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Abstract. In this paper, we consider diffusion and reaction of mobile chemical species,
and dissolution and precipitation of immobile species present inside a porous medium. The
transport of mobile species in the pores is modeled by a system of semilinear parabolic
partial differential equations. The reactions amongst the mobile species are assumed to
be reversible, i.e. both forward and backward reactions are considered. These reversible
reactions lead to highly nonlinear reaction rate terms on the right-hand side of the partial
differential equations. This system of equations for the mobile species is complemented
by flux boundary conditions at the outer boundary. Furthermore, the dissolution and
precipitation of immobile species on the surface of the solid parts are modeled by mass
action kinetics which lead to a nonlinear precipitation term and a multivalued dissolution
term. The model is posed at the pore (micro) scale. The contribution of this paper is two-
fold: first we show the existence of a unique positive global weak solution for the coupled
systems and then we upscale (homogenize) the model from the micro scale to the macro
scale. For the existence of solution, some regularization techniques, Schaefer’s fixed point
theorem and Lyapunov type arguments have been used whereas the concepts of two-scale
convergence and periodic unfolding are used for the homogenization.

1 Introduction

Crystal dissolution and precipitation problems originate in chemical engineering, material
sciences, soil mechanics etc., e.g., [Kna86, KvD96, KvDH95, vDP04]. The authors in
[Kna86, KvD96, KvDH95, vDP04] have considered two mobile species in the pore space of
a porous medium which precipitates to give one molecule of immobile species (blue part
in figure 1.1) on the interfaces of the solid parts (gray part in figure 1.1) and vice-versa
under the following reaction

n1 X1 +nsXo = Xqo, (1.1)

where X; and Xy are the mobile species, X129 is the immobile species and ny,ny are the
number of molecules. At this point we would also like mention the work in [vN09] where the
author has considered the similar reaction as (1.1) and obtained a homogenized model via
asymptotic expansion. The novelty of this paper is to rigorously treat the multiple species
problem. In the present work, the number of mobile and immobile species are assumed to
be I(>2) and I(> 2), respectively. Here, the motivation for studying such multi species
problems comes from the concrete carbonation, sulfate attack in sewer pipes or leaching
of saline soil where the transport processes of chemical species are considered in a three
dimensional pore scale model, cf. [FM12, PB08, Kna86]. The generalization to multiple
species gives us highly nonlinear reaction rate terms both for the mobile species in the pore
space and for the immobile species on the interfaces. The nonlinear reaction rates in the
pore space originate from the reversible reactions amongst the mobile species. The model-
ing of precipitation and dissolution of crystals lead to multivalued reaction rate terms (see
(1.9)-(1.12)). The complete model is a system of semilinear partial differential equations
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(PDEs) coupled with nonlinear ordinary differential equations (ODEs) complemented by
some inflow and outflow boundary conditions. In this paper we show the existence of a
unique positive global weak solution of the system and we also obtain its macroscopic
description via periodic homogenization. The model is introduced in section 1.1.

1.1 The Model

To fix the ideas, assume that € is a bounded domain (given porous medium) in R” s.t.
(such that) Q :=Q,UQ, and QsNQ, = (), where Q, and Q2 are the (connected) pore space
and the union of (disconnected) solid parts, respectively. T'* and 002 denote the union
of boundaries of solid parts and the outer boundary of €2, respectively. Both I'* and 0f2
are C2. We assume that 9Q =: T'j;, UTous, where on Ty, and Ty, we prescribe the inflow
and outflow boundary conditions. Let Y := (0,1)" C R™ be the unit representative cell
which is composed of a solid part Ys with boundary I' and a pore part Y}, s.t. Y, CY,
Yp—Y\YS, Y = YUY, and Y;NY, =T. For k ki, ks € Z", we define Yk =Y +k,
Y=Y\ +k for Ne{ps}, TF:=T+kst. YFcCQ Yh ﬂYsk2 = (). Assume further
that  is periodic (i.e. the solid parts in ) are periodically distributed) and is covered
by a finite union of the cells Y. Let 0 <& < 1 and Z" D wy := {k € Z" : €Y}, C Q} s.t.

QcC U 5Y’“ Q, C U éTYk Q, C U &?Yk and T* € U el'’*. We define a connected
kcwy, kewy, kewy,

set (05 := Ukecw, {sYp :eYZ“ C Q}, a disconnected set €S := Upcy, {55_{!“ : eYsk C Q} and
I := Upeuw, {5Fk Tk Q}, cf. figure 1.1. S :=10,7) is the time interval for T > 0;
dx, dy as volume elements in © and Y; doy, and do, as surface elements on I' and I',
respectively. Also,

(x) “(2) 1 for x €, (12)
X=X = 1 for v € Q\ Q. '

2 is assumed to be filled by some fluid with a priori known Eulerian velocity ¢ =
¢(t,x), (t,x) €S x Q;, which satisfies

—»

V-¢g =0 in €, ¢ —0onl* (1.3)

with

—¢i>0 only,, ¢-7<0on oy (1.4)

Let I,1,J € N. We denote the mobile species by X mob and minerals (immobile species)
by X"™" Fori=1,2,....,1 and k=1,2,...,1, suppose that leob and X" are present in
Q;, and on I'*, respectively. Let u®:= (uf,u3,...,u7) and w® := (wf,w5,...,w?) denote the
concentration vectors for the mobile and minerals, respectively. The mobile species are
transported by diffusion (modelled by Fick’s law) and advection in 27, then the flux vector
is
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Figure 1.1: Periodic setting of a porous medium containing mobile species in 2 and
immobile species on I'°.

j‘f = —DiVuf—l—q%uf, (1.5)

where D; is assumed to be a positive scalar and same for all the species, i.e. we set D :=

D;>0Vi=1,2,...,1. We define the diffusive matrix Dg;ss as Dg;ss = diag(D,D,..., D).
I—times

The reactions amongst X™ ’s inside ), are assumed to be reversible and are modelled

by mass action kinetics. For 1 <7 <1, 1< j<J and 7;;,v;; € Ny, the j-th reaction is given

by

leX{nOb —|—T2jX£nOb =+ ... —|—T]jX}nOb = VleinOb + z/ngg'wb + ...+ V[]'X}rwb (16)
with reaction rate
I I
Rj(u) =k TT (ug,)™ — kS T (us,)"™, (1.7)
m=1 m=1

where k]f (>0) and k;’-(> 0) are forward and backward reaction rate factors, respectively.
Thus the reaction rate term for the i-th mobile species is

J J 1 1
SRO)i= 3 sigi(u) = 35 (k{ L1 5™ 4} H1<u;;>”mj) (19

where S := (s;)1<i<1,1<j<J is the stoichiometric matrix wth entries s;; := v;; —7;;. Besides
the reactions (1.6) due to dissolution on I'®, X™" ’s dissolve to give X™° ’s and the
reverse reaction is also possible, i.e. following mineral (dissolution-precipitation) reaction
is considered

o X" + o X0 = X (1.9)

where 4,7 =1,2,....,1, i# j and k= 1,2...,]. The precipitation rate can be modeled via

mass action kinetics, namely, (R (uf))g := Ky 1%, _; (u5,)7m*, where
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1 ifm=1iorm=j,
Omie = { J (1.10)

0 ifm+#17orm#j,

for k=1,2,....,] and m=1,2,...,I. It is well-known that minerals have "constant activity",
i.e. the dissolution rate is constant, if the mineral is present. If the mineral is absent, disso-
lution rate can not be stronger than precipitation in order to maintain the non-negativity
of the surface concentration, cf. [KvDH95, vDP04]. This leads to a multivalued dissolution
term (Ry(w®))g € kilp(ws), where

0 if c<O0,
w(c) = <10,1] if =0, (1.11)
1 if ¢> 0.

Here kﬁ, kg > ( are the reaction rate factors. The k —th reaction rate term for minerals
on I'¢ is

I
R(uf w), = KD T (u6)7m — ki | 25 evp(uf), k=1,2,....1I. (1.12)
m=1 S~
dissolution
precipitation

This contributes to the flux for « on I'* as

I I 7 7
R ows,
Difg Vi -ii=¢ ) oin atk =Y ol w ) =eY oy |k ] (u,) 7 —kil= |,
k=1 k=1 k=1 m=1
(1.13)

where 2, € ¥(wf), o ’s are defined in (1.10) and i = 1,2,..., 1. Therefore the required micro
(pore) scale model is given by

ouf .

811 — V- (DgipfVE — Fuf) = SR(u) in S x 0, (1.14a)
— (DaigsVuf = ¢uf) -7 =d on S x Tin, (1.14b)
—(Ddlffvug_q_éus) =0 on SXFouta (1146)

- ! owy,
- (DdszVuZ - qauf) n=ey Jlk—atk on S xTI*, (1.14d)
k=1
u®(0,2) = up(z) in €, (1.14e
a £
aué = R(u®,w®) on SxTI*¢, (1.14f

2° € P(w®) on S xI'¢ 1.14g

)
)

(1.14g)
w®(0,2) = wo(x) on I'%, (1.14h)
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where i = 1,2,...,1 and the velocity ¢¢ satisfies (1.3)-(1.4). Here d := d(t,z) <0 compo-
nentwise which signifies the inflow on I';;, whereas (1.14c) shows the outflow on I'yy;. We
denote the problem (1.14a)-(1.14h) by (P¢). Note that R(u®) in (1.14a) and R(u®,w®) in
(1.14f) are two-different types of reaction rate terms.

Remark 1.1. We note that lim._,ge|l¢| = |F|% Since the surface area of T'¢ increases

proportionally to %, i.e. |T¢| — o0 as e =0, The appearance of € in the boundary fluz
in (1.14d) allows us to control this growth. We would also like to mention that for tech-
nical reasons our analysis required € independent d and e,z,u® independent (i.e. species-
independent) diffusion co-efficients D.

In the next section we define the neccessary function spaces and collect some mathe-
matical tools to investigate the above problem in sections 3 and 4.

2 Mathematical Preliminaries

2.1 Function Spaces

Define Rj = {z € R:2>0}. Let 0 €[0,1], p>n+2 and q be s.t. %—l—% = 1. Note
that p as the suffix in € is used to denote the pore space and should not be confused
with the exponents of the function spaces defined here. Assume that = € {2,2}, then
as usual LP(Z), HP(Z), CY(Z), (+,-)g, and [-,-]p are the Lebesgue, Sobolev, Hélder, real-

and complex-interpolation spaces respectively endowed with their standard norms. Cp,,.(Y")

denotes the set of all Y-periodic v-times continuously differentiable functions in y for v € N.
In particular, Cper(Y') is the space of all the Y-periodic continuous function in y. For a
Banach space X, X* denotes its dual and the duality pairing is denoted by (., .)x*xx-
The symbols <, << and i denote the continuous, compact and dense embeddings,
respectively. We define LP(Z) < H4(Z)* as
(L) Hia@yxmtaE = ([0)pE)xLaE) = /:fvd$ for f € LP(2), ve HY(Z)(2.1)
We introduce the LP(I'?)-L4(I'¢) duality as
(G1:G) = [ Guada, for Gy € L(T9), G € LA(TY) (22)

and the space LP(I'®) is furnished with the norm

€Uy = 1P dorg and [Cll e = ess suplc(a)]. (2.3)
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The Sobolev-Bochner spaces used here are:

7o) = {ue s @) 5 € s Ep) |

= HYP(S; HY(2)* )N LP(S; HYP(2)), (2.4a)
My(1)i= {w e (5, (0%): G € (S /() | = H2(S, 109, ()
N (T9) := LP(S; IP(T9)) = LP(S x T%), (2.4¢)
X,(E) 1= (HYI(E) HE), (2.44)

where (Hb(E)*, HP(2)), 1 » is the real-interpolation space between HY(Z)* and H'P(Z),

and % is the distributional tlme derivative. These spaces are endowed with the norms:

ou
ol o=l + | 1 , (250
LP(S5HY(2)%)
ow
R — | 2.5
M) L) T ot LP(S;LP(I')) (20)
1
T ’
_ P
Cllgar = |e [ [ lePaosar| torp <o,
= esssup |((t,x)] for p=oc. (2.5¢)

(t,x)eSxTe

and the norm on &), can be defined as Definition 1.2.8 in [Lun95]. Let I € N. For a,b€ R,
the scalar product and Euclidean norm are given by (a,b); := >/, a;b; and |af =

Zle |ai|2, respectively. We introduce the norms on the vector-valued function spaces.

Assume u: Q — RI. We define

(LP(E)]! = [P(Z) x LP(Z) X ... x LP(Z) (2.6)

I-times

and for u € [LP(2)],

1
P
’HuW[LpE |:ZH'U2H E] for p < o0,

= 1r£1a<XIHuZHLoo g forp=oo. (2.7a)
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We also define

= [P (5 HY (@) n12(S: HP(2))] (2.7D)

1
[ HY9(2), HYP (= ))1_1)71)} , (2.7¢)
g (%) := [H'P(S; LP(1® )]f, (2.7d)
NI(T) = [27(S x T9)], (2.7¢)
Mg(r) HYY(S;IP(Qx D)), (2.7f)
NI(T) = LP(S x @ x ). (2.7¢)

[ — — — —
The norms on | H'?(2)|", [H4(2)")!, F1 (), Mf(m,Mg(r),Nf@E),Nf(r) and X/ (Z)
are defined in the similar fashion as in (2.6) and (2.7a). The vector-valued duality pairing
is defined by (o, B);x+rx1 = Xz I o, Bi)x+xx for a € [X*]l and g€ X!. By N
and — we denote the two-scale, weak and strong convergence of a sequence respectively.
Finally, throughout this paper C' and C; denote the generic non-negative constants but
may be different at different parts of the inequalities and, A and A) are the constants
of the Young’s inequality. To analyze the problem (1.14a)-(1.14h), we make following
assumptions: (i) p>n+2, (ii) up,wo > 0 componentwise, (iii) ug, € A,(€2;), wo, € L>=(Q)
for i =1,2,....7 and k=1,2,....1 s.t. ig}gHuo]]Xg(%),iggHonLoo o) < 09, (iv) All the

reactions amongst mobile species are linearly independent s.t. the stoichiometric matrix

S = (sij)1<i<s has the maximal column rank, ie., rank(S) = J, (V) ¢ satisfies (1.3)-
1<5<J

(1.4), ¢ € LOO(S x Q) and ¢f -7 € L%(S x T). Define Q :=
Q1=

< 00 and
>0 (SXQ)

<00, (vi) dj € L®(S xTy,) and d; <0 for all i =1,2,.... 1.

e>0 LOO SXFln)

Definition 2.1 (Weak solution). A triple (u®,w®,z%) € f]f(Q;) X Mg(F‘E) xNg;(FE) is
said to be a weak solution of the problem (1.14a)-(1.14h) if it satisfies (u®(0,z),w"(0,x)) =
(uo(x),wo(x)) and

Ous 1 . I
<§7¢>+Z/5 (Ddz‘ffvuf—qeuf) 'V¢z‘d&3+i_zl/rm digids

+Z /. Zazk Uk ido, = (SR(5).6), (2.84)

> [

_Z/ (0, 0% i dorg, (2.8b)

2° € P(w®), (2.8¢)
for a.e. t and for all (¢,¢) € HM(Q5)! x LUTe).
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We now state the two main theorems:

Theorem 2.1. Suppose that the assumptions (i)-(vi) are satisfied. Then there evists an
unique positive global weak solution (u®,w®,z%) € f;(ﬂ;) X M;(Fa) x NL(T¢) of the prob-
lem (P%).

Theorem 2.2. Asssume that (i)-(vi) hold. Then there exists (u,v,w) € .7-}{((2) X ./\/III;(F) X
NL(T) which satisfies the homogenized problem (4.23a)-(4.23g) of (P?).

3 Proof of theorem 2.1

To obtain the existence of solution of (P¢) we first regularize ¢ in (1.14g). For a parameter
d >0 (cf. [vDP04, Hof10])

0 ifws<0,
wE

Ys(ws) = 75 if 0 < w§ <, (3.1)
1 if wi >4,

where 0 < € < 0 < 1. We denote this regularized problem by (Pj) and is given by

T V- (DgirfVus — ¢cug) = SR(ug) in Sx, (3.2a)
— (DaiffVu§ — gus) -ii = d on S x Ly, (3.2b)
—(DgirtVus —qtus) =0 on S xTout, 3.2¢

AR 5
S I ows
—(DaippVus, — eug,) i =Y o atk on S xI'¢ (3.2d)
k=1
u3(0,2) = ugp(x) in €, (3.2e)
a £
% = (Ry(u5) — k%5(w§))  on ST, (3.2f)
w5 (0,2) = wo(x) on I'? (3.2g)

for i =1,2,...,1. The idea here is to first show the existence of solution of (P§). Second
step would be to let the regularization parameter ¢ — 0. In the third step we let the scale
parameter € — 0 to obtain the homogenized problem. For technicality we modify the rate
terms in (3.2a) and (3.2f) by introducing new rate function R: R/ — R’ and R, : R — R/
as

+

R(u§) == R(u5 ) and Ry(u§) == Ry(u5 ), (3.3)

where u® = u§+ —u§ u§+ = max(u5,0) and u§ :=max(—u§,0). We replace the reaction
rate terms SR(uj) and R,(uj) in (P§) by SR(u§) and Ry, (u§), respectively, and denote this
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modified problem by (P§+). At first we show the existence of a global solution of (P§+)
and since it will be shown in lemma 3.1 that the solution of (P§+) is nonnegative, it also
solves (Ps5). We commence our investigation with the positivity of solutions of (P§+). The
problem (P§+) is

ous 5 _ '
af — V- (DaiyVu§ — ¢¢u§) = SR(u5) in SxQ, (3.4a)
- (Ddiffvug - QEUS n=d on S x Iy, (3.4b)
—(DaigfVus —q-ug) - =0 on S x Tout, (3.4c)
S I ows
—(DgiffVus, — q°ug,) -1 =¢ Z Ok Gtk on S xI?, (3.4d)
k=1
ug(0,2) = uo(x) in (3.4¢)
ows -
208 — (Rp(us) — Klus(wf))  on SxI¥, (3.46)
w§(0,2) = wo(x) on I'? (3.4g)

fori=1,2,....1.

Lemma 3.1. Let the assumptions (i)-(vi) be satisfied and (u§,w§) € ]:I(Qs) X ./\/lf(FE) be
a solution of (P§+). Then us >0 componentwise in S x Qg and ws > 0 componentwise on
S xIe.

Proof. Since p >n+2 and uj(t) € Hl’p(Q;)I, ug(t) € Hl’q(Qg)I for a.e. t €S and conse-

quently we have u§ (t),u%Jr (t) € Hl’q(Qf,)] for a.e. t € S. Testing (3.4a) by —u§ (1), we
obtain

1d 1 5 — —
2dt s H L2(05)! —}-D’HVU(; H _;/Q?)QE~VU5Z, (t)ug, (t)dx
2
—Z/ diué ds+Z/F ¢ i u(; t)’ ds
1 ] out

1

Lok (e

1
) ufg; dog=—Y_ S}_%(ug(t))zug: (t)dx,
i=1

P
1 - NI !
—— | ||us tm —l—DH‘VUE, tH / —d;u
e @ s (D oY A
>0
I - — —
—l—Z/F ¢ -7 uf;z (t) ‘ ds +ZZ£JZ;€/ ( u(;)k,—k:kwg(w(;) )uf;i (t)doy
i=171out i=1k=1

>0 >0



49

1

2 _ _
)‘ e =3 [ SR, (@)

<S5 g

Notethat—z / Zazk o (U§)k — kiabs (w5 )u5 doy =— Z / Zasz u(;)ku5 do,+

2 ID
5, t‘ d:z:+2—/
iz 279

Ze/r Z Uikkkwcg(wg)k.uf;i do, where the second term is non-negative. Due to (3.3), the
) k=1

term —Zijzl QESR(uf;(t))iuf;; (t)dx = 0. This gives
P

ol

Since ug, (0) = u;(0) > 0 for all i. By Gronwall’s inequality it follows ug(t,z) > 0 compo-

2
i | @9

L2@g)’

L2(Q5)T H

nentwise for a.e. in S x Q. To show the positivity of w§, we test (3.4f) by —w§ (t) which
gives

1d.d
5 Z E/ |w5k \Qd% = Z/E (u5 t))kwék (t)doy+ Z/ k‘k% wa)kwak (t)doy,
g™ O ey <2ek§ [ ks us)ps, (1) do.=o0. (3.6)

Since w§(0) > 0, it follows from (3.6) that w§ (t,x) =0, i.e. w§(t,x) >0 for a.e. (t,z)€
SxTe.
UJ

Lemma 3.2. For a given 15 € ]:Z{(Q;), there exists a unique positive global weak solution
wy € ML(T®) of (3.4f)-(3.4g).

Proof. Note that R,(4§) is constant in w§ and v;(.) is Lipschitz in w§, i.e. R(u§,w§) is
Lipschitz continuous w.r.t. wg§. Therefore for any arbitrary « € €, by Picard-Lindelof
theorem there exists a unique local solution w§ € C1(0,T3(x)) of the problem (3.4f)-(3.4g),
where T (z) <T.

For all 1 <4 <1, it can be shown that 4§ € F,(€2) implies a5, € C([0,T] x Qé’;) (for
details see theorem 2.2 in [MB13a]), i.e. @, is continuous and bounded up to the boundary
I'°. Since for all k, R,(@5); is the product of ai5,’s, hence Ry(5) € L®(S x I'¥) Vk =
1,2,...,1. By partial integration we have

f, (1,0 < wo, () + [ [1Fp(5)] + k)l
< lwoy |l pee () + T (11 Rp(5) || e (sre) + k) ¥t and a. (3.7)
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The estimate (3.7) shows that for every = € I'® the solution wj of (3.4f)-(3.4g) exists globally
on [0,7), i.e. Ti(z) =T. Next,

I T
el k

t.x)eSxIe

dt<Ze2p1/ /E{esssup Ry(aS)l? + (k| do dt

<T |r| 712 Z 227 (1| Ry (85) k117 e (55cpe) + (F)P) < 00, (3.8)
From (3.7) and (3.8) it follows that wg,aa—u? € LP(S;LP(F‘?))I_, ie wje Mg(f“?). O

3.1 A-priori estimates

In this section we obtain some L", global in time, a-priori estimates of the solutions uf
and w§ which are independent of €, ¢ and ¢.

3.1.1 Introduction of a Lyapunov Function

Let r € N and ;¥ € R be a solution of the linear system

STy’ = —logK, (3.9)
k!
where K € R’ is the vector of equilibrium constants K; = k—}, related to the J kinetic

J
reactions. Note that all the logarithms considered in this paper are natural logarithms
with base e. Due to assumption (iv), the system (3.9) has a solution p". For i =1,2,..., I,

we define g : R = R, g:R{' =R, f:Rf' 5 Rand F,: L¥(Q5)! = R as

gi(u5,) == (0 — 1+ logu§, Jus, +e' (3.10a)

) Zigz’(ua), (3.10b)

fr(ug) = [g(u3)]" and (3.10c)

Fo(u) = [, (o) (3.10d)
—

Clearly gz(ugz) >(e— 1)67“? >(e—1)e i >0fort=1,2,...,I, which implies g, f,, F, >
0. For an « > 0, there exist a constant C' depending on o and 1Y, but independent of ufgi,
¢ and 0, s. t.

€

Ugs.

Moy (3.11a)

9(u5) > gi(u5,) > u5, and Fy(u5) > |

gi(u5,) < C(1+u5)"+?), g(u5) < C(1+[u5 ) and fr(u5) < C(1+[u5 ;) (3.11b)
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for i =1,2,....,1. Let us consider the derivative (in the classical sense) of f; : Rar ! — R!
which is given as

Afr(ug) = Vugfr(ug)
=r[g(u§)]" " Vugg(u5)
=1 fp1(u5) (1 + logus)

We see that Of.(u5) is undefined for uj = 0 whereas f,_1(u5) is defined for all uj > 0.
Since we only know the nonnegativity of u§, we define, for any 7 > 0,

U, = UG+ T (3.12)

Clearly, u§, >7>0, u§ . € .7-"1{ (€2) and Oy (uj ) is well-defined for all u§ > 0. From here
on we work with the function ugT unless stated otherwise.

Remark 3.1. In [Krill] (see also [MB13a]), it is shown that F, : Lf(ﬂ;)f — R and
ug = 0fr(ug ;) :]-";(Qf,) — L*®(S x QZ)[ are continuous. We will use 0f-(uj,) as a test
function in the weak formulation of (1.14a), see (5.12) in section 5. It can be shown that
Ve (0fr(u5,)) € LIS x Q) and O f(uf ) € LI(S; H1(5))".

From (3.11a) the L"-norm of uj, will be finite if we can obtain an upper bound of
Fy(u3). This is addressed in the next theorem.

3.1.2 A-priori Estimate

The main result of this section is the next theorem:
Theorem 3.1. Let r € N (r > 2) and 0 <t <T. Further assume that (uj,ws) € }}{(Qg) X
M{)(FE) is a solution of (P§+). Then the following inequality holds good:
Fr(u5(t)) < e“PE,(u5(0)) for a.e. t €S, (3.13)
where C' is independent of ui, ws, €, 6 and t but it depends on r.
To prove the above theorem we require the following lemma:

Lemma 3.3. Let p>n+2 and r €N (r>2). Assume that (u§,w§) € FL(€5) x M{;(FE)
is a solution of (P§+). Then the following inequality holds:

t [ Out "
/0 < aea,ﬁfr(u%,7)> df < h(t,7,uj) —i—C/O Fy(u5 ;) do for a.e. teS, (3.14)

where h(t,T, ugﬁ) — 0 asT™—0 fora.e. t, and C is independent of €, 0, T, t, uf;’T and wgﬁ
but it depends on r.
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We use theorem 3.1 to obtain L"-estimates of the solution uj for r > 2.

Corollary 3.1. For any arbitrary solution (u§,w$) € fé(Q;) X M{;(FE) of (P§+), the fol-
lowing estimate holds true:

ouss
up (ggu|us<t>\|rm@z+H|u§r|\mm,g>z+H|Vuzuuz<mgy+|uater(S;HLzmg)*)z

d,e >
I T I T
+52//|w§k|pdaxdt—l—ez//
=170 JI*¢ k=170 JI*

where C' is independent of €, 0, uz, ws and t but it depends on r and p.

ows
Ot

k

P
doy dt) < C < o0, (3.15)

Just to get to the main results of this paper the proofs of theorem 3.1, lemma 3.3 and
corollary 3.1 are postponed for the moment and will be given in appendix.

Corollary 3.2. Let r € N and the assumptions (i) - (vi) be satisfied. Then there exists a
constant C independent of us,w§ and t such that any arbitrary solution (u5,w§) € fé(Q;) X

M{; of (P§+) satisfies the following estimate

|||U<ES|||]-'Z{(Q§) <C. (3.16)

Proof. We reformulate (3.4a) - (3.4e) as

£

ot +Aug = fbound(ug) + freac(ug)a (3.17&)
us(0,2) = uo(x), (3.17b)
where fbound(ug)i = Qz?n(_d)i+52£;:1 o Rre (Ufs, wg)ka Rre (uf;, wg)k = afk and freac(ug)i =

SR(u§); — ¢ - Vug. Set f(u5) = foouna(u§) + freac(ug). The operator A : HP Qo) —
H9(05)*" is defined by

Aug = (Ayug,, Agug,, ..., Arug, ), (3.18a)
(A, 0i) = /Q _DVuj,-Vipida+ /F (— G - 7)us, i ds, (3.18)
P in

for uy € H 1’1’(9; ToeH 17‘1(92)1. The operator A has maximal (parabolic) regular-

ity on Hl’q(Q}i)*I, cf. [RDRO09, CL94]. From lemma 5.15 in [RDRO09], it follows that
I

Q?n(—d)i, € Z ok Rre (u§, w§)g € Lp(S;Hl’q(Q;)*) which gives fpound € Lp(S;Hl’q(Qg)*)I.
k=1

Moreover, it can be seen that freqc(u5) € LP(S; HM4(Q5)*)! and, by assumption (iii), we



93
have ug € X! (€25). Therefore, by Theorem 2.5 in [PS01], the solution u5 of (3.17a) - (3.17b)
in ]—}{ (€2;) satisfies

114§l =) < C (ol Lz az) + 111 Logsiznagyyr ) < C < s,

where C' is independent of ¢,u5 and w;. [

3.1.3 Existence of solution of (P§+)

We employ Schaefer’s fixed point theorem to prove the existence of solution of (P§+). Let
(i)-(vi) hold. We define an operator Z : fé(ﬂ;) — ]:1{(9187) by u§ := Z(15), where uj is the
solution of

ous 5 _
5;6 — V- (DyipfVi§ — Fu5) = SR(a5) in x5, (3.19)
— (DdszVu(; — qaué) =0 on SxTou, (3.19¢)

5 I ows
— (DdiffVuf;i - qsugi) H=e) o 8tk on S xI*, (3.19d)
k=1
u5(0,7) = up(z) in Q, (3.19¢)

811)6 ~E € D (AE € €
8t6 = R(it§, w§) = (Rp(i5) — k™s(w§)) on SxI¢,  (3.19f)

ws(0,2) = wo(x) on I'°, (3.19g)

for i =1,2,...,1. Note that for a given 4§ € ]:Zf(QZ), w§ is the solution of (3.19f)-(3.19g)

(see Lemma 3.2). Every fixed point of Z is a solution of (P§+). Let us verify that Z is
well defined. The abstract formulation of (3.19a)-(3.19¢) is given by

ous

ot

+ Au% = fbound(u%> + freac(u%)a (3.20&)
where the terms fpound, freac and the operator A are defined in the same way as in corollary
3.2. Following the arguments of Corollary 3.2 there exists a unique u§ € }"pl (€2;) which
solves (3.20a)-(3.20b). Thus Z is well defined. The same steps show that Z is continuous
and compact, cf. [MB14].

Lemma 3.4. There exists a positive global weak solution (u§,w§) € .7:]{(9;) X Mg(FE) of

+

(F5 )

Proof. We employ Schaefer’s fixed point theorem. From section 3.1.3 (i.e. from the exis-
tence of solution of (P§+)) it is clear that the operator Z is continuous and compact. It
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remains to check that the set {u5 € ]—“I{(Q;) :3IX€[0,1] s.t. uy = AZ(uj)} is bounded, i.e.,
we need to obtain an estimate of the solution of

g
au(;

50~V (DaigfVus—gius) = ASR(u), (3.21)
! ows
where initial and boundary values ug, d and ¢ Z Oik 8tk are replaced by Aug, Ad and

k=1
! ows
A Z Oik 8tk , respectively. Clearly the estimates in section 3.1.2, derived for A =1, hold
k=1
for 0 <A< 1. Thus Z has a fixed point, i.e. there exists a solution u§ of (3.2a)-(3.2e).

This implies that (P§+) has a solution (uj,w§) € .7:1{(91‘2) X Mg(f‘s).

]

Hence, we have shown that (P§+) has a positive global weak solution in ]-'I{ () x
/\/III,(FE ). Since the solution of (P§+) is nonnegative, it also solves the problem (FP5). This
finally implies the existence of a global positive weak solution (u§,w§) € F(Q5) x MI(T¢)
of (P5).

Lemma 3.5. There exists a unique positive global weak solution (u®,w*®,z%) of the following

problem (P?) in FL(Q5) x MI(I) x NL(T#):

ou® - _
T V- (DgirfVu© —q¢u®) = SR(u) in S %, (3.22a)
— (Ddz‘ffvus - q%us) =d on S x Tip, (3.22D)
— (DaifrVus = ) i =0 on §xTou,  (3.22¢)
- I ows,
—(Dgif Vi —q°us) ~ﬁ:520ika—t’f on S xI'¢, (3.22d)
k=1
u(0,2) = up(z) in Q, (3.22¢)
g
8;; = R(u°,w®) = (Rp(us) — kdze) on SxTI*¢, (3.22f)
25 € P(w®) on SxTI*¢, (3.22¢g)
w(0,2) = wo(z) on I, (3.22h)

fori=1,2,....1. Moreover, the solution (u®,w®,z%) satisfies

13
ou;

il 2oy xa5) TV Uil 20,2y <) + 15 20y 295y + 1wkl oo,y e

ows,
atk||Lp((o,T)xre) < C < o0, (3.23)

+]

forallr €N, foralli=1,2,....I and for all k=1,2,...,I and the constant C' is independent
of 0, € and t.
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Proof. We divide the whole proof in to three steps.

Step 1: With the help of weak convergence, the bounds in (3.22h) follows from the
estimate (3.15) and theorem 4.6 in [MB13b]. Also by corollary 3.1 and corollary 4 in
[Sim86], we have

ui — u° strongly in LQ((O,T);L2(QZ))I and (3.24)
uj — u® strongly in [LQ((O,T);HS’Q(Q;)) ﬂC([O,T];H_S’Q(Q;))]I (3.25)

as 0 — 0 for any 0 < s < 1. By trace theorem 8.7 in [W1o87], we get the strong convergence

of uj to u® in LQ(S;HS_%(I‘E))I for 0 < s < 1. Now we follow the similar arguments given
in theorem 2.21 of [vDP04] to obtain the equations (3.22a)-(3.22h).

Step 2. In step 1 we have shown that a triple (u®, w®, 2%) x }"QI(Q;) NL"((0,7T); LT(Q;))I X
ME(T) x NL(T#) solves (P?). As shown in corollary 3.1, it can be proved that w?, %—“f €

LP((0,T); LP(I'¥))!. Next the reformulation of (3.22a)-(3.22e) is

ouf

ot + Auf = fbound(us) + freac<u5>7 (3.26&)

u®(0,2) = ugp(x), (3.26b)

where fpound(u®), freac(u®) and the operator A are defined as in corollary 3.2. A has maxi-
mal parabolic regularity on [HLq(QZ)*]I and foound, freac € LP((0,T); Hl’q(Qf,)*)I. Proceed-
ing with the similar arguments as that of corollary 3.2, we obtain a solution u® € ]-"If (Q;)
of (3.26a)-(3.26b) which satisfies the estimate of type (3.23). Therefore we obtain the
existence of a global positive weak solution (u®,w®,z2%) € Fé(ﬂ;) OLT((O,T);LT(QZ))[ X
M%) x NL(T¢) of the problem (P?).

Step 3. Uniqueness: Now we show the uniqueness of solution of (P¢). We first consider
the reaction rate term on I'* which is R(u®,w®) = (R(u®,w®)1),<x<j- By lemma 3.4 (u*,w®)
is a nonnegative solution of (P¢) in componentwise sense. Clearly, uj — R(u®,w®) is
monotonically increasing and wj, — R(u®,w®)}, is monotonically decreasing by definition.
For a 0 > 0 we define two functions ¢ and ® as

—x—é if x < —9,
2
2

O5(x) = ”;ié if —§<ux<d, (3.27a)

x—g ifx>96

and
-1 ifx <—9,
5(1) == % if —5<z<3, (3.27b)
1 ifx>d
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such that % = @;(x) = ¢s(x). On the contrary, let (uj,wi,z7) and (u5,ws,z5) be the
solution of (3.22a)-(3.22h) such that uj(0) = u5(0) and wi(0) = w5(0). Set u® :=uj —uj
and w*® := w] —w§5. We substract the equation satisfied by (uj,w§,z]) with the equation
satisfied by (u$, w5, 25) and consider the scalar system then

T B
8“ — V- (Daif Vit — i) = SR(uf)i — SR(us)i in S x5, (3.28a)
— (Daif Vs —¢u5) =0 on S x Ty, (3.28b)
— (Daig Vs =5 =0 on §x Loy, (3.28¢)
i _
- owe
— (Daigs Vi =) -Ti= Y ou 5k on §xI¥, (3.284)
k=1

u; (0,7) =0 in Q, (3.28¢)

O _ } _ ) ]

5 = Lp(ui)k = Bp(ug)e — {Ra(wi)y — Ra(w3)r}]  on §xI%,
(3.28f)
wg(0,2) =0 on I'". (3.28¢g)

For a.e. t, uf(t) € HMP(Q5) and ¢5(us(t)) € HYP(Q5). We test (3.28a) with ¢g(ag(t))
and (3.28f) by e¢s(w;,(t)) and, the addition of resulting two equations will yield

// Zcb(s dmd9+52//sawk ?)dog do
+//"Dvm (5(a)) dar df = / /q Y (s(@))iEE dardB

+/ /a(SR( —SR(u3);) ¢s(us ) do db

. Z / — Ra(wi))i — (Rp(u§) — Ra(wh)) 1} (osus (i5) — b5 (w})) do db.
(3.29)

We simplyfy each term in (3.29) one by one.

(@) dwdt = lim. [ w/®5 )da df

:hm[/scbg(ui(,x))dx /%( £(0,)) da]

6—0°JO

lim I} = li
550 0 51—% 0 Jos 00

4]
Note that |®g(u;)| < |u;|+ 3 and @5 (t) € L*(€2), then by Lebesgue dominated convergence
theorem
li I} = /Q |uf(t,x)|dx—/% 1@5(0,2)| dz = /Q 1@ (t,2)| dz, since @(0,2) =0.  (3.30)



57

By similar techniques, it gives

hmI(;:hm// awk =V doy df = /|wk )| dow — /\wi(O)\dam:/ Wi (t,2)| do.
0—0 6—0 € e Te
(3.31)
hmI(;—%lrr(l)D// ¢5 )| Vus |>dzdf > 0, since (b(;( 5) > 0. (3.32)
— e
%11]%]5—// G-V (6s(@))ias drdd <0, by (1.4) and (3.27). (3.33)
%

t
€Y. €Y. 7€
lim I3 =lim || {SR(ui)i— SR(u3)i}os(u;) dedf

t
g%imzmj\// | R(ui); — R(u3);]|5 ()| d df
—0 =1 0 JQ3

Each term in the expansion of R(uf); — R(u3); yields a factor uj, —uj, whereas the rest
of terms are bounded in L>°((0,7") x €2) by theorem 2.2 in [MB13a] and |[s;;| < 1n<1a<xj|sij|.
(3

i<j<J
This gives
t

lim I < C/ / lu§. —u§, | dx df. (3.34)

5—0 0 Jog :
We exploit the monotone property of R(u®,w®); to show that %ir% [(? =

—
lim e Z / LA (u) = Ra(wi))i — (Bp(u3) — Ra(ws) k Hoiwds (45) — ds(wh)} dow dff > 0,
(3.35)

see [vNPRO7] for details. We combine all the equations (3.29)-(3.35), we obtain

I t
/ \u‘i—u%de—i—EZ/ |wi—w§ildam§0// juf, — w5, | dado. (3.36)
Qs = Jre 0 Jag

By Gronwall’s inequality uj = u5 a.e. in (0,7) x Q; and wi = w5 a.e. in (0,7) x I'*.
In other words, we have shown the existence of a unique positive global weak solution
(uf,we, 2%) € ]:]f(Q;) X MZ])(FE) x NL(T¢) of the problem (P?) which satisfies the estimate
(3.23). [

4 Proof of theorem 2.2

This section is dedicated to the homogenization of (P¢) where we obtain the limit problem
(macro problem) as € — 0.
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4.1 ¢ independent a-priori estimates

Our point of departure is the following lemma from Meirmanov and Zimin (cf. theorem
2.1[MZ11]):

Lemma 4.1. Let (¢f) be a bounded sequence in L>((0,T); L*(Q2)) N L*((0,T); H2(Q))
and weakly convergent in L*((0,T); L>(Q))NL2((0,T); HY2(Q)) to a function c. Suppose
further that the sequence (X‘f%ce) is bounded in L*((0,T); H2(Q)*). Then the sequence
(¢?) is strongly convergent to the function c in L*((0,T); L?(2)).

Let @°(t,.) denote the extension of u®(¢,.) in to all of Q2 s.t. @|qs = u®. However, for
sake of notation, we denote the extended function also by u°.

Lemma 4.2. Let r € N (r > 2) and the solution u® of (P¢) be extended in to all of S x €.
Then there exists a positive constant C' independent of € such that the following estimate
hold true:

ou’

I 251201

<0 < o0. (4.1)

XS

Slilg ’HUEH‘LOO(S;LT(Q))I + ’HUEHlU(S;LT(Q))I + |Hvu€mL2(S;L2(Q))I + H
3

Proof. This follows directly from the estimate (3.23), lemma 5.2 and some scaling argu-
ments, for details see [MB13b]. O

Lemma 4.3. Let (u®) satisfies the estimates (4.1). Then there exists a function u €
L2((0,T); HY2(Q))! and a function u' € L2((0,T) x Q; HL2(Y)/R)! such that up to a sub-

per
sequence, still denoted by same subscript, the following convergence results hold:

(1) (u¥) is weakly convergent to w in L*((0,T); H»*(Q))L.
(i1) (uf) is strongly convergent to u in L*((0,T); L*(Q))L.
(ii1) (u®) and (V,uf) are two-scale convergent to u and Vyu+ Vyu® in

the sense of (5.8) respectively.

Proof. The proof follows from the estimate (4.1) and lemmas 5.5, 5.6 and 5.7. O

Lemma 4.4. The weak limit u belongs to L"(S x Q)1.

I €

, (uf) is strongly convergent
!/

to u; in L?(S;L*(Q)) for all 4 =1,2,...,1. There exists a subsequence (u? )./~ Which is
pointwise convergent to u almost everywhere in S x € (see corollary on page 53 in [Yos70]),
i.e.,

Proof. Since (uf) is strongly convergent to u in L?(S;L%(Q))

lim u; (¢,2) = u;(t,x) a.e. (t,z) € S x . (4.2)
e =0
Using this pointwise convergence and L"-estimate of uf, it follows that ||u;||rr(sxq) <
00. [
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Lemma 4.5. The source term (SR(uf)) is strongly convergent to SR(u) in L?(S x Q).

Proof. The strong convergence of (u°) and L"-estimates of u® and u lead to the conclusion.
O

Lemma 4.6. Let (w®) satisfies (3.23), the following convergence results hold:

(1) (wF) is two-scale convergent to w in L*((0,T) x Q x F)j.

w
(17) (8@06) is two-scale convergent to %;U in L*((0,T) x Q x F)I_.
(i17) (2) is two-scale convergent to z in L*((0,T) x Q x F)f.

T
Proof. Note that from (3.23) it follows that 5/0 /re 2|2 doy dt < |25 |2Loo((0’T)><Fs) e|le|T =

Q
T| |ZI§H%OO((0,T)xF6) |F|||Y|| < 00. From this and lemma 5.8, the convergence results follow in

the sense (5.9). O

T
We notice that the assumption (v) implies / /Q |¢°|P dx dt < sup ||q3||pm(SXQ) T Q| <
0 5 e>0

oo. Let st be extension of ¢¢ defined as follows:

g — ¢ in SxQ,,
0 in S x5

For the sake of brevity, we still denote the extension of ¢¢ by ¢¢. We see that the extended
velocity is bounded in LP(S x Q), hence in L?(S x Q). Therefore ¢¢ is two-scale convergent
to the limit ¢ in L?(S x 2 xY) and weakly convergent to ¢ = [y ¢idy in L?(S x Q).
We use the convergence of u¢ and ¢¢ to show that q_éuf two-scale converges to qju; for
each i =1,2,...,1. This means that the unfolded sequence T¢tus = T Tus is weakly
convergent. Let ¢ € C§°(S x Q;C90.(Y)), then

per

E_é < g o .
'/S/Q/Y'Tunzﬁﬁdxdydt /S/Q/chuz(pdxdydt‘

< T2 xoen| 91l (s 17205 = willpagser) + | [, [, [ (756 = di)uipdodyds
—0ase—0. (4.3)

We have used the weak convergence of T¢¢ to ¢i, strong convergence of Teu§ to u; and
the norm preserving property of 7¢, i.e. ||T€q_é||L2(S><Q><Y) = ||q_é||L2(SXQ). From (4.3) it
follows that qu%TEuf is weakly convergent to giu;. This gives the two-scale convergence
of q%uf to qiu;.
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Next we focus on the nonlinear rate term on I'°. We use the similar method as shown in
[MP08, FM12]. Let 7 : L?(S x ') — L*(S x 2 x I') be the boundary unfolding operator
defined as

Ty wi(t,x,y) = wi(t,e [ﬂ +ey), forevery (t,z,y) € SxQxTI.
€

We apply 77 to (3.22f)-(3.22h) which gives

75 (%) v = i e[ ] e = 5 (wite [ ] o)
0

— T (k)

and,
Ty (Rp(u ), = kiizp) = Rp(Ty ) — kil Ty 2 and Ty 2f, € (T wq)-

By definition of v,

if wi <0,
P(wp) = §0<(wg) <1 if wy =0,
1 if wj, > 0.
Via the substitution z — ¢ { ] + ey, we obtain
0 if Tywi <0,
D(Tywp) =Ty(wy) = 0<P(Trwy) <1 if Tywj, =0,
1 if Ty wi, >0,

i.e. T2® € Y(Tywy). Therefore the unfolded ODE system is

g'ﬁfw,i Ry(TEuf ) — kTE 2 in (0,T)x QxT, (4.4a)
Ty 25 € Y(Tywy) in (0,T)xQxT, (4.4D)
Ty (wi)(0,2,y) = wo, (2,y) on QxT. (4.4c)

for k=1,2,...,I. We show in lemma that (7u$) is strongly convergent to u; in L2(S x
1 xT'). This implies that 7, u§ is pointwise convergent to u; in S x Q xI'. Since |T;ui| <
S Ty Bp(u®)i| = [Rp(Tyul)| = Ty ui Ty ug| < W Then by dominated convergence
theorem for LP spaces it follows that ||7,"Ry(u®)r — Rp(w)k||2(sxaxr) — 0 as € — 0. This
gives the weak convergence of 77 R),(u®);, and hence, the two-scale convergence of R, (u®)j

to Rp(u)p.

Lemma 4.7. The sequence (TFuf) is strongly convergent in L?(S x Q x T')L.
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Proof. We use the arguments of Lemma 3.5 to obtain the strong convergence of u$ to u;
in L2(S;HS*%(I’E)) for 0 <s < %, i.e. in L2(S; L?(I'%)) for s = % Thus by norm preserving
property

2 2
[Ty u® UHL2 SxQxT)! ZHTﬁ —uill72(sx0xT) :ZHuze'_uiHLQ(SXFE) —0ase =0,
i.e. Tfuf is strongly convergent to u in L(S x Q x . ]

4.2 Passage to the limit as ¢ — 0

Lemma 4.8. The limit function (w,z) € H“P((0,T); LP(2 x F)) x L>°((0,7) x  x F)[_
satisfies the homogenized problem

68“2’“ = R(u)y, — kiz, in (0,T)xQxT, (4.5a)
2 € P(w)g in (0,T)xQxT, (4.5b)
wy(0,2,y) = wo, (x,y) on QxT. (4.5¢)

fork=1,2,..,1.

Proof. Passing the two-scale limit in (3.22f) is straightforward whereas (3.22g) will require
special attention. Below we will show that (3.22g) reduces to a similar form as ¢ — 0.
The limit problem will be obtained by using lemmas 4.6 and 4.7. Testing (3.22f) by

¢ € C5°((0,T) x Q;C.(Y))!, we obtain

per

I
(t,
the/ /ank ?) ,g)daxdt

I T T
Ezj (hm 5/ / Wit )dam dt — ki lim 5/0 /F z,§¢k(t,x,€)damdt> ,

e—0

! 3wk(t,x,y)
kz_:l/o /Q/FTm(t,x,y)dxdaydt

= é (/OT/Q/FRp(U)kQSk(ta%y)dxdaydt_k‘lccl/OT/Q/FZk(t,x,y)qbk(t,x,y)dwdaydt> ,
/OT /Q /F<87“U(gf’y),¢(t,x,y>>d:cdaydt= /O : /Q /F (R(u,w), ¢(t,,y)) dudoy dt. (4.6)

Since (TFw?) is strongly convergent to w in L?(S x Q x F)I_ , it is pointwise convergent to w
almost everywhere in S x Q x I, i.e. lir%TbE f=wa.e. in SxQxI. As Tyw® >0, w>0.
E—r

We have two different cases.
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Case 1: Let w > 0.
Then for any 7 > 0 there exists a 0 > 0 such that |¢| < = |TFw® —w| <n. We choose

n= ‘w| =g then [e] <6 = Tyw® > 5. By definition of ¥, we have 7,7 2® = 1 which implies
z= 1 due to weak convergence.

Case 2: Let w=0. B

Note that % € LP(S xT%)L. For a test function ¢ € C§(S x Q), we obtain

s

Since ¢ is arbitrary, % =0, ie. E(Tsws) A0 in L2(S x Q2 xT). Then

I e N N K B

We make ¢ — 0,

///ngdmdaydt /// — k2 pddoy, dt, (4.7)

which leads to R(u) =z and 0 < 2 <1 when w=0 on I'. Since wq, € LP(Q), T;wo, is
strongly convergent to some wyp, (using the same notation) in LP(€2 x I'). Therefore for
k=1,2,....,1, the limit problem is

dt = — //w/,€ SDda:calt—>0ascs‘—>0 since the limit wy, = 0.

aalik = Ry(u) — ki zp in (0,T)xQxT, (4.8a)

2k € @D(w)k in (O,T) x QxT, (4.8b)
wy(0,2,y) = wo, (x,y) on QxT. (4.8¢)
[

We use following lemma from [MZ11] for the homogenization of (1.14a)-(1.14e):
Lemma 4.9. Let a;(y) for j=1,2,...,n be the Y — periodic solution of the integral identity

T
/O /Q/Yp(ej—l—vyaj(y))~Vy¢1idxdydt:(), (4.9)

and ag(t,z,y) be the solution to the integral identity

T
L] @+ Vy00)- 9,0, dwdyat =o, (4.10)
for any Y — periodic smooth function ¢1. Then the function
" Ou;(t,x
ub(e.y.t) = 3 20D 0 4) 1 ag. g ut.a) + (o)

j=1 63:]-

satisfies

T
) 1 — e . —
/O /Q Yp(Ddiff(VUz‘i‘Vyui) widt) - Vyou, dudydt = 0. (4.11)
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Note that ¢;(.) in the expression for u} is a function of x only, however, without loss of
generality we can assume that ¢;(z) =0 for each i = 1,2,...,]. We now let ¢ — 0 in (3.22&).
Let us choose the functions ¢g € C§°((0,T) x Q) and ¢ € C§((0,T) x ;0. (Y))!. Set

per

o(t,x, T) = ¢o(t,z) +e1(t, @, ) € C°((0,T) x Q;Cp5. (Y )L, Using ¢ as test function in
the weak formulation of (3.22a), we get

LT [ ous I .7 )
Z/o <8tl’¢i> dt+Z/0 /Q,, (Ddz’ffvuf —qfu;?) Vidxdt
i=1 =1 €

owy, T N
+ g EJZk/ / ¢idoy dt = 51/0 (SR(u);, ¢;) dt,
ie.,

]time+]diff+]bound = Ireac; (4'12)

where

Liime = Z / < ,¢l> (4.13a)

Luips = Z /0 /Q (Daig Vs — ) Vi dadt, (4.13b)

yound = Zsazk / / Ok 4 doy dt. (4.13¢)

Treac = Z / (SR(uE)i, ) dt. (4.13d)
=170

Now we pass to the two-scale limit in each term separately. We have
;i_r)r(l)[time: ;1_1% Z/ /X < u;, ¢Z> dodt = — Z/ // <uz, >dxdydt
(4.14)

and by (4.13d)

lin Jyeqe = lim / / X ( ), o) da dt = / / / w), o) da dydt.

(4.15)
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Next,
lim Lig =lim Z/ / (DVUE — Fus) (Vo, + Vo1, +eVy,) dudt

=lim Z/ / ( ) DVu; — ¢ u$) (Voo, + Vyér,) dedt

e—0

+limaz/ / ( ) (DY — Ful) Vi, dz dt

e—0
1=

=0

I
:i_z:l/oT/Q/YX(y) (D (Vuz'+Vyu}) _Uiq_i) (Voo, + Vyo1,) dedydt  (4.16)

Again,
I I T Ows
gii)%]bound = izzllglazkgg%g/ /P8 aitkqbzdo-xdt
I I T r ows
_ k k
_ ;;akhmg/ . at o, daxdt+zzllglazk;%5/ [ Skovdosdt

=0

- ZZ k,/ //a“”quo dzdo, dt

i=1k=1

/ //< gb0>dxdoydt (4.17)

Combining (4.12), (4.14), (4.15), (4.16) and (4.17), we obtain
v (Gon) "
Hl 2( )*]IX[HI,Z(Q)]I
Z / / / (Vg + Vyul) —widi) (Voo, + Vyér,) dudydt

/ //< ’¢0> dwdaydt_ |yp|/ SR ) ¢0> [HL2(Q)] x [HL2(Q)]] dt. (4.18)

We decouple the equation (4.18) to achieve the homogenized equation and the Cell-
Problem. Setting ¢p = 0, the equation (4.18) reduces to

Z/ //yp v“ﬁvy“) “z‘ffl)'Vy%dwdydt:O, (4.19)
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We set ¢y = D/vayao dy. Now setting ¢1 =0, then (4.18) reduces to

p|/< ¢o>dt+2/ //w (Vui+ Vyul ) = wih) Voo, da dyddt
L i s

/0 <8u,¢0> dH—Z/ //}/pnfa(vui+vyug)v¢oidwdydt

_WZ/ // w1 Voo, dx dydt

_/ (SR(u), o) d |Yp‘/ //< ,¢0>d:cdaydt. (4.20)

- )

Substituting u (z,y,t) (y) + ao(z,y,t)u;(t,x), for i =1,2,....1, in (4.20)

leaves

/OT <?;’¢O> dt+i/()T/(z/)/p |YDP| (vui+i1§:;;vyaj +Vya0ui) Vo, dz dy dt
=
|Yp’2/ // ui 1V ¢o, dx dy dt
_/ (SR(u), do) t_|Yp\/ //< ,¢0> dadory dt,
/0 < ’¢O> dHZ/ / Z (\yp| <]l+&;’> dy) gz; %Q;OZ dr dt
YP|Z/ / VP (@1 — DV yao)u;V o, dv dy dt
s )
/OT<U,¢0> dt+Z/ /PVU@-V%idIdt—@Z/T/(i—q’o)uiV%idxdt

_/ (SR(u), o) d Yp\/ //< 8t,¢0>dxdaydt (4.21)

where P = (p;;). . is a positive definite second order symmetric tensor whose compo-
T1<i<n

1<I<n
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nents are given by

D 0(1]' .
il _/YP|YP| <5ﬂ+3yl> dy for j,1=1,2,...,n. (4.22)

Therefore the strong form of the homogenized equation is

(?;Z—V (Pvu—wljﬂ(q*— cfo)u> R(u) |Yp|/ Srdoin (0.7) <, (4.23)
— (PVu — |Y1m<(j_ %)u) n=d on (0,7)xTip, (4.23b)

— <PVu—|— @Jgu) =0 on  (0,T) x Tout, (4.23¢)

u(0,2) = up(z) in (4.23d)

%1: = R(u) — k%2 in  (0,7)xQxTD, (4.23¢)

z € P(w) in  (0,T)xQxT, (4.23f)

w(0,z,y) = wo(x,y) on QxT. (4.23g)

Lemma 4.10. There exists a unique positive global weak solution (u,w,z) € F]{(Q) N
L(S x ) x MET) x NL(T) of the problem (4.23a)-(4.23).

Proof. We have shown in lemma 4.8 that (w,z) € /\/lg(F) x NL(T) solves (4.23¢)-(4.23g).
Again to show that u € ]-";(Q) NL"(S x Q) solves (4.23a)-(4.23d) for (w,z) € M;)(F) X
NL(I), we take the abstract formulation of (4.23a)-(4.23g) and proceed as as in step 2 of

lemma 3.5. The uniqueness can be shown by the same arguments as in lemma 3.5. This
terminates the proof. O
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5 Appendix

Lemma 5.1 (Schaefer’s fixed point theorem, cf. theorem 9.2.2.4 in [Eva98|). Let X be
Banach space. Assume that Z: X — X is a continuous and compact mapping and the set

{ue XN e [0,1]:u=AZ(u)}

is bounded. Then Z has a fixzed point.

Lemma 5.2 (Extension theorem, cf. [MB13b]). Let 1 <p,q < oo. There exists a bounded
linear (extension) operator EF : Lq((O,T);HLp(QZ)) — LI((0,T); H'P(Q)) such that for all
u® € Lq((O,T);Hl’p(QIE,)) following estimate holds:

E“W | a0,y 0 () < Cllu [ Laqo.1); 110 (03)) (5.1)

where C' is independent of € and u®.
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Lemma 5.3 (Trace theorem on I'¢; cf. lemma 2.7.2 in [NR92|). Let 1 <p < oco. There
exists a bounded linear operator T¢ : H'?(Q) — LP(T'®) such that

(1) T*u® :=u’|pe foru® € Hl’p(Q;) F‘IC(Q;), (5.2)

(17) 5/PE |T*u|Pdo, < C (/QE |u® P dx + P /Q6 |qu|pdx> ) (5.3)
P P

where C' is independent of € and u®.

Lemma 5.4 (Boundary trace inequality for Q). Let Q, QF and 8Q (C'-boundary) be
defined as in section 1.1 and p,r,q and n be chosen as in theorem 6.3 in [Aucl//. For
u® € Hl’r(Qé), there exists a constant C' independent of € and u® such that

JoluePs <O [ e p O g 190, (54)

where C1,Cy are the constants independent of €.

Proof. By extension theorem there exists an operator P : H'"(Q5) — H'"(Q) such that
Puflag = u®; [|PVU]|pr ) < C[|Vud|[rr o) and ||PU€||LT < C'[|v]|zr(qg), where C' is
mdependent of e. We stlll denote the extenswn Pu® by u® we then have by theorem 6.3 in
[Aucl4]

| s <O [ de+p Co llaf] o) 197 1 o

<[ P arsp Iy ||w€|rm;>).

Similarly by theorem 6.3 in [Aucl4] and a scaling argument it can be shown that

e/ [uf| do, < C'/ €| da + 4 Cy, ()\ 62/ ]VUEPdJc—i—A)\/ ]u€|6dx>, (5.5)
re O3 O3 93

where C, Cy, are finite and independent of ¢ and u®.

Definition 5.1. (Mazximal LP-regularity) Let 1 < p < oo, X be a Banach space and A :

D(A) (i> X — X be a closed, not necessarily bounded, operator. The operator A is said
to have the mazimal (parabolic) LP-reqularity property if for every f € LP((0,T);X), there
exists a unique solution u € LP((0,T); D(A))NHP((0,T); X) of

Ou+Au=f forae. t, u(0)=0, (5.6)
which satisfies

||UtHLp((0,T);X)+HUHLP((0,T);D(A)) < CHfHL:v((o,T);X)v (5.7)

where C > 0 s a constant.
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Let A= (A, As,..., A7) : D(A) — X1 then A is said to have the maximal regularity
on X7 if each A; has maximal regularity on X, where i =1,2,..., . For a detailed overview

on maximal regularity, we refer the interested readers to [ACFP07], [Mon09], [Prii02],
[RDR09], [KWO04] and references therein.

5.1 Two-scale convergence

Definition 5.2. A sequence of functions (u®) in LP((0,7) x Q) is said to be two-scale
convergent to a limit u € LP((0,T) xQ xY) if

T T
lim/o /Que(t,x)gzﬁ(t,x,g)d:vdt:/o /Q/Yu(t,x,y) o(t,z,y)dedtdy (5.8)

e—0
for all ¢ € L9((0,T) x ; Cper(Y)).

Definition 5.3 ([ADH96, NR96]). Let 1 <p < oo. A sequence (u®) in LP((0,7) x I'?) is
said to be two-scale convergent to a limit uw € LP((0,T) x Q x T') if

lim e/OT/EuE(t,x)gb(t,x,i)damdt:/()T/Q/Fu(t,x,y)gb(t,x,y) dxdydt (5.9)

e—0
for all ¢ € C([0,T] x Q; Cper (Y)).
Lemma 5.5. For every bounded sequence (u®) in LP(S x Q) there exists a subsequence (u®)
(still denoted by same symbol) and a u € LP((0,T) x Q xY") such that u® =
Lemma 5.6. Let (u®) be strongly convergent to u € LP((0,T) x Q2), then u® 2wy, where
ur(t,z,y) = u(t,x).
Lemma 5.7. Let (uf) be a sequence in LP((0,T); HP(Q)) such that u = in LP((0,T); H'P(Q)).

Then uf 2 u and there exists a subsequence (u®), still denoted by same symbol, and an

up € LP((0,T) x Qi HYP(Y)) such that ¥V uf N Vau+Vyuy.

per

Lemma 5.8. Let (u®) be a sequence in LP((0,T) x I'?) such that

T
g/o /F W (t, )P dog dt < C, (5.10)

where C' is independent of €. Then there exists a subsequence (u®) (still denoted by same
symbol) and a two-scale limit uw € LP((0,T) x Q xI') such that u® 2w in the sense of (5.9).

5.2 Periodic unfolding
Let u® € L"(€2), 1 <r < co. We define the unfolding operator 7¢: L"(Q2) - L"(2 xY') as

Teu(x,y) = u® (t°(x,y)) for zeYFcQ (5.11a)
Teu (z,y) = u®(x) for Y¥NoQ#0. (5.11Db)
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where t*(z,y) = ¢ [ } + ey, [s] being the lower integer part of s.
We note that the unfolding operator 7° transforms a single variable function w on €2 into
a two-variable function 7%u® on Q XY, s.t. v (z) =T°u® (v, 2 —¢ [g ), cf. [CDG02, CDZ06].

Lemma 5.9. Let (u) be a bounded sequence in LP((0,T) x §2). Then the following state-
ments are equivalent:
(a) (TCuf) weakly converges to w in LP((0,T) x Q2 xY).

(b) (u®) two-scale converges to u in the sense of (5.9).

In the similar way we can define the boundary unfolding operator 7,7 : L"((0,7) xI'*) —
L™((0,7) x 2 xTI), cf. [CDGO8, CDZ06]. Some basic properties of periodic unfolding
and its relation to the two-scale convergence are summarized, e.g., in Lemma 5.1 and
Theorem 5.3 in [FS12]. Further information about unfolding operators and applications
to homogenization can be found in [FS12, Fral0, CDD"12]. Now we are going to give the
proofs of theorem 3.1, lemma 3.3 and corollary 3.1. We first begin with the proof of lemma
3.3.

5.3 Proof of lemma 3.3:

Forp>n+2, uj € L>(Sx Q;)I (by theorem 2.2 in [MB13al) and 0 (u§ ) € L%(S; Hl’q(Q;))I
(see remark 3.1). Using 0f;(u§ ;) in the weak formulation of (3.2a), we get

t
/ <8u5 Ofr(uj,))df := ]é;}f+]C(Lil)vec+],§2md—l—],§e)ac for a.e. te€ S, (5.12)
where
s 9
I8 = Z// DV 5, Vo (0, (5 ) dirdf) = — Zuzl/ /5 T (005 ),
(5.13a)
® ~ |
Iuna = Z N U5 )0 (5 )i dsdo szlkzl [ ouZobot, s, oo o,
(5.13b)
I
I(gil)vec ::_Z/ /Eq_é'vugi af?”<u§,7)2dxd07 (5.13c)
0 = / (SR(u5), 0, (u§..)) dx db. (5.13d)

bound® ~advec

Now we estimate the r.h.s. of (5.12). The idea to estimate the terms Ic(li'}fa i

and I{l). is similar to the one shown in [MB13a]. To begin with

I
1.<rey [ 7
i:zl 0 JQf

[,ug +T1Q| [log 7| +ugﬂ] drdf =:h(t,7,u5,) foraec tes,
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where C' is independent of ¢, 6, 7, u§5_, wj. and all the other terms of h(t,, UE,T) are
bounded and tend to zero as 7 — 0 for a.e. t, i.e.

13 <h(t,7u5,) =>0as7—0 forae teS. (5.14)

reac

advec = _Z/ / (] afr(U(ST))Z, dz df
A [ Vol (i) drdd
/ / fr u(;T)q -fidsdf, by (1.3) —(1.4) and f,(uj,) > 0.

Lo t
< ‘ G nHLOO(Sme)/o /Fm fr(ug,.)dsdf < C’l/o /89 fr(ug,.)dsdf for a.e. t €9,
(5.15)

where f, >0 and Cy :=||¢" ﬁHLoo (§xT;,) Which is independent of £, 6, 7 and t.

d ous _ ous
iy = =D Y3 ) = 0a) 3 (o, ) (o o) T G

i=11=1 v=1
1 Ouj Ouj,
—D // 7 fr1(uf ;) L% drdf
Zz;lz; €f15 u(;T@xl@xl
<0
- ! 0 € 8”% ’
§—DZ// r(r—1)fr—2(ug,,) Z(uijtlogu(;m) 5 L dxdf for a.e. t € S.
=170 /<% i1 7
(5.16)
Lot ows
Ilgz)und:Z;/o /1“ (—d; + ug, )0 fr(us ;) dsde—sz;kz:// " ‘5 5fr(u57) do db),
i= in i 1
I t ~ .
:Z/ / rfr—l(ug,r)((—di+|qe.ﬁh)_|qe.ﬁ|u§m) (u?—l—logu‘giﬂ_)dsdg
_gZZ/ /ET fr—1(ug - )oik (kz H Umk) 143 +logu§i’7)d0md9
1=1k=1
+€ZZ/ /ar‘fr 1u57’ Ulkkkw(i( ) (/le—i_logué T)dO'mde
i=1k=1
(5.17)

We now estimate Ipung term by term. Set I‘;;I ={rely,: ,ug —I—logugm >0}and '), =
0
{w €Ty pul +loguj, . <0}. Note that g(uf,) > gi(ug, ;) > (e—1)e™ >0 and logug, , <
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0 _
uj, - < gi(ug, ;). Therefore p?%—logugm <|ud] +gi(ug, ;) < (1 + 1r£1?<xj|ﬂg|eﬂi (e—1) 1> 9i(u§, ;)
and fr(uf,) = fr—1(u§,)g(us ). This gives

I t .
}Z;/ S e ) i 1 ) 0+ o, ) s
_Z/ [/ r fre1 Uér)(—dﬁ—\q_é-ﬁ\T)(,u?Hogu%m)ds

+ /F v fo(65,) (—di + | A (0 +logus, ) ds| df (5.18)

I . .
< Z/o /r+ v fro1(5,) (—d; + g8 - 717) (19 + logu, ) dsd
i=1 mn
t
<Cyr /0 /r fr—1(us - )g(us ) dsdf
t
<Cor /0 /m fr(uf ;) dsdf, since Ty, C 09, (5.19)

0 —
where Cy =1 (1—1—1HS1?SXI |1d]eti (e — 1) 1) (1r2a<xl||d || oo (§xTy) + 7 1107 - 71| oo Sxpm)) We

know —ugm(u?—l—logugm) < e~ () and 1< ekt (e—1)71 g(uj,) foralli=1,2,.... 1.

1 t B
_Z/O /“LT fr_l(ug,T)|qE ﬁ|u§zy7'(/“’tl0+logugw7') deg
=1
1 s 0) S t .
<r Ze Mg ||q5'n||LOO(S><Pin)-/O A fT_l(u&T)deQ

t o B
STHQ”WW&MJZG1Wﬂ££}ﬂﬂ%ﬂﬁw%wlﬂﬁﬁ@w

< € .
<Cyr /0 /8 (a5 dsdo, (5.20)

where C3 = I ||¢ 7| oo (51, l€(€ — )7L Again IS :={z eT°: +loguj, . > 0} and
e .={zel*: ,u?—i—loguf; - < 0}. Since the solution uj§ of (3.2a) is positive, we have
u% = u§ <wuj,. Then as in (5.19)

I
_EZZ/ / 7 fro1(ug Uzk( kY 1__[ Umk:) I +logu§i77)damd9

i=1k=1

I
—52 Z/ 7 fro1(ug ;) ok ( 1T (us,, - "m’“) (u?—l—logu‘gm)daxde. (5.21)

1=1k=1 m=1
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By (1.10) we know that o,,, € {0,1}. Note that for each k =1,2,...,1, ng:l(ufsm - )omk
contains the product of concentrations of only two species with exponents as 1. In this
product one of them is ugi - and the other one is uf;j ,ford, j=1,2,...,1 and i # j. Also

—ug, ; (u? —i—logugw) < e~ (+4) and ugjﬁ < g(u‘gﬂ) <g(us,) fori,j=1,2,...,] and i # j.
Therefore from (5.21) we have

i=1k=1

_EZZ/ / 7 fr-1(ug )ik (kk H Umk) I +logu§i,7)damd0

<€ZZT6 (147) Tik kp/ fr1 (u5,)g(u5 ) dos do

1=1k=1

<eCyr /0 /FE fr(ug ;) doy o, (5.22)

where Cy := L S e=(+m)) g, kp. Again following the steps of (5.19) we obtain

éjzz/ /Erfr 1 u57’>0-1kkkw5<w5) (,UZ +10gu5 T)do'xdg

i=1k=1

< 52 Z/ /s r fro1(u§ ) ok (1] +logus, ) do df, since [5(w§)g| < 1
1=1k=1

EZZ/ /5 7 fr-1(ug )oirki <1+ max |u |e“l (e—1)" >9i(ugi,7)d%d9

i=1k=1

<eCsr /0 /1“6 fr(us,.)doydf, since g; < g and f, = f; 19, (5.23)

where C5 := 31, ng ok (1 + 1r2a<xj|u9|e“?(e - 1)1). With the help of (5.19)-(5.23),
<i<
(5.17) reduces to
t t
Iééimd < s 7"/0 /8(2 fr(uaT)dsdQ—i—e Cy r/o /1“6 fr(ugj) do,db, (5.24)
where Cg := (Co+C3) and C7 := (C4+ C5). Note that both the constants C5 and Cg are

independent of ¢, 9, 7, t, us, and ws .. Now combining (5.12), (5.14), (5.15), (5.16) and
(5.24), we obtain

| (095, 01, (5,)) O

2
I Out t
< —Dr(r—1) Z/ —2(u5.) (Z (/L?—Hogufgw) ;i;) d:cd9+C’1/O /89 fr(us,-) dz do

i=1

t
+Csr /0 / er(uf;’T)dxd«9+6C7r [ [ #otus ) dowdo+ e, 7,05, (5.25)
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2 oug 2
We note that f, = f% and \fo%(uf;Tﬂ% =T fr—2(ug ) i (ZZ 1 (,uZ +logus, T) 85 ) :
cf. [Kra08]. Therefore applying (5.3) and (5.4), (5.25) reduces to

| (g5 0f,(u,) ) o

< D?“ 70_1 Z/ uér (Z(M?—i_lOgu%i,T

=1
t
+C1//
0 Jas

2
t ! ous. .
wrC [l (U5T>|2+Aszr 2 (5 ,) (Z (1 +ogus, ) 5 ) ]d“w
P

g
u(siﬂ_

&cl

2
) drdf + h(t,7,u5 )

2
r2 I ous.
(1 M) (5 )P+ M froa(u5,) (Z(M?Hoguaf) wr) | dad

t 2 2 € ! 0 € augiﬂ' ]
erCr [ 10+ Iy (5 ) P+ fr 2(5) | 32 (4 +logess ) = | | e,
. ,

=1 9
(5.26)
We choose A\ = (r 0112D’ Ao = (Z%D and \3 = (:2;%? which implies Ay, = %, Ay, =
4130(‘;_21) and Ay, = 49)?;?{). Note that Ay, involves 2 as a factor but since ¢ < 1,

7‘2 QC T’2C
we have Ay, = 4D?r&) < mopoyy: Weset C:=Cy (1+4D(r 1)) +7 Cs <1+4D(r 1)> +

r Cq <1+ D0 1)> Therefore (5.26) gives

/Ot (05, 01, (u5.,) ) db

< h(t,7,uj,) +C/ f (uj,)dxdd

< h(t,, u%,T) +C /0 FT(“%,T)dev since fr = f% and F’I"(“%,T) = /QE fr(ugﬂ—)dl‘a

P

where h(t,7,u5.) =0 as 7 — 0 for a.e. ¢t and C is independent of ¢, 6, 7, ¢, u§ and w5
but it depends on r. O

5.4 Proof of theorem 3.1

Let (u5,w5) be a solution of the problem (P§+). Since we only the know the nonnegativity
of uf, let u§  :=uf+7 for 7> 0. Clearly u§, € ]:1{ (€2;). Replicating the steps of theorem
3.3 in [Kra08] (see also theorem 4.1.1.3 in [MB13a]), we obtain

Fr(u3(t)) < Fr.(u5(0)) —|—C'/Ot F(uj)do for a.e. t € S. (5.27)
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Here we have used the properties that ufg’T — u§, h(t,T, uf;’T) — 0 as 7 — 0 for a.e. t and
Fy(u§ ;) is continuous (cf. remark 3.1). Application of Gronwall’s inequality to (5.27) gives
Fr(u(t)) < e“'F(u§(0)) for a.e. t € S,

where C' is independent of ¢, 9, 7, t, ugﬁ and wgﬁ but it depends on r. This establishes
the inequality (3.13). 0.

5.5 Proof of corollary 3.1

The proof is divided in several steps.

(I) The estimate sup |[[u§(t)|||zrqs)r < oo for a.e. t follows like the one for corollary
€,0>0

3.3.4 in [MB14]. This gives sup [|[uj||[ oo (s,Lr(qg))r = sup ess sup [[|u§(t)|][r oz < C' <
€,6>0 €,0>0 teS

oo. This implies [[|ug||[Lr(gxqs)r < C.
(IT) Testing (3.2a) by u5, then

11
§Z[Hu(5 Hngs |u; (0 HLQQE +Z/ / D\Vu5|2dxdt_2/ /ESRU(glu(sdi[;dt

=1

—Z/ ¢ -Vug, ug_dxdt—Z/ / diufg,dsdt+2/ / ¢ -7 u§. |? dsdt
‘ QE v v . Tin ' i=1 0 Tin !
ey Z o / /. ( )ik — k,‘jw(;(wg)k) S, dog dt (5.28)
=1

i=1k=1

Now we estimate each term in (5.28) using step (I), the boundary inequality (5.4) and
Young’s inequality.

Z/ QESRu(;Zu(;da:dt< ZU /€|SR yzdmdtJr/ / It ]2dmdt] (5.29)
Z/ @Vﬁ@ﬂm<i(%h//|WMHMHAN//|@FMﬁ
=)o Jog i T2 0 Jog ‘ Yo Jag' Y

(5.30)

/OT/ (—di)us, ds dt

M-

i=1
1 I
S s asar [ [ 1 Pasa
2i:1
1 I
§§Zl T\Fm\HdiH%w(smm)JrC/o (HvufsiHﬂ(smg) HufsiHL%smg)+HufsiH%2(smg)) dt]
7=1 L
I
< TTalld? +C (M2l Vs, |15 s + (L+ M)l ] 17) ] (5.31)
—9 4l > (SxLin) 6illL2(Sx %) A2 ) || Us;

@
I
—_
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(ki H (ugl)amk - k?%(w(?)k) U(Egl do, dt
m=

I T T I I
= —gZZO'Z.k/ ki H (u$ :F)Umk u5 dedt‘H?ZZUzk/ / k:kv,b(; (w$)k u5 dog dt.

0 JIe m=1 i=1k=1
(5.32)

We estimate both the terms on the r.h.s. of (5.32). By (5.3) the second term in (5.32) can
be estimated as

I 1 T
eSS ou [ [ ks s, dodt
i=1k=1 70 JIF
I I
gzzla/ |kg|2daxdt+c{(1+m3)/ |u§i|2dxdt+)\352/ |Vu§i|2dxdtH.
i=1k=1L 7I° Q5 05
(5.33)

To estimate the first term in (5.32) we recall that uf;:r > ug, U || oo (s, 0r(ag))r < € < o0,
1925 <[, oy, € {0,1} and Ik, 1(u5 )?mk is the product of concentrations of only two
species with exponent as 1 and on expansion the factor ug, Hﬁb:l(ug;)"m’f gives uf;j ug, ug;r,

. + + 2 . . .
le. —ujf ug u%j < |u§l| |u§j| fori,j=1,2,...,1,i%# j. Then

I T T I N
e S [ [ TL () i ot
1=1k=1 m=1

I
€. D Tk k//|u6||u6|d0mdt< Zzazkkp// |u5|4+|u5|]damdt

i,j=1k=1 Jj=1k=1
i#] 175]

IN

(5.34)

Now we employ the inequality (5.4), (5.5) to estimate (5.34) as follows:

//]u5|4dax t<0[/ / |u§|4dxdt+)\45/ / |Vu5|6dxdt—|—A,\4/ / |u5|6dxdt

(5.35)
/ / . [2 dop dt < C / / a3, dod+ - / / VS, 2 du dt + < / / s, |2dxdt .
(5.36)
We combine (5.35) and (5.36) with (5.28)-(5.34), choose A1, A2, A3, A4 sufficiently small and
r sufficiently large in step (I) yields an estimate for Vuj independent of ¢, 6, ¢, u§ and w§.
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(III) Testing (3.2a) with ¢ € L*((0,T); H*(Q5))" and proceeding in the similar way as
in step (IT), we obtain

1) 13
sup aué,gb <(C= Ou; <C, (5.37)
per2(omy (a5 |\ Ot Ot 1l 2((0,r);m12(05))!
H‘d)‘||L2((O,T);H172(Q%))ISl
for instance see theorem 2.19 in [vDP04].
w P72 dws
(IV) Testing the k-th equation of (3.2f) with @f’“ afk, we then obtain
aw5 T 1 8103 p 1 p— 1 —(p—l) I p
E do dtgk;ps/ / Sl +<> s (o | | do dt
/ /6 Oa = Jo Jre 4KY | ot p \ 4pk? WEJ o v

a'l,Ué'k

wute [ ] [:

—(p—1)
1 —1
+ - pT dO’m dt.
p \4kip

p 7 p
To estimate 6/ / (H u§, ‘Umk) do dt, we notice that the term (H uj |0mk)

(5.38)

m=1
contains the product of concentrations of only two species with exponent p, i.e.

T I P

5/0 /6 IT |u5, |7m% | doydt
m=1
T

:5/ / |u§,|p|u§j|pdawdt fori,7=1,2,....1;i %
1 T
5¢ / / (5,127 + 5, [27] dorg .

C T
Sl/ / \u%.]de:Udt+2p52p/ / \u%.]Qp_l\Vug_\dxdt—i-/ / | |?P da dt

2 5 0 Jag ‘ 0 Jog

T
+2p€2p/ /E|u§j]2p1\Vuf;j|dxdt] by lemma 5.4
//8\% |2pdxdt—|—p£2p/ / Vs |2dxdt+p€2p/ / g, "2 da dt

s %P 2p € |2 2p € |4p—2
+/0 /Qg|u(;j| da dt + pe /O /Q;|Vu5j| da dt + pe /0 /Q%|u5j| dxdt],
(5.39)
where € < 1 and rest of the terms are bounded courtsey of steps (I) and (II). By (5.38)

UJ6 p
and (5.39), it follows that / / k

¢
=72

do, dt is bounded by a positive, € and 0 in-

T
dependent, constant C. We obtain the estimate for / / w5, |V do dt by proceeding
0 JIe
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w6k

in the similar fashion as the one for e / / do,dt and a straightforward ap-

plication of Gronwall’s inequality. Consequently, sup Z / / \w(; Pdoydt < oo and
k

e>0 k=1
/ / 4)
e>0 k=1 € t

the corollary is proved. U

dam dt < co. Adding the steps (I) - (IV), we obtain (3.15). Hence,
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