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Abstract. In this paper, we consider the asymptotic behavior of an axisymmetric closed
curve evolving by its curvature with driving force. When the curve shrinks to a point, the
asymptotic behavior will be a circle. As an easy corollary, this curve will become convex
eventually. The main method in this research is the comparison principle for the ratio
between extrinsic and intrinsic distances.
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1 Introduction

This research aims to study the asymptotic behavior for curvature flow with driving force
when the curvature blows up. Precisely, we consider the following free boundary problem

+ AV 1+u2, z e b(t), 0<t<T, (1.1)

Uy =

1 +u2
u(=b(t),t) =0, u(b(t),t) =0, 0<t <T, (1.2)
ug(—b(t),t) = 00, uu(b(t),t) = —o0, 0 <t <T, (1.3)

u(x,0) = ug(x), —by <z < by, (1.4)

where ug € C*((—bg, b)) N C([—bo,bo]) is even and satisfies ug(z) > 0, —by < x < by.
Moreover, we assume the curve Ty = {(z,y) | |y| = uo(x), —by < x < by} is smooth. The
constant A called driving force is positive.

We say (u,b) is a solution of (1.1)-(1.4), if

(1). b(t) is a positive function and b € C([0,T)) N C*((0,T)).

(2) u € C(ET) N 02’1(DT), where ET = UO§t<T([ b(t) ()] X {t}) and DT
Unercr ((=b(2),5(0)) x {8}) (Dr # D).

(3). (u,b) satisfies (1.1)-(1.4).

The constant 7' denotes the maximal time such that T'(t) = {(z,y) € R? | |y| =
u(z,t), —b(t) <z < b(t)} is smooth for 0 < ¢ < T. And we explain the notation in (1.3)
by

=b(),t) = 1 t b(t),t) = i ).

wn(=b(0).0) =l ulit), u(b(e).t) = lim uo.
If T' < o0, seeing Corollary 6.6 in [12], there exists ¢y such that u(z,t) loses all its local

minimum, t, < ¢t < T and I'(¢) shrinks to the origin, as ¢ — 7. More precisely, if we let

h(t) = t
(t) _b(t)rrg}gb(t)u(x, ),

there holds h(t) — 0 and b(t) — 0, ¢t — T.

Noting that the initial function ug is even, u(x,t) is also even. Therefore for every
t > to, u(z,t) is increasing for x € (—=b(t),0) and u(z,t) is decreasing for = € (0,b(t)).
Moreover, h(t) = u(0,t), t > t.

Main results. Next, under the case T' < oo, we introduce the following similarity
transformation(first used by [4]):

T 1
p=——— 7= ——In(T -t 1.5
s "= T 0 (1.5)
and .
w(z,7) = —=e"u(v2e T2, T — e " 1.6
(2,7) 7 ( ) (1.6)
We also define
(7) = —=e"h(T — ¢*7) and q(r) = —=eb(T — ¢ ")
r(r) = —e e n —e e
NG A
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Obviously, r(1) = w(0,7) = (I)Iia)é ( )w(z,T), 7> —2In(T — ty). Then u satisfies (1.1),
—q\T)S259(T

(1.2), (1.3), (1.4) if and only if w satisfies

wy = :Uz;z — 2w, + w4 V2Ae 1T+ w2, z € (—q(7),q(7)), T > 70, (1.7)
w(—q(7),7) =w(q(r),7) =0, T > 70, (1.8)
w.(—q(7),7) = 00, w.(q(7),T) = —00, T > Ty, (1.9)

1

ug(V2Tz), = € [—b(0)/V2T,b(0)/V2T], (1.10)

wo(z) == w(z,m) =

V2T

where 7p = —3 InT. The stationary problem for (1.7), (1.8), (1.9), (1.10) is given by

()OZZ

1+<’02 _Z@Z+¢:Ov KA (_qvq)a (111)
©(—=q) = ¢(q) =0, (1.12)
p2(=7) = 00, ¢.(q) = —o0, (1.13)

for some g. Obviously, ¢(z) = v/1 — 22 and § = 1 are the unique solution of the above
stationary problem (1.11)-(1.13).
Here we give our main result.

Theorem 1.1 (Asymptotic behavior). The solution (w(z,7),q(T)) of problem (1.7)-(1.10)
converges to the unique solution (p(2),q) of (1.11)-(1.13) pointwise, as T — 400, where
w and @ are considered as 0 outside the interval.

Furthermore, there ezists t, such that I'(t) is strict convez fort; <t < T. FEquivalently,
Upe(T,1) <0, for =b(t) <x <b(t), ty <t <T.

Remark 1.2. Indeed, we can prove the graph of w(z,7) converges to the graph of ¢(z)
under the Hausdorff distance.

Note that our result does not assume convexity for initial data as in [9]. Indeed, we
assume symmetry to the the initial curve.

Background Recently, the paper [12] has considered an axisymmetric closed curve
evolving by its mean curvature flow with driving force. It classifies the solution in three
categories and gives the asymptotic behavior for the case expanding and bounded. Here
we recall the results in [12].

Theorem 1.3 in [12] shows that the solution (u,b) of the free boundary problem (1.1),
(1.2), (1.3), (1.4) must fulfill one of the following situations.

(1) (Expanding) T' = oo and that both A(t) and b(t) tend to oo as t — co. Then there
exist Ry (t), Ra(t) such that

B, ((0,0)) € D(t) C Bry)((0,0)),

where D(t) = {(z,y) € R? | |y| < u(z,t),—b(t) < x < b(t)}. Moreover tlim Ry(t)/t =
tlim Ry(t)/t = A.
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(2) (Bounded) T' = oo and that both A(t) and b(t) are bounded from above and below
by two positive constants for ¢ > 0. Then tlim du(I'(t),0B1,4((0,0))) = 0.
—00

(3) (Shrinking) 7" < oo and that both h(t) and b(t) tend to 0 as t — 1. Then I'(¢)
shrinks to a point at ¢t = T.

We recall h(t) = max wu(z,t). Here dy(A, B) denotes the Hausdorff metric de-
—b(t) <2 <b(t)

fined as
dy (A, B) = max{sup inf d(x,y),sup inf d(z,y)},
zeAYEB yeB TE€EA

where A, B are subsets in R?.

The results in [12] do not contain the asymptotic behavior for the shrinking condition.
Therefore, this paper is a continuation of the research in [12].

A short review for mean curvature flow. For the classical mean curvature flow
V = —k, where V' denotes the outer normal velocity and x denotes the mean curvature.
Concerning this problem, Huisken [6] showed that any solution that starts out as a smooth,
compact and convex surface remains so until it shrinks to a "round point”, its asymptotic
shape is a sphere just before it disappears. He proves this result for hypersurfaces of R**!
with n > 2, but Gage and Hamilton [2] showed that it still holds when n = 1, the curves
in the plane. Gage and Hamilton also showed that embedded curve remains embedded,
i.e. the curve will not intersect itself. Grayson [5] proved the remarkable fact that such
family must become convex eventually. Thus, any embedded curve in the plane will shrink
to “round point” under the curvature flow.

For the problem V = —k + A, where A > 0, in [3], they investigate the equation (1.1)
with the following free boundary condition and appropriate initial data

w(l_(t),t) = 0 =u(ly(t), ) =0, 0 < t < T, (1.14)

ug(I_(t),t) = tan_, u (ly(t),t) = —tanepy, 0 <t < T, (1.15)

where 0 < ¢_,9, < w/2. They also give the classifications of the solution into three
types like the results in [12]. Moreover, for the shrinking case, they prove that the curve
will become convex eventually. Since the contact angles 0 < ¢_, 1, < 7/2, it is easy to
get |ug(z,t)] < M, 1_(t) <z <I(t), 0 <t <T, for some M > 0. Then there exists

C' > 0 such that
Li(t) —1_(¢) Vl—i—uzxtd:c

I-(®)
But in our condition, seeing ¢ = 1, = 7/2, the derivative u, is unbounded. We have
to find a new method to get the conclusion

L (1)
b(t) > C/ V1+u2(z, t)de.
1-(t)

The most important tool in this paper is the comparison principle for extrinsic and
intrinsic distances. Let the flow G : [0, L.(t)] x [0,T) — R? be the smooth closed curves
evolving by the classical curve shortening flow

0 o

—G(s,t) = 5e7

5 ——Gl(s,1),
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where s denotes the arc length parameter, L,(t) denotes the perimeter of G(-,t). For
any two points on mean curvature flow G(s,t), denoted by G(sy,t), G(s2,t). Denote
d = |G(s1,t) — G(sa,t)|. | = |sa— s1] is the length of the curve between G(s1,t), G(s2,t).
More precisely, [ and d are called the intrinsic and extrinsic distances, respectively. The

aper |7| shows that m(t) = min d/l)(s1, S2,t) is non-decreasing in time.
pap [ ] ( ) (51,52)6[07L*(t)}x[O,L*(t)]( /)( b o2 ) &

The ratio between extrinsic and intrinsic distance is also used by [10] and [11].
In our problem, if we let F satisfy

L(t) = {(z,y) € R* | [y| = u(,t), —b(t) <2 < b(t)} = {F(s,t) e R* | s € [0, L(1)]},
L(t) denotes the perimeter of I'(¢). Then F satisfies

2
%F(S,t) = %F(s,t} — AN,

where N denotes the unit inner normal vector. We will see the result in [7] does not hold.
In section 2, we can see the curvature flow with driving force does not intersect itself
interior, but could intersects itself exterior(Section 4).

The rest of this paper is organized as follows. In Section 2, we first recall the basic
facts for curvature flow with driving force. The similar results for A = 0 are given in [2].
Next, a special comparison principle for extrinsic and intrinsic distances will be proved
in this section. In Section 3, the proof of Theorem 1.1 will be given by using Lyapunov
function. In section 4, we give an example for the comparison principle for extrinsic and
intrinsic distances not holding.

2 Comparison principle between extrinsic and intrin-
sic distances

In this section, we will give the proof of the comparison principle between extrinsic and
intrinsic distances.

First, we give some basic results for general mean curvature flow with driving force.
For A = 0, the results are proved by Gage and Hamilton in [2]. Let M be an one-dimension
Riemannian manifold and F : M x [0,7) — R? be a smooth map. F satisfies

%F(p, t) = kN — AN| (2.1)

where the sign of « is determined by

92
@F(S, t) = HN,
where we recall N is the unit inner normal velocity, s is the arc length parameter.
In this section, for convenience, we take M = S! with parameter p. Let F : S! x
[0, 7) — R? be a closed embedded curve moving by (2.1).
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Using the arclength parameter s,
o0 10
ds  wvop’
where v = |0F /0p|. The sign of x will be determined by
O0’F
0s?
Let T be the unit tangent vector given by

_ OF/op
|OF /Op|°

= kN.

The Frenet equations show that

(520

Define 6 by T = (cos 6, sinf). We can deduce that

0s _ 1
00 kK
Lemma 2.1. 5
8—: = —Kk* + Akv.
Proof. By (2.1) and the Frenet equations,
ov O0|0F /Op
Ov = OB (7 ,) = (T.Fy) = (T, (sN — AN,

= (T (r— AN,) = (T, ~vn(s — A)T) =~ + Arv.

Lemma 2.2. Denote | = fpﬁz vdp = s(p2) — s(p1), p1,p2 €S, then

l s(p2) s(p2)
% = A/ Kkds — / K2ds.

(p1) (p1)

In particular, dL(t)/dt = 27 A — fOL(t) k2ds, where we recall L(t) is the perimeter of the
curve.

Proof. Using 0v/0t = —rk?v+ Akv and 90/0s = k, this lemma can be proved at once. [J

We note that the arc length parameter s depends on ¢, then 9/9t does not commute
with 9/0s. The following lemma gives the relation between them.

Lemma 2.3. 5 5
- = 2 — R
s (k* — AR) e



Proof. Apply Lemma 2.1, we get

90 _ 0(10Y_00 09 (1N\0 _ 09890 wotd
otds ot \vdp) 0sot Ot \v)op Osot v2  Op
00 9 0
= &a—F(fi —A/‘i)g.

The derivatives of T and N are related as follows:

Lemma 2.4. T 9 IN P
K K
a5 =5 T

Proof. By Lemma 2.3, (2.1) and Frenet equations,

oT O0°F O0°F 5 oF 0 9
o T ows - gsor TR T ARGy = gg N AN (w7 = AR)T
. ok 2 2 o 0K
= %N — (k"= ArR)T + (k" — Ar)T = 8SN.
On the other hand,
0 0K ON

Note that ON /0t must be perpendicular to N. We complete the proof.

Lemma 2.5.

o _ o
ot 0Os
Proof. Since T = (cosf,sinf)
Jor 06 _
i a(— sinf, cos 6).

On the other hand, we use the formula in Lemma 2.4 to calculate

oT Ok Ok
9 s T as

(—sin@, cosf).

Comparing components the proof is completed.

Lemma 2.6. Let S(t) be the area enclosed by the curve F(-,t). Then
iS(t) = -2 + AL(t)
a”\ T '

Proof. By Gauss-Green’s Theorem,

L(t)
S(t):—%/o (F,N)ds.
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Using above lemmas, we get

d 1 [*" OF L[ v 1 [ ON
—S(t) = —= —,vN)dp — = F, —N)dp — = F,o—)d
G50 = = [ (GroNa =g [ @GN [ EeTa
1 2 1 2m
= —5/ (kN — AN, vN)dp — 5 / (F, (—k*v + Arv)N)dp
0 0
1 [ 0Ok 1 1 [
- F,o—T)dp = — —AL(t) — = F, AxN)d
£ 5] EFE T = —r AL -5 [P AN
0 1 L 1 Lo
+ —/ (F, k*N)ds — —/ kds — —/ x*(F,N)ds
2 Jo 2 Jo 0
1 1 [HO oT 1 L)
= -2 —AL(t) — = F,A—)ds = -2 —AL(t) + — d
AL -5 [ PaATDs = e san0 + 5 [ as
= 27+ AL(t)
In the third and fifth equalities, we use the integral by parts. O

Next we are going to prove the comparison principle for extrinsic and intrinsic distances
under mean curvature flow with driving force in a special case.

Theorem 2.7. For our flow
P() = {(3) | o] = ulw, £), —b(t) <z < b(B)}tg <t < T,
let d =2z and l(z,t) = [* \/1+u2dz, 0 <z <b(t). Then

m(t) = min d/y

0<a<b(t)
is strictly increasing provided that m(t) < 1, for to <t < T, where

L . Im
w—;smf,

where we recall to is defined in Section 1 such that u(x,t) loses all its local minimum,
to<t<T.

Remark 2.8. (1) The quantities d and [ are the extrinsic and intrinsic distances between
(—2,u(z,t)) and (z,u(x,t)) and | < L(t)/2. Hence d = 2z and | = 2 [ /1 + u2da.
(2) Noting that lim d/v¥ =1, d/1 can not attain its minimum which is less than 1 at
z—0

xz=0.

Proof. Case 1: Let 0 < xy < b(t) be a minimum point of d/v defined through the relation
m(t) = (d/)(xo,1).

Then
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and

0 d 2  2dcosa
e S
" Oz oot (0 P2 e

where a = I(zg,t)7/L. Consequently,

1 d

= — COS v,

V1i+uz ¥

at x = xg. Let 0 < 8 < 7/2 satisfy tan § = —u,(zo, t)(recall u,(zg,t) < 0), then

1 d
cos f = ————=(x¢,t) = | —cosa | (o, ). 2.2
B et = (eose) o) (22
Since d/1(xg,t) < 1, we observe that 0 < a < 8 < 7/2. Moreover,
0% d 4cosa 4 cos o 8d
0 < pe 2¢(x0, :—7\/14—1@— - 1—|—u2+$cos a(l+u2)
n 47TdSlIlOé(1+ 2) 2dcos o Uyl 47rdsinoz( n 2) 2dcosa  Uylyy
—_— uy) — = Uy) —
Ly? ’ V2T + 2 Ly? ) P21+ ul
Ar2d 2d oS Uplhyy

= 1+u2) — ,
Y Y
where we invoked (2.2) and ¢ = L/wsin(lw/L). Consequently,

2dcosa  Ugylyy Ar2d

TR

81 o Uy QU Uy
0,1) V14 uidr | (zo,t ———duy Jt
o) = 5 </ ) ’ w12 ,/7 o

0 Ut Uy 2U Uy /l )
— dy = ——M—— t 2 Auy (20, 1) — d
/xo (1 +u2)3/2 v 1+ u2)32 (20, t) + 2Aug (20, ) i k2ds

2 T l
— 2Aarctan ug,(xo, t) = ﬁ( t) —2Atan § — /O K*ds + 2AB,

where we again invoked (2.2) and tan 5 = —u,(x,t). Using the Holder inequality, we
have

! ! 2

l/ Kk2ds > (/ /fds) =43 (2.4)

0 0

and

L L
L/ Kids > </ /idS) = 4n°, (2.5)
0 0
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, d (d dsin o Ly dl cos o L
!
_ dcosa (( 2UgUsy (o )—2Atanﬁ—/ /£2d5+2A6>
0

02 1+ u2)3/?
dcosa  2Uylyy dsina/L s

2Ad cos
- —(( np—p)— (tana—a))— 7 O )3/2( 0,t) +

P2 Yir
dlcosa [* dcosa [ 4dn?  dcosa L
EY; /0 K> ds + e /0 Kids > — e + e (tan o — a)/o r2ds
deosa [, 4dm?  Amdcosa 43%d cos o 4rda cos o
+ el ds>—wL2+ L (tana — a) + T ETTS
43%d cos o 46261 cosa  4a*dcosa
+ e e e >0,

where we use (2.2), (2.3), (2.4), (2.5) and tan o — « is increasing, 0 < a < 7/2.
Case 2: For xy = b(t) such that

m(t) = (d/¢)(xo,t).

Since u(z,t) is increasing for —b(t) < x < 0 and decreasing for 0 < x < b(t), to <t < T,
we let © = v(y,t) be the inverse of y = u(x,t) in the first quadrant. Consider

2f L+ vy dy, y >0,

L(y,t) =
- 2fyh(t 31ty t)dy, y <0,

recalling h(t) = u(0,t) = max u(x,t).
—b(t)<z<b(t)
It is easy to see l(x,t) = L(u(z,t),t), for O < x < b(t), specially, [(b(t),t) = L(0,1).
Since y = 0 is an interior point and ¢ = —sm EL“ is smooth, we can prove this case
similarly as in case 1. The proof is now complete [

Similarly, we can obtain

Theorem 2.9. For our flow
U(t) = {(z,9) | [yl = w(z, 1), =b(t) <z < (1)}, to <t <T,

where tg is the same as in Theorem 2.7. Let

Yy
d =2y, andl:Q/ \/ 1+ vi(y,t)dy, 0 <y < h(t),
0

where v(y,t) is the inverse of u(x,t) in the first quadrant as in the proof of Theorem 2.7.
Then
m(t) = min d/y¢

0<y<h(t)

is strictly increasing provided that m(t) < 1, to <t <T.
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Using Theorems 2.7 and 2.9, we obtain

Corollary 2.10. There exists a constant C' > 0 such that
d>Cl, to<t<T,
where d and [ are the extrinsic and intrinsic distances in Theorem 2.7 or 2.9. In particular,
h(t) > CL(t) and b(t) > CL(t),to <t <T.

Remark 2.11. To explain the geometric meaning in the proof of Theorem 2.7, we will give
the calculation in geometric method for closed curve moving by (2.1).

Let F : S x [0,7) — R? be a closed embedded curve moving by (2.1). In this remark,
we let

d(p1,p2,t) = [F(p1,t) — F(p2,t)], U(p1,p2,t) = [s(p1) — s(p2)l,

where s denotes the arc length parameter at time ¢. ¢ is also defined as in Theorem 2.7
by

L  lr
'(b = ; Sin f
We define
m(t) = min d/v(py, pa,t).

(p1,p2)€St xSt

Assume that d/v attains its minimum at (p;,ps) € S' x S!, i.e.,

m(t) = (d/¢)(p1, 2, t) < 1.

Here we abuse the notation (p;,p2) to shorten the notations in the following argument.
Let s be the arc length parameter at time ¢ and without loss of generality 0 < s(p;) <
s(p2) < L/2 such that I(py,ps,t) = s(p2) — s(p1). Next we represent [,d by arclength
parameter
[ =5y — sy and d = |F(s1,t) — F(s2,1)].

Then 5 ;
887; (d/¢)(pl7p27t) =0,1=1,2 and (882‘88]' (d/d)))gxg(plap?’ t) > 0.
- OF F(pa2, 1) — F(p1,1)
p27t - plat

i = , D2, dw:= .

‘ 882‘ (pl b ) e d(p17p27t)
Then there holds

— a o <w7el> d
0= D51 (d/¥)(p1,p2,t) = > + e cos a,

where oo = (py, p2, t)7/L = (s(p2) — s(p1))7/L € (0,7/2). Consequently,

d
(w,e;) = ECOS a, 1=1,2 (2.6)
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at (p1,pe,t). We can choose 0 < < 7/2 such that
cos f = (w,e;) = d/¢cosa < cosa. (2.7)

Then 8 > a.
Since matrix (#;Sj(d/tb)bw(pl,pz,t) is non-negative, then for every vector ¢ € R?
there holds
92
8Si88j

where £ denotes the transposition of &.
In view of relations of (2.6), there are two possible cases:
Case 1: e; = e3. We choose £ = (1,1) in (2.8).

&(

(d/)),,,(P1, P2, t)E >0, (2.8)

62
8si(95j

0 < (1, 1)( (d/1)) 5o (P12, t)(1,1)" = ;< , (KN (p2, 1) = (KN)(p1, 1)) (2.9)

Case 2: e; # ey. We choose £ = (1,—1) in (2.8).

0? t
05,0, (d/w))zw(pl,pm t)(1,-1)

= L N )~ (N 0) + T

0 < (1,-1)(

Then w2y 1
~ Ty < 5t BN 1)~ (N1, ) (210)

Since there is no ¢ derivative in above calculation, more precise calculation is necessary
which is found in [7], Theorem 2.3. Here we safely omit it.
Therefore, by (2.1) and Lemma 2.2

04y _ dov 1od__d(laL_ ol ldL
a\v) — vt wor P \mdt YT e YT Lhar
1 ) ) d (1 L.
+ d@/)< F(pg,t) atF(pl,t» = ( (2mA — /0 k°ds) sin «
I
+ (A/ /fds—/ K2ds) COSOJ—L(QWA—/ r2ds) cos&)
0 0 L 0
1 2Ad
+ @(w, (k — A)N(p2,t) — (k — A)N(p1, 1)) = Uz sin «v
dA : 2mdl A A
- Wcosa/o kds + ;—Lcosa— E(w,N(pQ,t) — N(p1, 1))
1 dsina [* dcosa [,
+ ¢< , (KIN)(pa, t) — (kN)(p1, 1)) + p— /0 Kk ds + e /0/43 ds

dl /L )
— ——cos« K“ds.
V2L 0
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In the following step, we assume that

A
—E<w,N(p2,t) — N(p1,1)) > 0. (2.11)
Seeing Figure 1, there holds
A 24
——(w,N(pa,t) — N(py,t)) = —sin . (2.12)
(G (G
F(py1)
Figure 1: Assumption (2.11)
Case 1: e; = ey. By calculation,
dA /l
—cosa [ kds = 0.
V2 0
Then
2 d > _24d sin v + —27leA cos o + %sinﬁ + dsina /L K2 ds + deosa /l K>ds
o\y) — V2L (2 ™% Jo v Jo
dl /L2 2A(. d.) d . /Lz
— ——cosw k“ds > — | sinf — —sina | + —=(sina — acos « Kk“ds
V2L 0 (8 (G 7T¢2( ) 0
> 0,

where we use (2.7), (2.9), d/¢ < 1 and sina — acosa > 0, for 0 < o < 7/2.
Case 2: e] # es.
Using Holder inequality,

l

2
mds) = 45?

I
l/ k2ds > (/
0 0
L L 2
L/ K2ds > (/ /idS) = 472
0 0

and



2 d > —@Sina——QﬁdAcosa—i——QmﬂA Cosa—l—%sinﬁ—i——dsma/];/fds
o\v) — @2 P? YL (& T Jo
deosa [, dl L 4?d
+ e /Oﬁds—W—Lcosa/o /ﬁds—pw
2A d d g
> — |sinff—fBcosf — (— sina—acosa>+—sina—acosa/ K2ds
= ( ol )+ )|
N dcosa/l 2 _ Ar?d S 47r2d( . )_l_dcosa/l 2 _ Ar?d
R A K-ds I = nLi? sino — acos e A K-ds L%

4da? cos a N d cos a /l 206 > 4da? cos a N 4d3? cos a -
= — Kds > —
l)? v Jo B ly? l)? ’

where we use (2.7), (2.10), (2.12), d/¢» < 1, § > « and sina — acos« is increasing for
0<a<m/2

A sufficient condition for the assumption (2.11) is that the line connecting F(ps, t)
and F(py,t) lies in the domain surrounded by the curve. In Theorem 2.7, the conclusion
that d/1 is increasing provided that d/¢¥ < 1 is true in the direction (2z,0) instead of
all directions, since the line connecting (—zg, u(zo,t)) and (xg, u(xo,t)) just enough lies
in the domain surrounded by the curve I'(¢). This is the key point under the condition
A > 0. We cannot guarantee that d/v is non-decreasing in every direction even if d /1 is
very small. We construct such an example in Section 4.

3 Proof of Theorem 1.1

Lemma 3.1. For the shrinking case in Theorem C, there exist Cy,Cy > 0 such that

b(?) h(t)
C; < < Cyand C) <
RV RV

SCZ,tO<t<T.

Proof. Since u(z,t) has only one maximum at z = 0, it is easy to see that 0 < L(t) <
4h(t) + 4b(t) — 0, 0 < S(t) < 4b(t)h(t) — 0, t — T. Using Lemma 2.6 and S(t) — 0,
L(t) — 0 as t — T, there holds

S(t)=2n(T —t) — A/T L(s)ds =2n(T —t) + o(T — t).

By isoperimeter inequality L(t)? > 4wS(t),

2
lim inf L(t) > lim 4rS(t)

_ 2
t—=T T —t —t>7 T —1¢ = 8

Using Corollary 2.10, there exists C' > 0 such that
h(t) > CL(t) and b(t) > CL(t).
Then there exists C; > 0 such that

lim inf bt) > () and liminf ht) > (.

t—=T /T —1 t—=T /T —1
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Using similarity transformation (1.5) and (1.6), there exists Cy > 0 such that
r(r) > C; and g(1) > C\.

We next prove upper bounds for (7), ¢(7) by contradiction argument. Assume that
if there exists a sequence 7, — oo such that r(7;) — oco. S(7) denotes the area enclosed
by w(z,7) and axis z. By calculation,

~ a(7) o0z, t)dx
S(r) = 2/0 w(z, 7)dz = J T(_f)d = 4<§(t_) 5 <C,

for some C'. Since w(z, 1) is even in z and w(z, 7) is monotone decreasing for z > 0,

ij(—%,m) < S(m) < C, Vk.

Consequently, w(—a /2,7;) is bounded for all k. Consider the extrinsic and intrinsic
distances between (—a/Z,w(—a/Z,Tk)) and (a/Q,ZU(a/Q,Tk)) after transformation,
denoted by d(7;) and I(7,), respectively. Then there hold d(r,) = C; and r(1e) —
74](—671/27 72) < I(73). By the argument above, since w(—a/l 74) is bounded, [(73) — o0,
as k — 0o. Then d(7;)/1(7;) = 0, as k — oo.

Consider the extrinsic and intrinsic distance between

(—/2(T = t2)C1 /2, u(—/2(T — 1,)C1/2, tx)) and (\/2(T — tx)C1 /2, u(v/2(T — t)C1/2,t1)),

denoted by d(t) and [(t;) < L(tx)/2, respectively. By calculation,

d(te) = V2(T = t,)d(r) and U(ty) = /2(T — t)l(74).

Then d(ty)/l(tx) = d(m)/l(7) — 0, as k — oo, which contradicts to Corollary 2.10.
Therefore, r(7) is bounded. Similarly it also holds for ¢(7). Consequently,

Cl S b(t) < 02 and Cl < h(t)

< Cy.
VT —t = SVT—t-

]

For the lemma above, it is obvious that there exist Dy, Dy > 0 such that D; < r(7) <
Dy and D; < ¢(1) < Ds.

Since w(z,7) is increasing for —q(7) < z < 0 and decreasing for 0 < z < ¢(7),
T > —% In(T — ty), we can represent w = w(z, 7) under polar coordinate,

z=p(f,7)cosb,
w(z,7) = p(0,7)sind,

0<6<m 7>—5In(T —t). Consequently, p(d, ) satisfies

Poo 205 + 1 V2 ., 1
pr = — +p+—Ae "\ Jprt+p? 0<O<m T>—=In(T—1), (3.1
P>+ plps+p?) p k 2

pe(0,7) = po(m,7) =0, 7> —%ln(T — to). (3.2)
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Lemma 3.2. For any given € > 0, there exist positive constant Cy and By such that

k k
53200 7) 0.7 < B k=120, 0<0<m 7> —%ln(T—to) te
Proof. Firstly, we prove that there exist constants p;, po > 0 such that p; < p < ps.

Since r(7) < Da, q(7) < Dy and w(z,7) has only one maximum point at = = 0, it is
easy to get p < V2D, = P2 B B

Consider the intrinsic and extrinsic distances, [(7) and d(7), respectively, between
(W(D1/2,7),D1/2) and (=W (D1/2,7), D1/2), where 2 = W(r, ) is the inverse of r =
w(z,7), for z > 0. By Corollary 2.10, J(T) > Cl( ). Note that d( ) =2W(D;/2,7) and
I(7) > r(r) = Dy/2 > Dy /2. Then W (D, /2,7) > CD,/4. Since z = W (r, ) is decreasing
with respective to r, W(r,7) > W(Dy/2,7) > CDy/4, 0 < r < D;/2. It is easy to see
p > min{D,/2,CD,/4} = p;.

Next, we are going to prove our main result. We extend p by even and periodic in 6.
Using the interior estimates in [8], we can get

k k

0 1
|Wp(9,7')| < Cy, |Wp(9,7)| <Bp, 0<0<m 7> —§ln(T— to) + €.

]

Proof of Theorem 1.1. Firstly, We introduce the following Lyapunov functional borrowed
from [6](The Lyapunov functional also is used by [3]):

q(7)
E[w(-,T)]:/ exp{ L}\/1+w22 T)dz.
—q(7)

We can compute that

4 Bl 7)) = /_qm w2(z,7) exp {_W} (1+ w2(z, 7)) V2dz + J,

where

a(7) 2 2
J = \@A@T/ exp {—w} w,(z, 7)dz.

—q(7) 2

We consider the following integral

q(r) 2 2 q(r)
/ exp{_w}w(z?ﬂdz S/
—q(r) 2 —q(7)

q(r) w
< 2A 3 4/1 2dz.
_{/() —1+ —1+wz+\/_ } + widz

We note that |¢(7)|, |w(z,7)| are bounded. By Lemma 3.2, the curvature |w.,/(1 +
w2)*2| = |(—ppoo + 2p3 + p*) /(P + p*)*/*| is bounded, 0 < 6 < 7, 7> —2In(T — to) + .

13}_“ 5 — 2w, + w4 V2Ae /1 + w?| dz
w

z

Wz
(1 + w 3/2

+ 2]
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Then
q(7)
17| < Civ/2Ae / JIFwlds < Crv/2Ae (2r(7) + 2()) < Ce,
—q(7)
for 7 > —1In(T — o) + e. Consequently,

/ |J|dT < 0.
—% ln(T—t0)+e

We note that

E(w(-,71)) <2r(r)+2q(r) < C, 7> —%IH(T —tp) + e

Therefore
o0 q(7) 2 2
/ / w?(z,T) exp {—w} (14 w.(2, 7)) V2dzdr < 0.
—% In(T—to)+€ J —q(7) 2

Finally, it suffices to show that, for any sequence 7,, — +0o0, the sequence (w(z, 7,,), ¢(7,,))
has a subsequence that converges to (p,q), as n — oo, where (¢,q) is the solution of
(1.11)-(1.13)(more precisely, the graph of r = w(z, 7,,) converges to the graph of r = ¢(z)
under the Hausdorff distance).

We set

where @ > —3In(T — t,) + ¢. By Lemma 3.2, %pn(G,T) and ajpn(e 7) are uniformly
bounded for n, § € [0,7], 7 € [a,a+ 1], k = 1,2,3, j = 1,2. Then there exists p*(6, 1)
such that p, converges to p* in C*([0, 7] x [a,a + 1]) as n — oco. Consequently, w,(z, )
converges to w*(z,7) as n — oo, where w*(z,7) = p*(0,7)sinf. Obviously, w*(z, )
satisfies

w, = 1‘1” — 2w, +w, 2 € (—¢*(7),q* (7)), T € [a,a+1], (3.3)
w(—q¢*(1),7) =w(¢"(r),7) =0, 7 € [a,a + 1], (3.4)
w,(—q*(7),7) = 00, w,(¢"(7),7) = —00, T € [a,a+ 1], (3.5)

where ¢*(7) denotes the limit of ¢,(7) defined as above.
We next prove w(z,7) = 0. By the argument of Lyapunov function above,

a+1  pq(T+mn) 2
/ / (2 T+Tn)eXp{ Ztw (S’T+Tn)} (1+w?(z, 7+ 7)) Y2dzdr
'r—l—'rn

oo q(7) 2 2
< / / w?(z,7) exp{—%(zﬂ_)} (1 4+ w?(z, 7)) Y2dzdr.
Tnta J —q(T)




106

Using p, converges to p* in C*1([0.71] X [a,a + 1]) and letting n — oo,

[ /_i(;))(w:y(z, esp {~ZHTED (1 e,y asar

which implies w? = 0 for —¢*(7) < z < ¢*(7). So (w*,q(7)) is a stationary solution of
(3.3)-(3.5). Since the problem (1.11)-(1.13) is unique, ¢*(7) = g, where § is a constant.
Therefore, we prove that (w(z,7,),q(7,)) converges to (¢, q) up to a sequence. Therefore,
we have (w(z,7),q(7)) = (¢,q), as T — oo. Indeed, (p,q) = (/1 — 22,1). The proof of
Theorem 1.1 is complete.

Since T'(t) can be represented by F(p,t) : S! x [0, T). Seeing the proof of Theorem 1.1,

K(p,T) = ( W 1, uniformly on S' N {y > 0},

1+ w2)

as 7 — 00. Then for 7 large enough w,, < 0 for —¢q(7) < z < q(7). Consequently, seeing
the relation between w and w, there exists ¢; such that u,, < 0, for —b(t) < = < b(t),
ti<t<T. ]

4 An example for mind/y =0

In this section we give an example that the comparison principle for extrinsic and intrinsic
distances does not hold for A > 0. First, we give some curves.

2
7 =A{(z,y) | (l’—z)2+y2=R2,—L§y§R}.

where L > 1/A and L < R < 2/A.
=) | o= 51 = 3V I3 -2L -0 <y < -L -3},
where 0 < § < min{L/4,2/A — %\/(Q/A)TL?}
vs = {(2,y) | |y + 2L + 34| :5,0§x<%—%\/W—5}.
We connect 1, 2, 3 smoothly by short curves, called I';. Extend I'; by even, denoted
by T'g. Let I'(t) be the maximal smooth solution of V' = —x + A with initial curve 'y and

we show that the curve I'(¢) will intersect itself in a finite time. By the construction of
[y, there exist 1/A < Ry < R such that

Bgr,(2/A,0) C U, Bg,(—2/A,0) C U,

where U is the domain surrounded by I'g. Let R;(¢) be the solution of

Ri(t) = A~

Ri(t)’
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Figure 2: Initial curve I'y

with R(0) = R;. Then OBg, () evolves by V. = —k + A with dBg,. By comparison
principle,

BRl(t)(Q/Aao) - U<t)a BRl(t)(_Q/Aao) - U<t)7
where U(t) is the domain surrounded by I'(t). Let Rs(t) be the solution of

1
/

Ryft) = ~A= s
with Ry(0) = Ry := min{2/A — /(2/A)? — L? — 6, L/2}. Then 0Bpg, ) evolves by V' =
—k— A with 0Bg,. Here we note the direction of the driving force must be reversed. Since
U C R?\ Bg,(0,—3L/2 — §), by comparison principle, U(t) C R* \ Bg,) (0, —3L/2 — 4),
0 <t < ty, where t5 is the maximal existence time of Rs(t). Note that t5 is independent
on R and R;. We can choose R and R; very closed to 2/A and seeing R;(t) — oo as
t — 00, then there exists tg, tg < t5 such that

BRl(tO)(z/A7 0) N BRl(to)(_2/A> 0) # 0.

Combining U(t) C R? \ Bg,)(0,—3L/2 — §), 0 < t < to, this implies there exists ¢,
t1 < to < ty such that I'(¢;) intersects itself at origin. It means that m(¢;) = mind/y = 0.
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