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Abstract. In this paper we deal with parabolic variational inequalities of Navier-Stokes
type with time-dependent constraints on velocity fields, including gradient constraint case.
One of the objectives of this paper is to propose a weak variational formulation for varia-
tional inequalities of Navier-Stokes type and to solve them by applying the compactness
theorem, which was recently developed by the authors (cf. [22]).

Another objective is to approach to a class of quasi-variational inequalities associated
with Stefan/Navier-Stokes problems in which we are taking into account the freezing
effect of materials in fluids. As is easily understood, the phase change from liquid into
solid gives a great influence to the velocity field in the fluid. For instance, in the mussy
region, the velocity of the fluid is constrained by some obstacle caused by moving solid. We
shall challenge to the mathematical modeling of Stefan /Navier-Stokes problem as a quasi-
variational inequality and solve it as an application of parabolic variational inequalities
of Navier-Stokes type.
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1. Introduction

In this paper we study parabolic variational inequalities of Navier-Stokes type with
velocity constraint of the form

v(t) e K(t), 0<t<T, v(0)=mw
/Q{'vt (v=&+vVv-V(v—-§&) + (v-V)v- (v—E§)}dedt (1.1)

< / g (v—&)duedt, VEwith £(t) € K(1), 0<t<T,
Q

where  is bounded domain in R* and @ := Q x (0,7), 0 < T < oo, and K(t) is
a prescribed constraint set in the 3-dimensional solenoidal function space Wéi(Q), a
positive constant v, an initial datum vy and a source term g are given.

We mainly consider the following two cases as K (t):

K(t) =K' (v;t):={z ¢ Wéf_(Q) | |z] <~v(-t) a.e.on Q}, 0 <t <T, (1.2)
and
K(t) = K*(y;t):={z € Wéi(Q) | [Vz] <~(-,t) ae.on Q}, 0<t<T, (1.3)

where ~ is a nonnegative continuous function on @ and permitted to take co somewhere
in @Q; note that the continuity of v should be understood in the extended sense. Since
it is difficult to expect the differentiability of the solution v in time, we shall discuss the
problem (1.1) in a framework of weak variational inequalities.

There are so many nonlinear dynamical systems in our real world whose mechanism
are still not clear from the theoretical point of view. For instance, we meet very interesting
phase transition phenomena in fluids, such as biofilm growth and melting ice in the sea
or lake. Our experiments suggest that in general, biofilm growth is improved in fluids,
but its mechanism makes complex by taking account of freezing or melting effect in
fluids. It is a very important task for us to provide some realistic mathematical models to
such a complex system. To this end the authors started in [20, 21, 22] the development
of mathematical tools describing various aspects of fluid dynamics; one of them is the
establishment of the theory on variational inequalities of Navier-Stokes type with velocity
constraints (1.2) and (1.3).

In each of (1.2) and (1.3), there are two cases of v, the non-degenerate case and
degenerate case:

(Non-degenerate case) ¢, < (r,t) < oo on @ for a positive constant c,.
(Degenerate case) 0 < (z,t) < oo on @ and 7 vanishes somewhere in Q.

These cases are separately treated, because in the degenerate case we need an extended
use of Helmholtz decomposition in the solenoidal function spaces for the construction of
a weak solution (see section 4), but in the non-degenerate case we do not need it and
the treatment is much easier. So far as the case of gradient constraint (1.3) is concerned,
the variational inequality of Navier-Stokes type (1.1) is a new problem and there has not
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been any existence result on it in our knowledge. We shall prove it in the non-degenerate
case (see section 3).

In the degenerate case the existence proof of a weak solution of the problem (1.1) with
K(t) = K'(v;t) was given in the author’s paper [20] in which the crucial step is how to
show the strong convergence of regular approximate solutions in L?(Q)3. This is quite
important to handle well the convergence of nonlinear terms in approximate variational
inequalities for which we needed the Helmholtz decomposition of solenoidal functions.
But, after the publication of the author’s original paper, a gap was found by the authors
in the usage of the Helmholtz decomposition. We shall make the correction for the gap
in section 4 of this paper under a slight additional assumption on the obstacle function ~
that

7 is Lipschitz continuous in a neighborhood of {(z,t) € Q | v(z,t) = 0}. (1.4)

The result in [20] was used in the paper [21] on the biofilm growth problem, so such an
additional assumption as (1.4) should be required in [21], too.

The second aim of this paper is to give some applications of the results obtained in this
paper to the Stefan/Navier-Stokes problem, which is a coupled system of the enthalpy
formulation of Stefan problem with convection,

wy — AB(w) +v - Vw = h(x,t), (x,t) €Q,

(1.5)
w(-,0) =wp in €, 8%—(:]) + noB(w) =0 on X := 00 x (0,7),

and the variational inequality of Navier-Stokes type,

v(t) € K'(y(w™);t), 0<t<T, v(0)=wy;
/Q{vt (v—=& +vVv-V(w—§) + (v-V)v-(v—§)}dudt (1.6)
< / g (v —&)dxdt, V¢ with &(t) € K'(y(w™);t), 0<t<T,
Q

where ¢ = 1, 2, wy is an initial datum, h is a given source and 3(-) is a Lipschitz continuous
and increasing function on R such that

B(r)=0, Vre[0,1], B(r)>0,Vr>1orr<0, lim )

[r|=o00 T

> 0,

and () is continuous function from R into [0, co] such that

(r

v(r) =0, Vr <0, 7 is strictly increasing on [0, 1),
y(r)tooasrt1l, ~(r)=o0, Vr>1,
(r) i

)

(r) is Lipschitz continuous near r = 0.

We denote by w®(z,t) the spatial average of w(x,t), namely

w2, 1) = [pey * Wl £)](z) = / Dol — Py, t)dy, Vo €O,
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where p.,(+) is the usual mollifier on R? with support in |z| < 5. Throughout this paper,
the parameter g > 0 is fixed, although it is close to 0, and we do not consider the limit
g0 4 0. In section 5 we shall prove the existence of a weak solution {w, v} to problem
(1.5)-(1.6).

Especially, the gradient obstacle problem is a new challenge to the Navier-Stokes
variational inequalities. From various different motivations it has been studied by many
researchers so far (cf. [4, 5, 6, 7, 16, 18, 31, 32]), but most of cases were treated in
the non-degenerate case. It would be expected to generalize to the degenerate case from
some serious physical/mechanical motivations in order to make more realistic modelings
in nonlinear phenomena in fluids (cf. [1, 14, 29, 30]).

(Notation)

Let Q be a bounded domain in R? with smooth boundary ' := 99, Q := Q x (0,7),
0<T <ooandX:=1x(0,7), and denote by |- |x the norm in various function spaces
X built on €2. We consider the usual solenoidal function spaces:

D, (Q) = {v = (v, v® 1)) e D(Q)® | dive = 0 in Q},
H,(Q) := the closure of ’D »(Q) in L*(Q)*, with norm | - |o2,
V() := the closure of D,(f2) in Hy(Q)?, with norm |- | o,
W () := the closure of D,(Q) in Wy (Q)?,
in the case of (1.2), with norm |- |y 4;
W, (Q) := the closure of D,(Q) in W*(Q)?,

in the case of (1.3); with norm |- |24;

in these spaces the norms are given as usual by: for v := (vM), v ()

1 1

3 2 3 2

o]0 = {Z / |v<’“>|2dx} | ols = {Z / |w<’f>|2da:}
k=179 k=179

and

9?vk)
8@6@

1
4 }4
For simplicity we denote the dual spaces of V() and W,(Q2) by V:(Q) and W (Q),
respectively, which are equipped with their dual norms. Also, we denote the inner product

in H,(S?) by (-,-), and the duality between V7 (Q) and V,(Q2) by (-,-),, namely for
v; = (v-(l) o? 0(3)) i=1,2

3
k=1

where F' denotes the duality mapping from V,(€2) onto V*(£2). Then, by identifying the
dual of H,(2) with itself, we have:

1
3 ry
V|14 = {Z/|Vv(k)|4dg;} L 0o = {|v|14+ > /
k=17

k,jl=1

V,(Q) C Hy(Q) CVEQ), WL(Q) cC(Q)?(CHQ)? in the case (1.3));
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and all these embeddings are compact.
By the way we introduce the usual simplified notation in the theory of Navier-Stokes

equations:
3 .
ow)
/(v NVw - zdz = Z / v 20 gy
0 o  Omy

k,j=1

for v := (v, 0@ O w = (W, WP W®) and z == (2D, 22 23)),

Since €2 is fixed throughout this paper, the spaces D,(Q2), V,(£2), H,(2) and W,(Q)
are simply denoted by D,, V,, H, and W, respectively. When these types of spaces
are built on other open set Q' in R?, we write them as D,(Q), V, (), H,(Q') and
W, (£2). The notation (-, -), is commonly used for the inner product in H, or in H ()
as well as (-, ), for the duality between W, and W, or W (') and W,(€') in case of
no confusion.

For the general knowledge about solenoidal function spaces and Navier-Stokes equa-
tion, we refer to the monographs [19, 34].

2. Time-derivative under constraint and compactness theorem

2.1. A compactness theorem

In this section we recall some results in [22] with the following setup:
(h1) H is a Hilbert space, and its dual H* is identified with H.

(h2) V is a reflexive Banach space which is dense and compactly embedded in H, there-
fore we have V. C H C V* with compact embeddings.

(h3) W is another reflexive and separable Banach space which is continuously embedded
in V and dense in H; since H C W*, we have

V Cc HC W* with dense and compact embeddings.

(h4) V, V* W and W* are strictly convex.

(h5) The numbers: p > 1, p’:= 55, and T > 0 are fixed.

We begin with the definition of total variation, which refers here to the time variable.
For any function w : [0,7] — W*, the total variation of w, denoted by Vary-(w), is
defined by

T
Vary«(w) = sup / (w, n")w-wdt.
n € G0, T; W), 70
1|0y <1
We refer to [10; Appendice 2] or [15; Chapter 5] for the fundamental properties of

total variation functions. Let us now define the set which will be the point of our interest
in this section.
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The next lemma is concerned with the compactness property of functions having
bounded total variation from [0, 7] into W™*.

Lemma 2.1. Let M be any positive number and set

‘U|LP(O,T;V) S M7
X(M):=<ueLP0,T;H) [u| oo 0,130y < M,
Vary«(u) < M

Then we have:

(1) Given any sequence {u,} in X(M), there is a subsequence {u,, } of {u,} and a
function u € X (M) such that

Un,, (1) = u(t) weakly in H, Vt € [0,T] (as k — o0).
Hence, uy, (t) — u(t) in W* for every t € [0,T].

(2) X(M) is compact and convex in LI(0,T; H) for every q € [1,00).

See [22; Lemma 3.3] for the proof of Lemma 2.1.
Definition 2.1. Given x > 0, M, > 0 and ug € H, consider the set Z,(x, My, uo)
<

in LP(0,7;V) N L>(0,7; H) given by: u € Zy(x, Mo, uo) if and only if |u|rro,rv)
Mo, |u|pqor.m) < My and there exists f € LP (0,T;V*) such that

T
/ (fyuydt < Mo, | flrrorw=y < Mo
0

and

T 1
| = o=yt < Ghuo (0, 2.)

Vn e LP(0,T; V) with of € LP (0, T;V*), n(t) € By (0), ¥t € [0,T],
where By (0) is the closed unit ball in W with center at the origin and (-,-) = (-, )y« v.

Remark 2.1. In Definition 2.1 the variational inequality (2.1) relates f to the time
derivative of u, taking into account the convex constraint kB (0). This is explored as
follows. We note for now that if f = «' and u(0) = up, then (2.1) holds for any test
function 1. Indeed, for any u, n € LP(0,T;V) with «/, o € L' (0,T;V*) with u(0) = ug
we have by integration by parts

| =t u = e = 5Jat0) = ) = 51u(T) = 0T < 5luo = (O

Thus, given v € LP(0,7;V) N L>(0,T; H) and uy € H, the set of all f satisfying (2.1)
includes u', provided ' exists in L (0,T;V*) and u(0) = uo. However, in general, it is
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an extremely large set; note that in the definition of Z,(k, My, up), any differentiability of
u in time is not required.

Lemma 2.2. Let Z,(k, My, ug) be the set given by Definition 2.1. Then there is a positive
constant C* such that

VarW* (U) < C*, Yu € Zp(li, Mo,uO). (22)
Moreover, we can take My + %Mg + iluoﬁq as the constant C*

The uniform estimate (2.2) of total variation for Z,(x, My, ug) is directly obtained from
variational inequality (2.1). See [20; Lemma 3.2] for the proof of Lemma 2.2. Combining
both of the above lemmas, we arrive at our compactness theorem.

Theorem 2.1 (cf. [20: Theorem 3.1]) Let k > 0, My > 0 be any numbers and ug
be any element in K(0). Then the set Z,(k, Mo, ug) is relatively compact in LP(0,T; H).
Moreover, the convez closure of Z,(k, k, My), denoted by conv|Z,(r, Mo, up)], in LP(0,T;V)

is bounded in LP(0,T;V') and compact in LP(0,T; H).

Here we compare Theorem 2.1 with the Aubin compactness theorem [3] (or [27; Chap-
ter 1]), saying that for any number My > 0 the set

{u | |u|rorvy < Mo, || Laorwe) < Mo}, 1 <p<oo, 1<q< o0,

is relatively compact in LP(0,7; H). We can say in rough that our compactness theorem
is the one obtained by replacing “|u/|Lso,ryw=) < My” by the total variation estimate
“Vary«(u) < My” in the Aubin compactness theorem.

Remark 2.2. A compactness theorem of the Aubin type was extended to various direc-
tions, for instance [13] and [23], and further to a quite general setup [33].

2.2. Time-derivative under convex constraints

We assume here (h1), (h2), (h4) except for W and (h5): we will not be using the
space W here. Again, for the sake of simplicity of notation, we write (-, -) for (-, )y« y.

As V* is strictly convex, the duality mapping F' from V into V*, associated with the
gauge function r — |[r[P~1 namely F : V — V* is the subdifferential of u — %|uﬁ’/, is
singlevalued and demicontinuous from V' into V*.

Definition 2.2. Let {K(t)}ico,r) be a family of non-empty, closed and convex sets in V/
such that there are functions a € W12(0,T) and 8 € W1(0,T) satisfying the following
property: for any s,t € [0,7] and any z € K (s) there is Z € K (t) such that

2 = zlu <la(t) — a1+ |2l5), [ElV — 2 < 18() = B(s)l(1+12l).  (2.3)
We denote by ®(«, 3) the set of all such families { K (t)}, and put

(I)S = U (I)<0576)7

aeWh2(0,T), BeW:1(0,T)
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which is called the strong class of time-dependent convex sets.

Given {K (t)} € ®g, we consider the following time-dependent convex function on H:

1

0, otherwise,

where Iy (-) is the indicator function of K(t) on H. For each t € [0,7], ¢4 (-) is
proper, l.s.c. and strictly convex on H and on V. By the general theory on nonlinear
evolution equations generated by time-dependent subdifferentials, see [24], condition (2.3)
is a sufficient condition in order that for any f € L?(0,T; H) and ug € K(0) (the closure
of K(0) in H), the Cauchy problem

u'(t) + O (u(t)) 3 f(t), u(0) =wuo, in H,

admits a unique solution u such that v € C([0,T]; H) N LP(0,7;V) with u(0) = wuy,
tzu’ € L2(0,T; H) and t — t¢' (u(t)) is bounded on (0, 7] and absolutely continuous on
any compact interval in (0, 7.

Next, taking constraints of obstacle type into account, we introduce a weak class
of time-dependent convex sets. To this end, we first recall a notion of convergence of
time—dependent convex sets introduced in [17]. This convergence is defined by means
of admissible geometrical perturbations: we choose them to be homothetic and parallel
transformations. To set this up, we define a perturbation operator F.(t) : V' — V', which
can be a sum of an expansion / contraction with an e-dependent modulus (close to 1) and

n (e,t)-dependent (small) parallel transformation. Roughly, the sets will be considered
to be close one to the other if after this kind of perturbation, at any time moment,
they ’fit” one to the other. Note that we do not include rotations in our perturbation
operator in order to avoid complexity which would be irrelevant from the point of view
of applications. However, this can be done; see [26].

Definition 2.3. Let ¢ be a fixed constant and o be a fixed function in C([0,7]; V') with
oy € v’ (0,7;V*). Associated with these ¢y and oy, for any small positive number ¢, the
mapping F. : [0,7] x V — V is defined by

F.(t)z = (1 +eco)z +eoo(t), Vt €1]0,T], V2 € V. (2.4)

Let {K(t)}icpo,m) be a family of non-empty, closed and convex sets in V' and {K,,(t) }sej0,1]
a sequence of such families. We say that {K,,(t)} converges to {K(t)} as n — oo, which
is denoted by

K,(t)= K(t) on[0,T] (asn — o),

if for any € € (0,¢1] (0 < g1 < 1) there is a positive integer N, satisfying
F(t)(Kn(t)) C K(t), F-(t)(K(t)) C K,(t), Vte[0,T], ¥Yn> N..

Note that this notion of convergence depends on the choice of the perturbation operator
F.(t), which depends itself on the constant ¢y and on the function og. The operator’s
form defines the perturbations that we allow, and that we can further restrict by choosing
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concrete c¢g and op. As we are going to see in the examples, it is often enough to take
them as equal to 0 or 1. We are now ready to define the weak class of constraints, which
is the closure of the strong class with respect to this convergence.

Definition 2.4. {K(t)} € @y, the weak class of time-dependent convex sets, if
and only if the following two conditions are satisfied:

(a) K(t) is a closed and convex set in V for all ¢ € [0, 7],

(b) there exists a sequence {{K,(t)}}nen C Pg such that K, (t) = K(t) on [0,T], as
n — 00, according to Definition 2.3.

We give typical examples of {K(¢)} in the weak class @y .

Example 2.1. Let Q be a bounded smooth domain in R? and Q := Q x (0,7T). Let
H:=H,(Q), V:=V,Q),
Moreover, let v := v(z,t) € C(Q) such that
Y > cx on @

for a positive constant ¢, with 0 < ¢, < 1, and choose a sequence {v,} in C%(Q) such

that v, > ¢, and v, — v in C(Q). Now, constraint sets K (¢) and K, (t) are defined by
K'(t):={z €V, ||2(2)] <7y(x,t) for a.e. z € Q}, Vt € [0, T],

and
KM t)={z €V, | |z(x)| < yulz,t) for ae. z € Q}, Vt € [0,T].

Given ¢ > 0, take a positive integer /N, so that
|Yn — ] < ec, on Q, Vn > N.. (2.5)

In this case, with the choice of ¢y = —é and o = 0, consider the mapping F.(t) of the
form F.(t)z = (1 — £)z, which maps V' into itself for all small ¢ > 0. Then we have:

(i) We show that {K,(t)} € ®5. Fix n and note that v, € C*(Q). Therefore it is
possible to take a partition 0 =ty < t; <ty < --- < tx(n) =T of [0,T] so that

() = YOl < LOmls — 1] < cay Vs, £ € [t i), k=12, k(n),  (26)

where L(v,) is the Lipschitz constant of 7,. Now, given z € K!(s) and s, t € [tx_1, tx],
the function z = (1 — M)z satisfies by (2.6)

Cx

sl = (1m0

Cx

(1- 2 =0,

Cx

(2, 8) = [n(s) = 1l
’Yn(xa 8) - h/n(xa 8) - 7n<x7t)‘ S 7n<x>t>

IN A IA
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Thus z € K!(¢) and

n\S) — nt Q L n
[7n(s) C’V()|C(Q)|z|072§ (Cv)

|2 — Z|0’2 =

|s —t[|zo.2.

Generally, for any s, ¢t € [0,7] with s < t and z € K}(s), by repeating the above
argument we can find 2 € K} (¢) such that

|2 = Z[o2 < Lals — t|(1 + |2]o2),
for a positive constant L, depending only on n. Also, we have |[Vz[§, < |Vz[j,, too.
Therefore {K}(t)} belongs to ®(a,8) with p = 2, a(t) = L,t and S(¢t) = 0. Thus
{K, (1)} € @s.

(i) {K'(t)} € ®w. In fact, for any 2z, € K!(t), we have by (2.5)
7ol = (1= )l
Cy
(’7(7t) + 86*)

< y(t) Fe(ee —1—¢€) <y(-,t) ae. on Q,
)

IA
7 N
—_
|
Do
N——
2
=
IA
VRN
—_
|
Do

which implies F.(K}(t)) € K*(t). Similarly, F.(K(t)
on [0,77], and thus {K'(t)} € P

C K!(t). Hence K!(t) = K'(t)

Example 2.2. Under the same situation as in Example 2.1, let us consider the gradient
constraint case:

K*t) ={2z€V,||Vz]| <v(,t)ae.on Q}, 0<t<T.

and
K2t):={z €V, ||Vz| <v(,t) ae.on Q}, 0<t<T.

Then we see just in the same way as Example 2.1 that {K2(t)} € &g and K2(t) = K>(t)
on [0,7] (as n — 00). Hence {K%(t)} € Py .

Next, we introduce the time-derivative under constraint {K(t)} € @y, Put
K:={vel’0,T;V)|v(t) € K(t) for a.e. t € [0,T]}

and
Ko:={nek |y eLV0,T;V*)}

Definition 2.5. Let {K(t)} € ®y and uy € K(0). Then we define an operator L,
whose graph is given as follows: f € L,,u if and only if

T
, 1
uek, felLP(0,T;,V"), / (n’—f,u—n}dtg5]%—7}(0)\%, vn € K.
0
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In the next theorems we mention some of important properties of L, .

Theorem 2.2. Let {K(t)} € ®w and up € K(0). Then, L, is mazimal monotone from
D(Ly,,) C LP(0,T;V) into L” (0,T;V*), and the domain D(L,,) is included in the set
fu € C(0, T H) K | u(0) = ug).

The characterization and fundamental properties of the mapping L, are given in the
following theorem.

Theorem 2.3. Let {K(t)} € ®w. Then we have:

(1) Let ug € K(0). Then f € Lyyu if and only if there are {{K,(t)}} C ®g, {u,} C
LP(0, T3 V) with u, € K,, :={v € LP(0,T;V) | v(t) € K,(t) for a.et €[0,T]} and
ul, € LP(0,T;V*), {f,} € LY (0,T;V*) such that

K, (t) = K(t) on [0,T],
up, — u in C([0,T); H) and weakly in LP(0,T;V),

fo = f weakly in L (0,T;V*),

T
/ (U, = fr,u, —v)dt <0, Yo € K, Vn,
0

to to
limsup/ (fn, up)dt < / (fyu)dt, Vty, to with 0 <ty <ty <T.

n—0o0 t1 t

(2) Let ug € K(0) and f € Ly,u. Then, for any ty, ty € [0,T] with t, < to,

2 1 1
/ (' — f,u—mnydt+ §|U(t2) —n(ta)|3 < §|U(t1) —n(t2)|3, Vi € Ko.

t1

(3) Let uy € K(0), and f; € Ly, u; fori = 1,2. Then, for any ti, ty € [0,T] with
tl S t27

phn(te) = wat)lf < Slune) =~ wa(t)f + [ (- foo —uade. (2)

t1

We refer to [22; Theorems 5.1 and 5.2] for the precise proof of the above theorems.

Remark 2.3. If 0 € K(t) for all £ € [0, 77, then the relation f € L, u gives

1 1 s
Sl < Sluolh + [ (e, ¥s € 0.7
0
in fact, noting 0 € L0 and using (2.7), we get the above inequality.

Once the maximal monotonicity of L, is proved, it is quite useful for the weak solvabil-
ity of parabolic variational inequalities with time-dependent constraint K (). In fact, for
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any coercive maximal monotone or pseudomonotne operator A : D(A) = LP(0,T;V) —
LP(0,T;V*) and f € L” (0,T;V*) we see by the general theory on nonlinear operators of
monotone type (cf. [25; section 5]) the functional inclusion

Lyu+ Aus f in LP(0,T;V*) (2.8)

admits a solution wu.

3. Variational inequalities of Navier-Stokes type

3.1. Weak formulation of variational inequalities of Navier-Stokes type

We are given a nonnegative function v = y(x,t) on @ as an obstacle function such
that 0 < ~v(x,t) < oo for all (z,t) € (). For simplicity we use the following notation: for
any constant ¢ € [0, 0o,

@(7 = C) = {(l‘,t) € @ ’ 7($7t> = C},

QUy=c)={(z,t) €Q | v(z,t) 2 ¢}, Qly <) == {(z,1) € Q | Y(x,¢) < ¢},

and similarly ( > ¢) and Q(v < ¢) are defined. Besides, for the set Q := Q x [0,T],
Q(y=c¢), Qv > ¢), etc. are similarly defined, too.

We assume that + is continuous from @ into [0, co], namely,

the set Q(y = oo) is closed in Q,

Vk € (0,00), 7 is continuous on Q(y < k), (3.1)

VM € (0,00), there is an open set Uy, (C R*) containing Q(v = o)
such that v > M on Uy N Q.

It is easily seen that (3.1) is equivalent to the continuity on @ in the usual sense, of the
function
(@, 1)

afz,t) =< 1 +7(2,t)’
1. if y(z,t) = oo,

if 0 <~(z,t) < o0

We are now ready to formulate our problem with the constraint sets K (¢) given by
K'(vit)={zeV,||z| <7(,t)ae onQ}, 0<t<T,

or
K*(vit) ={z€V, | |Vz]| <v(t)ae.onQ}, 0<t<T,

and the classes of test functions
K'(7) :={€ € L*(0,T;V,) | &(t) € K'(v;t), ae. t € (0,T)}, i = 1,2,

£ e Kl(y;t), Vt €]0,T], }

IKo(7y) = cY([0,T); W, .
) {EE (10,71 >‘ supp(IE]) € Qv > 0),
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and

ICH(v) -

{5601([0,T};WU) ‘ € € K2(st), vt € 0.7, }

supp(|VE[) C Q(y > 0)
and supp(|€]) and supp(|VE|) denote the supports of |&| and |VE|, respectively.

Definition 3.1. For given data
v > 0 (constant), g € L*(0,T; H,), vy € H,,

our problem, referred to N.S*(v; g, vo), is to find a function v := (v, v® v®) from [0, T
into H , satisfying the following (i) and (ii).

(i) v(0) = vo in H,, and t + (v(t),&(t)), is of bounded variation on [0, 7] for all
£ € Ko(7)-

(ii) supyepo.y [v(t)]p2 < 00, v € K'(7) and

/0 (&'(7),v(T) — &(7))odT + 1//0 (Fo(r),v(T) — &(7))odT

—i—/o /Q(v(x,T) NV)v(z,7) - (v(zr,7) — &(x, 7))dxdr + %\v(t) — E(t)’az (3.2)

t
1 .
< / (9(7), (1) =&(7))odT+5 |v0—€(0) 5, Vit € (0,71, V& € Ky(7).
0
Such a function v is called a weak solution of NS*(v; g, vg), i = 1,2.

Remark 3.1. In the non-degenerate case of v, namely v > ¢, (> 0) on Q, ICj(7) is
simply described as

Ko(7) = {v € CH[0, T W,(Q)) | v € K'(v3t), Vt € [0,T]}. (3-3)

Hence, (i) of Definition 3.1 implies that ¢t — (v(t),&(t)), is of bounded variation on [0, 7]
for all £ € C'([0,T]; W,). Similary, in the degenerate case of ~, it implies in the case
i = 1 that t — (v(t),&(t)), is of bounded variation on [0, 7] for all £ € C'([0,T]; W)
with supp(|¢]) € Q(y > 0).

We note in Definition 3.1 that v is defined for every t € [0, T] according to the given
vg, even if we do not require it to be continuous in time: our definition permits jumps

in time, including the initial time ¢ = 0. What we will prove, is that v is a limit of
continuous approximate solutions.

The first main result of this paper is stated as follows.

Theorem 3.1 (Non-degenerate case). In addition to (3.1), assume that

v >e¢, on @ for a positive constant c,. (3.4)
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Leti=1 or2. Let g € L*(0,T; H,) and vy € K*(7;0) and

vo| € L>=(Q2) in the case of 1 =1,
{ |vo] (€2) f (35)

|Vvg| € L>®°(2) in the case of i = 2.
Then there exists at least one weak solution of NS*(v; g, vy); namely

(1) v(0) = vy in H,, and t — (v(t),&(t))s is of bounded variation on [0,T] for all
£e (0, T;W,),

(1) supsepo.ry [V (t)]o2 < 00, v € IC'(7) and (3.2) holds.

As to the weak solvability of NS1(v;g,vg) in the degenerate case we have:

Theorem 3.2 (Degenerate case). Assume (5.1) holds, g € L*(0,T; H,) and v, €
K'(v;0) N L>®(Q)? with

supp(|ve|) C {z € Q| v(x,0) > 0}.

Moreover assume that for each t € [0,T] and all small k > 0, y(z,t) is Lipschitz contin-
uwous on Q(y(+,t) < k) :={x € Q| y(z,t) < K}, namely

|’7(:B7t) o ")/(:Bl,t)| < L’Y(t> K’)|$ o 33/|, V$, Vi’ € Q(V(Wt) < "{)7 (36)

where L. (t, k) is a positive constant depending on t,k. Then NS*(v;g,vo) has at least
one weak solution v in the sense of Definition 3.1.

In the degenerate case of v, we need the Helmholtz decomposition of solenoidal func-
tions (cf. [19]) in the construction of weak solution of NS'(v; g, vo); regarding problem
NS?%(v; g,v0) the degenerate case is still open question except some special cases of 7.

Remark 3.2. The degenerate case of v, namely v = 0 somewhere in (), problem
NSY(v;g,up) was earlier discussed without condition (3.6) in the statement of the main
result ([20; Theorem 1.1]). However, after the publication of this result, unfortunately
a gap was found in the proof by the authors. In this paper, we shall make the precise
correction in section 4 of this paper.

3.2. Approximation of NS'(v;g,vg), i =1,2
Our main theorems will be proved in two steps of
e Approximation of NS%(v; g, vy),
e Convergence of approximate solutions.

We begin with the approximation of v given by

Yn(r) =) VIH) AN, reR, 0<d<1, N>0,



373

where a V b = max{a, b}, a A b = min{a,b} for any real numbers a, b. Clearly, v5n is
everywhere bounded, strictly positive and continuous on @), and sy — v as 6 | 0 and
N 71 o0 in the sense that

VM >0, 305 > 0, INy, IM), > 0 such that
Q(y> M) C Q(ysn > My,), ¥6 € (0,6x), YN > Ny, (3.7)

Vk >0, v55 — v uniformly on Q(y < k) as § — 0 and N — oo.

The approximate problem NS (vsn;g,v0) to NS*(7;g,v0) is formulated as follows:
Find a function v such that

v e C((0,T]; H,) N K'(ysn), v(0) = wy,

and . .
/ (€' v—§&)dr + V/ (Fv,v —&),dr
0 0
t 1
+/0 /Q(’U -V)v - (v — &)dzdr + §|fv(t) — €(t)|372 (3.8)
< /0 <g,'U - €>Ud7- + %"UO - €(O)|3,27 vé S Ké(%,N)aW S [O,TL
where . A
IC (ys.n) = {€ € L*(0,T; V,) | £(t) € K'(ysn;t), ace. t €[0,T]},
Ko (vsn) = {€ € CH([0,T; W) | &(t) € K'(vs.n3t), ¥t € [0,T]}
with

K (ysit) = {2z € Vo | |2] < ysn(-,t) ae. on Q}, ¥t € [0,7],
K*(ysn;t) ={z €V, | [Vz| < y5n(-t) a.e. on Q}, Vt € [0,T].

As was seen in Examples 2.1 and 2.2 these classes { K'(vsn;t)}, i = 1,2, belong to the
weak class @y, with p = 2, of time-dependent convex sets in V, and the time derivative
L, (6,N) associated with constraints {K*(ysx;t)} is well defined by Theorem 2.2. By
definition, f € Ly, (6, N)v if and only if f € L*(0,T;V7},), v € K'(ysn) and

T
1 i
| € = £.0 - €t < Sloa - €O, VE € Klrax). (39)
0
Since 75,v < N on R, there is a positive constant Cy, depending only on /V, such that
K'(ysnit) CK*:={zeV,||z|<Cyae onQ}, Vt€[0,T], i=1, 2.

With this set K*, we introduce a mapping G(-,+) : K* x V, — V7 defined by

(G(w,v),z), = /(w Vv - zdr, Vw € K*, Yv, z€ V,.
Q

For any fixed w € K*, the mapping z — G(w, z) is bounded, linear and monotone from

V, into V7, because

(G(w,2),z), =0, VzeV,, (3.10)
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by the divergencefreeness of w.

Proposition 3.1. Let g € L*(0,T; H,), vo € K(7,0) and assume (3.5) holds for the
initial datum vo. Then, for any small positive 6 > 0 and large N > 0 there is one and
only one solution v of NS (vsn;9g,v0) and it is given by the solution of

ge L, (5, Nv+vFv+Gv,v) in L*(0,T;V?}).

Prior to the proof of Proposition 3.1 we prepare two lemmas.

Since W, is compactly embedded in C(Q)3 for i = 1 and in C*(Q)? for i = 2, there is
a positive constant ks, depending on d and N, such that

ks.nBw,(0) C K'(vsn;t), Vt €1[0,T], (3.11)
where By (0) is the closed unit ball around the origin in W,.

The first lemma follows immediately from the definition of G : K* x V, = V.

Lemma 3.1. We have that

(G (w,v), 2),| < Cn|v|i2]2l02, Yw e K*, Yv, z € V,.

By condition (3.5), vg € K'(vysn;0) for all § > 0 and large N. Let us consider a
functional inclusion of the form:

L, (6, N)v+vFv+ G(w,v) > g in L*(0,T;V,). (3.12)

We observe easily that the mapping v — vFv + G(w, v) is maximal monotone, strictly
monotone and coercive from L?(0,T;V,) into L*(0,7;V?). Hence, from the general
theory on monotone operators in Banach spaces (cf. [25]) it follows that the range of the
sum L., (0, N) + vF + G(w, ") is the whole of L?(0,T; V}), namely there is one and only
one v € L*(0,T;V,) which satisfies (3.12); we denote by S'w the solution v and obtain
from the energy estimate in Remark 2.3 that

1 t 1 t
100+ [ o), dr < Slonlia+ [ (a0t vie 0.7
Hence

02
tSEI;] |'U(t)|(2),2 + V|’U|%2(O,T;VJ) < |vo|(2),2 + 70|g|2L2(0,T;HU) =: Moy(uo, g) (3.13)
€0,

for a positive constant Cy satisfying |z]p2 < Cylz|12 for all z € V.
On account of this result, with

K= {'w € L*(0,T;V,)

sup |w(t)]3, + V|w|i2(0,T;Vg) < Mo (uo, g) } :
te[0,7
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we can define an operator 8’ : IC'(v5x) N IKC* — K (75,5) N K* by putting
S'w = v.

Lemma 3.2. Fori =1, 2, the operator S' is compact in IC'(v55) N K* with respect to
the topology of L*(0,T; H,).

Proof. Let w,, be any sequence in (75 5 )NIC* such that w,, — w weakly in L2(0,T; H,)
(as n — 00). Clearly, w € K'(y55) N K*, since it is closed and convex in L?(0,T; H,).
Also, putting v,, := S'w,,, we observe from (3.13) that f, := g — vFv, — G'(w,,v,) €
Li,o((S, N)v,, and {f,} is bounded in L*(0,T; V). Noting (3.11) and applying Theorem
2.1 for the triplet

V,CH,CV],

we see that {v,} is relatively compact in L?(0,T; H,) and hence in L?(Q).
Now, we extract a subsequence {vy, } so that v,, — v in L*(0,T; H,) as k — oo for
some v; note that v € K'(ysnx) N K*. Also, from (3) of Theorem 2.3 it follows that for

all k,

1 t
3100 = 00, OB+ [ o, = v

t
< —/ (G(wn,, V) — G(Wy,, Vy,), Un), — U, )odT =: It j(t).
0

Here we estimate Ij ;(t) by Lemma 3.1 and (3.10) as follows:
t
I i(t) < —/ (G(wn,, U, — V), Vpy — V) odT
0
¢
—/ (G(wr, — Wy, Vy,), Vp, — Un,)odT
0
¢
= _/ <G(wnk - wnju Unj)7 'Unk - ’Unj>o-d7'
0
T
< QCN/ |V, |1,2|Vn, — Vn,lo2dT — 0 (as k, j — 00).
0

As a consequence, v, — v in C([0,T]; H,) N L*(0,T;V,) and G(w,,,v,,) = G(w,v)
weakly in L?(0,T; V) as k — oo, whence f, — f := g — vFv — G(w,v) weakly in
L*(0,T;V?) as k — oo. Hence, by the demiclosedness of maximal monotone operators,
f € L, (6, N)v, namely

L., (6, N)v+vFv+G(w,v) 3 g,

which shows that S‘w = v. By the uniqueness of solution of this functional inclusion,
it is concluded that S'w, = v, — v = S'w in L*(0,T;V,) without extracting any
subsequence from {w,, }. Thus &' is compact in K (755 ) NIC* with respect to the topology
of L*(0,T; H,). %

Proof of Proposition 3.1: By virtue of Lemma 3.2, the operator St admits at least
one fixed point, v = S'v in K'(y5x). Besides, by the definition (3.9) of Lj, (6, N), this
fixed point v satisfies (3.8), namely v is a solution of NS*(y5x;g,vo). Finally we prove
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the uniqueness of solution. Let v and © be two solutions N.S*(v5n; g, vo). Then, by (3)
of Theorem 2.3, we have

%\v(t)—@(t)\az—i—l//o |v—1‘1\igd7 < —/0 (G(v,v) —G(v,v),v—v),dr =: I(t). (3.14)

Just as in the proof of Lemma 3.2, the right hand side of (3.14) is dominated by

I(t) < —/Ot<G(’U—’l_7,’U),’U—’l_7>UdT:/Ot<G(’U—’l_],’U—’l_)),’U>JdT

T
< ZC’N/ v — V|12V — Vg dr
0

t t
< 20y {e [[fo-oftutr+e. [ lu-ar,
0 0

where ¢ is any small positive number and c. is a positive number depending only on €.
Now, taking ¢ > 0 so as to satisfy 2Cye < §, we get from (3.14) that

t t
o)~ (03, + [ o= ofiudr <€ [ o ofydr, vt 0.7)
0 0

where C' is a positive constant. According to the Gronwall inequality, we see that v = ©
on [0, 7). Thus the solution of N.S*(vs n; g, uo) is unique and the proof of Proposition 3.1
is now complete. &

Remark 3.3. In the case when 7 is everywhere bounded and strictly positive on Q, we
have v = s n for all small 6 > 0 and large N > 0, so that Proposition 3.1 gives that
NS(v; g,v0) has one and only one weak solution v in C([0,T]; H,) N K' (7).

3.3. Proof of Theorem 3.1 (Non-degenerate case)

In this subsection, we accomplish the proof of Theorem 3.1 by proving the convergence
of approximate solutions constructed by Proposition 3.1.
By assumption (3.4), we see that

Ysn(z,t) =y(x,t) AN = yn(x,t), Vo with 0 <0 <c,, Vlarge N > 0.

Let vy be the approximate solution of NS*(yyn;g,vg), @ = 1, 2, for large N > 0.
Then, by (3.13) there exists sequences { N, } tending to co (as n — 0o) such that

v, := vy, — v weakly in L*(0,T;V,) and weakly* in L>(0,7T; H,) (3.15)
for a certain function v € L?(0,T;V,) N L>(0,T; H,), satisfying
v € K'(y). (3.16)
We note that v,, is the solution of

f,=9—vFv,— G(v,,v,) € Li,o(c*7 Ny)v,,
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which is equivalent to the variational inequality (cf. (3.8)):

v, € C([0,T); Hy) N IC' (7v,), - va(0) = o,

¢ 1 1
[ = fuvn =i+ o)~ €0, < G- €O, (37

VE € Iy (v, ), Yt € [0, 7.
Here we note that for any & € C*([0,T]; W,) C C(Q)?

T T
/ (G(v,,0,).E)|dt < C / Va2l vnl1.2l€ oy, dt
0 0
< CMo(g,v0)|€| Lo (0.m:w )

for some positive constant C' independent of n. This shows that {G (v, v,)} is bounded
in LY0,T;W?), sois {f,} in L'(0,T; W?). Also, by non-degenerate condition ¢, > 0,
we can choose a positive number k so that

kBw.(0) C K'(yn,;t), Vt € [0,T], Vn, i=1,2.
Hence, for a sufficient large constant M/ > 0 it follows that
v, € ZQ(I{, Mé, ’Uo), Vn,

so that {Vary:(v,)} is bounded by Lemma 2.2. Moreover, by virtue of Theorem 2.1 and
Lemma 2.1, {v,} is relatively compact in L?*(0,T; H,) and there is a subsequence {v,, }
such that v, — v in L?(0,T; H,) as k — oo and v, (t) — v(t) weakly in H, for every
t € [0,T]; we may assume that the limit function v is the same one as in (3.15). For
simplicity we write this subsequence by {v,}, again; we have together with (3.15) and
(3.16)
v, — v in L?(0,T; H,) and weakly in L?(0,T;V ), (318)
3.18
v,(t) = v(t) weakly in H,, Vte [0,T].

This implies that
/t<G(vn,vn),£)adT — /t<G(v,v),§)ng, vE € CH[0,T); W), Vt € [0,T]. (3.19)
0 0

Taking any function § € ICi(7y), we see that £ is a test function for (3.17), since & €
ICo(v,) for all large n. Now, substitute € in (3.17) and pass to the limit as n — oo to
have by (3.18) and (3.19) that

[t v-gairtv [(Foo-e.+ [ (Gw.0)0-gir
0 0 0 .
+5100) ~ 6OR, < 3lo0 - €OR, + [ (9.0~ €)odr
0

and v is of bounded variation as a function from [0, 7] into W7, whence the function
t— (v(t),&(t)), is of bounded variation on [0, T] for each & € KC{(7) (cf. (3.3) in Remark
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3.1). Clearly v(0) = vy, because v, (0) = vg — v(0) weakly in H, by (3.18). Thus v is
a weak solution of NS (v; g, vy). %

Remark 3.4. The obstacle function v was approximated by 75 x and this approximation
satisfies (3.7), which was used in the proof of Theorem 3.1. As is easily checked, Theorem
3.1 can be proved by means of any approximation of -y, as long as (3.7) is fulfilled, although
we need some easy modifications in the proof.

Remark 3.5. When 7 is so close to 0 on some region @', for the solution v of NS*(v; g, vo)
we see that
|v]| is close to 0 on Q" in the case of i =1,

or
|Vl is close to 0 on @' in the case of i = 2.

The former means that the velocity v is close to 0 on such a region @', and the latter
that v is close to a vector field independent of space variable x, namely it depend almost
only on time, but v itself is not necessarily close to 0 on @'.

4. Degenerate case of NS'(v;g,v)

4.1. Helmholtz decomposition

In this subsection we suppose in addition to (3.1) that v is nonnegative and satisfies
(3.6).
Given sequences {9, } with §,, | 0 and {N,} with N, T oo, we put
Yoz, t) = (y(x,t) V §,) ANy, Yo € Q, Vit €[0,T], Vn € N.

Let ¢ be fixed in [0, 7] with Qg := {x € Q | y(z,t9) > 0} # 0 and in this subsection
denote y(x,ty) simply by v(x) for z € Q.
For any function z in L?(€)?, consider the Helmholtz-decomposition (cf. [19, 34])

z2=2+Vq, z€ H,(Q), q<€ L} .(Q), Vqge L*(Q)?

loc

we note that the correspondence z — 2z is the projection of z onto H,(£2y) and {2 is an
open set in () which is possibly not Lipschitz.
Lemma 4.1. Let z, z, q be as above, M > 0 be any number and put
¢ (x) = (q(x) AM)V (=M), x € Q.
Then ¢ € H' () and 2™ := 2+ Vg™ — z in L*(Q)? as M 1 co.

Proof. Note that |¢M(z)] < M and |V¢M(x)| < |Vq(z)] for a.e. z € Q. Besides, since
¢ — q a.e. on Q as M 1 oo, we have |[Vg™| 1 |Vq| a.e. on Qg as M 1 oo. Hence we
have the conclusion of the lemma. &

Next consider an approximation of {2y by smooth (or Lipschitz) open sets. Given any
positive number € > 0 and any set 2’ in  we use the notation:

U(Q):={zx € Q| Ta" € Q st. |v—2a'| <e} (e—neighborhood of ).
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Lemma 4.2. Let € > 0 be any small number. Then there is a bounded open set w,, with
a Lipschitz boundary, in 2y such that

UE(CUE) C QO,
and
Vo € Qp — w., 32’ € Q — Qg such that |x — 2’| < ce,

where cog > 1 is a positive constant independent of €, and moreover, w. s increasing as
el 0 and

U we = Qo, hence meas(Qy —w:) — 0 as € — 0.
e>0

The proof of Lemma 4.2 is elementary, so it is omitted.

Lemma 4.3. Let € > 0 and w. be the same as in Lemma 4.2. Then there is a cut-off
function a. € D(Q) such that

0<a.<1 onQ, supp(a.) C Qy, (4.1)

a.=1 onw., a.=0 on Q—Q, (4.2)
Q

Va.| < C<€ 0) on €, (4.3)

where C(o) is a positive constant depending on Qo (but independent of €).

Proof. As a. we can choose the convolution
Pz * X (@) = / ps(x = Y)XgznW)dy, = €L,
2 Q 2

where X777 is the characteristic function of Us(w:) and ps is the 3-D mollifier with
2

support |z| < §. The proof is elementary. See [2; 4.19] for the statement. &
Lemma 4.4. Let {v,} be a bounded sequence in H, such that
0a(2)] < ule), ac. z €D, Vi, (4.4)

and
/('vn — V) zdr — 0 asn, m— oo, (4.5)
Q

for any z € W, with supp(|z|) C Q. Then, there is v € H, such that v,, — v weakly
in L*(Q)3.

Proof. Let M be any positive number and g € H'(€) with |g(z)| < M for a.e. = € Q.
First we shall show that

lim (v, —vy,) - Vgde = 0. (4.6)

T,1M—+00 Q0
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For each small € > 0 we take w. with U.(w.) C g and a cut-off function a. as in Lemmas
4.2 and 4.3. Since a.q € H}(Q), we observe with the help of estimates in Lemmas 4.2,
4.3 and (4.4) that

/ (v, — vy - Vado

/ws('vn — V) - V(aeq)dx

_ /Q<v” —vp) - V(a.q)de — / (vn — V) - V(aeq)dz

Q—we

= |0— /Q_wg (v, — V) - V(aq)dx

- /Qo_wg (Un = V) - V(acq)dx

< [ GurmVa+ [ ot rn©E
Qo—we Qo —we €
In the last inequality we note from Lemma 4.2 that for any x € Qg —w, thereis 2’ € Q—Q
such that |z — 2’| < ¢ge, so that by the Lipschitz continuity of v we have v(x) = |y(z) —
v(z")| < Lycoe, where L, = L,(k,tp), with a small x > 0, is the Lipschitz constant of
v = (+,to) in a neighborhood of 2 — Q. Therefore, by (4.1)-(4.3),

lim (Y +vm) - [Valdx
n,m—=00 Jo .,
= / 2v|Vqldz < 2L7005/ |Vqlde — 0ase—0
Qo—we Qo—we

and

Q
lim / (Vn + Ym) - MC( O)dx
Qo—we €

n,Mm—00
Cc(Q
= / Q’YMQCZZL’ < 2L,coMC () - meas(2y —w.) = 0ase — 0.
Qo —we €

Thus we have (4.6).

Here we note that (4.5) holds for every z € H,(£), since W, () is dense in H ().
Next, let z be any function in L?(€)3. We denote the Helmholtz decomposition of z in
L*(Q)? by 2 :== 24+ Vq, 2 € H,(Q), q € L} (Qo) with Vg € L*(Q)®. Given large
constant M > 0, we put

¢"(x) = (a(x) NM)V (=M), z € Q.
By Lemma 4.1, ¢™ € H*(Q) and Vg™ — Vq in L?(2(t))® as M 1 oo. Then it follows

that
/ (v, — v,) - zdz
Qo

_ /Qom —wn) - (3 + Vg)do

/ (v, — vy,) - 2dx / (v — V) - Ve do
Qo QO

+2M'|Vq — Vg™ | 12(00)3

IN

+
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where M’ = sup,, |v,,]0.2-
We derive from (4.5) and (4.6) with ¢ = ¢ that

lim sup
,Mm—00

/Q (Vn — V) - zdx| < 2M'|Vq — Vg™ | 12042 (4.7)
0

Therefore, the right hand side of (4.7) converges to 0 as M 1 oo, so that v, — v, — 0
weakly in L%()? as n,m — oo. This implies that v,, — v in L?(Q2)? as well as in H,,
since v,, — 0 uniformly on Q — Qg by (4.4). O

4.2. Proof of Theorem 3.2 (Degenerate case)

The main idea for the proof of Theorem 3.2 is found in [20], but it will be here repeated
for the completeness under the additional condition (3.6).
In the rest of this paper we use the following notation:

Qut) ={zr e Q| y(x,t) >k}, Ve>0, Vtel0,T],

Ey:={t € [0,T] | Qo(t) # 0};

Ey = .2, E is relatively open in [0,T], where Ey is any connected component of Ej .
Also, we put

J(y> k)= UQ ) x {t},

teJ

for any subinterval J of [0,7]. When J = [0, T, Q[O,T} (v >0)=Q(y > 0).

We consider an exhaustion of the set Q (v > 0) by means of 4-dimensional rectangulars
(parallel to the (x,t)-coordinate axis) in Q(y > 0).
For each ¢ we observe that QQg,(y > 0) is a countable union of sets 2" x J™ in the

form:
oo P

Qe(y>0)=J U <, (4.8)

m=1i=1

where

(a) By =, J™ with J™ := | J™ such that

=11
e cach J™ is an interval of the form [T,,, T ] or (T,,,T},] or [T,,, ) or (T,,, T).),
e J™ is a direct sum of J™ and J™ is increasing in m, namely J™ C J™ 1
(b) Q™ is a smooth open set in §2 such that
o Q" C Qy(ty) for some t,,; € J™, hence dist(Q, Q — Qy(tm,)) > 0.

e (7 is increasing in m in the sense that Q" C Q?““ iftt e J"n J]erl for
1 S .7 S Pm+1-

From (4.8) we see that for each t € Ej,

meas(£(t) — Q') - 0 asm — oo, t € J".
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Let v, be the same as in the previous subsection:
Yo = (YV ) ANy, 6,10, N, 7T oc.

By virtue of Theorem 3.1, problem NS(v,;g,v,) has a solution v,, satisfying uniform
estimate (cf. (3.13)):

ts[%l?p] |'Un<t)’§,2 + V|”n‘%2(o,:r;v[,) < Mo(vo, g) =: Mo. (4.9)
€ )

From (4.9) we see that {v,} is bounded in L>(0,7; H,) N L*(0,T;V,). Now choose a
subsequence of {v,}, denoted by the same notation for simplicity, such that

v, — v weakly” in L°(0,T; H,) and weakly in L*(0,T; V), (4.10)

for some v € L>(0,T; H,) N L*(0,T;V,). We note that v, € K'(v,) , i.e. |un| <
a.e. on (). Since 7, — 7 uniformly on @ (in the extended sense (3.7)), it follows that

lv| <7y ae onQ, ie velkK'(y).

Besides, each v, satisfies the following variational inequality:

/0 (&'(7),v.(7) — &(7))dT + 1//0 (Fo,(7),v,(7) — &(7))odT

+ [ (Gwa w20, = €)str + 5loa0) ) (a.11)

< [ a0, = €)otr + Gloo— €O V€ 0.1, VE € Kl
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Putting

fn=9—vFv, — G(v,,v,), (4.12)
we observe that f, € L*(0,7;V?) and {G(v,,v,)} is bounded in L'(0,T; W), hence
{f,} is bounded in L*(0,T; W?).

Now, for each index {m,i} in (4.8) consider the sequence of approximate solutions
v,, on the cylindrical open set Q" x J™. For simplicity we write 2’ for Q" and write
J (= [Th,T}]) for J", assuming Ji" is a closed interval [T}, ;, T}, ;]; any other case can

1)

be similarly handled. With these notations, consider the spaces V,(2), H,()') and
W, () built on

W, () C V, (), V() C H () C W)

with dense and compact embeddings.
By the Helmholtz decomposition of v, (-, t) in L*(Q)3,

v (,1) = Op(2,t) + Vau(a,t), 0,(-,t) € H () NW(Q)?, qu(-,t) € HY ()

we know (cf. [34; Chaper 1]) that |9,|w12@y < C()|vn|wi2@ys with some positive
constant C'(€') depending only on Lipschitz open set €. It is easy to see from (4.9) that

tS[l(l)I;} |ﬁn(t)|%-Ig(Q’) + V|6n|2L2(0,T;W1’2(Q’)3) S Ml(uo,g) = Ml. (413)
S k]

where M, is a positive constant independent of n. We can regard f,(t) given by (4.12)
as a linear continuous functional, denoted by f,,, on W, (), by putting

F,0:80 = [ go.0)-&@)s—v [ Vo) Ve
+ / (0alt) - V)wn(t) - E(@)dr, VE € W),

The estimate (4.13) shows that {f,} is bounded in L'(Ty,T/; W*(€')) and
Ty T
[ vt < [ Mg
T i

is bounded above; namely for a positive constant M7 it holds that

’}n’Ll(ThT{;W;(Q/)) < My, Vn.

Lemma 4.5. Let ' x [T1,T{] := Q" x [T,,,;,T,, ;] be as above, and let Cy be a positive
constant satisfying |z|c@p < Cilzlw, for all z € W,. Then v, is of bounded variation
as a function from [Ty, T]] into W () and its total variation is estimated by:

1
ciM2 [N C1 M,
Varw: ) (0n) < My + - 0/ |glo,2dt + 21 0, Vlarge n, (4.14)
K

m,i T, m,t

with the constant kp,; in condition (b) and My the same constant as in (3.13).
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Proof. We first show that there is a constant ' > 0 such that
' Bw,)(0) C K'(v,;t), Vt € [T1,T}], Vlarge n. (4.15)

In fact, since ¥ = W c Q and 7, — 7 uniformly on 2, we see that v > k,,; on Q

and hence v,, > K, ; on Q' for all large n. Therefore, if z € Bw_ o (0), then

Km,i

Km,i

2| s < EmilZlwo @) < Bmi < Yol-,t) ae. on Q, Vt € [Th,T)], V large n.
C c@) ; () ; 1
1

Thus we have (4.15) with x' = .
Next, let & be any element in Cg(T1,T7; W, (Q)) with |€]oqr,w. @) < 1. Then,
£ := ++/¢ is a possible test function for (4.11), hence we get that

ho ~ P h p 1 2 1 N (2
| € 8ot < [ (f0n = Bt S (TR~ TR

Ty T
whence
Ty
| e o
T
= /T{G‘ ot + 5 [ (g modt + L fon(TR, — (T2
- o o y Un)o = 1Un — = |Un
= n ns W g o Vlo2 ™ 57 1)10,2
o M2 [T 1 1
< « ot 0 dt + — v, (T)? 5 — — v (T)]?,.
< [ Fabwendt S [ gloadt + 5T - 5T
Consequently, we have (4.14). &

Corollary 4.1. Under the same assumptions and notation as in Lemma 4.5, for each
{m, i} there are a subsequence {vy,,, ,}iey of {v.} (depending on Q") and a function
Vi in L°(JM H,(QM)) N L2(J™ WH2(QM)3) such that

Vigmy (1) = Oini(1) weakly in LA(QM)?, vt e J™ (as k — o0), (4.16)

/m(vnk(m)(‘,t)—vnj(m,i)(~,t))~zd:c — 0, Vz€ H,(Q"), Yt € J", as k, j — oco. (4.17)

2

Proof. According to Lemma 4.5 and Lemma 2.1, there is a subsequence {v,,, , } of
{v,} and a function a,,; € L=(J™; H,(Q™)) N L2(J™; W2(Q)3) such that

Vigmy (1) = Uiy i(t) weakly in Ho ("), Vt € Ji" (as k — 00). (4.18)
Here, for any function z € L?*(Q')® we use the Helmholtz decomposition

z=2+Vq, z€ H,(Q"), g € H{(QM),
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to see by (4.18)

/Qm ’i}nk(m.i)(" t) czdr = /m ’b”k(m,i)(" t) ’ (2 + Vq)dx

A

_ / Do (o8) Bl > [ By 1) - Bda

_ / @m,i(.,t).<z+vq>dx=/ B 1) - 2da
o

ap
hence (4.16) holds. The convergence (4.17) follows, since [q. Un,,, ., - 24T = [om Oy, -

zdx for z € H,(QM). ¢

Corollary 4.2. Under the same assumptions and notation as in Corollary 4.1, there is
a subsequence {vy, . 172y of {vn}, depending only on m, such that

/(vnk(m>(~,t) — Uy, (51)) - 2de — 0, Vz € H ("), Vt € J", (4.19)
Q

as k, 7 — oo.

Proof. This corollary is a direct consequence of Corollary 4.1 and the definition vy,
in fact, we extract a subsequence {v,, . ,,} from {v,, 1} so as to satisfy (4.17) with i
replaced by 7 4 1, repeatedly for : = 1,2,--- | N,,, — 1. As a result, we get a subsequence
{Vny(m } for which (4.19) holds. &

Lemma 4.6. Under the same assumptions and notation as in Corollary 4.2, there is a
subsequence {v,,, }5°_; with a function v : E, — H, such that

v, (1) = v(t) weakly in L*(Q)*, Vt € By, (as m — 00). (4.20)

Proof. We make use of the subsequences {vy, ,} constructed in Corollary 4.2. In the
table of these subsequences:

vnl(l) U?’Lg(l) vn3(1) ............... Unm(l)
Un1(2> vnz(z) vn3(2) ............... /Unm<2)
’l)nl(3> vn2<3) vn3(3) ............... vnm<3)
’l)nl(m> vn2<m) unS(m> ............. unm(m)
we pic up the diagonal functions v, =~ =: vy, and consider the subsequence {v,, }77_;

of {v,}.
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We shall show below that this is a required one. Let & be any function W, such that
K = supp(|€|) € Q(t), t € E;. Since K is compact in Qg(t), there is a positive number
r such that y(x,t) > k for all € K. Therefore by condition (a), K C Q" C Qo(t) for a
large m and some ¢ with ¢t € J", which implies by Corollary 4.2 that

0= lim [ (v, (1) =V, (1) &€dr = lim (Vny (1) =0, , (-, 1)) - &da

k,j—oo Jq m,m’' =00 [

Applying Lemma 4.4 to the sequence {v,, }, we conclude that there is v(t) € L*(2)? such
that v,,, (t) — v(t) weakly in L*(Q)? for each t € Ey as m — oco. Thus we have (4.20).

Corollary 4.3. Under the same assumptions and notation as in Lemma 4.6, we put

Bz, 1) = { o(w,t),  (z,1) €QxE

0, otherwise,

Then
v,,, — 0 in L*(0,T; H,).

Proof. From Lemmas 4.5 and 4.6 with their corollaries adapted for every component E,
we can construct a subsequence {v,, } of {v,} with a function v : Ey — H, such that
v, (t) — ©(t) weakly in L*(Q)3 for all t € E,. Besides, since v, (-,t) — 0 uniformly on
Q — Qy(t) for every t € [0,T] — Ey, it follows consequently that v, (t) — ©(t) weakly in
L2(Q)3 for all t € [0,T].
Now we recall a compactness lemma [27;Lemma 5.1, Chapter 1] to get
[V, (8) = W, (D)]5.2 < Elon,, () = va,, (D)1 2 + Celvn,, () — 0, (D), (4.21)

m m

vVt € [0,T], Vm, m’,

where ¢ > 0 is any positive number and C. is a positive constant depending only «¢.
Integrating the above inequality in time ¢ and letting m, m’ — oo yield that v, —v, , —
0 in L*(0,T; H,) as m, m’ — oo, since the last term of (4.21) tends to 0 uniformly on
[0,7] as m, m’ — oco. This shows that v,,, — © (strongly) in L?(0,T; H,) (hence in
L*(Q)) as m — oo. o

Proof of Theorem 3.2: Let v be the same function as in Corpllary 4.3. Recalling that
v, — v weakly in L?(0,T;V,) and weakly* in L*(0,T; H,) as n — oo (cf (4.10)), we see
that v = v a.e. on ) and hence © may be identified with v. In the sequel, for simplicity,
let us denote v,,,, by v,,.

Let & be any function in /Cj(). Then & is a possible test function of approximate
problem NS'(v,;g,v,) for all large n, so that

/0 (&'(7),v.(7) — E(7))dT + V/O (Fo,(1),v,(7) — &(7))odT

+ [ (Glon0).00 = i+ o)~ €011 (4.22)
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t
1
< [(g.u = €adr + o0 — €OV, Vi€ 0.T)
0
Just as in the proof of Theorem 3.1 we obtain (cf. (3.18), (3.19))) that

1 1
Slo(t) — €@fE, < lim inf fou(t) - €)1,

and

lim /0 (Glvy.v,). E)dr = /0 (Glv.v).€)dr

n—o0

Hence, letting n — oo in (4.22) gives

/o (&'(7),v(T) — &(7))odT + V/O (Fo(r),v(T) — £(7))dT

+ /O <G('U, 'U),’U — €>0d7' + %|’U(t) - g(t)l(Z)Q

t
1
< [g.v=€dr+ 5lo0—€0)f, Vi€ 0.T)
0
As to the other properties of v, we have that
v e K'(y),

v,(0) = vy — v(0) weakly in H,, hence v(0) = vy.
Finally we show that ¢ — (v(t),&(t)), is of bounded variation on [0,7]. It is enough
to show it in the case of supp(|€]) € Qg,(y > 0) for some £. In this case there is m*
such that supp(|€|) C Uﬁ Q™ x J™. We use the Helmholtz decomposition of v(t) in
L2(Q™") which is of the form v(t) = v(t) + Vq(t), 0(t) € H, ("), q(t) € H'(Q"), for
each t € J™ . By the estimate (4.14) in Lemma 4.5 we have

1
s oMz (M C M,
Vary, qn+)(0) < MHA/ |glozdt + ———. (4.23)
T

m,t 2"€m,i

In fact, since v,, — v weakly in L*(Q)>?, it follows that ©,, — © in L?(0,T; H,(Q""). By
the lower semicontinuity of the total variation functional, (4.14) implies (4.23). Moreover,
for any ¢ we observe that

(v(2),€(1))0 — (v(s),&(8))o| = [(0(1),£(1))5 — (0(5), £(5))s]|
< [9(t) = 0(s)oallE(®)lw, + [v(s)loal€(s) — EDlw,, Vs, te ™.

From this we see easily that the total variation of t — (v(t),£(t)), on J™ is bounded by

=1

Py
const. (Z Varw;(szyl*)(f’) + |§,|L1(0,T;Wo)> ’ (4.24)

and (4.24) is valid for every connected component F,. Hence t — (v(t),£&(t)), is of
bounded variation on [0,7]. Thus v is a weak solution of NS*(v; g, vy). &

Remark 4.1. We suppose that
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e for each t € [0, 7] the closure of any connected component of {2 — Qy(t) meets the
boundary I'.

In this case, the same type of lemma as Lemma 4.4 can be proved under gradient constraint
|Vv| < ~. Therefore with some modification in the proof of Theorem 3.2, an existence
result can be shown for NS?(vy; g,vo). However, this additional geometric assumption is
too restrictive to apply this result to Stefan/Navier-Stokes problem discussed in the next
section.

5. Stefan/Navier-Stokes problems

In this section, let us consider Stefan/Navier-Stokes problem. As was mentioned in
the introduction, it is a system of the enthalpy formulation of solid-liquid phase change
in fluid flows with freezing and melting effect.

We begin with the precise formulations in non-degenerate and degenerate cases of
obstacle function, postulating that the region () is divided into three unknown time-
dependent regions,

Q= Q. () U Qu(t) U D (8),

which are respectively called the solid, liquid and mixture (mussy) regions, and velocity
constraint depends on the order parameter of phase, namely the velocity field is inde-
pendent of space variable x on 4(t), governed by Navier-Stokes equation in €2,(t) and
constrained by an order parameter dependent obstacle function in €2,,(¢). In our model,
one of main ideas is that the dynamics of velocity field is described as a quasi-variational
inequality of Navier-Stokes type.

5.1. Variational formulation of Stefan/Navier-Stokes problem

First of all we give the weak variational formulations of Stefan/Navier-Stokes problems
with constraints on the velocity and its gradient.

Let 8 = B(r) be a non-decreasing and Lipschitz continuous function with Lipschitz
constant Lg from R into R such that

liminfM >0, B(r)=0forrel0,1],

ri=oo 7] (5.1)

B(r) is strictly increasing for » < 0 and for r > 1.

Let (3 := 3(r) be the primitive of 8 given by (r) := Jy B(s)ds for all r € R. Clearly

B0) =0, B(r)=p(r) (: %@)  VreR.

Next, let ¥ = v(r) be a non-negative and non-decreasing continuous function from R into
[0, 0] and consider the following two cases:
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(Non-degenerate case)
v(r) > ¢, > 0 for r € R, where ¢, is a positive constant,
7y is strictly increasing on [0, 1), (5.2)
y(r)tooasrt1l, v(r)=oo forr>1.
(Degenerate case)
vy(r) =0 for r <0, - is strictly increasing on [0, 1)
y(r)toocasrtl, y(r)=ooforr>1, (5.3)
v(r) is locally Lipschitz continuous in a neighborhood of r = 0.

For the enthalpy formulation of the Stefan problem we introduce some function spaces.
Let V := H*(Q) with norm

1
3
|2]v = {/ |Vz|2dx+n0/|z|2df} , Yz eV,
Q r

where ng is a fixed positive number and dI" is the usual surface measure on I'. The dual
space V* is equipped with the dual norm of V. In this case

V C L*(Q) C V* with dense and compact embeddings
and the duality mapping F': V' — V* is given by
(Fu,z) := / Vu-Vzdr + no/uzdF, Yu, z €V, (5.4)
Q r
where (-,-) = (-,-)y+v. We know that F' is linear, continuous and uniformly monotone
from V onto V*. Now we set up an inner product (-,-). in V* by
(u*, 2%), = (u*, F712%), VYu*, 2z e V™

note that V* is a Hilbert space with this inner product (-,-).. Moreover, we define a
proper, l.s.c. and convex function ¢(-) on V* by

o(2) = /QB(z(x))dx, for z € L*(Q),
00, for z € V* — L*(Q).

We know (cf. [11, 12]) that the subdifferential 0,¢(-) of ¢(-) in the Hilbert space V* is a
singlevalued mapping in V* such that

D(0,p) :=={z € L*(Q) | B(z) € V} and 0,0(2) = FB(z), Vz € D(0.p). (5.5)

The following evolution equation is considered in the space V* as the enthalpy formu-
lation of the Stefan problem:

w'(t) + Ovp(w(t)) + div(w(t)v(t)) = h(t) in V*, te (0,7T), 56)
w(0) = wy, .
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where v := v(xz,t) is a vector field on @ in L*(0,T;V,) as well as wy € L*(Q2) and
he L2(Q).

On account of the results in [11, 12], the problem (5.6) with ¥ = 0 admits one and
only one solution w € W2(0,T;V*) N C, ([0, T); L2(Q)) such that ¢ — [, B(w(-,t))da is
absolutely continuous on [0, T, where C,,([0, T]; L*(©)) is the space of all weakly contin-
uous functions from [0, 77 into L?(Q2). We notice from (5.4) and (5.5) that (5.6) is written
in the form

w'(t) + F(B(w(t)) + div(w(t)v(t)) = h(t) in V*, ae. t € (0,T), w(0) =wy, (5.7)

or

9B(w)
on

wy — Af(w)+v-Vw=~h in Q, + noB(w) =0on X, w(-,0) =wy on 2, (5.8)

(in the distribution sense);

note here that v - Vw = div (wv) is the convective term for the enthalpy w caused by the
fluid flow.

We are now consider a coupled system of (5.7) (hence (5.8)) and the variational in-
equality of Navier-Stokes type discussed in sections 2~4:

v E ’Ci(’y(weo)% U(O> = Yo,
(€00 = &ratr +v [ (Fo(r),0(r) — g)air
+ [ (Glw.0).0 = e)dr + 50l0) - €)1 (5.9

< [ 9.0 = €hdr+ oo — €O, Ve € 0.7, VE € Ky (3™,

In the above formulation, for i = 1,2 the constraint sets K'(y(w®);t), the classes
K'(y(w)) of test functions and IC(y(w™)) of smooth test functions are defined by as
follows:

Wz, 1) = / P — y)wly, D)dy, o € 2,
Q

K'(y(w®);t) == {z € V, | |z| < y(w™(-,t)) a.e. on Q}, t € [0,T], (5.10)
ICH (y(w™)) = {€ € L*(0,T; V,) | £(t) € K (y(w®™;t) a.e. t € (0,T)}, (5.11)
€] < y(w™) on @,
Ko (y(w™)) = {£ e C'([0,T|; W) . } (5.12)
supp ([¢]) € Q(v(w™ > 0))
and
K2 (y(w™);t) :={z € V, | [Vz| < y(w™(-,t)) a.e. on Q}, t € [0,T], (5.13)

IC(y(w™)) = {€ € L*(0,T; V,) | £(t) € K*(y(w™;t) a.e. t € (0,T)}, (5.14)
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Ko (v (w™)) = {é" e C([0,T;; W,) (5.15)

V€| < y(w™) on @, }
supp ([VE]) € Q(y(w™ > 0)) |

The initial datum v, and source g are respectively prescribed in V, and in L*(0,7T; H,).

Definition 5.1. For given data
wy € L*(Q), h€ L*(Q), g€ L*(0,T;H,), vy € H,(),

our problem, referred to SNS*(3,v; h, g, wo,vo), i = 1,2, is to find a pair of functions
{w, v} from [0,7] into V* x H, satisfying the following (i), (ii), (iii) and (iv):

(i) w € WH2(0,T;V*) N L=(Q) N Cy([0,T1; L2(Q)), w(0) = wo and ¢ — [, B(x, t)dx is
absolutely continuous on [0, 77,

(i) v € L>(0,T; H,) N K'(y(w™)), v(0) = vy and t — (v(t),£&(t)), is of bounded
variation on [0, T for every & € C*([0,T]; W) with

supp (|€]) € Q(y(w™) > 0) for i =1, supp (|VE]) € Q(v(w™) > 0) for i =2,

(iii) w satisfies the evolution equation of (5.6) (hence (5.7)).
(iv) v satisfies (5.9).

Such a pair of functions {w, v} is called a weak solution of SNS*(3,~; h, g, wo, Vo).
The existence results are stated in the following two theorems.

Theorem 5.1. (Non-degenerate case) Assume that the data wgy, h, vy and g satisfy
wo € L*(Q), h e L>®(Q), (5.16)

and

voeV,, geL*0,T;H,),
lvg| € L®(Q), |vo| < v(wi?) a.e. on Q in the case of i =1, (5.17)
Vgl € L=(Q), |Vvo| < v(wg’) a.e. on Q in the case of i = 2,

where wi’ (x) = [, peo(x —y)wo(y)dy, = € Q. Moreover, assume that 3 and vy satisfy (5.1)
and (5.2), respectively. Then SNS*(B,7;h,g,wy,vo), i = 1,2, admits at least one weak
solution {w,v}.

Remark 5.1. In the non-degenerate case of 7 the classes IC}(7(w®)), i = 1,2, of admis-
sible test functions are given by

Ko(v(w™)) = {€ € C'([0,T]; W,) | [€] < v(w™) on Q},

and
I (v(w™)) := {& € CY([0,T]; W) | [VE] < v(w™) on Q}.
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Therefore, just as the case of Theorem 3.1, the mathematical treatment of non-degenerate
case is much easier than the degenerate one.

Theorem 5.2. (Degenerate case) Assume that (5.1) and (5.3) are satisfied. For the
data wy, h, vy and g, in addition to (5.16) and (5.17) for i = 1, suppose that

supp ([vol) C {z € Q| y(wg’(2)) > 0}. (5.18)

Then SNSY(B,7;h,g,wo, vo) admits at least one weak solution {w,v} in the sense of
Definition 5.1 for 1= 1.

The solvability of SNS?(8,~;h, g, wq,ve) under gradient constraint is an open ques-
tion in the degenerate case in which some difficulties arise just as in the case of N'S?(v; g, vy).

5.2. Approximate problems

We approximate the functions 8 and v by B85 and 5y for each small § > 0 and large
N > 0, which are defined by

Bs(r) == p(r)+dr, ¥VreR

and
Ys.n(r) == (v(r) V) AN, VreR.

The proper, l.s.c. and convex function ¢s(-) is defined by
/ Bg(z(x))d:c', for z € L*(9),
ps(z) = Q
00, for z € V* — L*(Q),

where fs(r) := s Bs(s)ds for r € R. Tt is easy to see that ps converges to ¢ in the sense
of Mosco [28] as 0 | 0. Also, the evolution equation

w'(t) + Owps(w(t)) + div (w(t)v(t)) = h(t) in V*, ae. t € (0,T), w(0)=wy, (5.19)
is formulated similarly in the case (5.6). This is equivalently written in the form:

w'(t) + FBs(w(t)) + div(w(t)v(t)) = h(t) in V¥, ae. t € (0,T), w(0)=wy. (5.20)
Lemma 5.1. Let {w,} and {v,} be bounded sequences in L>(Q) and L*(0,T;V,),
respectively, and let w € L®(Q) and v € L*(0,T;V ) such that

w, — w weakly in L*(Q), v, — v in L*(0,T; H,).

Then
div (w,v,) — div (wv) weakly in L*(0,T;V*). (5.21)

Moreover, if w, — w in L*(Q), then the convergence of (5.21) holds in L*(0,T; V™).
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Proof. First we note by the boundedness of {w,} in L*(Q) that w, — w weakly* in
L>=(Q). For any function z* € L?(0,T;V*) we have

T
/ (div (w,v, —wv), z*)*dt'
0
= / div (w, v, — wv)Flz*dxdt‘
Q

= /Q((wn — w)v + w, (v, —v)) - VF‘lz*dxdt’

IN

/(wn —w)v - VF_lz*dxdt‘ +/ [w, ||v, — v||VF~2*|dxdt
Q Q

< /(wn — U))’U . VF_lZ*dl'dt‘ + C”Un — U‘LQ(O,T;HU)‘Z*|L2(O,T;V*)7
Q

— 0 asn — oo,

where C' = sup,cn |Wn|r(g). Hence (5.21) is obtained. In particular, if w, — w in
L*(Q), then the last convergence holds in the strong topology of L*(0,T;V*). O

Lemma 5.2. Assume that (5.18) holds and let v be any function in L*(0,T;V,). Then
we have:

(a) For each d > 0, problem (5.6) (hence (5.7)) has a unique solution w in W5H2(0,T; V*)N
L*(0,T;V) N C([0,T); L*(Q)) such that Vtw' € L*(0,T; L*(2)) and Vt|Vwl|r2o) €
L>(0,T).

(b) For each § > 0, the solution w of (5.6) satisfies that

CQ
ts[lélﬁ;] w(t) |72 + Olwliz.ry) < lwolZag) + 72|h|%2(Q), (5.22)
€10,

. 1 . C2
sup /56(w(t))dx+—|56(w)|%2(0,T;V) S/B(wo)dx+|w0|i2(ﬂ)+_2|h|%2(Q)a (5.23)
tef0,7] Jo 2 Q 2

"LU’LOO(Q) < Ry, Vo€ (O, 1], (524)

where Cy is a positive constant satisfying |z|r2) < Colz|v for all z € V and Ry is
a positive constant independent of § € (0,1] and v.

Proof. There are several approaches to the solvability of the approximate problem (5.7).
Here we are going to use the L-pseudomonotone theory (cf. [8, 9]) for it.

First we consider the case of v € L>(Q)3. In this case we observe that the opera-
tor Aw := —A(Bs(w)) + div (wv) is coercive and L-pseudomotone from L?(0,T;V) into
L*(0,T;V*) in case L = Ly, is the time-derivative % associated for constraint K (t) =V
(see section 2). Therefore, applying a result in [8, 9], the range of L,,, + A is the whole of
L?(0,T; V*); namely, given h € L*(Q), there is w € L*(0,T;V) such that L,,w+ Aw = h
in L?(0,T;V*). Moreover, since f35(-) is bi-Lipschitz continuous on R, it follows from the
general theory in [24; Chapter 2] that the solution w of (5.20) has the required regularity



394

properties, and as to the uniqueness of solutions, for two solutions wy, k = 1,2, of (5.20)
associated for the initial datum wyy € L?(Q2) and the source hy € L*(Q) we have for all
te[0,T]

(w1 (t) = wa(t) 1) < [(wio — wao) " [L1(0) +/0 (P (T) = ha(7)) 1@ dT,

where (-)™ denotes the positive part of (). In particular, if wig = wq and hy = hg, then
this shows w; = w9 on @, namely the uniqueness of the solution of (5.20). Thus we have

(a).

Next we show (b). Multiplying (5.20) by w and noting that

/Qdvi(w(a:,t)'v(x,t))w(x,t)da: = —/Qw(x,t)v(x,t)-Vw(x,t)dx

_ —/Q'v(x,t)-v (%w(m,t)Q) do
_ % /Q divo(z, Hw(z, )2dz = 0

we have that

1d

5 70Oz + 5/9{5’(11)(35, t)|Vw(@,t)]* +0|Vw(z, t)[*}dz

o [ (Bl i)+ Slute O} < [ )tz Dlds

for all t € [0,T]. By integrating it over [0,7] in time, we have an estimate of the form
(5.22). The estimate (5.23) is similarly obtained. In fact, multiply (5.20) by B5(w). Then

%/QBJ(:L‘,t)dx+/Q’V55(w(x,t))]2dx+noA]ﬂg(wwdf§/Qh65(w(g;7t))dgg.

Integrating this over [0, ¢] in time, we easily get an estimate of the form (5.23).
Next, let Ry be a positive constant such that |wo|p~) < Ry and |h|p~(g) < Ri. Note
that the solution w of (5.20) satisfies

865(11))
on

Multiplying this by (w — Ry — Ryt)", we obtain that

wy — ABs(w) +v-Vw=h ae. inQ, + nofs(w) = 0 a.e. on X.

/(wt ~ R)(w— Ry — Rut)da + / B (w)|V(w — Ry — Ryt)* 2
Q Q

1
+/ 5’0 : V[(w — Rl — R1t>+]2dﬂi = /(h — R1)<w — Rl — th)er;E < 0.
Q Q

In the above inequality the second integral is non-negative and third integral is zero
becaose of the divergencefreeness of v, so that

d
E/ |(w(t) — Ry — Ryt)T|?dx <0 ae. t €[0,7).
Q
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Hence

[(w(t) — Ry — Rit)"|?dr < / |(wo — Ry)T|*dz = 0, Vt € [0,T],
Q Q

namely w < Ry + Ri\T =: Ry a.e. on ) and (5.24) is obtained.

In the general case of v € L?(0,T;V,), we approximate v by a bounded solenoidal
function v, ¢ > 0, so that |[v — v.|;20mv,) < €. For each ¢ > 0 we denote by w:
the solution of (5.18) associated for convection vector v.. Then, by the above results,
estimates (5.22), (5.23) and (5.24) hold true and they are independent of £. By using
these uniform estimates and Lemma 5.1, it is not difficult to show that w. converges to
the solution w of (5.19) as ¢ — 0, and we have the conclusion of the lemma. &

According to Lemma 5.2, we see that the solution w of (5.6) (hence (5.7)) is constructed
in the class

Y= {w e W20, T;V*) ‘ wi0) =wo, Blw) € LAO,T5V), } .

(5.22), (5.23) and (5.24) hold for all ¢ € (0, 1]

With the functions 35 and s 5 approximate problem SNS*(3,vs n; h, g, wo, vg) is formu-
lated as follows.

We use the notation K'(y5n;t), K'(vsn(w™)) and IC)(ysn(w™)), etc., which are
defined by (5.12)-(5.17) with v replaced by 75 n-.

Definition 5.2. We denote by SNS*(8s,vsn; b, g, wo, vo) the problem to find a pair of
functions {w, v} which satisfies:

(i) w e WH2(0,T; V)N L*0,T; V)N C([0,T]; L*(R)), w(0) = wy and

W (8) + F(Bs(w(t))) + div (w(t)w(t)) = h(t) in V*, ae. t € (0,T),

(i) v € C(0,T]: H,) N K (35,0 (w)), v(0) = vg and

/0 (€(r).v(r) — E(r))ndr + v / (Fo(r), v(r) — &(r))odr

+ /0 <G(’U, fu),'u — €>Jd7' + %|'U(t) - €(t)|(2),2

t
1 A
< [g.v=adr + Gloo— OB vt € 0.T], € € Kian(w)),
0
As to the approximate problem SNS* (835, vs.n; I, g, wo, Vo) We prove:

Proposition 5.1. Assume (5.16) and (5.17) hold for the data. Then for each 6 > 0
and N > 0 there is at least one solution {ws y,vsn} of SNS*(Bs,Vs.n;h, g, wo,vo) in the
sense of Definition 5.2 such that

\ws,n| o) < Ro (5.25)
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and

02
ts[%%] |'05,N(t)|3,2 + V‘UCS,N’%Q(O,T;VJ) < |”0|8,2 + 7O|g|%2(O,T;HJ)7 (5.26)
S )

where Ry is the same one as in (b) of Lemma 5.1 and Cy is a positive constant satisfying
12|02 < Col|z|12 for all z € V.

Proof. We shall prove the proposition by the Schauder fixed point argument.
(Step 1) Let © be any function in L?(0,7;V,) N L>®(Q)* and denote by w the unique
solution of

W (8) + FBs(w(t)) + div (w(t)o(t)) = h(t) in V*, ae. t € (0,T), w(0)=1wp. (5.27)

By Lemma 5.1, w € W2(0,T; V*) N L*(0,7; V) and |w|re(q) < Ro. Since v55 > d on R,
we have 5
—Bw:(0) < K'(ysn(w™);t), Yt e[0,T], (5.28)

i
where (] is a positive constant satisfying
1zlc@p < Cilzlw, in the case of i = 1; [Vz|cg@): < Ci]z|w, in the case of i = 2.
In particular, if v is non-degenerate, i.e. v > ¢, then

%BW;(O) < K'(ysn(w™);t), Vte[0,T)], V5§ € (0,c.], Vlarge N > 0.
1

Now, consider the variational inequality:

ve C([0,T]; Hy) N K:i('Vé,N(wEO))v v(0) = vy,
/0 (€(r),0(r) — £(r))oddr + v / (Fu(r), v(r) — £(r))odr
+ [ (Glo.0).0 = Edr+ 5ol )1 (5.29)

< [ g0 = ©utr + Sloo €Oz, Ve € 0.7, VE € Ky ().

Then, by (5.28), Proposition 3.1 gives that this variational inequality possesses one and
only one solution v together with estimates:

Co
tS[léI;} |U(t)|3,2 < |’Uo|g,2 + 7|g|2L?(O,T;HU) =: Ny, V|U|%2(O,T;VU) < N1 (5'3())
S El

Furthermore, as is easily seen, the weak solution v of (5.29) belongs to the set Zg(c%, N7, vg),
where N7 is a positive constant depending only on N; and § > 0. Therefore, by Lemma
2.2,

C C
\mmwgm+§m+§m@:w@. (5.31)
In particular, when v is non-degenerate, we have
C C
Varw: (v) < Nj + =N+ 2—0\v0|32 =: C".
Cs Cy ’
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Now, we consider the set X given by:
X = v e LA0.T:V,) | [0feiorur,) < Nio p- (5.32)

By Lemma 2.1, X is a compact convex subset of L?(0,T; H,). Also, in the non-degenerate
case of v, we consider

X, ={vecl*0,T;V,) \Uﬁoo(o,T;Ha)

*

<Ny, . (5.33)

Vary: (v) < C*

We denote by S; the mapping which assigns to © € A the solution w of (5.27),
namely w = S0, and by Sy the mapping which assigns to w the weak solution v of
(5.29), v = Sow. The composition of S = S8 of §; and S, is a mapping which maps Xjs
into itself, and v = Sv.

(Step 2) We now show the continuity of S in A5 with respect to the topology of
L*(0,T;H,). Let {v,} be a sequence in X; such that v, — v in L*(0,7;H,) and
put w, := &1, which is the solution of

w, + FBs(wy,) + div(w,v,) = h in V*, a.e. on (0,T), w,(0) = wy. (5.34)

Note (cf. [24; Chapter 2]) that {w,} is bounded in W2(0,T;V*) N C([0,T]; L*(£2)) N
L*(0,T;V) with |wy|r@) < Ro, whence it follows from the Aubin compactness the-
orem [3, 27] that {w,} is relatively compact in L*(Q). Now, choose any subsequence
{wy, } of {w,} so that w,, — w in L*(Q); for this subsequence we have that w,, — w
weakly in Wh2(0,T;V*) N L*(0,T;V) (as k — o) and VBs(w,) = B5(wn, )Vw,, —
B5(w)Vw = VB5(w) weakly in L*(Q)?. Besides, by Lemma 5.2, div (wy, 0,,) — div (wd)
in L?(0,T;V*). Therefore, letting k — oo in (5.34) with n = ny, yields that

w' 4+ Ffs(w) 4+ div(wo) = h in V*, a.e. on (0,7T), w(0) = wy. (5.35)

Since the solution of (5.35) is unique, it follows that the above argument holds true
without extracting any subsequence from {w,}. Namely we have shown that w, = S;v,
converges to w = 8§10 in weakly in Wh2(0, T;V*) N L*(0,T;V) and in L*(Q).

Next, put v,, := Sow,, which is the weak solution of

v, € C([0,T); H,) N ICi('yg,N(waO)), v,(0) = v,
/0 (§'(7), valT) = &(7))odr + V/O (Fon(7), vn(7) = &(7))odT
+ /0 (G0, 0., 00— E)odr + [0, (1) — E(1)3 (5.36)

< [ {g.00 = €)odr + Glon— EO)s. ¥t € 0,71, ¥ €Ki (i)

Since w, — w in weakly in W'2(0,T;V*) N L*(0,T;V), strongly in L*(Q) and {w,}
is uniformly bounded on @), it follows that w:® — w® in C(Q) as well as y5y(w) —
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Y55 (w) in C(Q). This convergence shows that K(vsy(w);t) = K (ysn(w™);t) on
[0, T] (see section 2). Therefore, by virtue of the convergence result in [17; Theorem 2.2],
v,, converges to the weak solution v (€ Xj) of (5.36) in C([0,T]; H,), satisfying (5.30) and
(5.31). Moreover, by Lemma 5.2, div (w,v,) — div (wv) in L*(0,T; V*), so that it follows
from the general convergence result on evolution equations generated by subdifferentials
(cf. [24; Chapter 1]) that w is the solution of

w' + FBs(w) 4+ div (wv) = h in V*, a.e. on (0,7), w(0) = wp.

Hence S,w, = v, — v = Sw in L*(0,T; H,), which shows that Sv, — Sv in
L*(0,T; H,). Thus § is continuous in X5 with respect to the topology of L*(Q).

Now, applying the fixed-point theorem to the continuous mapping § : X5 — X5 we can
find a fixed point vsx of S, i.e. v5n = Svsn, which gives a weak solution {wsy,vsn}
with Ws N = 81’1)57]\7. <>

5.3. Proof of Theorems 5.1 and 5.2
(Non-degenerate case)

In the non-degenerate case we note that
vsn(r) =4(r) AN = yx(r), VreR, Ve (0,¢,], Viarge N.

By virtue of Proposition 5.1 and Lemma 5.2, for every 0 < 0 < ¢, and large N the
approximate problem SNS*(35,vn; h, g, wo, vo) admits a pair of solutions {ws y,vsy} in
the class Y x X.,. Hence there are a sequence {6,,N,} with §, | 0 and N,, T oo (as
n — 0o) and a pair of function {w, v} with 3 € L?(0,T;V) such that

wy, = ws, N, — w weakly” in L>=(Q), weakly in W2(0,T;V*),
) (5.37)
Bs, (wy,) — B weakly in L*(0,T;V)
and
v, == vs, N, — v weakly in L*(0,T;V,),
(5.38)
weakly” in L>(0,7T; H,) and in L*(0,T; H,).

Moreover, by (5.37), wi(t) € C*(Q) and {wi} is bounded in W*2(0,T;C(£2)). This
shows that w:® — w® in C(Q), so that vy, (w:?) — v(w®) in the following sense:

Vi > 0,9n, (W) — y(w™) uniformly on Q(y(w®) < k),

Vlarge M > 0, IM’ (> M), 3ny, such that (5.39)
v, (W) > M on Q(y > M'), ¥n > nyy.

First we prove:

Lemma 5.3. § = B(w), and B35, (w,) — B(w) in L*(Q) and weakly in L*(0,T;V) as
n — oo.
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Proof. Taking the inner product of the difference of two equations w!, —w!,, + F(5s, (w,) —
Bs,, (W) + div (w,v,, — wyvy,) = 0 and w, — w,, in V* and integrating the resultant in
time, we have

%\wn@) — w8} + /0 /Q (B(wn) = Blwm)) (wn — wy,)dwdr
+ /(5nwn - 5mwm)<wn — wm)dIdT

t
= / /(wn'vn — WU - VE N w, — wy,)dxdr, Yt € [0,T],
0o Ja

so that

1
§]wn(t) N + — / /|B wy,) — B(wy,)|Pdzdr
¢
S/ /|5nwn—(5mwm||wn—wm|dxd7' (5.40)
0 Jo

t
+/ /(wnvn — WV - VE Hw, — wy,)dxdr,
0 Ja

for all t € [0, T], where Lg is a (positive) Lipschitz constant of 5. We note here that w,,(t)—
W (t) — 0 weakly in L?(Q) for every ¢ € [0, 7] and F'~! is linear and bounded from L?(Q)
into H?(Q2) and compact from L*(Q) into V. This implies that F~(w,(t) — w,(t)) — 0
in V for all ¢t € [0,7] and the last integral in (5.40) converges to 0 as n, m — oco. As
a consequence, 3(w,) converges in L?(Q) as well as s, (w,) in L*(Q) as n — oco. Since
w, — w weakly in L*(Q) and S(-) is a maximal monotone mapping in L?(Q). It follows
from the demiclosedness of maximal monotone mappings that S(w,) — S(w) in L*(Q),
hence B35, (w,) = B(wy,) + dyw, — B(w) in L*(Q).

Also, by (5.22), {85, (w,)} is bounded in L?*(0,7; V) which implies that Gs,(w,) —
B(w) weakly in L*(0,T;V). %

Proof of Theorem 5.1: We denote SNS*(5s,,7s,.n,; P, g, Wo, Vo) by SNS(; ~,- In the
non-degenerate case, the approximate solution {w,,v,} of SN S(;m N, 18 constructed in

Y x X... We already have seen (5.37), (5.38) with 3 = B(w) and (5.39). Since the
estimates in the class ) x X, are independent of parameter N,,, we can show by using
convergence property (5.39) of obstacle functions vy, (w5°) (as mentioned in Remark 3.4)
that the convergence of {w,,v,} are obtained just as in the proof of Proposition 5.1 and
{w,v} € Y x X is a weak solution of SNS(3,~; h, g, wo, vo). The limit v of {v,} may
lose the continuity in H , in time, but it still stays in the class X, , whence t — (v(t),&(t)),
is of bounded variation on [0, T] for every & € C'([0,T]; W ). &

Proof of Theorem 5.2: We consider only the problem SNS(3,7;h,g,wy,vg). In
the degenerate case, by Proposition 5.1, for given parameters 9, | 0 and N, 1 oo our
approximate solution {w,,v,} = {ws, n,,vs, n,} Was constructed in Y x X;, and we
may assume by the uniform estimates (5.22), (5.23), (5.25) and (5.26) that {w,,v,}
satisfies

w, — w weakly” in L>(Q), weakly in W12(0,T;V*),

| | (5.41)
Bs, (wy) — B(w) in L*(Q) and weakly in L%(0,T;V)
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and
v, — v weakly in L*(0,T;V,) and weakly* in L>(0,T; H,). (5.42)

From (5.41) it follows that

Vi > 0,7, ~, (W) — v(w®) uniformly on @(Py(wei’) < k),

Vlarge M > 0,3M’ (> M), 3ny; such that (5.43)
Vo (WE0) > M on Q(y > M'), ¥n > ny;.

Now, applying Lemma 4.6 with Corollary 4.3 to {v,,} and the sequence of obstacle func-
tions {vs, n, (w:°)} satisfying (5.43), we conclude that

v, — v in L*(0,T; H,). (5.44)

Hence, by Lemma 5.1, div (w,v,) — div (wv) weakly in L?(0,T;V*) and w,, converges to
w weakly in W12(0,T; V*), which is the solution of

w' + FB(w) + div(wv) = h in V*, ae. on (0,7), w(0) = wp.

Besides, just as in the proof of Theorem 3.2, it is obtained that v,, converges to v in the
sense of (5.42) and (5.44) and the limit v satisfies the variational inequality (5.9) and (ii)
for i = 1 in Definition 5.1. Thus {w, v} is a weak solution of SNS(3,7;h, g, wy, vg). <
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