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Abstract. We propose a semi-discrete numerical scheme and establish well-posedness
of a class of parabolic systems. Such systems naturally arise while studying the optimal
control of grain boundary motions. The latter is typically described using a set of parabolic
variational inequalities. We use a regularization approach to deal with the variational
inequality. The resulting optimization problem is a nonsmooth, nonconvex, and nonlinear
programming problem. This is a long term project where in the current work we are first
analyzing systems of PDEs associated with the regularized optimal control problem. Such
a system is a set of highly coupled parabolic equations, and proposes significant analytical
and numerical challenges. We establish well-posedness of this system. In addition, we
design a provably convergent semi-discrete (time discrete spatially continuous) numerical
scheme to solve the system. We have developed several new tools during the course of
this paper that can be applied to a wider class of coupled systems.
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Introduction

Let (0,7) C R be a bounded time-interval with a finite constant 7> 0. Let Q C RY be
a bounded spatial domain with a dimension N € {1,2,3}. We denote by I' the boundary
0N of Q, and when N > 1, we suppose the Lipschitz regularity for I'.  We denote by
ny € SY¥7! the unit outer normal on I', and set Q := (0,7) x Q and ¥ := (0,7) x I.
Besides, we define H := L?(Q) and 2# := L*(0,T;L*())) as the base spaces for our
problems.

In this paper, we consider a class of systems of parabolic initial-boundary value prob-
lems. Each constituent system is denoted by (P), and formulated as follows.

(P):
(0ip — Ap+ p(t, 2)p+ At 2)p + w(t,z) - V=

= h(t,x), (t,x) € Q,
Vp-nr=0on X%,

\p(O,:(:) = po(z), © € Q;

(a(t, 2)0pz + b(t, )z — div(A(t, 2)Vz + vVz + pw(t, 7))
= k(t,z), (t,z) € Q,

z=0on X,

kZ(O,ac) = 2zo(z), © €.

The unknown of the system (P) is a pair of functions [p,z] : @ — R? with [py, 2] :
Q) — R? denoting the initial data, and [h, k] : Q@ — R? denoting the forcing terms.
Moreover, v > 0 is a fixed constant, and a : Q@ — (0,00), b: Q — R, u: Q — [0, 00),
AN:Q — R w:Q — R and A: Q — R are given functions.

System (P) is associated with an optimal control problem for the following “regular-
ized” state system, denoted by (S).

(S):

(9 — A+ gn) + /() F(V0) = ult.z). (t.2) € Q.

Vn-nr=0on 3, (0.1)
n(0,x) = no(x), = €

\

((o(t, 2)0,0 — div (a(n)VF(V0) + vV0) = v(t,z), (t,2) € Q,
0 =0ony, (0.2)
0(0,z) = bOy(x), = € Q.

\

This state system is a regularized version of a mathematical model of grain boundary
motion, called “Kobayashi—Warren—Carter model”, which was proposed by Kobayashi et
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al. [9,10]. In their original works [9, 10], the spatial domain €2 is taken to be a two-
dimensional domain, and the dynamics of grain boundaries are represented by a vector
field

(t,z) € Q — n(t,z) [cosb(t,z),sinb(t, x)]

consisting of two unknowns  : ) — R and 6 : @ — R. The unknowns n and @,
with the initial data ng : 2 — R and 6, : 2 — R, denote the order parameters which
indicate the orientation order and the orientation angle of the grain, respectively. The
functions v : Q — R and v : ) — R are given forcing terms. The Lipschitz function
g:R — Rin (0.1) helps us to control the range of 7. Moreover, oy : R — (0, 00) and
a: R — (0,00) in (0.2) are given functions that correspond to the mobilities of grain
boundaries, and o’ in (0.1) denotes the differential of . Finally, f : RY — [0, 00) is a
given C%-convex function, and V f denotes the gradient.

Notice that the C*-function f in (0.1) and (0.2) is not present in the original works
[9,10], instead the authors use a N-dimensional Euclidean norm. This is the main reason
we call (0.1) and (0.2) a “regularized” state system, and in this regard, we call the
corresponding optimal control problem as regularized optimal control problem. In case
of the Euclidean norm, the diffusion profile is given in a singular form —div(a(n)lg—g‘ +

VVG), where such a singularity is desirable to reproduce the facet-like situations as in the
practical crystalline structures. However, the new diffusion profile after introducing f is
given by —div(a(n)Vf(V8) + vV#). Thus in order to capture the facet-like situations
using the regularized model, it is crucial to ensure that f is a good approximation of the
Euclidean norm. We shall elaborate on this further in a forthcoming paper.

For completeness, we state the regularized optimal control problem next. We shall
denote it by (OCP).

(OCP) Find a pair of functions [u.,v.] € [#]?, called an optimal control, such that

(U, Vi) € Uina = { [u,v] € [A)?

g < u < up and v, < v < vy, (+0)
a.e. in Q) ’

and [u,, v,] minimizes the following cost functional J = J(u,v):

[u,v] €% C [H)* — T (u,v)

=5 | (= ma)®F+ 16 = ) O)
+% i |u(t)|fth—|—% i lv(t)|3; dt € [0, 00),

where [, 0] solves the regularized state system (S).

Here, [uq, va), [y, o) € L®(Q)? are fixed bounded obstacles for the variable [u,v] € [,
called a control, and are known as control bounds, \; > 0,1 = 1,2, are constants of control
cost, and [1aq, Oad] € [H)? is the pair of admissible target profiles for [n, 6].

The problem (P) generalizes the following two key-systems that arise in the mathe-
matical analysis of (OCP):
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1) the linearized system for (S) which is associated with the Gateaux derivative J' of
the cost J at each [u,v] € %q;

£2) the adjoint system of the above problem £ 1).

In the context, problem £ 1) corresponds to the system (P) in the case when:

p

Q

(t,2) = ao(t, z), b(t,z) =0,
plt, [a" () f(VO)] (¢, x),
(t, I (77)]( x),

(t, [’anW}( x),
At z) = [a(n)VEF(VO)](t, z),
[po(x), 20(x)] = [OaO]a

8

>~

8

a.e. (t,r) € Q, (0.3)

&
8

) =
)=
) =

\

and the problem f£2) corresponds to the system (P) in the case when:

(a(t,2) = ao(T — t,2), b(t,z) = Brao(T — £, ),
u(t,2) = [0/ () F(VO|(T — t,z),
(t,z) =19'(n )]( —t,7),
(t,x) = [V F(VO|T —t, ),
At z) = [a (nV2f(V ]( —t,x),
(2. 2o(0)] = (0,0,

>

&
8

where ¢’ is the differential of the Lipschitz perturbation g.

The goals of this paper are to establish well-posedness of the system (P), and to design
a convergent numerical scheme (time-discrete, spatially continuous) to numerically realize
the problem. We shall accomplish our goals in the following two theorems.

Main Theorem 1 (Well-posedness of (P)): to show existence, uniqueness, and continu-
ous dependence on the data for (P).

Main Theorem 2 (Numerical scheme and convergence): to set up a time-discretization
for (P) and establish convergence of this scheme.

The content of this paper is as follows. The Main Theorems of this paper are stated
in Section 2, on the basis of the preliminaries in Section 1. The proofs of Main Theorems
are given in Section 4, by means of the Key-Lemmas provided in Section 3. Finally, in
Section 5, we show several Corollaries and Remarks as the conclusions derived from the
Main Theorems and Key-Lemmas.
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1 Preliminaries

We begin by prescribing the notations used throughout this paper.

As is mentioned in the previous Section, let (0,7") C R be a bounded time-interval
with a finite constant 7' > 0. Let  C RY be a bounded spatial domain with a dimension
N € {1,2,3}. We denote by I" the boundary 92 of Q, and when N > 1, we suppose the
Lipschitz regularity for I'. We denote by nr € S¥~! the unit outer normal on I, and set
Q :=(0,7) x Qand ¥ :=(0,T) x I'. Besides, we define

= L*(Q) and &7 := L*(0,T; H),
Vo= Hl(Q) and ¥ := L*(0,T;V),
Vo == H}(Q) and ¥ := L*(0,T; Vi),

and we suppose that:

VCH=H*"CV*and ¥V C I =" C V*,
VW CH=H"CV]and % C H =" C ¥,

w__»

where is due to identification of the Hilbert spaces with their duals, and moreover,
“C” denotes continuous embeddings.

Notations in real analysis. Let d € N take a fixed dimension. We denote by |z| and

x -y the Euclidean norm of z € R? and the scalar product of x,y € RY, respectively, i.e.,

2] i=\/oi+ -+ 2f and -y =2y + -+ TaYa,

for all x = [x1,...,24], ¥y = [y1,...,v4] € RL

We denote by £? the d-dimensional Lebesgue measure, and we denote by H? the d-
dimensional Hausdorff measure. In particular, the measure theoretical phrases, such as
“a.e.”, “dt”, and “dx”, and so on, are all with respect to the Lebesgue measure in each
corresponding dimension. Also in case of a Lipschitz-surface S, the phrase “a.e.” is with
respect to the Hausdorff measure in each corresponding Hausdorff dimension.

Additionally, for a Borel set E C R%, we denote by xg : R? — {0, 1} the characteristic
function of E.

Abstract notations. (cf. [3, Chapter II]) For an abstract Banach space X, we de-
note by |- |x the norm of X, and denote by (-, -)x the duality pairing between X and its
dual X*. In particular, when X is a Hilbert space, we denote by (-, )x the inner product
of X.

For two Banach spaces X and Y, let .Z(X;Y) be the Banach space of bounded linear
operators from X into Y.

For Banach spaces Xi,..., Xy with 1 < d € N, let X; x --- x X; be the product
Banach space endowed with the norm | - |x,x..xx, = | - |x, + -+ | - |x,- However,
when all Xy,..., X, are Hilbert spaces, X; X - -+ x X4 denotes the product Hilbert space
endowed with the inner product (-,)x;x..xx, = (,")x; + -+ (-,-)x, and the norm
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N[

| xixexa = (|- &, +---+1-1%,) - In particular, when all X, ..., X, coincide with a

Banach space Y, we let:
d times

——
Y=Y x---xY,

and moreover, when there is no possibility of confusion, we simply denote by Y the
product space of this case.

For any proper functional ¥ : X — (—o0, 00| on a Banach space X, we denote by
D(V) the effective domain of W.

Notations of basic differential operators. Let F : V — V* be the duality map,
defined as

<Fg0’1/}>v = (V%V"W[H]N + (@7¢)H7 for all 9071/} ev. (11>

As is well-known,
Fo=—-Ap+¢in H,if o € H*(R2), and Vi -nr =0 a.e. on I

In the meantime, we note that the distributional divergence “div” in 2'(Q2) can be
regarded as a bounded linear operator from [H]V into V' (i.e. div e Z([H])Y;Vy)), via
the following variational identity:

<divw,w>vo = —(w,Vw)[H]N, for every w € [H|" and ¢ € 4. (1.2)

Notations for the time-discretization. Let 7 € (0, 1) be a constant that denotes the
time step-size, and let {t;}°, C [0, 00) be the time sequence defined as:

t=ir, i=0,1,2,.... (1.3)

Let X be a Banach space. Then, for any sequence {[t;, 7]}, C [0,00) x X, we define
the forward time-interpolation [7], € Li.([0,00); X), the backward time-interpolation
(7] € L2.(]0, 00); X), and the linear time-interpolation [y], € W,22([0, 00); X), by letting;

loc

( e’}
[W]T(t) = X(*O0,0} (t)fyo + Z X(tifl,ti} (t)%a

i=1

] (t) == ZX(ti,tm](t)%’ in X, fort >0, (1.4)
i=0

= t—t; ¢ t;—t
0) 1= 3 s @) (R4 ).
=1

\

respectively.

Remark 1. For an interval I C R, a Banach space X, and a constant ¢ € [1, 0], we
say that LY(I; X) C L{ (R;X) (resp. LL.(R;X) C L%I; X)) by identifying X-valued
functions on I (resp. on R) with the zero-extensions onto R (resp. the restriction onto

I). Besides, under the notations as in (1.3) and (1.4), the following facts can be verified.
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(Fact1) e If g € [1,00), v € L%(0,T; X), and the sequence {7;}32, C X is given by:

1 [h
%::_/ Y(¢)dsin X, 1=0,1,2,..., (1.5)
T Jt;
then
7l =, [1l- =7, and [y}, = v in L9(0,T; X), as 7 | 0,
and

-(t) = (), [h]-() = (1), and [7]-(t) = ¥(?)
in X, ae. te(0,7),as7]0.

e If X is a reflexive Banach space, and v € L>(0,7; X), then the sequence {7;}3°, C
X given by (1.5) fulfills that:

Sl(tpl){|[7]r|L°°(o,T;X)a |mT|Loo(0,T;X)7 |[7]T|L°°(0,T;X)} < |7|Loo(0,T;X),
T7€(0,

Al = e =, and [y]- =y
in L9(0,T; X), for any ¢ € [1,00), as 70,
weakly-* in L>(0,7T; X),

(1+(&) = (), [l-(t) = (), and [y]-(£) = (1)
in X, ae te(0,7),as7]0.
e If v € WH(Q), and the sequence {v,;}32, C W (Q) is given as:

y(t;) in Whee(Q), if t; < T,
’)/i = V(tzfl) in WI’OO(Q), lf ti,1 S T < ti, 7/ = 07 17 27 ..
0 in W1>°(Q), otherwise,

°

then
(
i&lﬁ){\[v]rlm@» el [ le@ } < Me@)
S%%){WW]T\LOO(Q)M VIl @ VDl @n b < IV,
T7€(0,
sup |97 re(@) < 10|10
\76(0,1)
[Fr = v and [y, =, in L2(0,T;C(Q)),
)r — v in C(Q),
O[] — Oy weakly-* in L>=(Q),
and in the pointwise sense a.e. in @,
and

VAl- = Vv, V] = Vv, and V[y], = Vy

weakly-x in L>°(Q)V, as 7 0.

and in the pointwise sense a.e. in @,
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2 Main Theorems
In this paper, the main results are discussed under the following assumptions.

(A1) The sextet of given data [a,b, p, A\, w, A] belongs to a class .7 C [#]%, defined as
follows.

e o€ WHe(Q) and loga € L™®(Q);

e be L®(Q);

g€ L0, T;H) and 1 > 0 a.e. in Q;
ANeL®(Q); eweL¥Q)Y; ?
A € L=®Q)N*N, and the value

A(t,z) € RNV s positive and sym-
metric, for a.e. (¢,2) € Q.

(A2) v > 0is a fixed constant, and [h, k] € ¥* x ¥;* and [py, 20] € [H]? are given pairs of
functions.

Remark 2. Let us define:

d.(a) :=ess infa(t,xz) € R, for any a € L>(Q).
(t,z)eQ

Then, the assumption (A1) implies that
a(t,x) > d.(a) > 0, for a.e. (t,z) € Q.

In view of the previous works [5-8,13-17,20] and the relations (0.3)—(0.4), we can say
that (A1) is a meaningful assumption for the sextet of data [a, b, y, A, w, A], and especially
for the components i, w, and A.

Remark 3. We here verify the following key-properties.

(R1) Since N € {1,2,3}, and Q C R is a bounded domain, we have the continuous
(compact) embedding V' C L*(Q2). Therefore, for any 0 < u° € H and any p° € V,
we can say that \/u°p°® € H and p°p°® € V*, via the following estimate:

/ wlplle | de < 162l ey
Q

4 (e} o] (o] e}
< (CF )P plulp°lv]e®|v, for any ¢° €V,

and the variational identity:

<pf’po,gpo>v = (Vp°p°, \/;?goo)m for any ©° € V, respectively,
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where 0‘34 > ( is the constant of embedding V' C L*(Q). Similarly, for any 0 < p €
L>*(0,T;H) and any p € ¥/, we can say that \/up € 5 and up € 7™, via:

T T
| [ ulplteldadt < [ 1utolalp@lso Ol d
0JQ 0
4 T
< (CH Vlulu=oan | IO IeOlv d
0
< (CFY2|ul o o.rsam Il |l v, for any ¢ € ¥,

and
(up, )y == (/1o V) e, for any ¢ € ¥, respectively.

For any a € Wh(Q) U L>(0,T; Wh>(Q)) and any w € ¥, we can say that aw
(= wa) € ¥, via the following variational form:

<(~MU,77/}>//0 = <wvd¢>7/m for any @/) € %a

and can estimate that:

|aw|yy < (1+ O (lalze) + [Vl gy ) [w

R

by using the constant C{} of the embedding Vy C H. In particular, if a € W (Q)
and w € WH2(0,T; Vy), then aw € Wh2(0,T; Vy), and

at(&w) = d@tw + w@td in 7/0*

Meanwhile, if a € Wh(Q) U L>®(0,T; WH>(Q)) and loga € L>*(Q), then it is
estimated that:

0.(a)?
14 C{)(0.(a) + |Val oo (gv

|dw v/ Z (

Now, the solution to our system (P) is defined as follows.

Definition 1. A pair of functions [p, z] € [#]? is called a solution to (P), iff. [p, 2] fulfills
the following conditions.

(P1) p e WH2(0,T; V)N L*0,T;V) C C([0,T]; H) with p(0) = py in H;

2 € WH(0,T; Vi) N L*(0,T5 Vo) € C([0, T]; H) with 2(0) = 2 in H.

(P2) p solves the following variational identity:

(D (1), o)y + /Q Vp(t) - Vo da + /Q W(Op(t) da
+(AO)p(t) + w(t) - Vz(t), ), = (h(t), ©)v,

for any ¢ € V, and a.e. t € (0,7).
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(P3) z solves the following variational identity:
(02(t), a(t))vy + (b(8)2(E), )
+ / (A(®)Vz(t) + vV2(t)) - Vi dr + / p(t)w(t) - Vo dx
Q Q
= (k(t),¥)v,, for any ¢ € Vp, and a.e. t € (0,7).

Remark 4. Taking into account the notations as in (1.1) and (1.2), and Remark 3, the
variational identities as in Definition 1 (P2) and (P3) can be reformulated as follows.

op+ (Fp—p)+pup+p+w-Vz=hin ¥*,
adyz + bz — div (AVz + vVz + pw) =k in 7.

In this paper, the solution to (P) will be obtained by means of the time-discretization
method. In view of this, we denote by 7 € (0,1) the constant of time step-size, and
consider the following semi-discrete (time discrete, spatially continuous) scheme, denoted
by (DP),, which is a discrete version of (P).

(DP).:
1
_(pi — Pi-1, SO)H + / Vpi - Vodr + / pipitp dx
T Q Q

for every p € V, i =1,2,3,..., with the initial data py € H,

%(az‘(zz‘ —zi1),9)  + (hizi, )

+ [ (A5 09) Vodo+ [ pur Vodo = Gwolg, 3
Q Q

for every v € Vo, 1 =1,2,3, ..., with the initial data zy € H.
The solution to (DP), is defined as a sequence {[p;, z;]}32, C [H]?, such that
[pi,zi] €V x Vg for all i > 1, and {[p;, 2] }32, fulfills (2.1) and (2.2).
We let {[as, by, pi, \i, wi, Ai] 152, be a bounded sequence in W (Q) x L () x H x L>=(Q) x
L=(Q)N x L= (Q)N*N  such that:

sup |a;|lwiee ) < lalwree(q), sup|bifr=@) < [blz=(q),
>0 >0

Sup il < |plz i, SUP [Ailze@) < |Alz=(@), (2.3a)

1>

sup |u}i|Loo(Q)N S |W|Loo(Q)N, Sup|Ai|Loo(Q)N><N S |A|Loo(Q)N><N,
>0 120

\

a; > d.(a), p; > 0, and A; is positive and symmetric,

a.e. in Q, fori=0,1,2,..., (2.3b)
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{ - —ain L=(0,T;C(9Q)), (2.30)
[a]; — a in C(Q),
{[ — weakly «in L>(0,T; H), (2.34)
(] ( )in H, a.e. t € (0,T),
[0,[a)-, V[al., [b]-, N+, [@]-, [A]l;] = [0, Va,b, A, w, A] weakly-x
in L>(Q) x L=(Q) x L=(Q) x L=(Q) x L=(Q)Y x L=(Q)*¥,
and in the pointwise sense a.e. in ), as 7 ] 0, (2.3e)

and {[h;, k;]}22, is a bounded sequence in #* x ¥#(*, such that:

K" := sup [E]T7 [E]T ey <00,
B :€<°vl>|[ Iy (2.31)
([, [F),] = [, K] in 7% x %, as 7 L 0.

Remark 5. Notice that it is straightforward to obtain {[a;, b;, p;, Ai, wi, Ai] 152, and
{[hs, k] }32, fulfilling (2.3), because the assumptions (Al) and (A2) allow us to apply
the standard method as in Remark 1 (Fact1).

We are now ready to state the Main Theorems of this paper.

Main Theorem 1 (Well-posedness). (I-A) (Existence and uniqueness) Under the as-
sumptions (A1) and (A2), the system (P) admits a unique solution [p, z].

(I-B) (Continuous dependence on data) For every forcing pairs [h*, k] € ¥* x ¥, initial
pairs [ph, 2§] € [H)?, and sextets of data [a*, b, u*, N wb A € F, € = 1,2, let
[pt, 2] € [#)?, £ = 1,2, be the corresponding solutions to (P). Additionally, let C* =
C*(al,bl,)\l,wl) be a positive constant, depending on |a'|y1.0q), 0.(a'), [b|r ()
AL (@)s and [w|pe(qyn, which is defined as:

* 9(1 +V) LA\2 LA\ 4 14\9
= 1 .
¢ min{1,v,4,(a!)} (L+(C¥)* +(Cy ) + (C,)?)
’ (1 + |a1|W1aOO(Q) + |b1|Loo(Q) + |)\1|Loo + |w 7o Q)N) (2‘4)

with the constants CL' > 0 and C > 0 of the respective embeddings V C L4(Q)
and Vo C L*(Q). Then, it holds that:

|(p —P |H+|\/ Z — 2
/|p ) |vd<+u/|z — ) (Q), ds
<3 (| —poli + [V/a (0)(z5 — 25 |H)

20T / (R = B2)(0) 2 + (K — B2)(t)

V) dt (2.5)

T
+ 20*63C*T/ R*(t)dt, for allt € ]0,T],
0
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where

1

R (t) = 02° ()l (la' — a’[¢q) + V(@' — a®)(®)[7ai)n)

v (
+IPOF (16 = 1) Ol + (W' = ) () Zsn)
+[22 (O 10" = b)) La) + P (O = N) @)
+[V2(t) - (W' =) ()] + (A = A%) () V22 () [y, (2.6)
for a.e. t € (0,T).

Main Theorem 2 (Numerical scheme and convergence). Under the assumptions (A1)
and (A2), the following two items hold.

(II-A) There is a constant 7. = 7.(a,b,\,w) € (0,1), depending on d.(a), |blr=(q),
[Alze(@), and |w|pe(gyn, such that for any 7 € (0,7.), the semi-discrete scheme
(DP), admits a unique solution {[p;, z:]}52, C [H]?.

(II-B) The sequence of the linear time-interpolation { [[pl-, [2]-]] }
solution [p, z| to (P), as 7 ] 0, in the sense that:

re(0.r,) COTVETGES to the

[Pl [e]:] = [p. 2] in [S£)2, in C([0,T); V™) x C([0, T V),
weakly in WH2(0,T;V*) x WH2(0,T; Vy),
and weakly-x in L>(0,T; H)?, as 7 | 0. (2.7a)

Moreover, if [po, z0] € V x Vi, then:

[[p]+, [2]:] = [p. 2] in C([0,T); H)?, and in ¥ x %, as 7 | 0. (2.7b)

Remark 6. Notice that the convergence (2.7a) implies that:

[[B)-, [2]:] = [p, 2] and [[p]r, [2]-] — [p, 2],
in ()% and in L>(0,T;V*) x L*°(0,T;Vy), as 7 | 0.

Also, the convergences (2.7b) implies that:
(0] [2]-] = [p, 2] and [[pl+, [2],] — [p, 2], in L>(0,T; H)?, as 7 | 0.
Moreover, when [pg, z0] € V' X Vj, we will obtain that:
“ﬁ]ra [E]r] — [p, 2] and “B]n [Z]T] = [p,z], in ¥ x %, as 7 | 0.

in the process of the proof (cf. (4.26)-(4.29)).
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3 Key-Lemmas

In this Section, we prove a few Key-Lemmas that are vital for our Main Theorems.

Key-Lemma 1. Let the assumptions (A1) and (A2) hold. Let a® € L*>(R2), b° € L>(Q),
pue € H, \° € L™®(Q), w° € L=®(Q)N, and A° € L>®(Q)N*N be functions, such that

@) < lalz=@): [b°[1=(@) < [bli=().
1% < |plpeeo.mimys 1A% o) < A Lo (@) (3.1a)
’CUO’LOO(Q)N S ‘W‘LOO(Q)N, and ’AO’LOO(Q)NXN S ‘A’LOO(Q)NXN,

and
a® > 0.(a), p° >0, and A° is positive and symmetric, a.e. in . (3.1b)

Then, there is a small constant 7o = To(a, b, \,w) € (0,1), depending on d.(a), |b|r=(0),
Alze(@), and |w|pe)v, such that for every pairs of functions [h°, k°] € V* x Vi and
[po, 20) € [H]?, the following variational system admits a unique solution [p,z] € V x Vj:

1
—(p—po,sO)H+/Vp-Vsodar+/u°psodw
T Q Q

+()\°p +w’-Vz, gp)H = (h°, @)y, for any p €V,

(3.2)

l(ao(z —20),¥)m + (b°2,¢)m + / (A°Vz+vVz) - Vi de
" “ (3.3)
—l—/pw" -V dr = (k°, )y, for any ¥ € V.
Q

Proof. First, for the proof of existence, we define a (non-convex) functional £ : [H]*> —
(—o00, 00|, by letting:

1
3= (1o = ol + V(e — )l
1 1
43 [0 + ATV + 5] 92P) do
Q

—I—/|\/;7p|2dx+/p(wo-v,z) dw
0 0

p, 2] € [H]2 — E(p, z) == (3.4)
1
+3 / ()\O|p|2 + b°|z|2) dx
2 Jg
—(h°,p)v — (k°, 2)v,, if [p, 2] € V x Vi,
o0, otherwise,
\
and we set:
in{l,v,0,
10 = 1o0(a, b, \,w) = min{l, v, d.(a)} (3.5)

16(1 + v+ 6.(a)) (1 + [blre @) + [Aloe(@) + [T (gyn)
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Notice that nonconvexity in & is due to [;, p(w®- Vz) dz+ 1 [, (A°[p]* + b°|2|?) dz. Then,
in the light of Remark 3, it is easy to check that £ is a proper lower semi-continuous
functional on [H]?, such that:

1 1
E(p,2) 2 o (Iplfy + du(a)l2l) + 7 (IVpliy + vIV2lfyw)

1 o 2 [}
— 5 (b + au@laafy) - (1R + 201 ).

for any [p, z] € V x Vp, whenever 7 € (0, 79),

via the following computations:
1
Z(|p — pol3r + [Va°(z — 20)%)

1 1
>~ (Ipler + 6.(a)l215) = 5= (Ipolir + d-(a)lz0l),

1
/p(wo - Vz)dz + 3 / (A°|p]? + 0°]2]?) da
0 Q
v 1 2 1
> — §|VZ|[2H]N - (§|)\|L°°(Q) + ;|w|%°°(Q)N) pl3 — §|b|L°°(Q)|Z|%{,
and

(R, p)v+(k°, 2)vy > —

1 v o 2, .
Z(|p|§{ + |VP|[2H]N) - §|VZ|[2H}N — | %/ - ;|k %/0’“

Additionally, when 7 € (0, 7)), the system {(3.2),(3.3)} coincides with the stationarity

system for min &, and hence, the solution to {(3.2),(3.3)} is easily obtained, by means of
the direct method of calculus of variations (cf. [2, Theorem 3.2.1]).

Next, to prove uniqueness, we assume that there are two solutions [pf, 2{] € V x V4,
¢ = 1,2, to the system {(3.2),(3.3)}. Besides, let us take the difference between the
equations (3.2) (resp. (3.3)) corresponding to p’ (resp. z¢), £ = 1,2, and put ¢ = p' — p?
(resp. ¢ = z' — 2?). Then, taking the sum of the results, we arrive at

1
S = 5 VEE = ) + [ - 2P
Q
+ (VO = )iy +[A°]2V (= 29 [y + vV (" = 22)[y)
+IVEE = p)[E + / Xpt = p?|* da + 2/(191 —p*)w’ - V(2 = 2% dz = 0.
Q Q
Here, applying (3.1)—(3.3), (3.5), and Young’s inequality, it is inferred that:

1
Z(\pl — p*|5 + 6.(a)|zt = 2°|3;) <0, whenever 7 € (0, 7).
Since d0.(a) > 0 (cf. Remark 2), the proof is finished. O
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Next, let us define:
X = (”// x WH2(0,T; V*)) X (”//0 x Wh2(0,T; VO*)),
& = L*(0,T;V*) x L*(0,T; V) (: v X “I/O*),
and define a class of sextets of functions . as follows:

i€ WH(Q) U L=(0, T5 WHe=(2),
and [0.(a),b, i, \,0, A] € S ’

Then, for any sextet of data [a,b, pu, \,w, A] € ¥, we can define an operator 7 =
T (a,b, pi, \,w, A) : ' — ¥, by letting:

[p’ﬁ7z72] e ‘% '_) T[p7ﬁ7z72:| = T(a7b7/‘1’7)\7w7A)[p7ﬁ7272}

S = { a,b, i, \, @, A] € [A)°

op+ (Fp—p)+up+p+w-Vz
ad;z + bz — div (AVz + vVz + pw)

t

€. (3.6)

Remark 7. For any fixed sextet of data [a, b, u, A\, w, A] € ., we notice that the operator
T =T(a,b,u, \,w,A) : X — % is bounded and linear, i.e. T = T (a,b,u, \,w, A) €
ZL(Z;%). Indeed, invoking Remark 3, we can calculate that:
’T(a7b7 /’L7 A? w? A)[p7ﬁ7 Z? 2] |@
<|op+ (Fp—p)+up+ Ap+w-Vz)|,,
+ ‘a@t,% + bz — div (AVZ +vVz+ pw)

v

~ 4
<|0ply+ + (1 + (CF |l 0.1y + 1M 1o (@) + [wlpoe (@) ) [Pl
+ (1 + C‘I/{))<|G|Loo(Q) + |VCL|Loo(Q)N)’at2
+ (O [blos(@) + |wlpoe (@ + [Alsoinxn +v)|2]5
for any [p,p, z, 2] € Z .

41/0*

So, putting:
My =My(a,b, i, \,w, A) := 21+ v)(1+ (CF ) + Cf)-

_ ( L+ |alr=(q) + |Valpe(gv + [blr=(q) + |1l 0,7;m) ) | (37
HAlLoe (@) + |wlzee@)n + Al @)rn
it is estimated that:
‘T(a, b, i, A\, w, A)[p, p, z,éﬂg < MOHp,;ﬁ,z,é] ,» forany [p,p,z, 2] € 2. (3.8)

Similarly, putting:
[h, k] := T (a,b, p, \,w, A)[p, D, 2z, 2] in ¥,

and

My =M (a, b, p, A\, w, A)

4 1 CH o V oo N
=2(1+v)(1+ (CF ) + CF) <1+( + O (alz=@ + [Vali=(o) )>.

de(a)?

: ( 1+ [b] (@) + |l (0,150 + [AlLoo(@) + |wlpoo@)y + | Al ooy ) (3.9)
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we also see from Remark 3 (R2) that:

1 C{}g 0x(a Va| oo\
@S(H( + R gg;\ =) >>,

0.5, 0,7]

1
2 2

|(Fp—p)+,LLp+/\p+w~Vz—h7/*

—|—|bz — div(AVz +vVz + pw) — k
<M (|[hy K]l + [, 2]l )

(3.10)

2
4V0*

Now, the second auxiliary lemma is concerned with the continuous dependence of
the value T = T (a,b, u, \,w, A)[p, p, z, Z] with respect to data [a,b, u, \,w, A] € % and
variable [p, p, z, Z].

Key-Lemma 2. Let [a,b,pu, A\, w,A] € 7 be any sextet of data, and let T =
T(a,b,p, A\ w, A) € L(Z;%) be the operator as in (3.6). Also, let us take a sequence
{la™, 0", ™, A\, " A"}, C ., and consider a sequence of operators:

{Tryee, = {T(a”,b",,u”,/\",w",A”)}zozl CHlL;Y).

Also, let us assume that:

({[an’van’bnyAn7wn’An] [e%e]

o0 1 @8 bounded in

L2(Q) x L=(Q)Y x L=(Q) x L=(Q) x LX(Q)Y x L=(Q)Y,

(3.11a)
[a™, Va™, b, X\, w", A"] — [a, Va,b, \, w, A]
in the pointwise sense a.e. in (), as n — 00,
\
{p}oe is bounded in L>(0,T; H), and pu" — p in J, as n — oo, (3.11Db)
[pa]iza 2] € ‘%—) {[pnaﬁnvznﬁgn]}?tozl - %7
and [p", 2"] = [p, z| in [F)?, as n — oo,
and o
h", k" == T"p", p", 2", 2" — |h, k| weakly in % as n — oo,
A", k"] [p", P ] [ ~] y (3.114)
for some [h, k] € ¥ .
Then, it holds that:
(h, k] = T1lp, p, 2, 2] = T(a,b, i, \,w, A)p, p, 2, 3] in Z. (3.12)
Proof. Let us assume (3.11). Then, we may say that:
[p", 2" = [p, 2] in the pointwise sense a.e. in @,
1" — p in the pointwise sense a.e. in @, as n — oo, (3.13)

p(t) — p(t) in H, for a.e. t € (0,7,
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by taking a subsequence if necessary. Also, by (3.11a), (3.11c), and the dominated con-
vergence theorem (cf. [12, Theorem 10]), we arrive at:

N — Ap in A and pw™ — pw, in [F]N, for any ¢ € I, as n — oo, (3.14a)

V(a™p) = yVa" + a"Vip — vVa + aVip = V(ay) in [H]V,

ie. a" — ay in ¥, for any ¢ € ¥, as n — o0, (3.14b)

and
b"p — by in J, W -V = w -V in I,

and A"V — AV in [S£]Y, for any ¢ € ¥, as n — oo, (3.14c)

Next, let us fix any test function [p,¢] € ¥ x ¥;. Then, as a consequence of (3.11)
and (3.14), it is observed that:

(O™, @)y — (O, @) v, (3.15a)
(Fp" = p", @)y = (VP", Vo)upy = (VD, V) pev = (Fp = p, ), (3.15b)
(A", )y = (0", X"0) e = (0. 20) e = (AD, ), (3.15¢)
(W' V2" )y = (V2" 0w ey — (V2 0w)ppy = (w - Vz,0)y (3.15d)
(@ 0", )y = (02", ")y — (O, arh)yy = (a0iZ, ) 0, (3.15¢)
(072" )y = (2", 0"0) e = (2,000) 0 = (b2, ¥) 5, (3.15f)
(—div (A"V2" + vV 2"), ), = (V2" A"V + vV g
— (Vz, AVY 4+ vVY) v = (=div (AVz2 + vV 2), ) 5, (3.15g)
and
(=div (p"w"), )5 = (0" W™ - V) r
— (p,w - V) p = (—div (pw), V) 4,, as n — oo. (3.15h)
Next by invoking (3.11b) and Remark 3 (R1), we compute that:
Vi (t)e(t) — ut)e(t)|n < {/ﬂ (1" = ) Ol (1)) dz
<" = W OlFle®) ) < CF 1" = WO Fle @)y
— 0, as n — oo, for a.e. t € (0,7, (3.16)
and similarly,
( 4
(Vi = VOO < (CF) sup | = plreoran e (O
ac. t€(0,7), (3.17)

. 1
sup‘\/ﬂnpn‘%» < Cf SUP{|N”|E®(O,T;H)|Z)”|‘//} < 00.
neN neN
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Furthermore, by using (3.11), (3.13), (3.16), (3.17), Lions’s lemma (cf. [11, Lemma 1.3
on page 12]), and the dominated convergence theorem (cf. [12, Theorem 10]), one can see
that:

VI = ([l in A
Vprp"t — \/pp weakly in 52, as n — oo,

and therefore,

(W o)y = (V" N o)

— (\V1Dp, /p) e = (up, ©)y as n — oo. (3.18)
Now, the conclusion (3.12) is verified by taking into account (3.11d), (3.15), and
(3.18). O

Key-Lemma 3. Let us take sextets [a’, bt u, \b,w*, AY] € .7 and quartets [p*, p, 2¢, 2] €
Z,0=1,2, and let us set:
TC =T (a0, ub N Wb AY in (%),
and [h kY == T " p% 25 2 in &, €= 1,2.
Besides, let C* = C’*(al, b', AL, wh) be a positive constant, depending on 0.(a'), |b']1=(q),
A Loo(q), and |w| gy, which is defined as:
S 91 +v)
" min{l,v,d.(a')}
(14 b 2o (@) + N 2o (@) + [0 T e ) -

(1+ (CE? + (CEY + (CF))-

(3.19)

Then, it holds that:
(OB =)0, (0" = PO, + (DE = )0, (O = 2)(0)y,
LWt~ PO + 21— A0,
<C* (10" = PO + Ve @ = 20 (3.20)
+ 7 (|(ht = 12)(8)

_|_

Ve (K = B (@) + B (1),
for a.e. t € (0,7T),

where

1 2|2

Re(t) == |0,2%(t) a' — a?[lx(g) + V(' = a®)(t)[Zaiq~)

i (
+IP O (1" = 1) O + 1" =) (B)[7a~)
+[Z2 O3] (01 = b)) (O)La) + [P O = M) (D)
+[V2(t) - (wh = w?) ()] + (AT = A% (V2 () [y (3.21)

for a.e. t € (0,T).
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Proof. The conclusion (3.20) will be deduced using the following identity:
(THp'p' 24 21() = T2 %, %, 2% 2°0(8), (0" — p*) (1), (21 = 2)(B)])y s
=([(h" = p*)(®), (k" = K) (O], [(0" = ") (1), (=" = 2) (D] )y,
a.e. t € (0,7).
Then, the constant C* = C*(a',b',A\',w') > 0, as in (3.19), and the function R* :

(0,7) — R, as in (3.21), can be derived based on the following computations, after
using the estimates, as in Remark 3 (R1), and Hélder’s and Young’s inequalities:

((Fp' —p")(t) = (Fp* —p*)(1), " — p) (1)),
=[(p" =)D — (" —p*)(B)|F, ae. t € (0,T);

((up* — 12?) (), 0" = p2)(D)y = [Vl @' — D)D), + L),
with
L(t) == /Qp% )(p' = p*)(t) de
<(CEYI(! = 12) Ol O ! = Ol
<110 = P)OR + (CEVIP ORI — i) O
a.e. t € (0,7);
(NP — X2)(8), (0 — ) (), = Io(t) + L),
with
I(t) = / A O — O de < N o (0 — )OI,
Iy(t) == / PN = A1)t — ) (1) da
<10 = PO+ PO~ XD, ae. 1€ (0.T)
(W' V' — w2 V2)(0), (0 — A)(0), = Llt) + Io(t),
with

L) = [ (@196 =) 00~ )0 d
o Ol 9 = 0l 6 = )0

<76l =IO+~ !wl\m(Q)Nl( L= (O

| /\

A
S

&

=<

S—

i
:3\

(W' =w?) - V22) () (p' — p°)(t) dz

1|(10 -5 + %!VZQ(IS) (W' — wQ)(t)‘iI, a.e. t € (0,7);

l\D
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(=)0, 6 = 2)(0),
iw PR+ |0 = IO, ae. t€(0.7)
(@02 (0) ~ (@a2)0), (-~ )0,
(@ =)0, (O — )W)y, + )
with
Ji(t) :=(0;2°(t), (a' — a®)(t) (2" = 2° >V0

<102 (t)|vs |V ((a" — a®)(z" = 2° ’[H]N

<CH 102 ()| |V (0! — a2)(25)|L4<Q)N|(Z1 — ) ()
+10:2(t)|vg la’ — @[ L=@ (2" = 2°) () v

4 .
<<l =2, + ;|3t22(15)|3/0*|a1 — a*[1=(g)

ool R

. <05§>

02 ()35 1V (@' = a®)(B)[Laqyn, ae. t € (0,T);

(b'(t)2"(t) — b*(1)2°(t), (' — z2)(t)>% = Jo(t) + J3(t)
with

Ja(t) = / V(0] = 2O de < b o)l(z" = 2) Ol
V@

T(t) = / 21" — 1) (1) (=} — 22)(t) du

z
< 51<a1)‘ al(t)(zl _ 22)(t)|H . C&:‘Z2(t)‘vo|(bl . b2)(t)|L4(Q)
(CL04)2 T, 2
_25 |\/ (' — ; 22(1) 2, (0" — 02) (1) 2
a.e. t € (0,7);

— {div ((A'V2' +vVz2') — (A2V2" +vV22)) (1), (' — 27 >V0
=[[AV (" = 2)(#)] e + I = 22O, + )
with

Tu(t) = /Q (A" — A)V2)(1) - V(= — 2)(8) da

v 4
ST = O, + (A = OV Oy, ae. t € (0,7
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— (div (pe" — p?) (1), (=" = 22) (1)), = Jalt) + (D),
with
B(t) = [ 0 = O T =) @) da
ST = 2O, + ' By (0 = PO
%@yzlfawm&—w%-vg%—%»@dx

<CEIVE = 2) Ol P (0)lv] (@' = &) ()] oy

<X~ 208, + L ) — DO
a.e. t € (0,7);
and
(k' = E)(1), (" = 2°)(1)y,
< I = )0, + AR R0, ae e (0.T)
Thus, the proof is finished. m

4 Proofs of Main Theorems

This Section is devoted to the proofs of Main Theorems 1 and 2. The proofs are divided
in four parts, listed below:

§4.1 Proof of Main Theorem 2 (II-A);
§4.2 Proof of existence in Main Theorem 1 (I-A);
§4.3 Proofs of continuous dependence in Main Theorem 1 (I-B) and uniqueness in (I-A);

§4.4 Proof of Main Theorem 2 (II-B).

4.1 Proof of Main Theorem 2 (II-A)

Let us set the constant 79 = 79(a,b, \,w) € (0, 1), given in (3.5), as the required constant
T = Te(a, b, A\, w) in this Section. Let us fix any time step-size 7 € (0, 7,). Since the value
of constant 7, is independent of the time-index 2 € N and the choice of given data as in
(3.1), the solution {[p;, z;]}:2, to the time-discrete scheme (DP), is obtained, by applying
Key-Lemma 1 to the system (2.1) and (2.2), inductively, for every ¢ € N. O
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4.2 Proof of existence in Main Theorem 1 (I-A)

For simplicity of description, let us set:

AT = (t;_1,t,) N (0,T), fori =1,2,3,...,

1

and

T = T (@, B, [, N @1, (A),) in 2(2759), for 7 € (0,7.).

Then, invoking the definitions (2.1), (2.2), and (3.6), we can reformulate the time-
discretization scheme (DP), as the following linear equation:

T ([0, Pl [2r, [2)-] = [[B]s [K),] in 2,

for 7 € (0, 7). (4.1)
[[P)-(0), [2]-(0)] = [po, 2] in [H]?,

Next, for any 7 € (0,7.), let us denote by C* the constant C* as in (3.19), corre-
sponding to the case [a',b', A, w'] = [[al., [b]-, [A];, [@],]. Also, let C; be the constant
C* as in (2.4) corresponding to the case [a',b', \!, w!'] = [a, b, A\, w]. Notice that under the
setting of (2.3a), (2.3b), (2.4), and (3.19), the constant C is a uniform upper-bound for
the sequence {C* }re(0,1), more precisely:

~ 91 +v)
* . * >
Co—Cr 2 min{1, v, d0.(a)}

lalwreo(gy > 0, for any 7 € (0, 7). (4.2)

Next, let us apply Key-Lemma 3 to the following case:

(Té T in (%), 0=1,2,
', 5, 2Y 2 = ([0l [pl-s 2] (2]
and [p? pzz] [0,0,0,0] in 2,

[h!, kY] = [[h)-, [k]+] and [h? k?] = [0,0] in &,

for 7 € (0, 7).

Then, from (3.20) and (4.2), we deduce that:

<8t[p] (1), [ ] ( )> + <at ]T(t)[E]T(t»VO
H () + I[ I+ (t)lvo
<C*(|[p 1% + |\/ )i)

+ G (1) (1) + 1R 1T< >rv0*)7 for ae. t € (0.7). (4.3)




321

Also, since:

<5’t[p]7(t) D] (t > +<at [E]T(t)[E]T(t»VO

1
ZZ (|pl| - ’pl 1| )dl‘—i——/ a’z|zz — Q- 1|Zz 1’ )

/|az—al 1||zi1|? da,

(|Pz|H |pi—1|H) + _(|\/EZZ'|H - |\/ai—1Zz‘—1|§{)

|8t[ I+ |L°°(Q
25() ‘\/ Aj—1%5— 1|H

1 1 .
>—(Ipilh — Ipiei|zr) + =1+ Con) (Waizilh — |Vaicizialh)
2T 21
G
|

[\D|>_‘

Vaizily, forany t € AT i =1,2,3,.
the inequality (4.3) can be reduced to:
(Ipali = lpima i) + (1 + Com)(IVaszilty — |Vaimizia i)

+ T(’Piﬁ/ + V!Zz‘\%/o)

S 305‘7’(|pz|fq + |\/a_zzz|§{) + 2087’(“% %/* + |kz %/0*), (44)
for any 7 € (0,7.), and i =1,2,3,....
Here, let us take &g € (0, 7,) so small to satisfy:
1 1
dp < 6—08, and in particular, TC’&‘% <2, (4.5)

and having in mind (1.4), (2.3), (4.2), and (4.5), let us apply the discrete version of
Gronwall’s lemma [4, Section 3.1] to (4.4). Then, it is observed that:

[B)- (07 + 0u(a) ] ()] + /0 (1P + VIE-(S)I,) ds

<Ipil3; + (1 + Com)vazaly + 7> (Il + vizl,)
j=1

3CGt;

<G | (Ipof3 + (1+ Gl Vaozolh) +2C5m S (bl + Ik
j=1

* x T T 2
<2(1 + Cf + |alpoe(g))e® ™™ [(|P0|%f +1z0l7) + [[[7]r, [k]] ,} :
for all 7 € (0,00), t € AT and i =1,2,3,.... (4.6)

V)

Hence, putting:

1
(2005 )i
t min{1,v,d.(a)} ’
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it is deduced from (2.3f) and (4.6) that:

(Tesggw {‘ [Pl-+ F1-] ‘L“’(OvT%HV’ [ lplr L2l |L°°<0,T;H>2’ [Pl [2]-] ‘C([O,T];H)Z}
< Ci(Ilpo; 2ol + | [P [K]] ») < Ct(Ilpo, 20] |2 + K7),
5w ([P 1], < G (o 2ol + [ [ R

< Cf(’[pO,ZOH[H]Q + K*)

”)

\

Meanwhile, in the light of the estimate (3.10) as in Remark 7, it is inferred that:

|[0:lp)- Dulele] [, < My (| [P (K], + | [P (2)-] ] )
< M, (0;(|[p0, 2ol + K7) + K*) , for all 7 € (0, ),

where for any 7 € (0,0y), M, is the constant given in (3.9) corresponding to the case

[a,b, p, A\, w, A] = [[al,, [b];, [Bl-, [\]7, @]+, [A4];]. Additionally, invoking the settings (2.3)
and (3.9), we estimate that:

M 7 ::Ml([a}ﬂ [B]ﬂ A, [X]T’ @], [Z]T) < Mi(a,b, p, A\, w, A) =: M,

and

| [at [p]+, O [ZH

o < Mi(1+CF+ K (1+ [[po, zo)ljmp2), for all 7 € (0,d0).  (4.8)

Now, referring to the general theories of compactness (cf. [18,19]), e.g. theories of
Aubin’s type [18, Corollary 4], Arzera—Ascoli [19, Theorem 1.3.1], Alaoglu-Bourbaki-
Kakutani [19, Theorem 1.2.5], and so on, it is ensured that the estimates (4.7) and (4.8)
imply the existence of a pair of functions [p, 2] € [#]?, together with a sequence:

do>T1 >T9g>-->T7, ) 0asn— oo; (4.9a)
fulfilling:

[[P]7., [Z)7.] = [p, 2] weakly in ¥ x %,
and weakly-x in L*(0, T H)*, (4.9b)

[P)rs[2]m] = [p. 2] in C([0,T]; V") x C([0, T); Vi),
in L?(6,T; H)?, for any § € (0,T),
weakly in W12(0,T;V*) x WH2(0,T; Vy),
and weakly-x in L>(0,T; H)?, as n — oo, (4.9¢)

and in particular,

[p(O), Z(O>] = [[p]'rn (0)7 [Z]Tn (Oﬂ = [pOa ZO] n [H]Qa forn=1,2,3,.... (49d>
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Here, from (4.7) and (4.9¢), it follows that:

T |[(plr,. [#1r] — 2,21

n—00
2 T 2
< d- iléIN)‘ [[p]Tn7 [Z]Tn} - [p7 Z] ‘LOO(O,T;H)Q + nlinolo‘ [[p]Tna [Z]Tn} - [p7 Z] ‘LQ((S,T;H)Q

< 5-4(C7)*(Ipo, zolliame + K*)°, for any 6 € (0, 7).

[P}, [2)] = [p. 2] in [F£], as n — oo, (4.9¢)
and moreover, the estimate (4.7) allows us to derive:
[[ﬁ]Tn,[E]m} — [p, z] and [[]_Q]Tn, [g]Tn} — [p, 2], in [H)% as n — . (4.9f)

On account of (2.3), (4.1), (4.9), (A1), Remark 1, and the dominated convergence theorem
(cf. [12, Theorem 10]), it is checked that the following sequences:

{la®, b7, p, A", w0, AP Yoey = { [[al,, (b, [ﬁ]m;o[x]w (@ (Al ] b

{lp". 5" 2" 21y = { [Pl [Pl [F-s T2 ) 32
{[h" k3o, = {Tolp" 57, 2", 2] = T (™, b", i, A ", A p", p, 2", 2°] }

o

n=1’
enjoy the assumptions (3.11) of Key-Lemma 2, in the case when [p, 2] = [p, 2] and [h, k] =
[h, k]. Therefore, as a consequence of the Key-Lemma 2, we can show that:

[h, k] =T (a,b, u, \,w, A)[p,p, z, 2] in ¥ (4.10)
This implies that [p, 2] is the solution to (P), with the initial condition verified in (4.9d).
[l

4.3 Proofs of continuous dependence in Main Theorem 1 (I-B)
and uniqueness in (I-A)

We begin by confirming the following relationships:
T, b, 2, 24 = T(ah, b, ity N, ot A9 [t o, 2, 21
= W E)in @, 0=1,2,
for the two solutions [p, 2¢] to EP), ¢ = 1,2. On this basis, let us apply Key-Lemma 3

to the case when [p%, 2] = [p%, 2%], £ = 1,2. Then, with (2.4), (2.6), and (3.19)—(3.21) in
mind, we infer that:

S (16 = P+ VDG - A0))
+ %(I(p1 —P)OIF + vl =2 OI,)

<SS - O + [VaDE - A0l
+C(I(h =P[5 + (K = E2)(O[F: + R(1)), (4.11)

a.e. t € (0,7);
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via the following computations:

Uiy = 0, B = R ae. in (0,7
_min{l,V,5*(a1)}|a |W1 @ =Y, a.e 1n(, ),

and

(0" = 2)(0),a ()~ A0, = 3 WVaBE =20 — o),

with
=5 [oa @) - 0P < PO [ - P
<o 'L°° R vAnIEE 6]
ST‘\/al(t)(z -z )(t)|H, a.e. t € (0,7),

where we have also used Remark 2.

Now, the conclusion (2.5) of (I-B) will be obtained by applying Gronwall’s lemma to
(4.11).

Furthermore, we can conclude the uniqueness part of (I-A), immediately, by using
the inequality (2.5) in the special case when [a!, b!, u!, AL, wt) Al] = [a?, 0%, u?, N2, w?, A?],
[po, 2] =[5, 23], and [h!, k'] = [n%, K?]. O

4.4 Proof of Main Theorem 2 (1I-B)

On account of (4.7), (4.9b), (4.9¢), (4.9¢), (4.9f), (4.10), and the uniqueness result as in
Main Theorem 1 (I-A), we can easily verify the convergence (2.7a), together with:
{Hm, 31e] = [p, 2] in [, and wealdy in 9 X S,

Now, let us assume [pg, z9] € V' x Vj, and verify the convergence (2.7b). Let us apply
Key-Lemma 3 to the case when:

{[al, bt N, A = [(alr, B, () N @] ()], (4158)

[a?, 02, 12, A2, w?, A% = [a, b, i, \, w, Al '
[p;]j; Zlv 'i] i [[]_9]7'7 [p]T7 [5]7., [Z}T]’ (413b)
[p*, 0, 2%, Z°] = [p,p, 2, 2],

and

[h17k1] = HE]T» [E]T] and [h27k2] = [h, k].
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Then, we can see that:

(D:lpl- = p) (1), ([l — p)(1)), + (O[] — 2)(8), [al- (£)([Z]- — 2)(t))y,

0

%mm \V §|<[z1f—z><t>!io
<C;(|([p)- |H+\v [@- O (- —2)Ol,)
G = WO +|(H ROR, + Fi(), (4.14)

for a.e. (0 T) and any 7 € (0,d).

Here, for any 7 € (0,8,), C* is the constant as in (4.2), and R* is the function of time as
in (3.21), corresponding to the case of (4.13).

Next, let us invoke (1.4), and compute that:

(@19l ~ D)), (7~ D)D),
= ol PO+ 10+ BW, (415
with
B0 =r(@0-0). () ~ ) 0),
=3 () xar 0l - oo, (4.150)
I (t) == — (9w(t), ([p)- — [p]T)(t)>V, a.e. t € (0,7), (4.15¢)
(Bl = O < 2(|/ (- = O, + (Bl = Bl 0]},)

“2l(il -~ 0+ 23 (“51) @1 - W0l (@0

<2|([p} = p)(®)]; + 205 (1), ae. t € (0,T),

:%%N@(MT =) + %Jé(t) + T+ J5(t) + J3(1),  (4.17a)

Iy (8) = 70z (t), at)([Z]- — [2]-) (1)), (4.17b)
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= — _/ata |2d.fC
>_ ‘ata‘Lw @ |\/_ _ t)ﬁ{,
> —Cj \\/ }H, (4.17¢)

3 (8) ==(0([), — 2)(0), ([l — a)(O)([Er — 2)(0)),,
—10u[ — DOl | (@~ O V(Fr — 2)(0)]
1012 — 2) (D)l | (2 — )V (@l — )]y

> — |[a, — alz=@9 () — 2O (2 = 2Ol
— 2alwr=@I3([=) — YOl |2 — 20, (4.17d)
J3(t) == = (Dh2(t), alt) ([, — 1) (D)), (4.17¢)

V-0 — @) < ”%Jf;cg) Va®)([E - )],

2
t; —t
#0530 (U51) war @I VawmE, - 0l
=1
<Ci|Valt) (2], — 2) @)% + CaJs(1), ae. t € (0,T). (4.18)
Here, let us set a constant §; € (0, dy) of time step-size, so small to satisfy:
1 1
— mi — . 4.1
O<(51<2m1n{(50, (1—1—6’6‘)2} (4.19)

Then, from

—~

4.14)-(4.19), we can deduce that:

(1) = YO + [Va®) (], — 2)@)]3)
+ 3107l - ><>|2V+3|<ﬂ - ><>|2Vo
<(1+ )2l — ») @O + [Va(D) )(B)]5,) — Ji (@)

+ G5 (I([R)- = R)(t )Iv +[([k]- — )( )Iv +R +(#))

N | —
SIS

1(1—T<1+c>)< ) — T (1) — J5(t) — (1)
<21+ C)(1([), — ) O)% + |Val®) (], — 2)@)]3,)
+ G (( - ><>|v 1([F - B +R t)) (4.20)

+ |7 @)+ |5 @)+ | J5(t)],ae. t € (0,T), and any 7 € (0, 01).
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Additionally, taking into account (1.4), (4.7), and [p, z0] € V' x Vj, we can observe that:

sup ‘ H}_?]n [éH |1/X% < \/6_1|[p0, 2ol|lvsvy + CT(HPO, 20)| (a2 + K*)>

7’6(0,(51)
S(gg)![[p%[zb]l«m% < V61l[po, 20llvxve + 265 (I[po, 20] |2 + K7,
TE ,01

and therefore, owing to (4.12), and the compactness theory of Alaoglu-Bourbaki-Kakutani
[19, Theorem 1.2.5],

[[pl+, [2]:] = [p. 2] and [[p]., [z]] = [p, 2], weakly in ¥ x ¥, as 7 | 0. (4.21)

In the light of (2.3), (3.21), (4.7), (4.8), (4.12), (4.21), Remark 1, Remark 3 (R2), and
the dominated convergence theorem (cf. [12, Theorem 10]), it is verified that:

|R:|L1(0,T) < |8tZ

vellale = alie(q)

+ [ ORI = DO

+ /OT |0,2(t)

n / ([ — DO + (@ — @)y ) dt

V([al; — a)(t)] 21~ dt

2
Vo

2

+ [ (O, = N, + 9540 - (@)~ )0;,) d

+ /0 (], = A=)y dt— 0, (4.22)
|IT|L1(0,T) < |<atp> [ﬁ]T - p>y} =+ ‘<atp7 [p]‘r - p>1/‘ - 07 (423>

[ T2l er0.ry <102 = 2) |55 2]y — 2l (@l — alr=(@)
+ 2|alwroo(@)| 0 ([2]r — 2)we|[Er — 2l — 0, (4.24)

v
and

[ 3|0y <Wadiz, [Z]: = 25| + [(adsz, [2]r = 2)5]
—0, as 7} 0. (4.25)

Now, on account of (2.3f), (4.20), (4.22)—(4.25), we obtain the following convergence:

i

by applying Gronwall’s lemma to (4.20), and by letting 7 | 0 for the resulted inequality.

=)

) [Z]T} — [p, 2] in C([0,T7; H)2’

Iry [Ze] = [p, 2] in ¥ x %, as 740, (4.26)

|
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Moreover, with (1.4), (4.21), (4.26), and [po, z0] € V' x V4 in mind, we can see that:

(R [P ] g [ R e

710
<tim (7]lpo, 2l 3, + [ [P B [55) = |22 21[ s
ie., lTig)l‘ [[pl+, [2]7] Yty = |p, ZH'Vx%' (4.27)

Subsequently, from (4.21), (4.27) and the uniform convexity of the topology of ¥ x %, it
follows that:

[[Q]T, [gH = [p,z]in ¥ x ¥, as 7] 0. (4.28)
By (1.4), (4.26), and (4.28), we infer that:

{7k 1)) = 2221y, < [P 2] = [lpkes 2]
+ | [+ [Z+] = [p: 2],y — 0, @S T L0, (4.29)

The convergence (2.7b) will be deduced as a consequence of (4.26) and (4.29). O

5 Conclusions

In this Section, several Corollaries and Remarks will be shown as conclusions derived from
Main Theorems and Key-Lemmas as in Sections 2 and 3.

We begin by prescribing additional notations. Let us define:
Z = (W0, T;V)NY) x (W0, T; V) N %).

Then, for any sextet of data [a,b, u, \,w, A] € ., the Main Theorem 1 allows us to
define an operator P = P(a,b, pu, \,w, A) : [H]? x ¥ — 2, which maps any pair
[[po, z0], [, k]] of the initial pair [pg,zo] € [H]* and the forcing pair [h, k] € ¥ to the
corresponding solution [p, z] to (P), i.e.:

D, 2] = P[po, 0, [h, K] = P(a, b, 1, A\, w, A)[[po, 0], [, K]] € 2.

Remark 8. Let us fix any sextet of data [a,b, u, \,w, A] € 4. Then, from Remark 7,
the operator P : [H)> x # — Z coincides with the inverse of:

Q=09(a,b,u, \,w,A) : [p,z] € Z&
—[[po, z0], [, k]] == [[p(0), 2(0)], T (a, b, p, A\, w, A)[p,p, 2, 2]] € [H]> x ¥ . (5.1)

Namely, P = P(a,b,u,\,w, A) (= [Q(a, b,,u,/\,w,A)]_l) is a bijective operator from
[H|*> x % onto Z. Hence, the Hilbert space 2 coincides with the class P([H]* x %) of
solutions to (P), for all initial pairs [po, zo] € [H]?* and forcing pairs [h, k] € ¥
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Remark 9. Notice that 2 is a Hilbert space, endowed with the following inner product:

([p7 Z]v [ﬁ? g])g = (pvﬁ)Wl’2(0,T;V*) + (p7ﬁ>"//
+ (27 2)W1’2(0,T;VO") + (Z7 5)7/07 for [p7 Z], [ﬁ7 2] S ga (52>

and the norm: )
! [p, 2] = [([p, 2, [p, z])ff}f, for [p, z] € Z. (5.3)
In addition, the Hilbert space 2 is a subspace of Banach spaces C([0,T]; H)? and
L>(0,T; H)? and 2 is compactly embedded in L°°(0,T; H)? in the weak-* topology. In
fact, if %, is a bounded subset in 2, then by referring to the compactness theories of
Aubin’s type [18, Corollary 4] and Alaoglu-Bourbaki-Kakutani [19, Theorem 1.2.5], we
find a sequence {[p", 2"|}22, C A, such that:

[P, 2"] — [p, 2] in [2]?, and weakly in &,
as n — oo, for some [p, Z] € Z.

Subsequently, from the strong convergence in [%#])%, one can see that:
D™ (to), 2" (to)] — [p(to), 2(to)] in [H]?, as n — oo, for some t, € (0,T),

by taking a subsequence if necessary. Hence, we can observe the weak-x compactness of
By in L>*(0,T; H)?, via the following estimate for the sequence {[p", 2"]}°°, C H:

2

1 15" (o), 2" ()]

S| (@), 2" O e < 3

+

[ 4005762y

< sup {|[5" (o), 2" (t0)][fe + |[015", 042"
neN

for all t € [0, 7], and n € N.

5} <

Furthermore, by the inclusion 2 C C([0,T]; H)?, we can let 2 be a Banach space by
using another norm:

[P 2] || = [ 2] | + | I 2] oo fOr [p22] € 2 (5.4)

In view of this, we denote by (2, || - ||) the Banach space with the norm as in (5.4), and
distinguish it from the Hilbert space 2 with the usual topology as in (5.2) and (5.3).

Based on these, we can derive the following Corollaries.

Corollary 1. Let us fiz a sextet of data |a,b, u, \,w, A] € H. Then, the following two
items hold.

(CO) There is a positive constant M; = Mi(a,b, u, \,w, A), depending on |a|c@),
|VCL|Loo(Q)N, |b|Loo(Q); |[L|LOO(O’T;H)’ |)\|Loo(Q), |w|Loo(Q)N, and |A|Loo(Q)NxN, and there
is another positive constant My = M (a,b,pu, A\, w, A), depending on |a|cq),
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|VCL’L0<>(Q)N, 5*(a), ‘b|Loo(Q)7 ’/,L|LOO(O’T;H), |)\‘LOO(Q), |w|Loo(Q)N, and |A|Loo(Q)NxN, such
that:

Mgy

HpanO]a[h7ka]2 7 = H ’ H(fn ) <M} po, 20l [h, k’”[m?x@’
for all [po, 20] € [H]?, [h, k] € ¥, (5.5)

and [p, 2] = P(a, b, pi, A, w, A)[[po, z0), [h, k]| € Z,

i.e. the operator P = P(a,b, u, \,w, A) is an isomorphism between the Hilbert space
[H|> x % and the Banach space (Z,]| - ||).

(C1) The class of solutions P([H|* x %) is decomposed as follows:
P(HP x @) = P(IHP x {[0.0]}) + P({0.0]} x @), (5.6)
and moreover, the restricted class P([V x Vo] % @) s represented as:
PV x Vol x ) = [V x Vo] + P({[0,0]} x &), (5.7)
by identifying V x Vi with a class of constants in time.

Proof. First, we show (C0). On account of Remarks 7 and 8, we can see that the operator
Q = Qa,b, u, \,w,A) : ¥ — [H|> x % given in (5.1) is a bijective linear operator.

Besides, we can check that Q = Q(a,b, i, A\, w, A) € L((Z,| - |)); [H]* x &), by using
the estimate (3.8), and the trivial estimate:
Hp(o)72(0)]’[H]z < Mo|[p, = ‘C(OT]H ., for [p,z] € Z, (5.8)

with use of the constant My = My(a, b, u, A\,w, A) given in (3.7). The estimates (3.8) and
(5.8) imply that:

}Q(a7bnua )\>W>A) < Mg,

L&) [HP x 7)) =
1

N up i) 2 M, Mo (5:9)

if P(a,b, p, \,w, A) is bounded.

ie. }P(a, b, p, A\, w, A

Now, our task is reduced to verify the boundedness of linear operator P =
Pla,b,pu, \,w,A) : [H? x ¥ — (Z,| - ||). To this end, we apply Main Theorem 1
(I-B) to the case when:

I:CLK7 bg?l”'e’ Ag?“')E? AK:I = [a'7 b’ M? A7w7 A]? é = 1727
[pl’zl] = [ >Z]7 [p2722] = [O? 0]’
[R', k'] is taken as an arbitrary [h, k] € %, and [h?, k*] = [0, 0].
Then, we have:

min{1,v, 5*(a)}(‘[p, ZH2C([0,T];H)2 + HP; Z]ﬁ/x%)
<4e*T max{1, |al ;g }H [po, 2] ‘[2HP 8

0€
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so that

2, (5.10)

|[p, ZHZ’([O,T];H)? +|lp, 2Hix% < (Cg)Qegch(HPmZOH[QH]Q +|[h, K]

where Cf = Ci(a,b,\,w) is the constant as in (4.2), i.e. the constant C* as in (2.4)
corresponding to the case [a', ', A} w!| = [a, b, \,w]. Also, from the estimate (3.10) as in
Remark 7, and (5.10), one can see that:

4

|[p, 2]

g < VT(CY + C’ZO*)Hp, ZHC([O,T];H)?

< (A+T)A+CY +CiF) - Coe | [[po 2o, 10 K] e (5.11)
) 5.11
H@t]% aﬂ”gy < Ml(Hh7 k”@ + Hp, Z]"y/x%)

< M;(1+ C’Se@) |[[po, 2o], [12, K]] }[

\ H2x%

with use of the constants C};” > 0 and C’X,O* > 0 of respective embeddings H C V* and
H C V', and the constant M; given in (3.9). The above (5.10) and (5.11) imply that
P ="P(a,bp, \w,A) e Z([H?xZ;(Z,| ), and

|P(a,b, 1A w0, A)| e s )

<AM (1 +T)(1+ CY + O ) (1 + CgezT) = My (5.12)

(5.9) and (5.12) are sufficient to verify (5.5).

Next, we show the item (C1). Since (P) is a linear system, the decomposition (5.6)
is obvious. Meanwhile, the linearity of (P) and the identification [pg, 20] € V x Vj C Z°
allow us to verify (5.7) as follows:

PP x @)= U (P(Qlpo.zal) + P01 x [~Tlpo.po.z0. ] +2]) )

[po,zo]EVXVo

= U (pozl +PH0,0]} x 2)) = [V x Vo] + P({[0,0]} x #).

[po,20]EV X Vo
Thus, the proof is complete. O]
Corollary 2. Let us assume |a,b, u, \,w, A] € S, {[a", 0", u", \",w", A"|}°, C S,

[a", 0pa”, Va", b", \" w", A" — [a, Oia, Va,b, \,w, A] weakly-* in
L=(Q) x L®(Q) x L¥(Q)™ x L®(Q) x L¥(Q) x L¥(Q)™ x L=(Q)™,  (5.13a)

and in the pointwise sense a.e. in @),

and

{,u” — p weakly-x in L>=(0,T; H), as m — 0o (5.13b)

u(t) — p(t) in H, for a.e. t € (0,T),
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Also, let us assume [po, z0] € [H]?, {[p3, 28]}, C [H]?, [h, k] € &, {[n", k"]}>2, C ¥,
[p,z] € Z, and {[p", 2"]}>2, C Z. In addition, we suppose the following relationship:

[pa Z] = P(aa b> H, )\7 W, A) [[p07 ZO]? [h7 kH in g)
[p", 2" = P(a™, b", p", N, w", A™) [[pg, 2y, [h™, k”]] in %, forn €N,

or equivalently,

[[p07 ZO]) [ha kH = Q(CL, balua )‘7(-‘)7‘4) [p> Z] imn [H]Z X @7
(PG, 26], [h" k"] = Q(a”, b", u", A", w", A")[p", 2"] in [H)* x ¥, for n € N.

Then, the following two items hold.
(C2) The convergence:
[[pg. 251, [R™, K™]] = [[po, z0], [h, k]] in [H]* x &, as n — oo, (5.14a)
implies the convergence:

[p",2"] = [p, 2] in C([0,T]; H)?, and in ¥ x ¥, as n — oo. (5.14b)

(C3) The following two convergences:
[[pg, 2o, [A™, k"ﬂ — [[po,zo], [h, k:]] weakly in [H]?> X %, as n — oo, (5.15a)

and
[p", 2" = [p, z] weakly in the Hilbert space %, asn — oo, (5.15b)

are equivalent to each other.

Proof. We begin by referring to the Rellich—Kondrachov theorem (cf. [1, Theorem 6.3]),

and confirm that the assumption (5.13a) implies the uniform convergence of {a"}5°,, i.e.:
a"™ — ain C(Q) as n — oo. (5.16)

So, we can find a large number N € N such that:
0< 0(a) < inf d.(a") < sup |a"|¢g) < 2lalcg)- (5.17)

2 n>Ng n>Nx

Now, we show the item (C2). Let us assume the convergence (5.14a), and let us apply
Main Theorem 1 (I-B) under the replacements of:

(5.18)

[al, B, b, AL, A1) by [a7, b7, A7, ™, A, [ph, 28] by [0, 28],
(%, k1) by [, k7], and [p, 21] by [p", 2"), for n > N,

and

[a27b27:u27)\27w27142] by [a,b,,u, )‘7W7A]7 [pngg] by [pOJZO]7
[h?, k%] by [h, k], and [p?, 2%] by [p, z].
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Then, we have:
(|pn—p|?;([o,T};H) + [Var(z" — Z)|20([0,T};H)) + (Ip" = pl5 +vl|z" = 2[3,)

<2 (Ip — ol + [V am(0) (= — 2)|)

+4C5 T (|[R" = hy k™ — k][5 + |Ri |0, for all n > N, (5.19)
where
T 18(1 +v) L4\2 L4\4 L4\2
CO '_min{l,y, (5*((1)}(1 + (CV ) + (CV ) + (CVO) )
. S;l]g* {1 + |a/n|W1,oo(Q) + |bn|Loo(Q) + |)\n|Loo(Q) + |w”|Loo(Q)N}, (520)
and
Ry (1) :=102(t)[3 (la" = algq) + V(" = a)(8)[7a(qyv)
+ 21710 = D) ()74 + IPO) A" = N ()]
+ @I (11" = ) @)F + (W = ) () F1q)n)
+[Vz(t) - (" = w)(®)]F + (A" = A)(E) V() [f (5.21)

for a.e. t € (0,7), and all n > N}.

Notice that the assumption (5.13), and the estimate (5.17) let the above C§* be a finite
constant, and let it be an upper bound for the sequence of constants given in (2.4), under
(5.17) and (5.18). On this basis, we can verify the convergence (5.14b), by letting n — oo
for (5.19) and (5.21), with use of (5.13), (5.16), (5.17), and the dominated convergence
theorem (cf. [12, Theorem 10]).

Next, we show the item (C3). If the convergence (5.15a) holds, then thanks to (5.13),
(5.17)-(5.21), we can say that

{[p", 2"} pZn: is bounded in C([0,T]; H)?, and in ¥ x . (5.22)

Also, the assumption (5.13), and the estimate (5.17) lead to the boundedness of a sequence
{M(a™, b, ™, A", W™, A™) > Which consists of the constants M; = Mi(a,b, p, \,w, A)
given in (3.9), in cases when:

[a,b, i, A\, w, Al = [a™, 0", ™, \",w", A"], for n > N} (5.23)
Therefore, from (5.15a), (5.22), and the estimate (3.10) as in Remark 7, it is inferred that:
{[0ip", 012"} v+ is bounded in & (5.24)

On account of (5.22) and (5.24), we can ensure that:

b2 = [p.2] in [#]2 in C(0, T V*) x C([0,T); Vi), weakly in 2,

. (5.25)
and weakly-x in L>(0,T; H)?, as n — oo,

and in particular,
5(0).2(0)] = lim [57(0), 2"(0)] = lim [p§. 23] = [po. 2]
in the topology of V* x Vj*, and in the weak topology of [H]?, (5.26)
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for some [p, z] € Z, and some subsequence, by applying the weakly-* compact embedding
% C L*(0,T; H)? as in Remark 9, and the theories of compactness of Aubin’s type [18,
Corollary 4], Arzera—Ascoli [19, Theorem 1.3.1], and Alaoglu-Bourbaki-Kakutani [19,
Theorem 1.2.5]. Furthermore, under the replacements of:

{[B", 2"k, by {[p", 2"} N [B. 2] by [p, 2], and [h, k] by [h, K],

we can derive the assumption (3.11) of Key-Lemma 2 from (5.13), (5.15a), (5.25), and
the dominated convergence theorem (cf. [12, Theorem 10]). So, applying Key-Lemma 2,
one can observe that:

T(a,b, p, \,w, A)[p,p, 2, z| = [h, k] in #. (5.27)

Taking into account (5.26), (5.27), and the uniqueness result of Main Theorem 1
(I-A), we deduce that [p, z] = [p, 2|, and the convergence (5.25) holds without necessity
of subsequence. This implies the convergence (5.15b).

Conversely, if the convergence (5.15b) holds, then from the weakly-* compact em-
bedding 2 C L>(0,T; H)? as in Remark 9, and the compactness theories of Aubin’s
type [18, Corollary 4], and Arzera—Ascoli [19, Theorem 1.3.1], we can see that:

", 2"] = [p, 2] in [2], in C([0, T]; V*) x C([0, T); Vi),
and weakly-x in L>(0,7T; H)?, as n — oo, (5.28)
and in particular,
[P6, 261 :=[p"(0), 2"(0)] = [p(0), 2(0)] = [po, 2]
in V* x Vy, and weakly in [H]?, as n — oo, (5.29)

by taking a subsequence. Also, the assumption (5.13) and the condition (5.17) lead
to the boundedness of a sequence {Mp(a",b", u", A", w", A")}32 v which consists of the
constants My = My(a, b, pu, A\,w, A) given in (3.7), in the cases as in (5.23). So, from
the estimate (3.8) as in Remark 7, it is observed that the sequence {[h",k"|}2% y. =
{T(a™, b, u™, X", ™, A™)[p", p", 2™, 2™]}0° v« is bounded in %', and by taking more one
subsequence if necessary, ’

[R", k"] —[h, k] weakly in % as n — oo, for some [h, k] € ¥. (5.30)

Additionally, (5.13), (5.15b), (5.28), and (5.30) allows us to apply Key-Lemma 2 under
the replacements of:

[5, 2] by [p, 2], {[p", 2"} by {[p", 2"]}ne, and [h, k] by [h, k],
and deduce that:
[B7 ]7{] = [h7 k] = T<a7 b7 ILL7 )\7 w? A) [p7p7 Z? Z] in @' (5'31)

By virtue of (5.29)—(5.31), we can conclude the convergence (5.15a), because (5.29), (5.31),
and the uniqueness result in Main Theorem 1 (I-A) guarantee the unnecessity of subse-
quence in (5.29) and (5.30).

Thus, the proof of this Corollary is complete. O
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Remark 10. By Corollary 2, we can say that (5.13) is a sufficient assumption in the
application to the optimal control problem (OCP) mentioned in Introduction. However,
this assumption is not sufficient to make the convergences (5.14a) and (5.14b) to be
equivalent to each other.

Concluding Remark 1. The first Corollary 1 suggests us that the linear operator
73[[0,0], } = Pla,b, u, \,w, A) [[0,0], } C % — % takes over one of essential roles in
the mathematical analysis of our system (P), and especially, all cases of [pg, z0] € V x V}
are reduced to the case of [po, z9] = [0,0]. Additionally, we note that the reduced initial
condition “[pg, z0] = [0,0]” is a natural setting in the application to the problems £ 1) and
£2), under the corresponding relations (0.3) and (0.4).

Finally, as a result of Main Theorem 1 (I-B) and Key-Lemma 1, we can conclude that
our numerical scheme for the system (P) is designed as the minimization algorithm for a
single governing energy £ given in (3.4).
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