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Abstract. In this paper, with the help of new auxiliary function and without assuming
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generalized integral type contraction in complete metric spaces are proved. As application
of our results, some corollaries are given. Also, some examples are given to justify the
importance and existence of our findings in current research.
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1 Introduction

Banach [10], in 1922, full fledged an extraordinary fixed point result, which is one of the
most significant finding of analysis. This invention is one of the commonly applied and
useful results in the history of fixed point theory. Banach gave a simple structure of the
proof which requires the completeness of metric spaces, a self map and a contraction to
get fixed point.

Jungck [4] introduced the concept of commuting map as an inventive tool to obtain
common fixed points of mappings. It was the turning point in the fixed point arena to
get unique fixed point for pair of maps.

Branciari [1] in 2002, led down one of the fruitful generalization of Banach contraction
mappings and proved a unique fixed point result satisfying integral type contractive con-
dition. Many authors (see [3, 5, 6, 8, 9, 11, 12, 13, 14, 15]) have extended and generalized
this result with different approach in different directions.

Ansari [2] in 2014-15, defined the notion of C' -class function as a generalization of
Banach contraction principle.

Definition 1.1. [2] We say ¢ : [0,+00) — [0,400) ultra distance function, if it is
continuous and ¢(0) > 0, and ¢(t) > 0,t > 0.

Remark 1.2. We let &, denote the class of the ultra distance functions.

Definition 1.3. [2] A mapping F : [0,00)*> — R is called C-class function if it is
continuous and for all r, ¢t € [0, c0)

1. F(rt) <r;
2. F(r,t) = r implies that either » = 0 or ¢ = 0.

For brevity, we denote C as the family of C' class functions.
It is also clear that, F'(0,0) = 0. Some examples of C-class functions are given in [2].
Let us denote Uy = {v|y:[0,00) — [0,00)}, which is Lebesgue-integrable, summable
on each compact subset of RT, and are such that for each € > 0, foe y(t)dt > 0.
Mocanu and Popa [7] gave the following lemma.

Lemma 1.1. [7] Let (a,)
then

peN be a non-negative sequence with lim, . a, = k. If v € ¥y,

ap

lim y(t)dt =0 if and only if lim a, =0.
p—00

p—o0 0

In next section 2, the main objective is to derive some results to get common fixed
point for two self-maps satisfying generalized integral type contractive condition with C-
class function. Here, the results are proved without using the continuity and commutative
property of maps S and T. In section 3, as application, various consequence results of
our findings are discussed. After that, In section 4, examples and remark are given to
illustrate the fact that our findings are new, useable and applicable for future research.
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2 Main results

Theorem 2.1. Let S and T be two self-maps of X, and d be a metric on X such that
(X,d) is complete. If for each u,v € X

d(Su,Tv) ( 1 N (u,v) d(u,v) (
yt)dt < F [oz/ vtdt—f—ﬁ/ tht},
/ ) —sle [ awas [ a0

¢>(a = [a /0 a5 /0 " v(t)dt] )) NG

where a, 8 >0, F € C,p € &, v € ¥y and

d(v,Tv) 1+ d(u, Su)]

N (u,v) = 1+ d(u,v)] ’

then S and T have a unique common fized point.

Proof. Choose ug € X such that Sug = u; and Tu; = us. Continuing like this, we can
construct sequences {u,} and {v,} in X, such as

Vgp = Ugpt1 = SUzp and Vopy1 = Ugpro = TUgpy1, where p=0,1,2,---. (3)

We split the proof in several steps:

Step-1: Claim that sequence {u,} is Cauchy sequence.
Step-1.1: First suppose that vs,_1 = vy, for some p € N.
Then from (1)

d(”Qpa”Zerl) d(Suzp,Tung)
/ Y(t)dt = / ~(t)dt
0 0

1 N (uzp,u2p+1) d(u2p,uzp+1)
<F [a / y(t)dt + 5 / W)dt},
0 0

a+p

1 N (uzp,uzp+1) d(uzp,uzp+1)
=1 o+ [ v(t)dt]>>~ )

From (2),

d (upy1, Tuapy1) [1 + d(ugy, Sugy)]
[1+ d(uzp, ugps1)]

N (ugp, ugpi1) = = d (Ugpt1, Ugp+2) -
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Hence from (4),

A2 vapt1) 1 d(uzps1,uzp ) d(uzp w2y 1)
/0 Y(t)dt < F<a+5 {a/ v(t)dt+ﬁ/ ’Y(t)dt},
1 Az y1,u2p42) (u2p uzpt1)
— 4 (ﬁ+ﬁ/ ﬁD)
(a+ﬁ dﬁ+ﬁ/1 ﬁ}
1

¢(a+6{ / (v2p,v2p+1) " dt+ﬁ/ (v2p- lvzp) dt ))

By the definition of C' -class function, we get

d(vap,v2p+1) 1 d(vap,v2p+1) d(vap—1,v2p)
/ s —la s+ [ s, o)
0 0 0

a+p

Since vg,_1 = Vgp, thus we get

d('vzp ,v2p+1) d('l/'Zp ,'U2p+1)
/ a4 | A()dt.
0 0

This is possible only if vy, = v9p41. Thus for all ¢ > 2p, v, = vo,—1, and hence we obtain
ug = Uugp. Therefore, {u,} is a Cauchy sequence.

Step-1.2: Secondly assume that v, # v,1; for all integers p.

From (6), we obatin

a d(vzp,v2p+1) 5 d(v2p7177j2p)
1— Hdt < t)dt,
( a+6)l ) ‘a+ﬂl e

d(vap,v2p+1) d(v2p—1,v2p)
/ y(t)dt < / y(t)dt,
0 0

a—+p

implies that

similarly,

d(v2p—1,v2p) d(v2p—2,v2p—1)
/‘ V@ﬁg/‘ S (),
0 0

d(v2p,v2p+1)
0

and lower bounded. Therefore, there exists a r > 0 such that

Thus, we get a sequence { ”y(t)dt} of numbers, which is monotone, decreasing

d(v2p,v2p+1)

lim y(t)dt = r. (7)

p—o0 0
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On taking lim, . in (5), we get

r < F(r,¢(r)),
this implies using Definition 1.1 and Definition 1.3, either 7 = 0 or ¢(r) = 0. Hence

d(vap,v2p+1)

lim y(t)dt = 0.

p—oo Jq
On using Lemma 1.1, we get

plgglo d(vap, vap+1) = 0.

Consequently,

lim d(u2p+17u2p+2) = 07 v b= 07 1a 27 U (8)

p—0o0

On contradictory, assume that {us,} is not a Cauchy sequence. Then for an € > 0, we
can find two sub-sequences of positive integers ¢; and p;, where p; > ¢; > i for all i > 0
such that

d(ugg, gp,) > € and  d(ugg,, ugp, ,) < €. (9)
By using (9), we get
€ < d(uag,, Usp,) < d(uag,, Usp, ,) + d(uzp, 5, Usp, ;) + d(uzp, _,, uzp,)-
On taking lim; ., in above inequality, we get
le>r(1>10 d(ugq,, Ugp,) = €. (10)
Consider,
d(uzp,, Uag, ;) < d(uzy,, Uag,) + d(uzg,, Uzg, ),
Again on taking lim; ,, in above inequality, we get
Zlgglo d(ugp,, Usg, ,) = €.
Similarly, we have
Z1;1(({10 d(ugp,, Ug,,,) = €. (11)
Consider,
d(ugp,, Uag,) < d(Usp,, Ugp,,,) + dA(Usp, s Usg,) = d(Usp,, Uop,, ) + d(Stap,, TUsg, ).

taking lim; ..., we obtain

€ < lim d(Sugp,, Tusg, ., ).

1—00
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As v is a Lebesgue-integrable function, therefore

€ d(Suzp; Tuzq; )
/ ~y(t)dt < lim / y(t)dt. (12)
0 0

1—00

Also, from (1)

d(su2pi 7T“2qi+1 ) 1 N(u2pi YU2q;4 1 ) d(u2pi YU2q; 4 )
/ i< (o oyl s(oyi],
0 0 0

a+p

1 N(u2pi YU2¢q; 4 ) 5 d(u2pi U2 4 1 )
(o [ e [ )
sl oy +5 ()

(13)

From (2) and using (8), we have

d (UQQiJrl ) Tu2q¢+1) [1 + d(u2pi> Su?pi)]

lim N (ugp,, Uzq,,) = lim

i—00 i—00 [1 + d(u2pi7 UQQHI)}
= hm d (UZQiJrl’uQQiJrQ) [1 + d(u2pi7 u2pi+1)] —0. (14)
i—00 [1 + d(u2pi y u?qi+1 )}

Taking limit as ¢ — oo in (13) and using (14), we get

lim Od(su%TquM)y(t)dt < F< /O 67(t)dt,<b( /0 Ey(t)dt)).
Hence from (12),
/Oey(t)dtg F(/Oey(t)dt,gb(/oey(t)dt)).

Using Definition 1.1 and Definition 1.3, this is possible only if [ ~(¢)dt = 0 or ¢( [ v(t)dt) =
0 implies that [ y(t)dt = 0. This is a contradiction. Hence {ug,} is a Cauchy sequence.
Therefore, there exists a € X such that

plgr;o Ugp = Q. (15)
From (3), we obtain
lim Sus, = a; lim T'ugyi1 = a. (16)
p—r00 p—r00

Step- 2: Claim that a is a common fixed point of S and 7.
From (1),

d(Suzp,Ta) 1 N (u2p,a) d(uzp,a)
v(t)dt < F la/ ’ytdt—i—ﬁ/ vtdt},
/ < F(—la [ awaes [ a0

¢(ai 5 {a /O e vt 8 /0 d(ugp’a)y(t)dtD), (17)
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where,

d(a,Ta) [1 + d(ugp, Susy)]

N (ugp, a) = 11+ d(ugp, a)]

=d(a,Ta). (18)

On taking lim, ., in (17), and using (18), we get

d(a,Ta) o d(a,Ta) a d(a,Ta)
/o ~y(t)dt < F(a n ,6/0 7(t)dt,gb<a n ﬁ/o 7(t)dt)>,

this is possible only ( using Definition 1.1 and Definition 1.3 ) if fod(a’Ta) v(t)dt = 0. Hence
by using Lemma 1.1, we get d(a,Ta) = 0. Thus Ta = a.
Next claim that every fixed point of T is also a fixed point of S. i.e. Sa = a.

Again using (1),

d(Sa,uzp+1) d(Sa,Tugp)
/ y(t)dt = ~(t)dt
0

where from (2),

N(a,q) = A& T[fl[ldz:lé?]’ Sall (20)

Taking lim, ,~, in (19) and using (20), we have

d(Sa,a)
/0 A(t)dt < F(0,6(0)) = 0.

This implies that d(Sa,a) = 0.

Thus, S and T" have common fixed points.

Step- 3: Prove that fixed points of maps are unique.

Suppose not, therefore there exists another point b # a such that Sb =Tb = b.

Consider,
d(b,a) d(Sb,Ta)
/ y(t)dt = / ~(t)dt
0

<ol e [0
(o [ l))
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where,

d(a,Ta) 1+ d(b, Sb)]
[1+d(b,a)l

N(b,a) = = 0.

Hence, from (21)

d(b,a) 5 d(b,a) 6 d(b,a)
/0 y(t)dt < F(a 5 /0 v(t)dt, ¢(Oé—+5/o ’y(i)di)).

Using the fact that F' and ¢ are continuous, and —=— 5 <1 for all a, 5 > 0, we obtain

/O,d(b,a) it < F ( /Od(b,a> ~()dt, ¢< /0 d(b,a) y(t)dt>) .

Using Definition 1.1 and Definition 1.3, this is possible only if fod(b’a) (t)dt = 0 or

fo %) (#)dt) = 0 implies that fd(ba (t)dt = 0. Using Lemma 1.1, we get d(a,b) = 0.
This is a contradlctlon to our assumption and hence fixed points are unique.
This completes the proof of main result. m

Next we derive a result for selfmaps without using both completeness of metric spaces
and continuity of maps S and T'.

Theorem 2.2. Let S and T be two self-maps of X, and d be a metric on X such that
(X,d) is a metric spaces. If for each u,v € X

/Od(Su,TU) )t < F ( /ON(u,u) (0t ¢(/ON(u,u) 7(t)dt)>, 2

where N(u,v) is given by eq (2), F € C,¢ € &, and v € ¥y, then S and T have a unique
common fized point.

Proof. Let us define a sequence {u,} in X s.t.
Ugpy1 = Sugy and ugpyo = Tugpyy, V p=0,1,2,---. (23)
Now we assume that for non € N
Ugp+1 = U2p4-2- (24)

Then from (22), we get

d(u2p+17u2p+2) d(Su2p7Tu2p+1)
/ ~y(t)dt = / ~(t)dt
0 0

N (uzp,uzp+1) N(uzp,u2p+1)
<r( [ o [ i) ). @)
0 0
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where,

d(ugpy1, Tugpyr) [1+ d (uzp, Sugy)]
[1+ d (ugp, ugps1)]

N (ugp, ugpr1) = = d(u2p+17 Ugp+2)- (26)

Thus (25) implies that,

d(u2p+1,u2p+2) d(u2p+1,u2p+2) d(u2p+1,u2p+2)
/ y(t)dt < F / ~(t)dt, ¢(/ 'y(t)dt) :
0 0 0

Using Definition 1.1 and Definition 1.3, this is possible only if fod(uzp“’u%“) ~(t)dt = 0,
implies d(uapt1, Uzpt2) = 0. Thus our assumption (24) is wrong and so ugy1 = Ugpyto for
some p € N. Let p = k, then we get ugr11 = Uggro. If @ = uggyq, then from (23), we
obtain T'a = a.

Similarly, if we consider

Thus fd(sa ) (t)dt = 0 implies d(Sa,a) = 0. Thus we get Sa =a ="Ta
For uniqueness, assume there exists another point b # a s.t Sb=Tb = b.
Consider from (22),

/0 o y(t)dt = /0 e y(t)dt < F( /0 e v(t)dt,qb( /0 o v(t)dt)>, (28)

where, N(b,a) = %W = 0. Hence from (28), fod(b’a) < F(0,0) = 0.

This completes proof of our Theorem 2.2. O

3 Applications

In this section, we give several corollaries, as applications of our main result, in the
underlying spaces.

If we take F'(r,t) = ;%5 in Theorem 2.1, we obtain following result.

t

Corollary 3.1. Let (X,d) be a complete metric space, and S and T be two self maps of
X such that for each u,v € X

d(Su,Tv) (u U) d u,v) Nd
/ AR~ Jo " A0t + 5 f; M ()]
0

1+¢(a+ﬁ[ N(uv dt—i-ﬁfd(uv t])

Y

where N(u,v) is given by eq(2), a,5 > 0, ¢ € &, and v € ¥y, then S and T have a
unique common fized point.

If we take F(r,t) =1 — k—+t in Theorem 2.1, we obtain a new result as follows.
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Corollary 3.2. Let S and T be two self-maps of X, and d be a metric on X such that
(X,d) is complete. If for each u,v € X

d(Su,T) 1 N (u,v) B d(u,v)
t)dt < a / t)dt + / t)dt
[ e —5la [0 Y(2)dt]

oo fi " y(ydt + B [ y(t)dt])
[k+<b(a+5[ N“” (O)dt + 8 [ y(t)dt])

where N(u,v) is given by eq(2), a,5 > 0, ¢ € &, and v € ¥y, then S and T have a
unique common fized point.

If we take F(r t) = iz in Theorem 2.1, we obtain the following result.

=

Corollary 3.3. Let S and T be two self maps of X, and d be a metric on X such that
(X,d) is complete. If for each u,v € X

N(u,v u,v
/d(Su,Tv)7<t)dt< Lo [T y(ydt + B L (8]
0

>~ 2

L+ Lo [ y@ydt + B [ y(t)dt]

where N(u,v) is given by eq(2), o, > 0 and v € Yy, then S and T have a unique
common fized point.

If we take F'(r,t) = r 6(r) in Theorem 2.2, we derive following result.

Corollary 3.4. Let S and T be two self maps of X, and d be a metric on X such that
(X, d) is complete. If for each u,v € X

d(Su,Tv) N(u,w) N(u,v)
[ i [T wae( [T 0ar),
0 0 0

where N(u,v) is given by eq(2), 0 : [0,00) — [0,1) be a function and v € Wy, then S and
T have a unique common fized point.

If we take F(r,t) = r — 6(r) in Theorem 2.2, we find following result.

Corollary 3.5. Let S and T be two self maps of X, and d be a metric on X such that
(X,d) is complete. If for each u,v € X

d(Su,Tv) N(u,v) N(u,v)
[ s [ - e( / v(t)dt),
0 0 0

where N(u,v) is given by eq(2), 6 : [0,00) — [0,00) is a continuous function such that
0(t) =0 if and only if t = 0 and v € Uy, then S and T have a unique common fixed point.

If we assume that F'(r,t) = 0(r) in Theorem 2.1, then we obtain a new result.
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Corollary 3.6. Let S and T be two self maps of X, and d be a metric on X such that
(X,d) is complete. If for each u,v € X

d(Su,Tv) 1 N (u,v) d(u,v)
/O y(t)dt < e(a e [a/o v(t)dt + 5/0 7(t)dt})

where N(u,v) is given by eq(2), o, 8 >0, 6 : [0,00) — [0,00) is a upper semi-continuous
function such that 6(0) = 0, and 6(t) < t for allt > 0 and v € Yy, then S and T have a
unique common fized point.

If we take F(r,t) = r —t in Theorem 2.2, then we get the following result.

Corollary 3.7. Let S and T be two self maps of X, and d be a metric on X such that
(X,d) is complete. If for each u,v € X

d(Su,Tv) N (u,v) N (u,v)
/ ~y(t)dt < / y(t)dt — ¢(/ ”y(t)dt),
0 0 0

where N(u,v) is given by eq(2), ¢ € &, and vy € Uy, then S and T have a unique common
fized point.

4 Remarks and Example

Remark 4.1. To the best of my knowledge, contractions given in Corollary 3.1, Corol-
lary 3.2 and Corollary 3.3 are new. These results further can be utilized for future research.

Example 4.2.  Let X = [1, 00) be a space endowed with usual metric d(u,v) = |u — v|.
Clearly, (X, d) be a metric spaces.
Define maps S, 7 : X — X by

S(u)=+u, and T(u)=</u forall weX.

Let ¢, : [0, 4+00) — [0, +00) be defined as

t
v({t)=2t and  @(t) = 10 for all t € RY,
then ¢ € ®, and for each € > 0, 7 is a Lebesgue-integrable function which is summable
on each compact subset of BT such that

/ y(t)dt = € > 0.
0

Let us define a function F' : [0,00)? — R as F(r,t) =r —1t, forall r,t € [0,00), then
clearly, F'is a C'-class function.
If we fix the constants a = % >0 and g = % > 0, then step by step calculation, we found

that all the assumptions of Theorem 2.1 are satisfied. Also v = 1 is the unique common
fixed point of S and T in X.
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Example 4.3. Consider the assumptions as in Example 4.2 and if we define v :
[0, +00) — [0,400) as y(t) = 1 for all ¢ € R*, then for each € > 0, v is a Lebesgue-
integrable function which is summable on each compact subset of R* such that

/ ~(t)dt =€ > 0.
0

Then we can see that all the conditions of Theorem 2.1 are satisfied and v = 1 is a unique
common fixed point of S and 7" in X.
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