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1 Introduction

Viscoelasticity describes a property of materials exhibiting both viscous and elastic char-
acteristics under deformation. Such a material may show elastic behavior as well as
fluid properties. We are interested in stability of viscoelastic Poiseuille-type flows in two
space dimensions in a layer. A Poiseuille-type flow has a horizontal flow-profile that is
completely determined by the vertical component.

There is an earlier work by ENDO, GOTz, L1U and the first author [6], where they
used an energy argument to prove L2-type stability results for a small Poiseuille-type flow
subject to

OhF+u-VF = FVu,
divu =0, (1)
O —vAu+u-Vu+Vr =divFTF,

where F' denotes the deformation tensor, u the velocity, m the pressure and v the viscosity.
The present paper considers a similar problem in an LP-setting.

We shall show stability of small viscoelastic Poiseuille-type flows in layer domains
under a periodicity condition in one direction and under the assumption that the height
of the layer is sufficiently small.

The above viscoelastic model is due to considerations by LIN, L1u and ZHANG [10].
There, the authors use weak theory to obtain local-in-time smooth solutions in bounded
domains in R? and R3 with smooth boundary, the whole space R? and R? or a periodic
box. They show global-in-time existence of solutions with small initial data in the case
of R? and the periodic box. Existence of local-in-time strong solutions has been shown
by KREML and POKORNY [9]. Using maximal regularity methods, GEISSERT, GOTZ and
NESENSOHN [7] proved for a related model large-data local LP well-posedness as well as
existence and uniqueness of strong solutions for arbitrarily large times in a variety of
domains.

Stability of a flow parallel to the boundary like the Poiseuille flow or the Couette flow
is a very important topic in fluid mechanics. In fact it is known that the Couette flow
for the incompressible Navier-Stokes equations in a layer domain is stable under a small
perturbation, irrespective of how large its velocity is [8]; see [12] for a pioneering work.

Let us briefly explain our approach. By a change of variables introduced in [10], the
problem is transformed into a parabolic quasilinear evolution equation for the velocity
coupled with a damped quasilinear transport equation for the deformation tensor. We
then show unique global-in-time existence of the perturbed flow for small initial pertur-
bations. Our main ingredient is the maximal regularity estimate of the generalized Stokes
problem with inhomogeneous divergence, which is due to ABELS [1] in the non-periodic
case. The adapted version for the periodic layer has recently been given in [13]. Let us
emphasize at this point, that it is not enough to have the (strong) maximal regularity
estimates, but that we also have to use an a prior: estimate in weaker norms. This is due
to the fact that we cannot use a simple Banach fixed point argument, as it is not possible
to show contraction in the high norms of the expected solution spaces. To overcome this
difficulty, we use as another vital ingredient a fixed point argument due to KREML and
POKORNY [9], see Lemma 1 below.
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In the remaining part of the introduction we first rewrite the model for viscoelastic
fluids in terms of a stream function for the deformation tensor. Then we establish a model
for a perturbation of a Poiseuille-type flow. In the third part we apply a transformation
to the equation for the stream function which reveals the hidden dampening term of the
equation. The main result is stated at the end of the introduction.

1.1 Viscoelastic Fluids

We consider the general system (1) describing the flow of viscoelastic fluids set in a two-
dimensional layer 2; = R x (0,d) and demand that for Fy := F|;—o we have

det Fy =1, divFy=0 inQ. (2)

By formally taking the matrix-valued divergence on the first equation in (1), we obtain
by employing Einstein’s sum convention

8t8jF,~j + (a]uk)aka + ukﬁkﬁjFij = (8]Ek)8kuj + Eka]akuj .

Using divu = 0 in the second term of the right-hand side and noting that the second term
on the left-hand side equals the first term on the right-hand side, we obtain the following
equation for div F":

Odiv F + (u - V)div F = 0, in (0,7) x Qq. (3)
Therefore, the initial datum div Fy = 0 is merely transported and hence
divF =0 in (0,7) x Qq. (4)
By an analogous argumentation it follows
det FF =1 in (0,7) x Qq. (5)

In two space dimensions, we obtain for a solenoidal matrix field an R?-valued stream
function (y such that

G, DG,
Fo_VLCo_< XG0, C()).

—02C0,  01€o,

Moreover, if this quantity is propagated in time subject to the transport equation

8t< +u- VC = O,
o) =, (6)

then for F' = V¢, the first equation of (1), is fulfilled, see [10]. This system is much more
friendly to analyze and hence we will in the following consider the function ( instead of
F. With this new variable, it is computed in [10] that

div FTF = %VlVdQ - AQVQ - ACQVCQ (7)
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Notice that the first term is a gradient that can be absorbed into the pressure function
in the momentum balance equation in (1). Therefore, let us introduce a new pressure
function 7 = m—£|V(|?, which is again denoted by  in the following. With this we end up
with an equivalent system that is valid in two space-dimensions for (u, F, 7) = (u, V¢, 7),
when we apply Einstein’s sum convention:

@C +u- VC = O,
divu = 0, (8)
&u —vAu+u-Vu+Vr = _ACkVCk

We now want to construct a suitable Poiseuille-type flow solution @ to (1) or equiv-
alently (8), i.e., a solution with horizontal flow-profile that is completely determined by
the vertical component. Hence, we assume that u takes the form

u(t,x) = (w(t(’]@)) ,

with homogeneous Dirichlet boundary conditions. Then the divergence condition in (1)
is trivially fulfilled.

In order to adequately determine the corresponding deformation tensor F or, equiva-
lently, the corresponding stream function ¢, we introduce the flow map z;(¢,¢), 0 <t < T,
corresponding to Lagrangian coordinates £&. These flow maps are given by the system of
ordinary differential equations

%xl(t7§> - ﬂl(t, xl(t7§)7x2<t’§)) = Qﬂ(t,[Lj(t,é)), 131(0) = 517
G021, = Balt,11(4,), 221, 6)) =, 70) = &,

which can easily be solved by

n(tLE) =6+ / (s, 25(5,€)) ds = & + / (s, &) ds,
xZ(tvé):é%

as long as v admits sufficient regularity. Let us abbreviate
t
otaz) = [ 0ls.2) s ©
0

Then, we can calculate the deformation tensor and the resulting elastic force

= (1 0 —re (14 (020)* 029 - =rm (030
F_(a2¢ 1), FTF_( 82(; i) and dlvFTF—<20).

Note here, that with xs(t,&) = & it is also 3%2 = 8%2 = 0. Let us also remark at this
point that div F' = 0.
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The stream function ¢ corresponding to F may be chosen as
t,r) = 10
e = (4 ot ) (10)

{atg+u-v< =0, in (0,T) x Qy,

solving the system

C(0,7) =at, for z¢€Qq

T

the horizontal variable, derivatives of ( are.
We insert the elastic force into the balance of momentum for u, 7.e.,

Ol — pAt + 1 - Viu+ Vi =divET'F, in (0,T) x Qy,

€L

Here we have used the notation x— := ( ) We note that while ¢ is not constant in

which yields the equivalent formulation

@w+&ﬁ—u%¢+%@}

0,7T) x .
827?:0. (’>Xd

We conclude from the second equation that the pressure is a function depending only
on the horizontal variable 7 = 7(¢, x1). Since 1) and ¢ depend only on t and x9, the first
equation implies that 0;7 is a function of time only, i.e., 017 (t,x1) = —h(t) for some
function h. Inserting this into the system yields

O — 053¢ = pdyy +h, in (0,d).

Finally, by the definition of ¢ it is ©¥(t, z2) = 0y¢(t, z5) and moreover, the homogeneous
Dirichlet boundary conditions for @ carry over to ¢, i.e. ¢(¢,0) = ¢(t,1) = 0. At initial
time we have ¢(0,22) = 0 and 0;¢(0,x2) = (0, 22) = tho(x2) for some function 1, that
will be given satisfying homogeneous Dirichlet conditions.

With this, we end up with a viscous wave equation in one dimension

02— 03¢ = udd3p+h, in [0,T) x (0,d),
o(t,0) = é(t,d) =0, for te (0,7), (11)
¢(0) =0, 9¢(0) =1h, in (0,d).

For sufficiently regular data (¢, h), this equation is uniquely solvable for all times,

see e.g. [6, Proposition 3.1] and cf. [2], [3], [5, Exercise 2 and 3, pp. 582]. Inserting the
function ¢ = 0,¢ into the ansatz for u, we receive a solution (u, (, 7) of the system

( O +1u-V(=0, in (0,7) x Qq,
diva = 0, in (0,7) x Qq,
Opti — pAu+ 1 - Vi + Va = —AG VG, in (0,T) x Qq,
u =0, on (0,7 x 08y,
C(0) = 2, for x € Qq,
\ u(0) = (v, 0)F, in Q.

Due to the homogeneous Dirichlet boundary conditions for  and the advective nature
of the equation for (, it is |aq, = x* for all times.
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1.2 Perturbation of the flow through the layer

It is our aim to examine the stability of system (8) (or equivalently (1)) with respect to the
Poiseuille-type flow (@, (,7) constructed in the previous section. For this, we introduce
the perturbation

(Ua Oé,p) = (U, Ca 7T) - (a7 <-_7 7?)
of the solution (u,(,7) to (8) around the Poiseuille-type flow (u,(, 7). We denote by G
the deformation tensor associated to ¢ and by F the deformation tensor associated to a.
We are interested in solutions (u,(,7) that satisfy homogeneous Dirichlet boundary
conditions u|sn, = 0, and have initial values (y and ug. Let ug satisfy the compatibility
condition
div ug = 0.

Let us moreover assume that the initial stream function satisfies

Coloa, = == and  (91C0,)(20,) — (9160,)(2o,) = 1.
The first assumption together with the homogeneous Dirichlet boundary conditions for
u guarantees (|gn, = x* for all times. The second assumption is a reformulation of the
incompressibility condition det Gy = 1, which by (5) ensures det G = 1 for all times.
Therefore it holds
1= detG = det(F + F) = (Fll + 1)(F22 + 1) — (F21 =+ 82¢)F12
= det F +trF + 1-— 82¢F12,

due to the structure of F. Consequently

det ' = (020) F1a — tr F' = (020) 011 + Oacvy — Oy s (12)
On the other hand
det F' = F1 Foy — FioFy = (O1a2)Ohce — (O201) 01z (13)
Putting (12) and (13) together implies
divat = 0yoq — 010 = O10q0x00 — Dar1 01y — DapOy 01y (14)

This quadratic structure of the divergence of a* will be crucial later on in the application
of a fixed point argument. Lastly, we assume that the perturbations v, o and p are
periodic in the x;-variable with some fixed period L > 0.
Then (v, a, p) solves

(Oia+v-Va+iu-Va=—v-V( in (0,7) %y,

dive =0 in (0,7") xQy,
oyv—vAv+v-Vo+v-Vu+u-Vo+ Vp

= —ApVap — Al Vagr — AV, in (0,T)xQy,

Oz|an = 0, n (O,T), (15)
vlaq, =0, in (0,7),
a(0) = (o(z) — 2t for z € Qg,

L v(0) = up— (1o, 0)" in Q.
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1.3 Change of variables
Using the definition of ¢ in (10), we obtain

= 0 1 = 0

(5 atran) 20 (Copatenn)
Writing ot = <—a2>7 we deduce

&3]

—AOékVQTk - Akaozk = AO&J_ + V¢Aa2 + 8§¢VO(2

If inserted into the momentum equation, this yields
1
o —vAw+ —at)+v-Vo+v-Vi+a-Vo+ Vp
v
= —AayVa, + VoAay + 8§¢Va2,

which suggests to introduce a new variable w to replace v:

wi=v+ lal. (16)
v

The next step is to determine the right system that defines w. It is easy to see with

U Ve = (—Ul + 32@&) 7

that Lot satisfies
1 1 1 1 1
Oh(=a™)+v-V(=a")+u-V(=at) =-v+ -0,Ve".
v v v v v
We add this equation to the system for v and insert the divergence relation (14). Then,

after rescaling to (0,7/d) x  with Q := T x (0,1) (where we encode the periodicity of a
and v in the horizontal variable by replacing the real line with a torus), we receive with

the notation
d 0
K(t,z):= (82<;5(t,x) d) :

a new system for the variables o and w

( 1 1
Opv + (ﬂ +w + ;Oéj') -Va+ ;KO( = —dw* +wy Vo
1
divw = E(—(‘?loq@gaz + éboq@lozg + 82¢31a1),
v 1 1 1 |
ow—=Aw+Vp=—a-Vu— —=AoxVa, — —a1Vo
d v d? V2

1, d .1 (P)
+$82¢V052—§06 +$V¢AO(2

1 d
— - Vw+ —wVot + —w —w - Vw
124 1%

1
+—at -Vw+w-Viu
v



150

in (0,7/d) x €2, with boundary and initial conditions

(w,0) = (0,0) on (0,7/d) x 99,
a(0) = ag = (o) — x™, in Q.
w(0) = wo := ug — (1h,0)" + %aé_a in €.

1.4 Formulation of the Main Result

We give our main result on strong stability in terms of function spaces that are introduced
in Section 2.

Main Theorem. Let T' € (0,00], p € (4,00) and v > 0. There is 7 > 0 such that for all
d € (0,7v) there are €,0,k > 0, such that if

lalle, + Ve, V2, V26| < &,

the perturbed Poiseuille problem (P) with data (ap,wq) € B:(0) C D(A,) x Try satisfying
the compatibility condition

divwy = %div ap in Trg,
admits a unique small solution
(a,w,Vp) € As x Es x Fy.
Furthermore, there is a constant ¢ > 0 such that for all such compatible
(0, wo), (@, wo) € B(0)

the weak estimate

HVOé - VO_éHFp/Zp—’—HV,LU - V’ZI)HFP/Q,;;

S C(”VCJ[() — VdOHLP(Q)Q + ||Vw0 — Vw()H(Tr(p/Q)/’p/)/) (17>
E

18 valid.

Let us give some comments on the result. Formally, Es controls the LP-norm up to
first time and second spatial derivatives, while As controls additionally the LP norm of
the mixed derivative 0;V. One might be surprised that As does not control derivatives
of the form 9,V? (since only then the trace space of As would be given by D(A,)).
This is because Ay has to be stable under transition between Eulerian and Lagrangian
coordinates, see Proposition 5. On the other hand, control of the 9,V terms is necessary,
since As has to be chosen such that one can make use of the quadratic structure of the
divergence of w in problem (P), see Lemma 7. Moreover, one cannot expect a smoothing
effect for a, which forces us to assume control of the full second derivatives for the initial
value «ay.
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Also, a comment on estimate (17) is in order. It is here that one of the main obstacles
and at the same time one of the vital ingredients of our proof are visible in the result.
Namely, a simple application of the contraction mapping principle is not possible due to
the hyperbolic nature of the first equation in (P). Instead, we apply a fixed point argument
where contraction has to be shown only in weak norms, see Lemma 1. These low norms
we choose to be dual norms, since then we can apply the theory of very weak solutions,
which can handle well inhomogeneous divergence data by design, see Proposition 3.

Our plan of the remaining part of this paper is as follows. After introducing the ap-
propriate function spaces in Section 2, we develop the necessary linear theory in Section 3.
We then treat the quasilinear transport equation in Lagrangian coordinates with a delicate
fixed point argument in Section 4. Due to the dampening term in the transport equation
we obtain exponential decay of a. Section 5 is devoted to estimating the corresponding
nonlinearities. Finally, in Section 6, we use an argumentation similar to CLEMENT-LI [4]
in order to derive our result via a fixed point argument, using the quadratic structure of
both the divergence and the right-hand side of the momentum equation.

2 Function Spaces

From now on, we will always assume 7" € (0,00], r,q € [1,00] and p € (4,00). The
restriction to large p is due to embedding properties, see (18) below. Define the spaces
= L"(0,T; D(A,)) N W (0, T; WH(Q)?),
B = L7(0,7; D(A,)) N W (0,T; LI(2)%),
Fr:= L"(0,T; L1(Q)?)
= L'(0, T; WHI(Q)) n W (0, T; Wy (),

9

where
D(Ag) = W9(Q)* N Wy ()2,

and where Wo_l’q(Q) is the dual space of W9 (Q) with ¢’ being the Hélder conjugate
exponent of ¢. In analogy, the dual space of VVO1 ’ql(Q) will be denoted by W~14(Q).
Moreover, if r = ¢ = p, we simply write A := APP and similarly for the spaces E, F and
G.

In fact, as we are aiming for exponential decay, we will work in time weighted spaces.
More precisely, for 4 > 0 consider the spaces

A= {a € A" : ePa € A™Y, lal[ara := le® ol ara.
Ep? = {w € B : ePw € 7}, Jwl|gra = le?w]|gra,

Ti={feF: e’ f € F}, 1f e = [l fllena,
Gy! = {g € G": g € G}, lglleye = lle”gllena-

The corresponding trace spaces to Ep? and Gy? are given, respectively, by

Trgq = (Lq(Q)27 D(Aq))lfl/T‘,Ta Trgq = (WO_l’q(Q)7 WLq(Q))l*l/rvr'
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Note that these trace spaces are independent of the exponential time weights; see, for
example, [11, Remark 1.16]. Moreover, due to p > 4 we have

As — Es — BUC([0,T); BUC'(2)?), WiP(Q) — L>(Q). (18)

For notational convenience, we will assume without loss of generality that the correspond-
ing embedding constants are bounded by 1, which is possible since we will always think of
the time 7" > 0 being large. Furthermore, for finite 7', A™? = Ay E™? = Ey? F? = [Fy?
and G™? = Gj? with equivalent norms. For brevity, set for f € Fo>

A== 11 e

In order to treat our problem at hand, we will want to use a fixed point argument.
As mentioned in the introduction, it turns out that we cannot show contraction in the
high norms that one expects for the solutions and therefore need a suitable variant of the
Banach fixed point theorem, see [9, Lemma 2.5].

Lemma 1. Let X be a reflexive Banach space or let X have a separable pre-dual. Let H
be a nonempty, convex, closed and bounded subset of X and let X — Y, where Y is a
Banach space. Let T : X — X map H into H and let there be p < 1 such that for all
u,v € H we have a contraction in the lower norms, that is

[ Tu = Tolly < pllu—vlly.

Then there exists a unique fixed point of T in H.

3 Solvability of a Generalized Stokes Problem

In this section we investigate the following generalized linear Stokes problem

ow—Aw+Vp = f, in(0,T)xQ,
divw = g, in (0,7)x Q,
wloga = 0, on (0,T) x 09,

wli=o = wo on €.

(5)

We use the analysis of the partially periodic Stokes operator and its reduced counter-
part that has been carried out in [13] to treat this system.

Proposition 2. Let r,q € (1,00). There is &g > 0 such that for every 0 < § < éy Problem
(S) admits a unique solution (w,Vp) € Ey? x Fy? if

feFy, geGyl, wye T,
satisfy the compatibility condition
divwy = ¢(0) in Trg?.
Moreover, there is an M > 0 such that

[wllegs + [[Vpllepe < M([wollrgs + [ Fllepe + llgllepe)- (19)
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Proof. For § = 0, the assertion is contained in [13, Theorem 1.3]. We note that as
a particular instance, this shows that the (partially periodic) Stokes operator A with
D(A) = X; N LP(Q) — the closure of divergence-free test functions in L?(€2)? — possesses
maximal L? regularity on (0,7") for all 0 < T' < co. By [13, Theorem 1.4], A is invertible,
and so maximal LP regularity remains valid even for the slightly shifted operator A — g
for some small dy > 0.

Let now 0 < 6 < d. Observe that since (e f,eg,wy) € F x G x Trg?, the result in
[13] gives a unique solution (v, p,) € E x F to

O —Av+Vp, = ef, in(0,T)xQ,
dive = €%, in (0,7) x €,
vlpga = 0, on (0,7) x 09,

U’t:() = W on Q,
with a corresponding estimate
[ollgra + Vpollera < Cllwollrege + [[fllepe + llgllep)- (20)
On the other hand, since A — dy possesses maximal L regularity,
Ou— Au—du+Vp, = dv, in(0,T) x Q,
divu = 0, in (0,7) x £,
ulpgo = 0, on (0,7) x 09,

ulg=o = 0, onQ

is uniquely solvable for every 0 < § < dy and there is a C' > 0 such that (without loss of
general §y < 1)

[ullgra + 1Vpullera < Cllvflpra < Cllvflera. (21)
But then
w:=eP(v4u), Vp:=e(Vp,+ Vp,)
is the unique solution to (S) and by (20) and (21) there is a C' > 0 such that
[wllegs + [ Vplleype < lullera + vllena + [[Vpullera + [ Vpollera

< COlvllgra + | Vool lrra
< C(llwollwpa + || fllera + llgllera)-

This is the assertion. O

Besides strong solutions to (S) with corresponding estimates, Lemma 1 suggests that
weaker notions of estimates have to be investigated as well. Here, it turns out that it is
convenient to work with a dual version of estimate (19). These dual estimates are closely
related to the concept of very weak solutions, as pointed out by SCHUMACHER [14, 15].
Therefore, we usually refer to them as very weak estimates.
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Proposition 3. In the situation of Proposition 2 with § > 0, it holds for all s € (1,7]
FELN0,T;D(A,)), geL0,T; Wy Q)?), woe (T,

and we have the estimate

lw

Foa < M(HWOH(TrE’,q')’ +If L=(0,T5D(A)) T HgHLS(O,T;WJl’q(Q)?))' (22)

Proof. Let us first show the estimate for T < oco. Let v € (F*9)* = F*¢ and use
Proposition 2 to obtain a unique solution

(6, T¥) € B x F

to the backwards-in-time problem

—Op —Ap—Vy = v, in (0,T) x £,
dive = 0, in (0,T)x Q,
plon = 0, on (0,T) x 09,
Ylier = 0 on Q.

This solution enjoys the estimate

lollgs.a + I VU lpsra < M|l

FS/,q'7

which we will use in the weaker form

porat < Mo

HSD(O)HTri’yq’ + el o,y + 1V

Fs'sa’ -

This latter estimate is indeed weaker, since TrfE/ 7 is the trace space of E*»¢. With this
decomposition, we note that w satisfies

(w,v)r.0 = —(w,0p)r0 — (W, Ap)r0 — (W, V)70
= (f? (p)T,Q + (IU(), 90(0))9 + (g7 w)T,fh

whence the estimate (22) readily follows. B
If T = oo, we choose a function v € L™ (0, T; L (22)?) with suppv C (0, N) x Q for
some N € N and let N — oo, see [14, Theorem 9.2.1] for details. ]

4 Transport equation

To treat the first equation in the Perturbation Equation (P), we work in Lagrangian
coordinates. For a fixed velocity field u, we consider z = z(t, ) to be the solution of

%w =u(t,z), t>0, xp==2¢.
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The transformation x = z(t,£) connects the Eulerian coordinate x = (x1,x2) and the
Lagrangian coordinate £ = (£, &) of the same fluid particle. Moreover,

T =¢+ /0 u(s, §) ds =: Xy (1, §),

where u(t, €) := (t, X, (t,€)). If @ is Lipschitz in 2 and [} | Vi« ds < oo for ¢ > 0, then
x = X,(t,€) is well defined for any ¢t > 0, £ € Q.

We would like to show that for small drifts u, the spaces F, E and A are stable under
transformation between Eulerian and Lagrangian coordinates. To this end, we first prove
the following lemma on multiplicative estimates.

Lemma 4. Let 6 > 0 and assume we are given two functions f and g such that f € Fy
and g € FP>°. Then h € F, where

t
blt,a) = glt,a) [ Fls.0) ds
0
and it holds the estimate
1
[A]lr < Wllﬂlmllgme- (23)

Proof. We observe

t
Il < | / £ dsllzmnlgllenee.

With Minkowski’s inequality we obtain for the first factor

t t T
I 1 dsllews = esssupl( [ 1 [ asPda)i < [ 1o ds
0 Q Jo 0

te(0,T)
T sy 1
= /0 e |le” fll riay2 ds < WH-](.HIF&?

which is the assertion. O

Proposition 5. Let T € (0,00], r,q € [1,00], p € (4,00) and 6 > 0. Assume that u € E;
is a given wvelocity. There is a o > 0 such that whenever ||u|lg, < 00, the coordinate
transformation

fort €0,T),¢ €, yields for A\ > 0 the homeomorphism
Yy=Y\:v—=0:=v0d,,

where Yy may be any of the spaces Fy!, Ey or A,.
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Proof. Let A = A(t,&) denote the spatial Jacobian of X, then, for i,j = 1,2, its com-
ponents read A;; = 0;; + ft 9ui (5, ¢)ds. Hence, choosing o > 0 small enough, A(t,&) is a
perturbation of the identity for all times ¢t < T, since

auz
/ IG5 ds < 67 eule < o (25)
J

Furthermore, A™' = T + Vo(fot Veu(s, €)ds) holds for some C*™-function V defined on
matrices K € R*? |K| < 20.
Consequently, for f € Fy? there is a C' > 0 such that

) T Eo\"
Il = ( [ ([1eosexawene ae) dt)
- ( [ ([ e staapaeayar) dt)r < Ol
0 Q

since ®,, preserves [0, 7] x Q by the boundary condition. Similarly,

(26)

1f o @ [gpe < Cl fllgpe-

As we do not only want to estimate f by f and vice versa in [F, but in the higher order
spaces E, and A, we have to compute also higher order derivatives. Formally, assuming
sufficient regularity of f, the following expressions hold

Onf = [0uf +70-Vaf]o @y, (27)
Vef = AV, fod,] = [—i—/tvguds)vxfocbu, (28)
Vif = /Vguds)v fod, +(I+/ Veuds) V2 f o @, (29)

OiVef = Veu(t,&)Vauf o @, + (I + / Veuds) (Vo f +1-Vaf)od,. (30)
0

By the invertibility of ®, we see |||a]]| = |||ul|| < |lu||lg; < co. It hence follows with (26)
and the embedding (18)

10:(e P)lle < CUIO( )l + IV (X H)ie) < Cllflle,
IV H)lle < CIVE e < Ol flls,.

and similarly

10:9 (X H)lle < CUIVulllIV (X f)lle + 10:VeX e + Il V(e f)]le)
< Cllfllass
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In order to estimate also the expression in (29), we use Lemma 4 to obtain

t
1
I VEuds) VDl < gl N T ()

< o6 PV (M f)le-

Therefore, we have that both transformations are linear and continuous and, in par-
ticular, the following estimates hold

[0]lg, < Collv]e,, w]e, < Collwle,,
1Bllay < CallBllay,  17llay < Collvllay,
where Cg > 0. O

We consider the quasilinear problem

{ata+(b+§aL).va+§Ka — f, te(0,7) (1)

a0) = ayp,

with ag € D(A,), b € Es and f € Es, and where K : (0,7) x Q — R**? denotes the
matrix-valued function

K(t z) = (32 ¢Elt,:c) 2) .

Proposition 6. Let T € (0,00], p € (4,00), d,v > 0 and 6 € (0,L). Assume
IV, V2, V3| < co. Furthermore, suppose ag € D(A,), b € Es and f € Es. There is
an € > 0 such that whenever

leollpea,) + 1blle; + [ f]lzs < e (32)

then problem (T) has a unique small solution o € As. Moreover, there is ¢ > 0 such that

lallas < elllaollpay,) + 1 F1es)- (33)

If (@, b, f) is another set of data satisfying (32), then for q € {E,p} and r € [¢', q] there
is a ¢ > 0 such that the corresponding solutions o and a fulfill the lower order Lipschitz
assertion

lae = &llpar < e(llao — aollzog@yz + I1f = fllewr + 16— Bllees)- (34)

Proof. Step 1: Linear transport in Lagrangian coordinates
Formally, in Lagrangian coordinates with fixed velocity v € %, the transport problem
(T) reads

{atoz+5k@ — f, te(0,T) @)

d(O) = (p,
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where f € Es. By standard methods, there is a unique global-in-time solution of (T)
given by

Gr(t,€) = e b (€) + / eI ] (. €)dr,
0 (35)

&Q(ta 6) = eidt/uao,Z(g) + / eid(tiT)/V(fQ(Ta f) - 651 (7—7 6) (@) (7-7 f))dTa
0

for any ¢t > 0. Thus, we first obtain an estimate on oy, 0,1, Vau, VZa; and 0,V
in terms of f and can subsequently use this information to also bound asy by using the
assumption on ¢. Therefore, there is a C' > 0 such that

la]la < Clllaollna,) + 1 ]le)-

Similarly, if we look at

OB+ (4 —W = ef, te(0,T) )
5(0) = Qp,

we obtain a unique solution B e A with ||8]la < C(llaollx, + lle® f]lg). By uniqueness
& =e 3, and so

léllas < Clllaollpeag) + I/ lles)-

Note that C' does not depend on § since g — ¢ is bounded away from 0. In total we obtain

a bounded linear solution operator L : D(A,) x E® — A%, with L(ay, f) = @& and with
bound C}, := C > 0.

Step 2: Pull-back to Eulerian coordinates

Let H C As x Es be defined by

Voo oo

H = A{(o,u) € As x Es : [|af[a; < h: [ulle; < 51,

B ETeAl

where o > 0 is chosen as in Proposition 5 and Cy is the constant from (31). We consider
the mapping N : H — H defined via

_ Ni(uw) \ _ [(L(ao, fo@y)) 0 ®F
N(au) = (Ng(oz,u)) - ( (b+iat)od, )
We would like to use Lemma 1 to obtain a fixed point of this mapping. First, we check

that for sufficiently small ¢ > 0, N is a self-mapping on H. Indeed, since ||u||g, < 00, we
can make use of Proposition 5 to see

[N1(u)]|a; < CoCL([|anllpa,) + Callfllg;) < Ca(l+ Cp)Cre < h, (36)

1  véo oo
< -7 <2
||N2(a7u)||E5 = C‘I’(5+ V4(1 +Cq>)) )
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By Lemma 1, contraction needs to be shown only in the lower order Banach space Fs x ,Fs
with norm

v
||a7u||F5XuF5 = ||Oé||[p§ + EHUHM
We claim that this is true, i.e., there exists a p < 1 such that for (o, u), (5,v) € H
HN(CM, u) - N<57 U)HFaXuFa < p||(0z - ﬁvu - U)HFJXVIFJ' (37>

Indeed, for the Ny part we note that for a sufficiently regular function ¢ it holds for all
(t,€) € [0,T] x 2 the estimate

l9(8, Xult, €)) = 9t Xolt )] < 1 Xult &) = Xolt, ) sup [Vg(t, )]

oy / u(s,€) — v(s,€) ds|sup |Vg(t, )|

e

and so by Lemma 4 and the Sobolev embedding WP(Q2)? — L*>()?, we have

lg o ®u—goPyllr, < u = g, €™ Vgl

1

c
< W““ — Ve (IVlles + Vglls)

C
< WHU = llesllglles -

1_ vio < o

Choosing g := b — La* such that [|g|lg, = [|b — tat|g, < e+ SIen < 5

estimate

we can

N2 (v, w) = No (B, 0)|,m; < [|Na(e, w) = No(e, v)|[,r; + [[Na(a, v) = Nao(8,0) |5

10 Co
< O(SPQ_p’Hu - UHUIFg + 7”05 - /8||V]F6

10 1
= Cép2—p,||u — ||, Fs + §||Oé — Bz
< ;0“(0‘_67u_v)||15‘5><u15‘5‘

For the N; part, we observe that v := Nj(u) — N;(v) solves by construction

{atwa-vw%m = (5-17) VNi(v), te(0,7T)
7(0) =

Therefore, appealing again to the Lagrangian analysis and in particular to formula (35),
we see

s < Cally o Pulle; < Coll[(w—0) - VNi(v)] 0 @ule,
< Callu =& VN ()l < Cllu = vllg, N1 (v)]a

vio
< C%m”” —vllg; < pllu—l|,5;,
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vdo do v
4(1+Cp) — 2 2Cq
we obtain a unique fixed point (o,u) € H of the mapping N. In other words, « is the

unique small solution to (7'), and as in (36) we learn

lella; = 1M1 (e, w)|la; < CoCL(llaollna,) + Coll flles),

where we have used || Ny(v)|a; < . Hence, (37) follows and by Lemma 1

which is (33).
It is left to show the Lipschitz assertion (34). We define v := a — & and observe that
it solves

O+ (O+1at) - Vy+1Ky = f—f+(b-b+1y") Va,
’7(0) = OéO—O_é().

Let u € Es be the drift associated to «, i.e., such that (a,u) € H and N(a,u) = (o, u).
Then using once again formula (35), we can leverage upon the dampening term to change
the time integrability and obtain

[V][Fer < ||y 0 @ylpar
< (|l — aoll Loz + I1f = 10 Pullerr

_ _ 1 3
+[[(b = b) - Va] 0 @y[lers + [[-7" - Va] © Dyl )

_ ; - 1 _
< ¢(llao = @ollr + 1S = fllers + (b = Bllwrs + — |17 llwas ) IVl

It follows with the embedding in (18)

— r 7 1 Y
Vllwar <c((llao = @ollzoq@yz + 1 = Fllee + (10 = Bl + —[[Vllwer ) @],

and absorbing the term £||v|per||a|la, < [|7]|per < 0o on the right-hand side into the
left-hand side, we obtain the assertion. O

5 Nonlinear Estimates

Lemma 7. Let T € (0,00] and p € (4,00). There is a C > 0 such that for 6 > 0 and
a,a@ € As, we have forl, k,i,j =1,2,

10kciBiaslle, < Cllallasllalla, (38)
and
19k :000; | Lo /20 w12 2y < Cllerllgllal]a,- (39)
Proof. We start with estimate (38). We have

||8kai65dj||@,5 < ||€t§ak04i8107j||]}? + IIet‘SVOkai@l&jHF

+ 1|0k Vo lr + (1 4 8) 1€ 040 || oo 1o

+ Hewatak@ial@jHLp(o,T;WO—LP(Q)) + Hewak@iatal@jHLp(o,T;WO—LP(Q))-
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For the first term, one observes
le” Orcsdnaylle < laalllle®alls < flallasllalla,.
and similarly, for the second and third term
eV raiaialle < ldallllealla < llallasllalla,.

For the fourth term, we obtain with 1/p' +1/p =1,

T
||€t6aka2 la]||Lp 0T W_l »() = /0 ||et58kaialo_‘j|’;/0—l,p(m dt

p

T
:/ sup /t‘s@kaz( )0a;(t, - )pdx| dt.
0 1Ja

H%OHWLp’(Q):

But for ¢ € W' (Q)? with lellwar () = 1 we have for almost all ¢ € [0, 7]

|| € iault, 101t o dal < VG Valt, ) o
Hence, in total, we have for the fourth term
||€t5ak05ialo_éj||Lp(()7T;WO_1’p(Q)) < HO‘HAaH(S‘HAa

Similarly, for the fifth and sixth term, we have for almost all ¢ € [0, T]

| / 0,0k (t, )iy (1, -)pdal
Q

< (107 (e alt, D@ + 106 Vat, M@ I8¢l v o
< (1+ )10V (€ alt, Dl + [€2Valt, ) @)l Vall|

Hence in total, the fifth and sixth term can be estimated by |||, ||@|/a, as well. This
establishes (38).

For (39), we observe that by Sobolev’s embedding theorem W' (Q) — L™ (Q) for
r € (1,00) with % %—]1J > % In particular, since p > 2, we can choose r = p/2. Thus, for
almost all ¢ € [0, T] we see by integration by parts

]/%ai(t,-)alaj(t,-)godﬂ
< lewi(t, ) 0k010;(t, ) ol L1 () + lleut, -)Oia; (L, -) Okl L ()
< le(t, Mer@IV2alt, )lw@llelL g + IVallllad, )HLP(Q)HVSOHLP'(Q)
< [le(t, Mer@IV2alt, )@l @)

whence (39) follows by integrating over time and using once more Holder’s inequality with
1,1 _2
1,1 _2 [

p p p
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Next, we investigate the right-hand sides of (P). We formally set

1 1
F(ag,v) := ——a-Vu— —AakVak - —a1V¢

v d?
! 02 d A
+ ﬁ quvag - ;Oz + ﬁqu (6%
1
—U'VU—F;’UQquJ'—I—gU—U-VU (40)
—i—lozL-Vv—l—v-Vﬂ
124
G(Oéo,v) = (dV)_1<8104182042 — 8204181042 — 82(;5(91041),

where v = a(ap,v) is obtained in Proposition 6 with data f = dvt —Vo-v, b=u+v
and ag. Let (u,¢,7) € BUCY(BUC3(R)) and assume that there is x > 0 such that

[alle; + IV, V2, V20|l < K (41)
for all 0 € (0, ) for some dy > 0.

Lemma 8. Letd,v >0, p € (4,00), T € (0,00]. Assume that §, s, k, T > 0 are sufficiently
small, where k is the bound in (41), and where d/v < 1. There is a C > 0 such that for
g, g € D(Ap), v,v € Eg

lao, aollpea,) <& v, vlle; < s,
where € > 0 as in Proposition 6, we have
1. ||F(ag,v)|lr, < C(s+e+ K+ 7)(s+e+ k) and the very weak Lipschitz estimate
||F(O[0,U)—F(d0,@)||L%(O T'D(A N
< C(S—F&T—FH—FT)(HCYO—OQ)HLp 2—|—||U 1_J||Fp/2,p).

2. ||G(av,v)|lg; < C(s+ e+ k)? and the very weak Lipschitz estimate

HG(O&(), U)_G(@Oa @) ||L%(O,T;ng’p(ﬂ)2)
< C(s + e+ w)([lao = aoll o)z + [ = Vllgr/20)-
The right-hand sides are finite due to D(A,) = LP(2)? and E5 — FP/2.

Proof. Apply Proposition 6 with f = dvt — V¢ -v, b = @+ v and « to obtain the unique
solution @ = a(ay, v), and similarly & = a(&p,v) € As to (T') which then satisfies by (33)

s < clllaollxy + (d + #)[|vlle;) < cale + s), (42)

and with both choices for ¢ and r

(a.r) € {5, 5) . 5}



163

by (34)

(llao — @ol|r()2 + (d + K+ 1)||v — 0|prs)

(HO&O — O_éoHLp(Q)2 + ||U — Q_J”]Fr,p).
For the first claim it holds with the embedding in (18) and estimate (42)
1 N 1
1£(e0, v)lle, < - lla- Vs, + 5 || AaxVolls,
1 1 1
+ ;H%VWHM + @Hﬁgﬁbv%ﬂm + 5lIVoAaz]s,
d 1 _ 1
+ sllat e, + 5 VoAaslle, + [la- Volle, + —[[v2Ve™ s,
d 1 _
+ —lvlles + llv- Volle; + ~lla - Volls, + [l Vg,
K 1
< ~lladls; + SlIValllll Aale,
K K K
+ 2 lalls, + 2= IValle, + 5 Aalls,
d K K
b ol + Sl Aasls, + K Fle, + o,

d 1
+ —lvlles + ol Volle; + ~llalllllVolls, + vl

S CO(r+ 7+ llalla; + llvlle) (lallas + llvlles)
<Ch+T1+ci(s+e)+s)(ca(s+e)+ s).

For the Lipschitz estimate of F', we see that all terms in the expression F'(ag, v) — F(ay, 0)
that do not involve second order derivatives are estimated using the trivial embedding

LP(Q) — W1P(Q) and estimate (43) with (¢,r) = (5,%). The remaining terms are up to

a constant VoA(ay — @z), and Ao Vay, — AagVag. The first term is estimated testing
with ¢ € D(Ay) subject to [|¢[/pa,,) = 1, using integration by parts via

|/QV¢A(042(25, ) = as(t,))pd| <[[Ve, V20, Vil — all ooy 0l pia, )

< I<L||Oé — O_é||Lp(Q).

Taking the p/2-th power and integrating over time, we obtain the correct estimate by
appealing to (43) with (¢,7) = (§,%). For the second term, we observe

1
AapVay, = div [Vozk ® Vo, — 5 id |Vozk|2}
and hence
1
AakVak — Ao‘sz@k = div [V(Ozk - O_ék> X VOék — 5 id (aj (Oék — C_tk)ajOék]

1
+ div [V@k & V(ozk - dk) - 5 id (8jdk8j(ak - dk))}
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By symmetry, it suffices to estimate the second term on the right-hand side. For this, it
follows as in the proof of estimate (39) (where we replace o by o — & and the test function
¢ by V) that

|div [Vag ® V(e — ax) — %id (95605 (e — @)l .3 o o a0
< cfjoue — all[|ovel[as
which by (42) and (43) with (¢,7) = (p, §) gives the desired estimate.
For the second claim, we have with the compatibility of As; and Gy in (38),
IG (a0, v)lle, < - (||31a132042||65 + [[O2a10100, + (10200101 6;)
< C(llalla; + #)llalla; < Clea+1)%(s +e+ k)%

For the Lipschitz assertion for G, let us for simplicity abbreviate the norm of Lz (0, T; W, " (€2)?)
by || - ||. Then we observe

|G (g, v) =G (o, 0)|| < (dv) ' ([|O118(an — @)
+ [|01(c1 — @) Dotz || + [|Oac1 01 (a2 — @) ||
+ [|02(en — @)Dy @] + (02001 (o — an)]l),

and the bound follows via (39) and (43) with (g,7) = (p, f) for all but the last term, for
which we obtain for almost all ¢ € [0, 7] by integration by parts and using 01¢ = 0

I/ Orp(t, )0 (n(t,-) — an(t,-))p da| < (|0:0(2, ) (an(t, ) — aa(t, -)) Dl Ly @)
< wllalt, ) —alt, )@l Vell L )
and integrating over time yields
[020(O101 — 011 )|| < Klla = Allgrs2a,

so that (43) with (¢,7) = (§,%) gives the assertion. O

6 Proof of Main Theorem

We divide the proof into several steps.

Step 1: Preliminary definitions and embeddings

Proposition 2 yields that the generalized Stokes problem (S) is uniquely solvable in
the maximal regularity class E; for some 6 > 0. Fix 7 € (0,1) and s = s(7) € (0,7),
e = ¢(s), k = k(s) € (0, s) small enough such that 7 < [12CM]~! and e < s[3M]~!, where
C > 0 is chosen as in Lemma 8 and M > 0 is chosen as in Proposition 2.

Let (g, wp) € B.(0,0) € D(A,) X Try. Our goal is to use the fixed point assertion in
Lemma 1 on the set

B = IB%wO = {U € E(s : U(O) = Wy, ||U||E5 < 3}'
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Note that B C Ej is nonempty, convex, closed and bounded.

Step 2: Set-up for the fixed point argument

Given v € B, consider the linear problem,

8tu—Au+Vq :F(Oé07'l}),
divu = G(a,v), (44)

u(0) = wy,

where F' and G are defined as in (40). Note that this problem has a unique solution
u € [Es with corresponding pressure Vq € Fs due to Proposition 2 applied with » = ¢ = p.
Define the solution operator of W : B — E° via Wv := u, where u is the solution of (44).
We would now like to show that W(B) C B and that W is a contraction in a weak norm,
namely in || - ||gp/2». Then by Lemma 1 there is a unique fixed point w € B of W, which
yields the desired solution to problem (P).

Step 3: W is a self-mapping on B

By definition u(0) = wy, hence we need to verify |ju||g, < s.
From Proposition 2 we learn

HUHE(S + ||VQ||1F5 < M(||F(';a07v)||F5 + HG(’ aOav)HGa + HwO“TﬁE)'

For F' and GG, we have by Lemma 8,

2
1F (0, 0)lles + [Glawo, -, v)lle, < 2C(s +e+m+7)(s +e+k) < oors

Clearly, [|wollv, <& < 337. Thus, in total we have [Ju[|g; < s and the assertion of this
step follows.

Step 4: W is a strict contraction on B with respect to a weak norm

Let v, € B, and set Wov =: v and Wo =: 4. Then subtracting the equations (44)
for v and v, respectively, and noting that (v —v)(0) = 0, we obtain from the very weak a
priori estimate in Proposition 3 and Lemma 8

||U - EHIF‘P/Q’2 < M(”F(,O{(],U) - F(’ O[O’T))”L%(O,T;D(Ap/)’)
+|G(+; a0, 0) — G(+; ap, )

HL%(O,T;WJI”’(Q)Z))

2
S QCM(S +e+ K+ 7')”?) — 1_)”]1:;;/2,2 < gH’U — ’UHFp/z,z.

Therefore, Lemma 1 yields a unique fixed point u = v € B.

Step 5: Proof of the Lipschitz continuity assertion
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Additionally to B,,,, consider now Bg,. For v € B,, and v € Bg,, let u := W,,,v and
@ := Wy,v. Then, similarly to the estimates in Step 4,

lu = @llgo/22

< M(HU)O - wOH(—l—rprﬂ)’,p’)' + HF<7 Oéo,U) - F(';O_é()’E)HL%(QT;D(API)/)

+ ||G(’ aO, ’U) — G(, dO) @)||L%(O,T;WO_LP(Q)2)>

_ 2 _ _
< M|wo — wOH(Trpr/m/’p,)l + §(HU = Ullgprez + [l — Goll o (0)2)-
If we now choose v and v to be the fixed points of the map W,,, and Wy,, respectively, we

may absorb the second term of the right hand side into the left-hand side. This concludes
the proof.
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