¢,&0] € VL and my < & < My, a.e. on I’ '

Remark 6 (Possible choices of given functions). Referring to [12,13], the settings

1 2
g(o) =0 — 1 with g(o) := 5(0 —1)?, and ay(0) = a(o) = % + 04, for any o € R,

provide possible functions that fulfill the assumptions (A1)-(A4).
On this basis, we define the solution to (KWC),, for any ¢ > 0, as follows.

Definition 2 (Definition of solution). For any € > 0, a triplet of functions u = [n,v] =
(n,0,0r] € L*(0,T; ) with v = [0,0r] € L*(0,T; H) is called a solution to (KWC)., iff.
the following items hold.

(S0) u = [n.v] = [n.6,6c] € W2(0,T; ) 1 L*(0,T; %2),

0<n<1, my<0O< My, ae. in @, and mg < 0r < M, a.e. on 2.
(S1) 7 solves the following variational equality:
[ @)+ ata(e) + @ ) F0O e da + [ Tn(t)- Tipde o
for any ¢ € HY(Q), a.e. t € (0,T),
subject to the initial condition n(0) = ny in L*(9).
(S2) A pair of functions v = [0, 0r| solves the following variational inequality:
[ aoln(®)a80)6(0) vy do +v? [ Vo) V(L) 0 do
Q Q
+ [ Bc(2)(Be(t) ~ dr) 0+ [ Tr(eB(0) - Vele(Bett) b)) T
r r
+ [ at@nIveeids < [ ate)Ivelds

for any [, Yr| € V., a.e. t € (0,T),
subject to the initial conditions v(0) = [6(0), Or(0)] = v = [p, Or ] in H.
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In this paper, the keypoints of our mathematical analysis are to reformulate the free-
energy, given in (0.6), to the following form:

95(777 97 HF) = cbs(na 67 01_‘) + / é(n) dl’,
Q

where )
nER = Gn) = d(n) — 5 5(an)” €R,

with the convex function ®. : 5 — [0, 00|, defined as:

u = [nv =1n0,0p] € — D (u) =P(n,v)=D(n,0,0r)

1 1 1 1 2
—/ |Vn|2dx+ —/|Vr(€9p)|2dF+ —/ vIVO| + —a(n) | dz,
2 /g 2 J; 2/, v 2.3)
if u=[n,v]=1[n,0,0r] € ¥, withv=1[0,0r] € V,

oo, otherwise.
for e > 0.

Note that the function G is a primitive of:

neR— G(n) :=gn) —v2a(n)d(n) e R.

Moreover, by the assumptions (A1) and (A3), G is Lipschitz continuous function on R,
and for the primitive G € W2 (R) of G, it holds that:

e A N |G| m) | - _
|G() = G(n) — Gn)(7 —n)| < T()!n —n?, for all 1,77 € R. (2.4)
On the basis of this reformulation, we associate the system (KWC). with the following
Cauchy problem of an evolution equation:

{ Ap(u(t))u'(t) + 0P (u(t)) + G(u(t)) 2 0in 2, ae. t € (0,7T),
u(0) = ugp in 2,
which is governed by the subdifferential 0®. of the convex function . on . In the
context, the unknown u € C([0,T]; 5) is associated with the solution [n,0,6r| of the
system (KWC)., i.e.:

u(t) = [n(t), v(t)] = [n(t),0(t), Or(t)] in A

with v(t) = [0(t),0r(t)] € H, for any ¢ € [0, T],
Ug = [770, 'Uo] = [770, 90, 61*70] n % Wlth Vo = [90, (91"0] € H

(2.5)

Besides, Ag is an operator, defined as:

1 0
u=[nv]=[n0,6r] € 2 — Ao(u) = Ao(n) := | 0 anln) 0 | € L(HAH),
0 0 1

and G : 5 — I is a Lipschitz operator, defined as:
u=[n,v] =[n,0,0r] € # — G(u) = G(n) :="[G(n),0,0] € 2.
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Remark 7. We can easily show that the functional ®., given in (2.3), is a proper, Ls.c.
and convex function on 7. Therefore, for each € > 0, the subdifferential 0®. is a maximal
monotone graph in J#2. However, the presence of Ag(u(t)) does not allow us to apply
the general theories for nonlinear evolution equations, e.g. [2,3].

Remark 8. Notice that:

®.(0.3) = @.(0.0) = |

Q

2 1
—/a(n)\vemx—”—/ \vemx—-/\vp(ggep)ﬁdr,
Q 2 Jo 2 Jr

for all € L*(Q), v = [6,6r] € V., and & = [A, 0r] € V..

- 2 - 1 ~
a(n)\V@]d:c—l—y—/ |V9|2d:c+—/|Vp(66p)|2dF
2 Jo 2 Jr

So, putting:

0 1

it is easily seen that the condition (S2) in Definition 2 is equivalent to the following Cauchy
problem:

Ao(i) == { 2o(7) 0 ] € L(H; ), for any 7 € L(Q),

Ag()u(t) + 0,@.(n(t),v(t)) 2 0in H, ae. t € (0,T),
v(0) = v in H.
Based on these, our Main Theorems are stated as follows.

Main Theorem 1 (Existence of solutions and uniqueness). Under the all assumptions
(A0)-(A5), the following two items hold.

(A) The Cauchy problem (2.5) admits at least one solution w € L*(0,T; ). In partic-
ular, if ag is a constant, then the solution is unique.

(B) The solution u = [n,v] = [n,0,0r] to the Cauchy problem (2.5), with v = [0,0r] is a
solution to the Kobayashi-Warren—Carter system (KWC)..

Remark 9. Note that the uniqueness in nonconstant case of «y is still open. Hence, the
item (B) is not sufficient to show the equivalence between (2.5) and (KWC),, and the
class of solutions to (KWC). may not be a singleton, for any € > 0.

Main Theorem 2 (e-upper semi-continuity of solution classes). Under the all assump-
tions (A0)—(A5), let us fir any 9 > 0, and take a sequence of initial data {ug.}eso =
{[710,57 00,5a 9F,O,a]}5>0 C %; such that:

(M0, 00,2, €0r.0.c] = [M0.29, B0.005 E0Or.0.20) weakly in H'(Q)? x HY(T), ase — .  (2.6)

Also, for any € > 0, we denote by &.(up.) the class of all solutions uw = [n,0,60r] to
(KWC). subject to the initial condition u(0) = ug. in . Besides, we define the w-
limit set lim,_,., S:(uo.) of the sequence of solution classes {S.(uoc)}e>0, as e — €o, by
letting:
o there exists {e,}re, C [0,00) and
815151 6(“0,5) = U = [7]76791"] {un = [nnaenaenn] € 65n (UO,an)}zozl
’ such that u, — u in €, as n — .

Then, the following two items hold.
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(C) lim &.(ug.) is nonempty and compact in .
E—EQ
(D) {}L_mgo S.(upe) C & (u0760>-

Remark 10. The smoothness of I and the Green type formula (cf. [1, Proposition 5.6.2])
allows us to derive

. 1
HF,O,a = 0075|F — 90,€0|F = 9{*70,50 Weakly in H2 (F), as € — &g,

from the assumption (2.6).

3 Key-Lemmas

In this Section, we prove several Key-Lemmas that are vital for our Main Theorems.
We begin by prescribing a class of relaxed convex functions. For every ¢ > 0 and
0 <6 <1, let us define:

u = [n,v]=[n0,0p] € A — B(u) = ®2(n,v) = D(n, 0, 0r)

1 1 1 1 2
-/ |V7]|2dx—|——/\Vp(aep)|2dF+—/ (Vf5(V@)+—oz(n)) d.
2 QO 2 T 2 Q 1%

" if u=[n,v] =1n,0,0r] € ¥, with v =[0,60r] € VL,

oo, otherwise,

with use of the following real convex function:

f5:w € RY i fs(w) := /82 + |w|? € [0, 00). (3.1)

As is easily checked, the functional ®°, for every e > 0 and 0 < § < 1, is proper, l.s.c. and
convex on J#. Especially, for any € > 0, the class of convex functions {®2|0 < § < 1}
forms a relaxation sequence for ®Y i.e. the convex function ® when § = 0, and @Y
coincides with the convex function ®., given in (2.3).

On this basis, we can prove the following Key-Lemmas.

Key-Lemma 1 (Representation of 9,®?). For every e >0 and 0 < § < 1, it holds that:
D(9,9°) = D(Ay) x V4,
and

0,®2(n,v) = —Ann +a' () f5(VO) + v 2a(n)a’(n) in L*(),
for any n € D(Ay), and any v = [0, 6r] € V..
Proof. By virtue of (A3), we can verify this Key-Lemma 1 as a straightforward conse-

quence of the general theories of subdifferentials, e.g. [2, Section 2 in Chapter 2], [3, Chap-
ter 2], and so on. O
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Key-Lemma 2 (Representation of 9,®°). For every e >0, and 0 < § < 1, let us set:

a(n)Vfs(V) + 12V € L (),

D(A%) = .0,60r] € ¥ , (3.2
- {[77 € —Ar(€29r)+[(a(n)Vfa(V9)+u2V9)|F-np}eL?(r)} (3.2)

and let us define a single-valued operator A’ : D(A%) C s — H, by putting:
u=[n,0,0r] € D(A2) C A — Alu= An,0,0r]

—div(a(n)V f5(V6) + 1*V6)
—Ar(%0r) + [(a(n)V f5(VO) + 1*V0),. - nr]

] € H. (3.3)

Then, it holds that:
0,2 = A in A x H, for every e >0, and 0 < § < 1.
Proof. First, we show that A C 9,99 in 5 x H. Let us assume that:

u=[n,v] =[n,0,0r] € D(A?) with v = [0, 0r] € VL,

and v* = [0°,05] = Abu = A%y, o] = A%[n, 0,60 in H. (3:4)

Then, by using Remark 1 (Fact 1)—(Fact 3), (3.2), (3.3), [4, Key-Lemma 1], and Young’s
inequality, we obtain that:

(v, w—v)g = (0", = 0)2(0) + (07, &0 — Or) 2y
= / (a(n)V f5(VO) +1*V0) - V(E — 0) dx
Q

+ /FVp(aﬁp) . VF(€(£F — 91“)) dar
< [ atn(ve) = (Vo) do + % [ (Ve - Vo) do

1
+5 [(19r(ete) = Vel ) dr
r
= @) — @(m.v), for any w = [£.6] € Vi
which implies that:

u=[n,v] =[n,6,0r] € D(9,9?) with v = [0,6] € VL,

3.5
and v* = [0, 05] € 0,8 (u) = 9,9°(n,v) = 0,8%(n,0,0r) in H. (3.5)
Conversely, if (3.5) holds, i.e.:
(U*,QI) - U)H = (‘9 75 - Q)LQ(Q) + (0;7 ~F - 0F>L2(F) < q’i(%”d)) - ®g<nav)>
. (3.6)
for any @ = [€,&] € V.
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Then, taking arbitrary o > 0, w = [£,&r], putting @ = [€, & = [0+ o€, 0p + o&r] in (3.6),
and invoking (3.1), we compute that:

0w < 5 [(Ve(elbr + o) = [Ve(eti) ) ar

1 2

i1 [(Vfa(V(Q +ot)) + §a<n>)2 - (visv0) + Jaw) | ao

ﬁ/lﬂvr(eer)'vr(gfr)dr"'/

Q

(I/f(;(VG) + %a(n)) vV fs(V0) - VEdx

_ / Vr(ef) - Vi (eér) dT + / (a(n)V £5(V6) + 12V0) - VEda, as o | 0,
T Q
and therefore

(0" )y = /Q (@(n)V £5(V0) + 12V0) - Ve d + /F Vr(er) - Vr(e€r) dT

for any w = [¢,&] € V..

(3.7)

Here, taking any & € H}(Q) and putting w = [£,0] in (3.7), we deduce that:
0* = —div(a(n)V£5(V0) + 1*V0) € L*(Q) in D'(Q). (3.8)
Additionally, from Remark 1 (Fact 1)—(Fact 3), (3.7), and (3.8), one can see that:

(5 6) o) = / (@()V [5(V6) + v2V6) - VEdr — (6, €) agey
+ VF 8(9{* Vr 561*)

= ( VIO +290), m] )
+ ( —Ar(ebr) 6§F>H1(r)’ for any w = [£,&r] € VL.
This identity implies that:
0 = —Ar(%6r) + [(a(n)V f5(V0) + *V0),. - nr] € L*(T) in H1(T). (3.9)

As a consequence of (3.8) and (3.9), we verify (3.4).
Thus, we conclude this Key-Lemma 2. O]

Key-Lemma 3 (Representation of 9®°). For every ¢ >0, 0 < § < 1, it holds that:
0% = 0,® x 0,9 in H?,
more precisely:
D(09?) = D(9,®) x D(9,®%) in L*(Q) x H,
and
0D (u) = 9,9 (n,v) x 9,0°(n,v) in L*(Q) x H,
for any v = [n,v] = [n,0,0r] € L*(Q) x H with v =1[0,0r] € V..
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Proof. From Remark 3, it is sufficient to show 9% O 9,®% x 9,P? in 2. Let us assume

u=[n,v] =n,0,0r] € D(0,9) x D(3,®) with v = [0, 0] € V,
and u* = [n*,v*] = [n%,0%,0%] € 0,92 (n,v) x 9,8°(n,v) in L*(Q) x H.
Then, with Key-Lemmas 1 and 2 in mind, it holds that:

—Ann + ' () (V) + v 2a(n)d’ (n) in L*(), (3.10)

Nt = 37;‘1’?(77, U) =
. S(p v — —div(a(n)Vf(g(VQ) + VQVH) .
= 0,92(n,v) = —Ar(0) + [(a(n)V £5(V6) + v2V8), - r] } H.  (3.11)

Here, since the subdifferential (gradient) of the real convex function
o v 1 1N\
0] € RXRY = o { vfs(@) + —ali) )

coincides with the vectorial function:
(> ~ =2 (SN A
{ o (n){a(w) +va(f)a (1) ] cR xRV, (3.12)

N
el ER R 2V 1(@) + 1

we can observe that:

(u',z =) = (", C = n)r2@) + (V"0 — )

_ /Qvn.v(g_n) dx+/Vp(€9r)-Vr(5(€r—9r))dr
+/Q( ") £5(V8) + v 2a(n)a (1) (¢ —n) dz
+ /Q(oe(anW@ +v°V0) - V(€ —0)de

< 5 [[AVCE = 9nP)ydo+ 5 [ (Velese) = [Vr(etr)) ar

= [(mwo ¥ §a<<>)2 - (vtver+ §a<n>>2] o

2
- (I)g(C7w) - q)g(nvv)7 for any z = [Caw] - [C7§7§F] € D<CI)§) = n//sa

and therefore
u=[n,0] = [,0,6r] € D(O®) with v = [0,6r] € V.,

and = [, 0"] = [, 67, 67] € 003 (u) = OB (1, v) = OB2(5,0,6) in LA(Q) x H],

by using Remark 1 (Fact 1)—(Fact 3), (3.10)—(3.12), and Young’s inequality.

Thus, we conclude Key-Lemma 3.
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Key-Lemma 4 (Mosco-convergence for the convex energies). Let g > 0 be a fized con-
stant, and let us assume that the sequences {€,}5°, C [0,00) and {0,,}5°, C [0,1] satisfy
e, — €0 and 8, — 0. Then, for the sequence of convex functions {®,}2, = {®2}>2, it
holds that:

&, — &, on I, in the sense of Mosco, as n — oo.

Proof. First, we show the lower-bound condition (M1) in Definition 1. Let @ = [1,0, 0r] €
S and {t, = [, On, Orn]}o2, C H be such that:

U, — U weakly in 7, as n — 00.

®,,(1,) < oo since another case is trivial. So, by taking a sub-
P, (a,) =

Then, we may say lim,_,
sequence (not relabeled), we can reduce the situation to the case when lim
lim,, o @, (@,) < co. In this case, we may suppose that:

—n—0o0

V6, — VO weakly in L*(Q)N as n — oo,
by taking more one subsequence if necessary. Here, if ¢y = 0, then having in mind:

(e the relationship f5 > | - |,
e the weakly lower semi-continuities of the norms |- | 2q)~, and |- |2~

e the weakly lower semi-continuity of the convex function:

[n,w] € L*(Q) x L*(Q)Y — %/Q (y]w] + %a(n)) dx € [0, 00),

\

we can show the condition (M1) as follows:

1 1 1 ?
i () > 5 i [ (90 1 [ (08 (V0 + Lot} do
v

n—00 n—00 J n—00 .J Q)

1 .
+3 lim [ |Vr(enfr,)|* dl > @, (). (3.13)

n—oo JI0

Meanwhile, if £y > 0, then since the boundedness of {®,,(1,)}5>, implies that:

{énn};’f’:l - HI(F), and Vr(gné[‘m) — Vp(eoép) weakly in L2(Q)N, as n — oo,

for some subsequence (not relabeled),

we can deduce the condition (M1) just as in (3.13).
Next, we show the optimality condition (M2) in Definition 1. Let us fix any @ =
[7,0,0r] € ¥.,. Besides, let us take a sequence {¢;}22, € H*(Q), such that:

@i — Al <277, for any i € N, (3.14)

and let us take a sequence {¢;}2°, € H*(Q) in the following way:

(3.15)

o If ¢y > 0, then {¢;}2, = {0}
o If ¢y = 0, then {4}, € C(Q) satisfies [¢); — 0|11y < 27, for any i € N.
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Here, taking a subsequence if necessary, we can further impose that:
»; — 1 in the pointwise sense, a.e. in €2,

1@- — 6 in the pointwise sense, a.e. in {2,
as i — 00. (3.16)

@ZJ”F — 0 in H%(F), and in the pointwise sense, a.e. on I,
{thip )i, € HY(T), and gy, — eofy in H'(T),

By (3.16) and Lebesgue’s dominated convergence theorem (cf. [14, Theorem 10]), we can
configure a sequence {n;}°, C N such that 1 =:ng <n; <mng <--- <m; T 00, as i — 0o,
and for any ¢ € NU {0},

Sup‘fén(vqj)l) - |V77ZA)ZHL2(Q) < Q_ia and sup |€72‘L - 6(2)||VF77ZA}i|F|%2(F)N < 2_i‘ (317>

n>n; n>n;

Based on these, let us define:

! {[@,@Ei,%], ifn; S <nip, for i €N, (3.18)

ﬂn = [ﬁn; 0717 QF,n] = A . )
(P11, 1], i 1T <<y
Taking into account (3.1) and (3.14)—(3.18), we compute that:
‘CI)"(@”) - (1)60 (ﬂ)

1 ) ) 1 . A
<5 LIVl = 9] do + 5 []19n(eubien) P = [Ve(eobi) Pl ar

3 f
2 Ja

“Vﬁn| + |vﬁ|}L2(Q)‘v<ﬁn - 77)

<yf5n(vén) + %a(ﬁn))Q — <y|vé| + %a(ﬁ))Q da

<

1 .
oy T 5“‘52 - 6[2)HVF6F,TL‘%2(F)N

N | —

1 ) ) ) )
+ §||VF(509F,n)| +[Vr(eofr)l| 1o | V(o (Orin — 00))| oy

b2 {65,980 + 1990) + L (i) + (@)

L2(Q)
. . A s 1, . A
x [ (13.(962) = V00| a0y + [V O = D) agyn ) + = (i) = @) 2

< ||Vl + VA

L2(Q) W(ﬁn = 1) @y T 2"

DO | —

1 ) ) ) )
+ §HVF(509M)| + |VF(509F)|’Lz(p)}vr(fowr,n - QF)){Lz(F)N

o)

. 1 o B
< (AT~ Dy + 1m0l = il + 727 )

for any ¢ € NU {0} and any n > n,,

1 A N 1 R R
5 (V10014804 1981 gy + i) + ol

v
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and therefore
D, (t,) = Py (0) as n — 0.

This implies that the sequence {i, = [fn, O, Or.] 122, € H'(Q)2 x Hz(T') is the required
sequence to verify the optimality condition. O

Key-Lemma 5 (Representation of 0,9.). For any ¢ > 0, the following two items are
equivalent.

(O) u=[n,v]=1n,0,0r] € D(0,P.) and v* = [6*,0;] € 0,P.(n,v) = 0,P.(n,0,0r) in H,
with v =[0,0r] € V..

(1) u=[n,v]=[n0,0r] €V withv=10,0r] € V., and there exists w* € L>(Q)", such

that:
o w* € Sgn(Vh), a.e. in (,
o a(n)w* + 12Vl € LE; (Q), (3.19)
o —Ar(e26r) + [(a(n)w* + 1v2V0),. - nr] € L*(T),

and

o 0" = —div(a(n)w* +12VH) in L*(Q), | (3.20)
o 0f = —Ap(e%6r) + [(a(n)w* + 1*V0),,. - nr] in L*(T).

Proof. Let us fix any ¢ > 0, and let us define a set-valued map A, : D(A,) C 57 — 2%,
by putting:

DAY= { u= = oo €% | LR8O S S e 2
and
u = n,v] = [1,0.66] € D(A) € > Acu = Al o] = A.ln. 6.6
(e | 02 o €70}
Then, the assertion of Key-Lemma 5 can be rephrased as follows:
0,®.(n,-) = A.(n,-) in H?, for any € > 0 and any n € H'(Q). (3.23)

The above equality (3.23) can be shown via the following two Claims.

Claim 1. A.(n,-) is a monotone such that A.(n,-) C 0,P.(n, ) in H?, for any n € H' ().
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Let us take n € HY(Q), v = [0,0r] € D(A.(n,-)), and v* = [0*,05] € A.(n,v) =
A.(n,0,0r) in H. Then, from Remark 1 (Fact 1)—(Fact 3), (3.19)—(3.22), and [4, Key-
Lemma 3], it is inferred that:

(v w—=v)g = (0",§ = 0)r2) + (07, &0 — Or) L2(n)
= /(a('r])w* +1°V0) - V(¢ —0)dx
0

+ / VF<59F) . VF(&?(fp — er)) dl’

IN

[ atn(vel = Vo) de+ % [ (VeR =90 ds

+3 [Tt = [Ve(etie) Py ar
= .(n,w) — Dc(n,v), for all n € H'(Q), and w = [, &r] € Ve
Thus, we have
v=10,0r] € D(0,P.(n,-)) and v* = [6",07] € 0,D.(n,v) = 0,P(n,0,0r) in H,
and we can say that:

A.(n,-) C 0,9.(n,-) in H?, and A.(n,-) is monotone graph on H?.

Claim 2. A.(n,-) is mazimal in H.

Let us take n € HY(Q) and w = [§,&ér] € H. In the light of Claim 1 and Minty’s
theorem, it is sufficient to show H C (A.(n,-) + Zy)H. Here, with Key-Lemma 2 in
mind, we can apply Minty’s theorem, and we can configure a class of functions {v° =
[0°,02]|0 < 6 < 1} C V., by setting:

Ve = (Ag(n) +Zy) 'win H, for any 0 < § <1,

lLe.:
w —v° = 0,®%(n,v°) in H, for any 0 < § < 1. (3.24)

Also, we can see that:
/ (a(n)V f5(V°) 4+ 12V E°) - Ve dx + / Vi (e6?) - Vi(etpr) dl
Q r
= /(f - 95)@/1 dz + /(fr — Hg)wr dr, for all [¢p,¢r] € V. and 0 < 6 < 1. (3.25)
Q r

In the variational form (3.25), let us put [, ] = [6°,0%] € V.. Then, by using (A3) and
Young’s inequality, we deduce that:

1 1
[V V2 IVO Ly + V(00 [Faryy < 5wl + 5/Qoe(n) dx

< Sfwl% 4 (LN ()2 0] 1) + 3 LN (), for any 0 < § < 1. (3.26)

DN | —
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(3.26) implies that {v°]0 < § < 1} is bounded in V., and is compact in H. Also, as is
easily checked,

\YA
V02 + |V
Therefore, by (A3) and the estimates (3.26) and (3.27), we can find a sequence {0, }>2, C

(0,1], a pair of functions v = [, 0] € V., and a function w* € L>(Q)¥, such that 6, | 0
as n — 00,

<1, a.e. in , for any 0 < 0 < 1. (3.27)

IV 15(VOs)| = ‘

Up = [0, Or.p) := 00 = [0°, 0% — v = [,0r] in H,

(3.28)
and weakly in V., as n — oo,

and
V f5,(V0,) — w* weakly-* in L=®(Q)V, as n — occ. (3.29)

Now, with (3.28) and (3.29) in mind, let us take any function ¢y € H}(Q) and take
[19, 0] as the pair of test functions [¢,¢r] in (3.25). Then, putting § = §,, with n € N,
and letting n — oo in (3.25) yields that:

/Q(OC(U)W* +12V0) - Vo dx = (€ — 0,10) 12()-
It implies that:
—div(a(n)w* +1°Vl) = ¢ —0 € L*(Q) in D'(Q). (3.30)

As well as, putting 6 = 4, letting n — oo in (3.25), and applying Remark 1 (Fact 1)—(Fact
3), and (3.28)—(3.30), we infer that:

(ér — 9F7¢F)L2(F) = /Q(Oé(n)W* + I/QVQ) -Vipdr — (£ -0, @Z))L%Q)
-+ / Vp(&‘ep) . V[‘(e’iwp) dI’
r
= ([(@(m)w +v2V0),, -nr], ?/Jr>H%<r)
(-~ Ar(e),eor) | for any [0, 0r] € Ve
It is seen that:

— Ar(e%0r) + [(a(n)w* +v°V0),. - nr] = & — 6r € L*(T) in HY(T). (3.31)

Finally, by Key-Lemma 4, (3.24) and (3.28), we can apply Remark 4 (Fact 4) to see
that:
w—v € 0,P.(n,v) in H,

and
O (1, vn) = Dc(n, v), as n — oco. (3.32)
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Also, taking into account (3.1), (3.28), and lower semi-continuities of the norms |- |2y~
| - |2(ry~, and the convex function:

w e L*(Q >—>/ n)|w| dz € [0, 00),
we can see that:

) fi. (V6,) dx>/ a(n)|V0| da,

IR
lim ( /|ve |2d:p) > _/ VO da, (3.33)
(2

hm /‘VF 891‘”)’ dF) /|VF(€€9F)‘2(1F
\ n—00 T
From (3.32) and (3.33), it follows that:

lim
n—00

2 n—oo

< lim ®°(n, v,) ——/|V77|2 __/
n—oo

1
—lim [ a(y)fs, (V6, )azgc—5 lim | [Vr(ebr,)?dl

n— 00 n—oo JI

e __/ Vil x__ (a(ﬁ))2d$
—/Qa(n)]VH\dac—§/F|Vp(€9p)\2df‘:%/Q\V(ﬂQdm. (3.34)

—/|ve|2 < lim 190, |2dx<— 11m/|V6’ | d

Having in mind (Fact 0), (3.28), (3.34), and the uniform convexity of L?-based topologies,
we deduced that:

0, — 0 in HY(Q) (V0,, — V0 in L*(Q)V), as n — oo. (3.35)

In view of Remark 2, Remark 4 (Fact 4), (3.29), (3.35), and [3, Proposition 2.16], it
is inferred that:
w* € Sgn(VHh), a.e. in Q. (3.36)

As a consequence of (3.30), (3.31), (3.36), we verify Claim 2.
Now, by using Claims 1, 2, and the maximality of A.(n, ) in H? we can show the
coincidence (3.23), and we conclude this Key-Lemma 5. O

4 Time-discretization

In this paper, the solution to (KWC). is to be obtained by means of the time-discretization
methods. In view of this, we fix the constants ¢ > 0 and 0 < 6 < 1, and assume (A0)—
(A5). On this basis, we denote by 0 < 7 < 1 the constant of time-step-size, and consider
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the following time-discretization scheme, denoted by (AP)°.

)

5 s Uz “57,1—1 5/, 5 5 : .
(AP)2: Ag(uy, |)————— +0P2(u) ;) +G(u,,) =0in 2, fori =1,2,3,---, (4.1)
, - , ,
with the initial condition:
77?0 =1 in L?(Q), and vio = [9?0, 9{51,770] = vy = [y, Orp] in H. (4.2)

Definition 3 (Solution to (AP)?). A sequence of {ul ;}2 = {[n2;,02,,00 ]} C A is

T,0)

called a solution to (AP)?, iff. {ul }22) C ¥, and {ug,}32, fulfills (4.1) and (4.2).

T

Now, the the objective of this Section is to prove the following Theorem.

Theorem 1 (Solvability and energy estimate for (AP)%). There exists a small positive
constant 0 < 7% < 1, such that for any 0 < 7 < 7*, the time-discretization scheme (AP)’
admits a unique solution {ul;}22g = {[n2;,02,,00 .1}y C ¥%, such that:

0< 'r]‘;i <1, mg < Hii < My a.e. in £, my < egm. < My, a.e. onT, (4.3)
and
ool Aoud )2y =l D+ Fou) < FUuli ), fori=123...,  (44)

where F2 is a relaxed free-energy defined as:

w=[1,6,60] € Vo s Fu) = F2(,0,0p) == B (u) + / Gn) da

Q
1 .
=§/ \W!zd:wr/g(n)dﬂf
Q Q

+/Qa(n)f5(v(9)dm—l—%/Q|V0|2dx—l—%/F|Vp(69r)|2dl“€ [0, 00). (4.5)

Remark 11. As is shown in Key-Lemma 3, the subdifferential 9% coincides with 9,®. x
0,®% in 22, so that the equality as in (4.1) is valid. Additionally, the scheme (AP)? can
be reformulated to the following system:

1 .
;(Uﬁ,i - nim) - ANT]i,z‘ + g(??f,i) + O/(nf,i)fa(wi,i) =0 in L2(Q),

U& 0

e ri  Uri— .
Ao(nf,i_l)% + &J‘Pﬁ(nf,i, Uf—,i) =0in H,
with the initial condition (4.2).

For the proof of Theorem 1, we prepare some Lemmas.
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Lemma 1. Let us assume that , € D(Ay), Cox € H'(Q), k=1,2, 0 € H'(Q), and

(C1 = Co1) — AnG 4+ g(G1) + &'(G) f5(VO) <0, ae. inQ, (4.6)

~(G = o) — AnGo + 9(G2) + (Gf5(T6) 20, aein O (@)

N

Then, there ezists a small positive constant 19 € (0,1) such that:

N

G = Gl Hn ) < =l — Coal T li2(q), for any T € (0, 7). (4.8)

Proof. Let us take the difference between (4.6) and (4.7), and multiply the both sides by

[(1 — G2]t. Then, by (A1), (A3), Green’s formula, and Young’s inequality, we can observe
that:

1

;HCl — Gl T2 + VI — Gl 22 v

= (G010, G — @)y — (9(G) ~ 9(G), G~ G )reee
- / (@(C) — o ()t — Gl £5(V) da

1 1
< 5z 19l | 116 = Gl Lo + 52160 = Coal o) (4.9)
2T 2T
Here, putting
. € (0,1)
To \ = Y Y
0 1+2|g/|L°°(R)
the inequality (4.8) is obtained as a consequence of (4.9). O

Lemma 2. Let us fitn € HY(Q), wor = [ox,Erox] € Ve, k= 1,2, and assume that:

z = [n,wi] = [1, &k Ern] € D(0PY) with wy, = [Ek, &rp) € Ve,
and wi, = [§;,&5,] € O ®2(n, wy,) = 0@ (n, &k, érp) in H, k=1,2,

Ao(n)(wy — wo) + wi <0 <: 8 ) in H, (4.10)

and

Ao(n)(wg - wo,g) + w; >0 <: 8 ) mn H. (4.11)
Then, it holds that:
| Ao(n)[w; — w2]+|2 < | Ao(n)[wo, — w0,2]+|§{-

Proof. This lemma is concluded by taking the difference between (4.10) and (4.11), by
multiplying the both sides by [w; — ws]|T, and by applying an inequality of the so-called
T-monotonicity:

(w] — w3, [wy —ws] ) >0,
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which is verified as follows.
(w] — w3, w1 —we] )y = (Wi, [wi — wo] ") + (w3, —[w1 — wo] ")y
= (wi,w; — (w1 Awsa)) g + (w3, we — (w1 V we))m
> O (1, wy) — P21, wi A wy) + PL(n, wa) — PL(n, wi V ws)

= (I)g 7, wl) + qu(nawZ)

1 1
—5/ (Vf6 V&) + —a(n ) dx — 5/ |Vr(&ér, 1)| dr’
{&1<562} v {&r1<ér 2}
1 1 1
—5/ (Vf6 (V&) + —a(n ) dr — 5/ |VF(5§F2)| dl’
{&1>62} v {er,1>6r 2}
1 1 1
—5/ (Vf6 V&) + —a(n ) dx — 5/ IVF(55F2)’ dr’
{&1<562} {&r,1<ér 2}
1 1
—5/ (Vf(s(V&)Jr a(ﬁ)) 5/ [V (eér1)[? dl
{&1>62} {&r,1>¢ér 2}

= (B2(n, wr) + B2(n, w2)) — (P2(n, w1) + B(n,w2)) = 0.
0

Lemma 3. Let us fix any tg = [ﬁo,é@,é{‘,o] € JC, and consider the following auxiliary
equation:

%Ao(ﬂo)(u — 1) + 0P (u) + G(u) = 0 in . (4.12)

Then, there exists a small positive constant 71 € (0,1] such that under T € (0,7], the
equation (4.12) admits a unique solution u = [n,0,0r] € ¥, and

1 1 -
Proof. First, for the proof of existence, let us define a functional .#? : # — (—o0, 0],
by letting:
w=[n,0,0c] € H > F2(u) = F2(n,0,0r)
:—| u %u—uo) ,+ O (u /G
and let us set: 5
Fp = o € (0,1).

Ga? + 40wy

Then, in the light of (A2)—(A4), it is easily checked that .%? is a proper and Ls.c. functional
on 7, and

B 1TAVZAE?
|\g

— ;(|a'|iw(R)|ﬁo|iz(Q) + 52£N(Q)), whenever 0 < 7 < 7y,

|VU|L2(Q)N><L2(Q)N><L2(F)N
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via the following computations:

1 v? 1
2 (u) > §|V77|%2(Q)N + §|V9’2L2(Q)N + §|VF(66F)|%Q(F)N7

and
~ 1 1
Q v Ja v? Ja

2 ~ ~

> == | (|0l = ol” + (7o) [?) dx
2] ~ 1 _ 2 2 _

_ 5 VQ( ) |A0(u0)2 (U — UO)‘% - ﬁ/(2|0/|%°°(R)|7]0|%2(Q) + 253) dx
¢ Q

4 ~

=z _ﬁ(’a/’%w(R)fﬁo\%z(g) +02LN ()

In addition, the equation (4.12) coincides with the stationary equation for .%2, and hence,
when 7 € (0, 7], the solution to (4.12) is obtained, by means of the direct method of
calculation of variations (cf. [1, Theorem 3.2.1]).

Next, for the proof of uniqueness, we suppose that there are two solutions u, € 7¢,
k = 1,2, to the equation (4.12). Besides, let us take the difference between equations
(4.12) corresponding to ug, k = 1,2. Then, multiplying the both sides of the results by
u1 — ug, and using (A1) and (A3), we arrive at:

1
(0 = 7G|y | = a3
1 1
< ;‘Ao(uo)2 (ur — UZ)};" + (G(u1) — G(ua), ur — uz) r = 0.

Hence, the uniqueness for (4.12) holds, under the following sufficient condition:

da

O< 1< 7 = .
R TF T Py

Finally, to verify (4.13), let us multiply the both sides of (4.12) by u—wug. Then, by (2.4),
we observe that:

2
. A |G| oo (m) 1 8
< [ G(o)dx — | G(n)dx+ % }Ag( 0)2(u uo)‘/f (4.14)
Q Q «
So, putting
20,
~2 : € (07 ]-)7
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the inequality (4.13) is inferred from (4.14), under the sufficient condition 0 < 7 < 7».

Now, we conclude that 7 := 7y A 7y A T2 is the required constant to realize (4.12) and
(4.13). O

Proof of Theorem 1. Let us set 11, given in Lemma 3 as the required constant in this
theorem, and let us fix any time-step-size 7 € (0, 7). Then, since the value of constant 7, is
independent of the time-index i € NU{0}, the solution {u ;}32 = {[n2,, 02,0 ]}2_, C
7. to the time-discretization scheme (AP)° is obtained by applying Lemma 3 to the
equation (4.1), inductively, and moreover, the energy inequality (4.4) is obtained as a
straightforward sequence of (4.13), for every i € N.

Next, we verify (4.3). To this end, we fix any ¢ € N, and suppose that:

0<nl;y <1, mg<0%, ; <Mae. inQ, and

5 ‘ (4.15)
mo < Op ;1 < My, ae. onl', fori=1,2,3,---.

Also, let us invoke Remark 11, and confirm that:

1

;(Uﬁ,i - 775,1-71) - AN??i,i + g(ni,i) + O/(nf,i)fa(wf,i) =01in LQ(Q)a

and
0, —0°. |
s [+ 000,60, 67 ;) 20 in H.
er,r,z’ - er,r,zel ’ ’ T
Additionally, owing to (A1), (4.15), the constant functions 0(€ D(Ay)) and 1(€ D(Ay))
satisfy that:

1 -
—Ao(nf,z;l)

T

1

—(0—=n%,) — An0 + g(0) + /(0)|V#,| <0, a.e. in Q,

T ’ ’

and .
—(1=n2,_) — Anl+g(1) +o/(1)|VE2,]| > 0, ae. in €,

T ’ ’

and the pairs of constants [mg, mgl(€ H), [My, My|(€ H), and [0,0](€ H) satisfy that:

[mo, mo] € D(9,9%), [My, My) € D(0,9?),

[0,0] € 9,92(n2;, M0, me) in H, [0,0] € 9,92(nl;, Mo, My) in H,
1 e 5 [ m() - 05 71 1 [ 0 1 I O 1 .
_ . T, < )
TAO(nT,z—l) | mo — 91(2,7,2‘_1 | + i 0 ] > _ 0 ] m H, (4 16)

and ) S . o o

_ . T, > ] )
U Y (+ K > > || mH (4.17)

Now, applying Lemma 1 to the case when:

_ — 0 I — 0
{ G =0, Coq = N i—1 ( resp. { G = 7l7m'a Cog = Mri-1> ) ’

CQ = 77?@ <0,2 = 77?-71'—17 ’ CO,Q = 77(7;,1'_1,
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it is deduced that:

[=n2. "2y <O (resp. |12, — 1]"[L2q) < 0),

. . . (4.18)
ie. 0 gn‘;i <1, ae. in, fori=1,2,3,....

As well as, having in mind (A4), (4.16) and (4.17), we can apply Lemma 2 to the case

when:
5
mo 0 i—1
w1 = [ } ) Wo,1 = [ 957’ )
mo I,ri—1

é é
_ 97,@' _ 97’,72—1
Wy = 95 ) w0,2 - 96 )
I, Iyri—1

one can see that:

oo ]

[0 — 0 1

2 2

<|doia | |

[mo — 62,1
mo — eg,T,i]+

H

5@ [eiz - ]\40]+
resp. [01(2 o M0]+

H

2

(02, — Mo* }
H

Ap(n? .

2
).
H

mo < Hii < My, ae. in Q and mg <602 _, < My, aeonl, fori=1,2,3,.... (4.19)

I

le.:

By (4.18) and (4.19), we verify (4.3), and conclude this theorem. O

5 Proofs of Main Theorems

This section is devoted to the proof of Main Theorems.

5.1 Proof of Main Theorem 1

First, we prove the item (A). Let us fix any uy = [19,60,0r0] € Z-. Let 0 < 7. < 1
be the constant given in Theorem 1, and for every 0 < 6 < 1 and 0 < 7 < 7, let
ul; =2, 02,,00 ;] be the solution to (AP)2, subject to the initial condition (4.2).
Besides, we let:
t;:=1r, fort=0,1,2,...,
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and we define the following time-interpolations:

@(1) = [(8), 0o (). O, (8)] =, = [, 02,02 ), ity <t <t
w(t) = [0 (6),85(8), 80 (8)] = by = [0, 0, 00, 000, ), ity <t <,
(1) = [70(0), 0 (1), B2, (1)) = %aﬁ(twuuiw if 40 <t <t
with some 7 € N, for all ¢ > 0.

Then, from (4.3) in Theorem 1, we can see that:
0<7 <1,0<7’ <1,and 0 <70 < 1, ae. in Q,
my < éf < My, mg < Qi < My, and mg < é\f < My, a.e. in Q, (5.1)

—5 ~
mo < QFJ < M(), mo < Q%’T < M(), and my < ‘9?\’7 < Mg, a.e. on X.

Also, putting n; := min{n € N|nr > t}, for t € [0,7], we infer from (4.4) that:

1/t I — 2
3 | 0@ e o+ 5 [ Vel 08 do

1 [t _ —5 =
41 / OB (0) gy do + F2 (), 8°(1), B (1))

= 2TZ’A0 Ti— 1 5 ,i_uTz 1 |%ﬂ ‘g[(s(uﬁ,nt)
< ﬁf( 0), for all t € [0, 7], (5.2)

and therefore

1
/|A0 Vo), dt + sup FHE (1))

te[0,7)
<2 sup F(ug) < 2F:(up) + 26]alcqo LN (). (5.3)
0<8<1

As is checked from (5.2) and (5.3):

e (W | 0<d<1, 0<7 <} isbounded in L>(0,T;7),
e {0 | 0<d6<1, 0<7 <} isbounded in L>(0,T; %), (5.4)
e {W]0<d<1,0<7<r7}isbounded in W12(0,T; ) and in L>°(0, T; ¥%).

By virtue of (5.1)—(5.4), we can apply the theories of compactness of Aubin’s type [23,
Corollary 4], Arzera—Ascoli [24, Theorem 1.3.1], and Alaoglu-Bourbaki-Kakutani [24,
Theorem 1.2.5], and can find sequences {0,}>2, C (0,1), {r,}>>, C (0,7.), and a triplet
u=[n,0,0r] € L*(0,T; ) of functions, such that §, — 0, 7, — 0, as n — oo,

u= [n,0,00] € WH(0,T;5) 0 L¥(0, T} %z),
0<n<1,mg <0< My, ae. in @, and my < 0p < M, a.e. on X,
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U = [Ty Oy Or ] = 00 = [0, 000,02 ] — w = [n,0,6r] in C([0,T]; ),

L 5.9
weakly in WLQ(O,T; ), and weakly-+ in L>(0,T; V), as n — oo, (5:5)
u(0) = u,(0) = ug in S, forn =1,2,3,..., (5.6)
and therefore
— — n - 5n
UTL - [nnJ 0117 0F n] [777'”7 07_” HFT ] —u= [777 67 QF]
in L>(0,T ) and weakly-x in L>(0,7T; %.), as n — o0, (5.7)
Uy, = [1,,, O O] 1= g = [, 027, 07, ) — w = [, 0, O]
in L"O(O,T;%ﬂ), and weakly-* in L>°(0,T; ), as n — o0.
Here, from (5.1) and (5.7), it follows that:
7, — n weakly-x in L>°(Q), and in the pointwise sense, a.e. in @,
0, — 0 weakly-* in L>®(Q), and in the pointwise sense, a.e. in @, (5.8)

Or., — Or weakly-* in L>°(X), and in the pointwise sense, a.e. on ¥,

by taking a subsequence if necessary. Invoking (A2), (5.5), (5.7), and (5.8), we can apply
the dominated convergence theorem (cf. [14, Theorem 10]), and can obtain the following
convergences:

Ao(T@) Oyt = [, 0(77,,)0u0n, 001, ] — Ao(w)dyu = [0y, cro(1) 0,0, O,0r]
weakly in L?(0,T; ), (5.9)
G(u,) = G(u) in L*(0,T;3¢), as n — oo.

Furthermore, having in mind (4.1), (5.7), (5.9), Key-Lemma 4, and [4, Lemma 4.1], we
can see that:

— Ay(@)da — G(u) € 8T () in L2(0,T; ), for any € > 0, (5.10)

and
(iDET" — (iDET on L*(0,T; ), in the sense of Mosco, as n — oo, (5.11)

where for every ¢ € [0, 00),

T
i€ L*0,T; ) — oL (a /@E ) dt € [0, 00],
0
T

@€ L*0,T; ) — dI"(a) <1>5n t))dt € [0,00], n=1,2,3,....

By (5.6), (5.10), and [3, Proposition 2.16], we can observe that u = [, 6, 0| is a solution
to the Cauchy problem (2.5).



432

Next, we consider the constant case of g to verify the uniqueness. In this case, the
operator Ag = Ag(u) becomes just a positive diagonal matrix A, i.e.:

1
AO = 0 S R3><3,
0

_ o O

0
Qp
0

and referring to [5, Proposition 5.9 in Chapter 1], the Cauchy problem (2.5) can be reduced
to:

{ u' (1) +0(Po(Ag) ™) (u(t)+(Ag) G (u(t)) 2 0in A, a.e. t € (0,T),
u(0) = ug in H.

Since (Ag)~'G : S — S is a Lipschitz operator, we can apply the general theory of
nonlinear evolution equation [3, Proposition 3.12], and can obtain the uniqueness of the
solution.

Finally, the item (B) is verified as a straightforward consequence of Remarks 3 and 8,
Key-Lemmas 1 and 5.

Thus, we can conclude Main Theorem 1. O

5.2 Proof of Main Theorem 2

First, we show the item (C). Then, under (0.6), (3.1), (4.5), and (A4), we can observe
from (5.2) and (5.3) that:

1 5. 1
ilatﬁe&?(omm(g)) + E‘atesﬁ%omm(n)) + §|8t9F,e|%2(o,T;L2(r))
1 2 v? 2 1 2
+ 5 VielLaorira@m) + 5 VL2 z2@m) + 51 V(e L2002y

) 1 S\l 512 . 5(.8
< I;TI(I)I (5}Ag(ua)28tua}L2(0’T;f)) —i-l;TI(I)lg‘; (u?)

/1 T o
= lgfﬁl (ﬁ}AO(ue)Qatuf}B(o,T;%) + 7. (ug)

< lgLr)l ff(uoys) = Z.(up.), for any € > 0. (5.12)
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Besides, let us set J, :=
(S0), we have:

[n+1’ + &g, forn=1,2,3,.... Then, by (0.6), (2.6), (A3), and

OSyE(UOE = /|V7705|2dx+/ (UOE)d

1
‘I’/ (Oé(’f]075)|v90’5|+—|V9078|2) dx+—/|Vp(50p)|2 dl’
Q 2 2 Jr

v? 1
§|770,a|§{1(9) + §|90,a|§{1(9) + §|59F,078|?{1(r)

IN

+19(Moe) @) + la(noe)| @) Vol
(1 + V2) (’770,6|12111(Q) + |90,e|%11(9) + |€9F,0,e|12111(r))
) 1 1
19110000 £ (2) + 160l 510 + Flléon £ (Q)

IA

< 2(1 4 v*) sup|[noe, o, €0r,0.c] |H1 + (1+|aleqo + 9] re0,1)) 2LV (Q)

1
ced 2xH1(T)

=: Ry < oo, foralle € J; = [2,1+4 ). (5.13)
On account of (5.12), (5.13), and Remark 10, we can see that:
{uctees, = {0, 0z, 0rc) teey, is bounded in W2(0,T; ) N L>(0,T; ¥z, ).

Therefore, applying general theories of compactness, e.g. Aubin’s type [23, Corollary 4],
Arzera—Ascoli [24, Theorem 1.3.1], and Alaoglu-Bourbaki-Kakutani [24, Theorem 1.2.5],

we find a sequence {¢,}°°, C Ji, and a limiting triplet u = [n,0,0r] € W12(0,T; ) N
L>(0,T; 7%,), such that:

€n — €0, AS M — 00, (5.14)
and the sequence {u, }22 | = {[Nn, On, Orn] }o2y = {ue, }o2y = {[1e,: e, Or e, | 102, satisfies:

Up = [N, On, Or.n] = w=1[n,0,6r] in C([0,T]; ),

5.15
weakly in W12(0,T; ), and weakly-+ in L>(0,T;7%,), as n — 0o, ( )
and in particular,
U (0) = [1.(0), 0,(0), 0rn(0)] = [Mo,c,.> 00,605 Or,0.] — [M0,05 D020 Or0,20] (5.16)
= [1(0),0(0),0r(0)] = u(0) in 4, and weakly in ¥, as n — o0. '

Thus, lim &.(ug.) D {u} # 0.
E—EQ
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Additionally, by (5.12) and (5.13), it is inferred that:

luelfyrz0.r.0) + IV V02201002 )92
<NuelFao oy + 10tel720.1,0) + IV, VO L2 0 11200 v92) + IV (E00 ) 220 220y
<2T o |3 + (1 + 27)|0suc| 220

+ IVl oo @) + VOl r2@m + V(€00 L0 22y

414 T
S 2T|U075|/250 + ﬁgg(w)ﬁ)
41417
<2T + ———LRy=: R < o0,
e toely, + LA, A2 0T s
Orel?, = 10| < CPl0.[7 < CIR, =R
I 2 9
e OTH2(F)) | L OTHQ(F)) L2(0,T;HY(Q 1 — 2

and
|2

L2(0,T;H1()2 XH%(F)) — 2(R1 + RQ) = Rg, for all € € Jl,

‘UE‘IZ/VL?(O,T;,%”) lu

where Cr is the operator norm of the trace operator trr € £(H(€): H2(T')). Therefore,
it will be estimated that:

6@6 Uog ﬂ UG UQE CUG an

neNeeJ, eed
i e WY2(0,T; )N L20,T; HH(Q)? x Hz(T')),
Cqyael0r2)| af? +laP, <R (5.17)
W2(0,757) L2(0,T;H (Q)2x H3 (I') 3

The compactness of lim &, (ug,) is verified as a consequence of (5.17) and the compactness
E—EQ

theory of Aubin’s type [23, Corollary 4]. o
Next, we show the item (D). Let us take any u = [1,0,60r] € lim &.(up.) to show
E—EQ

u € S, (up:). Then, in the light of (5.12) and (5.13), we may suppose the existence of
sequences {e,} C Ji, and {u, = [y, 0,,0r,] € S (uoe,)} 02, satistying (5.14)-(5.16).
Meanwhile, by Definition 2 (S0), we have:

0<n, <1, my<0, <My, ae. in Q, and mg < 0r,(t,y) < My, a.e. on X,

5.18
forn=1,2,3,..., ( )

and by (5.15) and (5.18), we can derive:
0<n<1, my<6< My, ae. in @, and mo < 0r < My, a.e. on X, (5.19)

and

N, — n weakly-x in L>°(Q), and in the pointwise sense, a.e. in @,
0, — 0 weakly-x in L>°(@), and in the pointwise sense, a.e. in @, (5.20)
Or », — Or weakly-* in L°>°(X), and in the pointwise sense, a.e. on X,



435

for some subsequence (not relabeled). (5.15), (5.20), and the dominated convergence
theorem (cf. [14, Theorem 10]) allow us to infer that:

Ao(un)atun = [auﬁm aO(nn)ateny ateF,n] — Ao(u)atu = [atna 040(77)@9, atel‘]
weakly in L2(0,T; 32), (5.21)
G(u,) — G(u) in L*(0,T; ), as n — oc.

Furthermore, from Key-Lemma 4 and [4, Lemma 4.1], it follows that:

A

T Cng; on L*(0,T; ), in the sense of Mosco, as n — 00, (5.22)

En

where
R T
@€ L*0,T; ) — O] (a) := / d.,(a(t)) dt € [0, 00],
0
T
i€ L*0,T; ) — T () := / ®, (a(t))dt € [0,00],n=1,2,3,....
0

Taking into account (5.15), (5.21), (5.22), and Remark 4 (Fact 4), it is inferred that:
[—Ao(u)0u — G(u),u] € ('3&)2; in L2(0,T; )2, (5.23)

and moreover, applying [3, Proposition 2.16] to (5.23), and invoking (5.16) and (5.19), it
is deduced that u = [1, 60, 0r] € &, (up.,)-
Thus, the item (D) is verified, and the proof of Main Theorem 2 is complete. O
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