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1 Introduction

The present paper is devoted to a systematic study of a class of singular optimal control
problems whose state systems are governed by doubly nonlinear variational evolution
equations generated by time-dependent subdifferentials of convex functionals.

Let V' be a (real) uniformly convex Banach space with uniformly convex dual space
V* and let H be a real Hilbert space such that

V — H — V* with dense and compact embeddings. (1.1)

Recently, in [22] we introduced the following type of doubly nonlinear evolution equa-
tions governed by time-dependent subdifferentials in V*:

) { Ot (U (1)) + Oup (u(t)) + g(t,u(t)) > f(t) in V* for a.a. t € (0,T),

u(0) =wug inV, (1.2)

where 0 < T' < oo, v/ = du/dt in V, ¢' : V — R U {oo} is a time-dependent proper,
lower semi-continuous (l.s.c.), and convex function for each t € [0,T], ¢*' : V — R
is a time-dependent, non-negative, continuous convex function for each ¢t € [0,7], the
subdifferential 9,9 of ' is a multivalued operator from V into V*, the subdifferential
D" of ' is single-valued and linear from V into V*, g(t,) is a single-valued Lipschitz
operator from V into V* f is a given V*-valued function on [0, 7], and ug € V is a given
initial datum. In [22, Theorem 1], we established the abstract existence of solutions to
(P). Additionally, we showed the non-uniqueness of solutions, giving an example in [22,
Section 4]. Moreover, in [22, Theorem 2|, we showed the uniqueness of solutions to (P)
under the assumption that 9,1 is strongly monotone from V into V*.

As shown in [22, Section 4], problem (P) has multiple solutions, in general, and there-
fore the optimal control problem associated with state equation (P) is a singular optimal
control problem formulated for non-well-posed state systems. Indeed, for a control space
Fr with constant M > 0, defined by:

(1.3)

s T * < ]\47
Far 1= {f € W0, T V) N IO, Ty ) ;T } ,

\fle2ormy < M

where | - |12 v+ (resp. |- |r2(0.r:m)) is the norm of W2(0,T;V*) (resp. L*(0,T; H)),
we consider the following optimal control problem for (P):

Problem (OP): Find a control f* € Fj; such that
J(f*) = inf J(f);
(/)= inf J(])
such a function f* is called an optimal control. Here, J(f) is a functional defined by

J(f) = inf me(u), 1.4
()= int my(w) (1.4
where f € F), is any control and S(f) is the set of all solutions to (P) associated with
control f. In addition, 7;(u) is the functional of u € S(f) defined by:

1 1

o) =g [ ) = w5 [ 1R (1.5
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where u,q € L*(0,T;V) is a given target profile and | - |y (resp. |- |y+) is the norm of V
(resp. V*).

There is a vast amount of literature on optimal control problems for (parabolic or
elliptic) variational inequalities. For instance, see [8, 14, 15, 17, 24, 25, 27, 28, 29, 36]. In
particular, Lions [25], Neittaanméki and Tiba [28], and Neittaanméki et al. [29, Section
3.1.3.1] discussed singular control problems. Indeed, using the admissible pairs and the
adapted penalization method, Neittaanméki et al. [29] discussed a singular control prob-
lem for linear elliptic equations of second-order with the homogeneous Dirichlet boundary
condition. However, as (P) is an abstract time-dependent doubly nonlinear evolution
equation, it seems very hard to directly apply the penalization method established in
(17, 25, 27, 28, 29] to our problem.

The theory of nonlinear evolution equations is useful in any systematic study of varia-
tional inequalities. For instance, many mathematicians have studied nonlinear evolution
equations of the form:

u'(t) + 00" (u(t)) > f(t) in H for a.a. t € (0,T), (1.6)

where ¢’ : H — RU {00} is a time-dependent proper, l.s.c., and convex function for each
t € [0, T]. For fundamental results on (1.6), we refer to [15, 19, 30, 35]. In particular,
Hu-Papageorgiou [15] treated some optimal control problems for (1.6). Furthermore, the
optimal control of parameter-dependent evolution equations for (1.6) has previously been
considered (cf. [15, 31]).

Doubly nonlinear evolution equations have been studied, for instance, by Kenmochi—-
Pawlow [21], in which nonlinear evolution equations of the following type were discussed:

%8¢(u(t)) + 09" (u(t)) > f(t) in H for a.a. t € (0,7T), (1.7)

where ¢ : H — R U {oc} is a proper, ls.c., and convex function. The abstract results
for (1.7) can be applied to elliptic-parabolic equations. From the viewpoint of (1.7),
Hoffmann et al. [14] studied optimal control problems for quasi-linear elliptic-parabolic
variational inequalities with time-dependent constraints. Additionally, Kadoya—Kenmochi
[16] touched on the optimal shape design of elliptic-parabolic equations.

Akagi [2], Arai [3], Aso et al. [4, 5], Colli [11], Colli-Visintin [12], and Senba [32]
investigated the following type of doubly nonlinear evolution equation:

oWt (u'(t)) + dp(u(t)) > f(t) in H for a.a. t € (0,T). (1.8)

Note that the second term Oy in (1.8) is independent of time and, in the case of double
time-dependent subdifferentials such as (1.2), no general theoretical results have yet been
derived.

In [22], we evolved the abstract theory of (1.2). As mentioned above, one interesting
feature is that (1.2) is not generally well-posed; namely, it lacks the uniqueness of solutions.
In this respect, Farshbaf-Shaker and Yamazaki [13] studied the optimal control problem
without the uniqueness of solutions in the state system (1.8) by employing the idea of
Kadoya et al. [17, 27]; more precisely, they used cost functionals formulated by (1.4) and
(1.5). In this paper, we show the existence of optimal control for (OP) under the abstract



316

doubly time-dependent evolution equation (P) with a non-monotone perturbation g(¢,-).
Although there are some mathematical results dealing with optimal control without the
uniqueness of solutions for state equations (cf. [13, 17, 25, 27, 28, 29]), it is still difficult
to establish an approximation procedure for the singular control problem (OP). In this
paper, we systematically investigate (OP). To this end, we recall the precise construction
of solutions to (P), although this has already been discussed in [22], and then propose an
approximation procedure from a numerical point of view.

In [22, Section 5], we also introduced the following doubly nonlinear quasi-variational
evolution equation governed by double time-dependent subdifferentials:

O (U (1)) + Ouip (u; u(t)) + g(t,u(t)) 3 f(t) in V* for a.a. t € (0,T),

(QP){ w(0) = uy in V. (1.9)

where ©'(v; z) is a time-dependent, non-negative, continuous convex function in z € V,
and (t,v) € [0,T] x L*(0,T;V) is a parameter that determines the convex function ¢'(v;-)
on V. The dependence of function v upon ¢*(v; -) is, in general, allowed to be non-local (see
Section 11). Moreover, the subdifferential 9,4 (v; 2) of p'(v; 2) is single-valued, linear, and
bounded with respect to z from V into V*. Under such a set-up, we showed the existence
of a solution to (QP) in [22]; however, the uniqueness question was not discussed. For the
systematic investigation of (QP) and the corresponding optimal control problem, we use
the same approach to that of (P) and (OP), namely, we carefully recall the construction
of solutions to (QP) described in [22, Section 5], and propose an approximation procedure
for them. During this derivation, we shall show the non-uniqueness of solutions to (QP),
giving an example, and present a sufficient condition to ensure the uniqueness of solutions
to (QP). Finally, we consider the singular optimal control problem for the state system
(QP) and its approximation from a numerical point of view.

The novelties of this work (although items (a) and (d) are somewhat reliant on [22])
are as follows:

(a) We show the existence of solutions to (P) for each f € L*(0,T;V*) and ug € V.
(b) We show the existence of optimal control for (OP).

(c¢) We propose an approximation procedure for (P) and (OP), and clarify the relationship
between the original problems and their approximations.

(d) We show the existence of solutions to (QP) for each f € L*(0,T;V*) and ug € V.

(e) We show that (QP) is generally not a well-posed state system by giving an example
of the non-uniqueness of solutions to (QP). Moreover, we discuss the uniqueness of
solutions to (QP) under some additional condition.

(f) We formulate a singular optimal control problem for (QP).

(g) We establish an approximate procedure to investigate the singular optimal control
problem for (QP) from a numerical point of view.
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The remainder of this paper is organized as follows. In Section 2, we state the abstract
result of the existence—uniqueness of solutions to (P) for each f € L*(0,T;V*) and uy € V.
In Section 3, we give a proof of the existence of solutions to (P), which is the main result
corresponding to item (a). In Section 4, concerning the singular optimal control problem
(OP), we give a proof of the main result corresponding to item (b). In Section 5, we
propose a general approximate procedure for (P) and (OP) and construct a solution as
the limit of the approximate optimal controls using the results of item (c). In Section
6, we state the solvability result of (QP) for each f € L?(0,7;V*) and uy € V and
give a proof of the main result corresponding to item (d). In Section 7, we discuss the
uniqueness question of solutions to (QP), which gives an answer to item (e). In Section 8,
we consider the singular optimal control problem for (QP) and give a proof of the main
result, corresponding to item (f). In Section 9, we establish an approximation procedure to
construct an optimal control for (QP) and give a proof of the main result, corresponding to
item (g). In Section 10, we consider another type of singular optimal control problem for
doubly nonlinear parameter-dependent evolution state equations. Additionally, we give
another approximation procedure for the optimal control of (QP). In the final section,
we apply our general results to some model problems: parabolic variational and quasi-
variational inequalities with time-dependent constraints.

Notation

Throughout this paper, let H be a (real) Hilbert space with inner product (-, -) and norm
| - |g. Let V be a (real) uniformly convex Banach space with the uniformly convex dual
space V*; denote by |- | and |- |y« the norms of V' and V*, respectively. Assume that
V C H,Visdensein H, and V — H — V* where — denotes the compact embedding.
Therefore, (V, H, V*) is the standard triplet and

(u,v) = (u,v) forue H and v eV,

where (-, -) is the duality pairing between V* and V.

Let F': V — V* be the duality mapping.

We now list some notation and definitions of subdifferentials of convex functions. Let
¢ :V — RU{oco} be a proper (i.e., not identically equal to infinity), L.s.c., and convex
function. Then, the effective domain D(¢) is defined by

D(¢) :={z € V; ¢(z) < oo}.

The subdifferential 0,¢ : V' — V* of ¢ is a possibly multi-valued operator from V' into
V*, and is defined by 2* € 0,¢(2) if and only if

z€ D(p) and (z",y—2) <o(y) —d(z) forall yeV.

Its graph is the set {[z,2*] € V x V* | 2* € 0.¢(z)}, which is often identified with 0,¢,
namely, z* € 0,¢(z) is denoted by [z, z*] € 0,¢.

For various properties and related notions of a proper, l.s.c., convex function ¢ and its
subdifferential 0,¢, we refer to the monographs by Barbu [7, 9]. In particular, for those
in Hilbert spaces, we refer to the monographs by Brézis [10].

We also recall a notion of convergence for convex functions, developed by Mosco [26].
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Definition 1.1 (cf. [26]). Let ¢, ¢, (n € N) be proper, l.s.c., and convex functions on
V. Then, we say that ¢,, converges to ¢ on V in the sense of Mosco [26] as n — oo if the
following two conditions are satisfied:

(1) for any subsequence {¢n, }ren C {bn}nen, if 2 — 2 weakly in 'V as k — oo, then

liminf ¢, (z1) > ¢(2);

k—

(ii) for any z € D(¢), there is a sequence {z, nen in V such that

zn = zinVasn—oo and lim ¢,(2,) = ¢(2).

n—oo

For some important characterizations of the Mosco convergence of convex functions,
we refer to the monographs by Attouch [6] and Kenmochi [20].

2 Solvability of (P)
We begin with the notion of a solution to (P).

Definition 2.1. Given f € L*(0,T;V*) and ug € V, the function v : [0,T] — V is called
a solution to (P), or (P; f,uy) when the data f and ug are indicated, on [0, T}, if and only
if the following conditions are satisfied:

(i) u € WH2(0,T; V).
(ii) There ewists a function & € L*(0,T;V*) such that
£(t) € 00 (8) in V* for a.a. t € (0,T),
E(t) + 00" (u(t)) + g(t,u(t)) = f(t) in V* for a.a. t € (0,T).
(iii) w(0) =ug in V.

Now, we list some assumptions on ¢!, ¢’ g(¢,-), and F.
We suppose that the duality mapping F' : V — V* is strongly monotone; more
precisely, there is a positive constant Cr such that

Fzi— Fzo,21 — 29 ZCFZl_ZQQ’ VZl,ZQGV 2.1
|4

(Assumption (A))

Let ¢'(+) : V. — R U{oo} be a proper, ls.c., and convex function with D(¢") C V for
all t € [0,7], and assume:

(A1) If {t,}nen € [0,7] and ¢t € [0,T] with t,, — ¢t as n — oo, then

P () — '(+) in the sense of Mosco [26] as n — oo.
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(A2) There exist constants C; > 0 and Cy > 0 such that

Pi(2) > O]z} — Cy,  VEE[0,T], V2 € D).

(A3) 0,4*(0) 2 0 for all t € [0,7] and ) (0) € L(0,T).

(Assumption (B))

Let ¢'(-) : V — R U {oc} be a non-negative, finite, continuous, and convex function
with D(") =V for all ¢t € [0,T], and assume:

(B1) For each t € [0,T], the subdifferential d,¢" : D(d,¢") = V — V* is linear and
uniformly bounded, i.e., there exists a constant C'3 > 0 such that

10.¢'(2)

v < 03|Z|V, Vit € [O,T], VzeV.

(B2) ¢°(0) = 0 and there exists a constant Cy > 0 such that

©(2) > Cylzf},, VzeV.

(B3) There is a function o € W(0,T) such that

0'(2) = ¢ (2)] < |a(t) — a(s)le™(2), Vs,t€0,T], Vz€V.

(Assumption (C))

Let g be a single-valued operator from [0,7] x V into V* such that ¢(¢, z) is strongly
measurable in ¢t € [0, 7] for each z € V, and assume:

(C1) For each t € [0,T], the operator z — ¢(t, z) is continuous from V,, into V*, i.e., if
zp — z weakly in V' as n — oo, then g(t, z,) — g(t,2) in V* as n — oo, where V,,
is the linear space V' with the weak topology.

(C2) g(t,-) is uniformly Lipschitz from V into V*, i.e., there is a constant L, > 0 such
that

lg(t, z1) — g(t, 22)|v+e < Lyg|lz1s — 22|y, Vt€[0,T], Vz; €V (i=1,2).

Remark 2.1. The assumption (B3) is one of the standard time-dependence conditions of
conver functions in the theory of evolution equations generated by time-dependent subdif-
ferentials (cf. [19, 30, 35]).

Condition (B2) is slightly weaker than that required in [22, Section 2|. However, the
following lemma shows that it is sufficient to assume (B2), as long as (B1) and (B3) are
required together. In fact, we have:



320

Lemma 2.1. Suppose that Assumption (B) holds. Then, the following inequalities hold:
(i)
Cy

(i)

0 (2),2) > ——

2
L2, Ve [0,T), V2 e V.

Proof. We show (i). We observe from (B1) with ¢ = 0, (B2), and the definition of 9"
that

0(.) — 0 0 0 0 2

¢ (2) = ¢7(2) = ¢°(0) < (0up"(2), 2) < |0up(2)[v|2lv < T2y,

and also, by (B2),

V*

Culzl3 < %) < Cslzf3, Vz eV (2.3)
Note from (B3) with s = 0 that

l'(2) = " (2)] < la(t) — a(0)]"(2) < /Ot o/ (7)ldr - ¢°(2), Vte[0,T], ¥z €V,
which implies that
P'(2) < ([ ]y +1) ¢°(2), VE€[0,T], V2 € V.
Therefore, it follows from (2.3) that
¢'(2) < (|| pory + 1) Cslz],  VEE€[0,T), Vz € V. (2.4)
Similarly, note from (B3) that

¢
[°(2) = ' (2)] < [a(0) — a(t)|¢'(2) < / o/ (7)ldr - ¢'(2), Vt€[0,T], Vz €V,
0
which implies that
' (2) < (|/ior + 1) ¢'(2), VEe€[0,T], Vze V.
Hence, we infer from (B2) (cf. (2.3)) that

He) >

Cy
> '(2) >
|| o) + 1

o [pror +1

Thus, we conclude from (2.4) and (2.5) that (2.2) holds.
Now, we show (ii). To this end, we note from (2.2) that

o0y =0, Vtelo,T].
Therefore, we observe from the definition of 0,4, and (2.2) (cf. (2.5)) that

Cy
0.0 (2),2) > ¢'(2) — ' (0) = '(2) > —————
(0:¢'(2),2) 2 9'(2) = ¢'(0) = (2) W om +1

122, Vte[0,T), Vz€V. (2.5)

z[3,, Vte[0,T], Vz € V.

Thus, we conclude (ii), and the proof of Lemma 2.1 is complete. O
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Remark 2.2 (cf. [22, Remark 1]). We derive from (B1) and (i) of Lemma 2.1 that the
subdifferential O,p" satisfies

C
Calzl3 > (0u!(2),2) > ¢'(2) > ————|2[}, V2 €V, Vte[0,T). (2.6)
o/ | L) + 1

Additionally, it follows from (B3) that the function t — 0,0'(2) is weakly continuous
from [0, T] into V* for all z € V. Indeed, let z be any element in V. Furthermore, let
{tn}nen C [0,T] and t € [0,T) with t, — t as n — oo. Then, note from (B1) that
t — 0,0'(2) is bounded in V*. Hence, taking a subsequence if necessary (still denoted by
{tn}nen), we observe that

O,0" (2) — € weakly in V* for some £* € V* as n — oo. (2.7)
From the definition of ., we infer that
(0,0 (2),0 — 2) < " (v) — P (2), YweV.
Letting n — oo, we observe from (B3) that
(€ v—2) <¢'(v) —¢'(z), YweV,

which implies that £ € 0,p'(2). As 0" is single-valued (cf. (B1)), we conclude that
& = 0.¢"(2) and (2.7) holds without extracting any subsequence from {t,}nen. Thus, the
function t — 0,'(2) is weakly continuous from [0,T] into V* for all z € V.

We now state the first main result of this paper, which is concerned with the existence
of a solution to problem (P) on [0, 7.

Theorem 2.1 (cf. [22, Theorem 1]). Suppose that Assumptions (A), (B), and (C) hold.
Then, for each f € L*(0,T;V*) andug € V, there exists at least one solution u to (P;f, ug)
on [0, T]. Moreover, there exists a constant Ny > 0, independent of f and ug, such that

| v sp o) < N (P + o +1)  @3)

te[0,7)

for any solution u to (P;f,uy) on [0,T].

The above theorem was proved in [22, Theorem 1]. However, we shall carefully repeat
the proof in Section 3 to make use of a similar idea in the singular optimal control problem
(OP) and clarify the similarity between Theorem 2.1 and Theorem 5.1, as well as Theorem
10.2, which is treated later.

It is known that solutions to (P;f,ug) are not, in general, unique (cf. [22, Example
4.1]). We can show the uniqueness of solutions under the additional assumption on 0,1)"
stated below.

Theorem 2.2 (cf. [22, Theorem 2|). Suppose that Assumptions (A), (B), and (C) are
satisfied. In addition, assume that 0,0 is strongly monotone in V*; more precisely,
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(A4) There exists a constant Cs > 0 such that

(zf — 25,21 — 20) > Cslz1 — =y, V|, 2] € 0.9 (i =1,2), Vt € [0,T).
Then, (P;f,ug) has at most one solution.

This theorem was proved in [22, Theorem 2|, and it will be generalized to the case
of doubly nonlinear quasi-variational problems of the form (QP) (cf. Theorem 7.1). The
proof is included in that of Theorem 7.1 as a special case. Therefore, we omit here the
detailed proof of Theorem 2.2.

Remark 2.3. Colli [11, Theorem 5] and Colli-Visintin [12, Remark 2.5] gave several
criteria for the uniqueness of the following type of doubly nonlinear time-independent
evolution equations:

OY(u'(t)) + dp(u(t)) > f(t) in H for a.a. t € (0,T). (2.9)

For instance, if Op is linear and positive in H and O is strictly monotone in H, then
the solution to the Cauchy problem for (2.9) is unique.

Remark 2.4. When g(t,-) is Lipschitz from V into H in the sense that
lg(t, 21) — g(t, 22)|lm < Lj|z1 — 22|, V2,20 €V

for a positive constant Ly, condition (A4) in Theorem 2.2 can be replaced by the following:
There exists a constant C% > 0 such that

(2} — 25,21 — 20) > Cs|z1 — 2%, V]2, 27 € 0. (i =1,2), Vt € [0,T]. (2.10)

This is easily checked by a slight modification of the proof given in [22, Theorem 2.

3 Existence of solutions to (P; f,u)

In this section, we discuss the solvability of (P; f, ug) for each f € L*(0,T;V*) and ug € V.

One of the main objectives of this paper is to establish a systematic approach to
singular optimal control problems. To this end, it is very important to carefully review
the construction of solutions to the state system (P; f,ug) and its approximate state
systems, as these could be used in proving the convergence of their solutions with respect
to the data f and wug (cf. Proposition 4.1 and Proposition 5.2). Therefore, in this section,
we repeat the detailed construction of solutions to (P; f,ug), although this was covered
in [22, Theorem 1].

Throughout this section, we suppose that all the assumptions of Theorem 2.1 are
made. We construct a solution to (P; f, ug) by considering the convergence of approximate
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solutions of (P; f,up). Indeed, for each ¢ € (0,1], we consider the following problem,
denoted by (P)., or (P; f,up). when the data are specified:

eFul(t) + 0.9 (ul(t)) + 0up"(ue(t)) + g(t,uc(t)) 3 f(t) in V*
(P). for a.a. t € (0,7, (3.1)
u:(0) =ug inV,

where F' : V — V* is the duality mapping. Based on this, the solutions to (P) are to be
obtained through the limiting process for (P). as ¢ — 0.

We begin with the following key lemma, which gives an a priori estimate of solutions
to (P)e..

Lemma 3.1 (cf. [19, Lemma 2.1.1], [22, Lemma 1]). Suppose that Assumption (B) holds.
Let v e WHY(0,T;V). Then, we have:

%wt(v(t)) — (00" (0(1)), V(1)) < [/ (D)l¢"(v(t),  a.a. t € (0,T). (3-2)

Proof. Lemma 3.1 will be proved using a similar approach as for the proof of [22, Lemma
1]. Indeed, we observe from (2.2) that ¢’(v(t)) is bounded on [0,T]. Therefore, we infer
from (B3) that ¢'(v(t)) is absolutely continuous on [0, 7]. Taking account of this fact and
the definition of subdifferential 9, !, we have:

P (v(t) — *(v(s)) — (Dup' (v(t)), v(t) — v(s))
<¢'(v(s)) — ¢ (v(s
<la(t) — a(s)|¢®(v(s)) for all s,t € [0,T].

~—
~—

Thus, dividing the above inequality by ¢ — s and letting s 1 ¢, we get (3.2). O

Taking Lemma 3.1 into account, we can prove the existence—uniqueness of solutions
to (P). for each ¢ € (0, 1] as follows.

Proposition 3.1 (cf. [22, Proposition 1]). Suppose that Assumptions (A), (B), and (C)
are satisfied. Then, for each ¢ € (0,1], f € L*(0,T;V*), and uy € V, there exists a
unique solution u. € WH2(0,T; V) to (P; f,ug). on [0,T] satisfying u.(0) = ug in V, and
the following statements hold:

(®) There exists a function & € L*(0,T;V*) such that
E(t) € 0.4 (ul) in V* for a.a. t € (0,T),
eFul(t) + &(t) + 0w (uc(t)) + g(t,us(t)) = f(t) in V* for a.a. t € (0,7).

Moreover, there exists a constant Ny > 0, independent of €, f, and uy, such that

| v+ s ) < N (P g £1) - 63

te[0,7
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Proof. We easily observe that the approximate problem (P; f,ug). can be reformulated

as:
uz(t) = (eF + 04 (f(t) = 0w (ue(t)) — g(t, ue(t))) in V/
for a.a. t € (0,7), (3.4)
u:(0) =y in V.
Putting
B(t)z* := (eF + 0,0") 12" forall z* € V*
and

F(t,2) = f(t) — 0.0"(2) — g(t,2) forall z €V,

we show the existence—uniqueness of solutions to (3.4) by applying the Cauchy—Lipschitz—
Picard existence theorem.
To this end, we first show that the operator B(t)z* : [0,T] x V* — V is Lipschitz in
z* € V* and is bounded and continuous in ¢ € [0,7]. We fix any ¢ € [0,7] to show that
z* € V* = B(t)z* € V is Lipschitz continuous. Setting z; = B(t)z} (i = 1,2), we observe
that
2f =eFz + 2, for some z, € 0.4 (2).

By (2.1) and the monotonicity of 9,1(+), we have:
(21 — 25,21 — 29) =(eFz1 4+ 210 — €F 20 — 294,21 — 29)

Z€<F21 — FZQ,Zl — ZQ)

Z&CFlZl — 22|%/.

Hence, we conclude that

* * 1 * *
1B(t)z1 — B(t)zs|v = |21 — 22|v < ——|2] — 23|y~
F

eC

Thus, the operator B(t)z* is Lipschitz in z* € V* for all t € [0, T].
Next, we fix any z* € V* to show that t € [0,T] — B(t)z* € V is bounded. Setting
2t := B(t)z*, we observe from the definition of B(t) that

2 =ceFZ 4+ 2L for some 2! € 9,9 (2"). (3.5)

Hence, we infer from (3.5) and the monotonicity of 9,¢(-) with 9,4'(0) 3 0 (cf. (A3))
that

1
§_|Z* Zt|V7
15

V*

which implies that

1
|B(t)2*|y = ||y < g|z* v+ forall t € [0,T]. (3.6)
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Thus, the operator B(t)z* is bounded in ¢t € [0, 7] for all 2* € V*.
In addition, we fix any z* € V* to show that ¢ € [0,T] — B(t)z* € V is continuous.
Setting z' := B(t)z*, we observe from the definition of B(t) that

eFz' + 041 (2") 2 2~
Let {sn}nen C [0,T] with s, — t as n — oo. Note that z°» € D(d,¢*) and
2 =eFz% + zJ» for some z[" € O, (). (3.7)

Additionally, note from (A1) that 9,1°" converges to ;1" in the sense of its graph as n —
oo (cf. [6, 20]); namely, for [2!, z* — e F2f] € 0,9, there exists a sequence {[z,, 2] }nen C
V' x V* such that [z,, 2] € 0" in V x V*,

Zy =20 inV oand 2t — 2* —cF2' in V* asn — oo. (3.8)

As the dual space V* is uniformly convex, the duality mapping F' is uniformly continuous
on every bounded subset of V. Therefore, we observe from (3.8) that

2t eFz, =2t —eFY +eF =2 in V' asn — . (3.9)

Note from (3.6) that {z°"},cn is bounded in V. Hence, we infer from (2.1), (3.7), (3.9),
and the monotonicity of 0,1°" that

0= lim () +eFz, — 2", 2, — 2°")
n—oo

:JLIEO(Z;‘L +eFz, —eFz" — 20" 2z, — 2°)

>limsupe(Fz, — Fz°", z, — 2°")
n—oo
>eCrlimsup |2, — 2°"[%,

n—oo

which implies from (3.8) that
2 = B(s,)2* = 2" =Bt)z* inV ass, =t

Thus, the operator B(t)z* is continuous in ¢ € [0, 7] for all z* € V*.

Similarly, it follows from (B1), (B3), (C2), and f € L*(0,T;V*) that the operator
F(t,z) :[0,T] x V— V* is strongly measurable in ¢ € [0, 7] and Lipschitz in z € V.

We now show the existence—uniqueness of solutions to (3.4), i.e., (P; f,ug). on [0, 7.

To this end, we define the operator S : C([0,T]; V) — C([0,T]; V) by:
S(u)(t) :=ug +/0 B(s)[F(s,u(s))]ds, Vt € [0,T], Yu € C([0,T]; V).

Note that the operator B(-)[F(-,-)] : [0,T] x V — V satisfies the Carathéodory condition,
B(-)[F (-, 2)] is Lipschitz in z € V, and B(-)[F(-,u)] € L*(0,T;V) for all w € C([0,T]; V).
Therefore, by the Cauchy—Lipschitz—Picard existence theorem, we can show that S has a
unique fixed point u € C([0,Tp]; V') for some small Ty € (0,7, which is a unique solution
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to (P; f,up). on [0,7y]. By repeating this local existence argument as above, a unique
solution u. to (P; f,ug). is obtained on the time interval [0, 7).
Finally, we derive the a priori estimate (3.3). Multiplying (3.1) by u’, we get:

(eFul(t), ul(t)) + (€(t), uz(t)) + (Oup" (ue(t)), ul(t)) + (g(t, uc(t)), ui(t))

= (f(t),ul.(t)) foraa. te (0,T), (3.10)
with & € L2(0,T; V*) satisfying £.(t) € O, (u'(t)) in V* for a.a. t € (0,T).
By (A3), the definitions of F and 9,4, and Lemma 3.1, we have:
(eFul(t), ul(t)) = elul(t)f}, (3.11)
(), ul(t)) > 9" (u(t)) — ¢'(0), (3.12)
(0! (ue(t)), ul(t)) = iwt(ua(t)) — |/ (1)) (ue(t)) (3.13)

dt
fora.a. t € (0,7"). Additionally, from (A2), (C2), Lemma 2.1(i), and Schwarz’s inequality,
it follows that

[{g(t, ue(t)), uc(E))] < 1g(t, ue(t))lv+[ul(t)lv

C 1
<O + & lo(tw0)f-

V*

1 C 1
L)+ F A ot Ol + Ll
1 Cy  2lg(t,0)3.  2L2(|/ Lo +1)
<ty + o B B0 T Do) gy
and
C 1 1 C 1
(000 < RO + Z ISR < JeLm) + T o lOR (819

for a.a. t € (0,7).
Using (3.11)—(3.15), it follows from (3.10) that:

(O + S0t 1) + ! (e(1)
< M (/O] + 1! (ue() + Mol F(0)- + 94(0) + g5, 0)

for a.a. t € (0,7,

where M, My > 0 are constants independent of € € (0, 1]; for instance:

202 (| +1 2 G
— ASCHIAICEY >—|—1 and My, =—+ — +1.

M
! C.C, c, 2

Multiplying (3.16) by e~ Jo Mi(e’(Dl+Ddr giyeg:

1

ce= o Mi(e/(DI+Ddr 1 ()2 56— I Mi(la! (DA™ ()t (4 (1)) + Cy),
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d t ’
el — Jo Mi(|o/(7)|+1)dT 1t
tate @ (ue(1)) } (3.17)
Cy _

< Srem BRI | ppem [ 3ORE(| ()[R 17 (0) + |g(t, 0)f- + 1)

= Mg(t)
Integrating (3.17) in time, we obtain:

/ S ()t + sup o us(t))
te(0,7] (3.18)

< 36 M1<|a<f>|+1>dr{ / M(r }

It is easy to observe from the above inequality that (3.3) holds for some positive constant
Ny independent of € € (0, 1], f, and ug. Thus, the proof of Proposition 3.1 is complete. [

By taking the limit as ¢ — 0, we have proved Theorem 2.1 concerning the existence
of solutions to (P) on [0, T7.

Proof of Theorem 2.1. Let u. be a unique solution to (P; f,ug). on [0, 7], as obtained in
Proposition 3.1. Then, there exists a function & € L?(0,T;V*) such that

E(t) € 0.4 (ul(t)) in V* foraa. te (0,7) (3.19)
and

eFul(t) + &() + 0.0 (us(t)) + g(t,u-(t)) = f(t) in V* for a.a. t € (0,T). (3.20)

From (A2), (2.2), (3.3), and the Ascoli-Arzela theorem, we can derive a sequence
{en}nen With €, — 0 and a function v € W2(0,T; V) such that

ue, — u  weakly in WH2(0,T; V),
in C([0,T]; H), (3.21)
weakly-x in L*°(0,T;V)
and
Ue, (t) — u(t) weakly in V for all t € [0, 7] (3.22)

as n — oo.
Here, for each t € [0,T], we define the function ¥* on L?(0,¢; V) by:

= /t Vi (2(s))ds, Vze€ L*0,t;V). (3.23)

Then, W' is a proper, ls.c., and convex function on L*(0,¢; V) for each ¢t € [0,T] (cf.
[10, Proposition 2.16] and [19, Section 0.3]). Therefore, from (3.21) and the weak lower
semicontinuity of W, it follows that

n—o0

/ YT (u'(7))dT < hmlnf/ Y7(ul (1))dr < Ny for all t € [0,T],
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where Ny =: N <g00(u0) + |f|%2(O,T;V*) + 1> is the same constant as in (3.3).

Additionally, we infer from (C1), (C2), (2.2), (3.3), (3.21), and the Lebesgue dominated

convergence theorem that

(- ue, (1)) = g(,u(+) in L*(0,T;V*) asn — co.

(3.24)

Now, we show that u., — win C([0,7]; V) as n — oo. To this end, we multiply (3.20)

by u. — ' to obtain:

(enfu, (8),ul, (1) — /(1) + (&, (), ul, (1) — /(1))
+H(0up" (e, (1)), ur,, () — v/ (1)) + <9(t Ue, (), uL, () — u'(t))
= (f(t),u. (t) —u/(t)) foraa. te(0,T).

I En

Here, by the definition of 9,9 (cf. (3.19)), we have:
(€e (), uz, (1) — (1)) = Y (ug,,

(
As 0,.¢" is linear from V into V* (cf. (B1)), it follows from Lemma 3.1 that

(0:" (ue, (1)), ul, () — w'(t))
= {0u" (e, (8) — (b)), uL,, (8) — /(1)) + (D" (ult)), ul,, () — w'(t))

> %D (e (1) = w(t)) o (1) (e, (1) — (1)
+(0 " (u(t)), ul (t) —u/(t)) foraa. te (0,7T).

t)) — (' (t)) for a.a. t € (0,7).

In addition, we have:

{9(t,ue, (1)), ue, (t) — ' (1))
= {9t ue, (1) = g(t,ul?)), uz,, () = w'(1)) + (g(t, u(t), uc, (t) — ' (1))
for a.a. t € (0,7).

Therefore, from (3.25)—(3.28), we obtain that:

%s@t(uan(t) —u(t)) + (g(t, ue, (1)) — g(t, u(t)), uc, (t) — v'(1))

< o/ (O]9 (ue, (1) = ult) + L(t) + 9" (' () — ' uZ()) for a.a. ¢ € (0,7),

where L(-) is the function defined by:

L(t) := (f(t) — 0.¢"(u(t)) — g(t, u(t)), ul,(t) — /(1))
+en|Ful, (t)|v-|ul, (t) —u'(t)]y  for a.a. t € (0,T).

Multiplying (3.29) by e~ Jole'MldT e get:

dit {6— Jolel@ldr ot (1) — “(t))}
Fem IO (1, (1)) — g(t ult)) ol (£) — (1))

< e st W(T)‘dTL(t) 4o fot|a/(7—)|d7'¢t(ul(t ) —e” I ‘a,(TNdT@Dt(U;n(t))-

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)



Integrating (3.30) in time and noting that ¢°(0) = 0 (cf. (2.2)), we obtain:
e TSt (u (£) = u(t))
t
b [ B s (5)) = gl ) (5) = o (s)) s
0

t t
< [ e B s [ e B )+ s

0 ‘ 0

= [ RO, (5) + Ca)ds
0
for all t € [0,T7. )

Here, we define the function W' on L*(0,¢; V) for each ¢ € [0,T] by:

Ul(z) = /Ote Jo 1A (43 (2(5)) 4+ Cy)ds, Vz € L0, V).
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(3.31)

(3.32)

Then, W' is a proper, Ls.c., and convex function on L2(0,t; V) for each t € [0,7] (cf.
[10, Proposition 2.16] and [19, Section 0.3]). Therefore, from (3.21) and the weak lower

semicontinuity of W', we observe that
t
lim sup {/ e Jo 1o/l (s (4 (5)) + Cy)ds
n—0 0
t
—/ e~ Jole(r Il (s (ul, (s)) —|—Cg)d8} <0.
0

Additionally, we infer from (3.3), (3.21), and (3.24) that

“I% e I 1O (g5, (5)) — g(s,u(s)) il (s) —(s))ds
n— 0
t .
= Tim [ (e WO g, (5)) — eI OMg (s, u(s)), 0l (5) = w(5))ds
n—=0 J,
= 0
and
lim fo lo (7 |dTL( )d
n—0 0
. ! — 51 ()|dT /
= lim [ (T (), (5) = (5))ds
t
—lim [ (e IO, o (u(s)), il (5) — 1 (s))ds
n— 0
t
~lim | (e B (s, u(s), i, (5) = ' ()ds
= 0.

Therefore, we see from (3.31), (3.33), (3.34), and (3.35) that

lim sup e~ Jo DA ot (u, (t) — u(t)) < 0 uniformly in ¢ € [0, T7.

n—0

(3.33)

(3.34)

(3.35)
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Hence,
lim sup ¢* (ue, (t) — u(t)) < 0 uniformly in ¢ € [0, 77,
n—0
which implies by (2.2) that

us, — u in C([0,T];V) as n — oc. (3.36)

Now, we show that u is a solution to (P; f,ug) on [0,7]. Note that, from (B1), (2.2),
(3.3), (3.36), and the Lebesgue dominated convergence theorem,

D0 (ue, (4)) = 0,0 (u(+)) in L*(0,T;V*) as n — co. (3.37)
Additionally, by (A2), (3.3), and &, ] 0, we have
enFul, — 0 in L*(0,T;V*) as n — oc. (3.38)

As a consequence, (3.20), (3.24), (3.37), and (3.38) imply that
{€. Ynen is bounded in L*(0,T; V™).
Therefore, taking a subsequence if necessary (still denoted by {&, },en), we observe that:
¢, — & weakly in L*(0,T;V*) for some & € L*(0,T;V*) as n — oo. (3.39)
Hence, we infer from (3.20), (3.24), and (3.37)—(3.39) that:
€ = T = 0.60(ue,) = 90 e,) — £n P, = = 0,60 u) — gl ) = &
in L2(0,T;V*) as n — o0,
Thus, from (3.19), (3.20), (3.40), and the demi-closedness of the maximal monotone
operator d,1)") in L*(0,T;V*), we conclude that
€€ 0,V () in L¥0,T; V™), (3.41)
or, equivalently ([18, Proposition 1.1 and Lemma 3.3]), that
£(t) € 0,0 (/' (b)) in V* for a.a. t € (0,7).

Additionally, from (3.36), we have u(0) = wuo in V. Therefore, u is a solution to
(P7 fa uO) on [07 T]

Note that, from a priori estimate (3.3) and the convergence results (3.21), (3.36) and
the lower semi-continuity of W' in (3.23), the bounded estimate (2.8) holds by setting
NQ = Nl-

Finally, we show that estimate (2.8) is valid for any solution to (P; f,ug). Let u be
any solution to (P; f,ug) on [0,T]. Then, u is also a solution to the following equation for
every € > (:

eFu/ () + £(t) + 0.0 (u(t)) + g(t,u(t)) = f(t) + eFu'(t) in V* for a.a. t € (0,7),

£(t) € 0.0/ (t)) in V* for a.a. t € (0,T).
Therefore, by Proposition 3.1 (cf. (3.3)), we have

(3.40)

[ @+ s S0 < N (S0 15+ F B 1)

t€[0,7]

Letting € — 0, we conclude that estimate (2.8) is valid for any solution u to (P; f, o).
Thus, the proof of Theorem 2.1 is complete. ]
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4 Singular optimal control problem (OP)

In this section, we consider the singular optimal control problem (OP). In Theorem 2.2, we
showed the uniqueness of solutions to state system (P) under the additional assumption
(A4). However, it seems that Assumption (A4) is too strong when we consider a class of
interesting variational inequalities (cf. [22, Section 6] and Proposition 11.1 in Section 11).

Now, we state the main result of this paper, which is directed toward the existence of
an optimal control for problem (OP) without the uniqueness of solutions to state system

(P).

Theorem 4.1. Suppose that Assumptions (A), (B), and (C) hold. Let uy be any initial
datum in V, and let uqq be a given function in L*(0,T;V). Then, (OP) has at least one
optimal control f* € Fur, namely,

J(f7) = nf J(f),

Je€Fm
where J(-) is the cost functional of (OP) defined by (1.4) and (1.5).

We begin with the following result on the convergence of solutions to (P), which is a
key component in the proof of Theorem 4.1.

Proposition 4.1. Suppose that Assumptions (A), (B), and (C) are satisfied. Let { f, }nen C
L*(0,T;V*), {uom}tnen CV, f € L*(0,T;V*), and ug € V. Assume that

fn — fin L*(0,T; V*), (4.1)

Ugp —> U NV (4.2)

as n — oo. Let u,, be a solution to (P;f,,up,) on [0,T). Then, there exist a subsequence
{ni}ren C {n}tnen and a function u € WH2(0,T; V) such that u is a solution to (P;f,uo)
on [0,T] and

Up, = u in C([0,T);V) ask — oc. (4.3)

Proof. As {uon}nen is bounded in V' by (4.2), we observe from (2.3) that

¢°(ug,,) is bounded in n > 1 (4.4)
and
lim % (ug,, — up) = 0. (4.5)
n—oo

From (A2), (2.2), the bounded estimate (2.8), (4.1), (4.4), and the Ascoli-Arzela the-
orem, we derive the existence of a subsequence {n}ren of {n},en and a function u €
W12(0,T; V) satisfying ny — oo,

Up, — u  weakly in WH2(0,T;V),
in O(0.T]; H), (16)
weakly-* in L>(0,7T;V),
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and
Unp,, (1) = u(t) weakly in V for all ¢ € [0, T

as k — oo. From (4.6) and the weak lower semicontinuity of U* given in (3.23), we observe
that

/ YT (U (1))dr < hmmf/ Y7 (uy, (1))dT < 400 for all t € [0,T].

Additionally, by (C1), (C2), (2.2), (2.8), (4.6), and the Lebesgue dominated convergence
theorem,
9051, (-)) = g(u()) in L20,T5V") as k — oo. (4.7)

Next, we show that u,, — u in C([0,T];V) as k — oco. To this end, we multiply
(P; fas» won,) by uy, —u'. Then, just as for the derivation of (3.29), we have:

(g (1) = w0) + {1 0, (1)) — 9t (), o (1) — (1)
~{Fu () = S (0), i, (1) = (1)) (48)
< /(O (wn, (6) = u(B) + L(1) + 6" (1) = ' (ur, (1)) for . £ € (0,7),

where L(-) is the function defined by:
L(t) = (f(t) = 09" (u(t)) — g(t,u(t)),u,, (t) — /(1)) for a.a. t € (0,T).
Multiplying (4.8) by e~ Jole'(Mldr anq integrating in time, we get:

e~ o Ol ot (4, (1) — u(t))

+/0 e o 1O (g (s, 1y, (5)) = g(s,u(s)), u,, (5) — u'(5))ds

/0 e IO (5) — f(s),ud, (5) — (5))ds (49)
< POluton, — o) + / o= 5 114 (s + /Ote-fosla’<f>'df<ws<u’<s>>+c2>ds

- L Bl (g, () + Ca)ds

for all t € [0,T7.
Using similar arguments to (3.33)-(3.35), we infer from (4.9) with (4.1), (4.2), (4.5)-
(4.7), and the weak lower semicontinuity of W' given by (3.32) that

lim sup e~ Jo 1) 197 ot (wy, (t) — u(t)) <0 uniformly in ¢ € [0, 77,

k—o0

or, equivalently,

lim sup ¢ (un, (t) — u(t)) <0 uniformly in ¢ € [0, 77,

k—o0

which implies by (2.2) that
Up, = u in C([0,T];V) as k — oo. (4.10)
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Finally, we show that u is a solution to (P; f,uy) on [0,7]. From (B1), (2.2), (2.8),
(4.10), and the Lebesgue dominated convergence theorem, it follows that

0,0 (U, (1)) = 0y (u(-)) in L*(0,T;V*) as k — oo. (4.11)

As u,, is a solution to (P;f,,,uon.,) on [0,T], there exists a function &,, € L*(0,T;V*)
such that
&y (t) € 0" (uy, (t)) in V* for aa. t € (0,T)

and
En () + 0u0" (U, (1) + g(t, up, (1) = fn,(t) in V* for a.a. t € (0,7T). (4.12)
By (4.12) with (4.1), (4.7), and (4.11), we see that
{€,, Yren is bounded in L*(0,T; V™).
Therefore, taking a subsequence if necessary (still denoted by {ng}ren), we observe that:
€n, — € weakly in L?(0,T;V*) for some & € L*(0,T;V*) as k — oc. (4.13)
In addition, we infer from (4.1), (4.7), (4.11), (4.12), and (4.13) that:

DVl )3 & — €= f — 0,0V (1) — g(-,u) in L*(0,T;V*) as k — oo. (4.14)

ng
Thus, from (4.6), (4.14), and the demi-closedness of the maximal monotone operator
9. in L?(0,T;V*), we infer that
§€ 0.0 () in LX(0, T; V"),
or, equivalently,
£(t) € 0. (W/(t)) in V* for a.a. t € (0,7T).

From (4.10), we have u(0) = ug in V. Hence, we conclude that u is a solution to (P; f, uo)
on [0,T]. Thus, the proof of Proposition 4.1 is complete. ]

Using the above convergence result of solutions to state problem (P), we prove the
main theorem in our paper (Theorem 4.1), which is concerned with the existence of an
optimal control for problem (OP).

Proof of Theorem 4.1. We are going to prove the existence of an optimal control for (OP)
without the uniqueness of solutions to state problem (P).

Note that, from (1.4) and (1.5), J(f) > 0 for all f € Fy;. Let {fn}lnen € Fur be a
minimizing sequence of the functional J on Fj;, namely,

= inf J(f) = lim J(fn)

By the definition in (1.4) of J(f,), for each n, there is a solution u,, € S(f,,) such that

T (un) < J(fn) + % (4.15)



334

Here, we observe from { f,}nen C Fir and (1.3) that
{fu}nen is bounded in W2(0,T:V*) N L2(0, T H).

Thus, by the Aubin compactness theorem (cf. [23, Chapterl, Section 5]), there is a
subsequence {ng ey C {n}nen and a function f* € Fj; such that

foe = 5 weakly in WH2(0, 75 V™),
weakly in L?(0,T; H), (4.16)
in L2(0,T;V*)

as k — oo.
Now, taking a subsequence if necessary, we infer from Proposition 4.1 that there is a
solution u* to (P;f*,ug) on [0, T satisfying

Up, — u* in C([0,T]; V) as k — oo. (4.17)
Therefore, it follows from (4.15)—(4.17) and u* € S(f*) that
= mf J)< I = it ()

ues(f*)
1T 2, LT )
<) =g [ @) - waFdes g [0
0 0

= lim 7, (un,)
< i —

pin {00+ |
= lim J(f,,)=d"

k—

Hence, we have d* = infser,, J(f) = J(f*), which implies that f* € F); is an optimal
control for (OP). Thus, the proof of Theorem 4.1 is complete. O

5 Approximation for (P) and (OP)

The non-uniqueness situation of state problem (P), as in Section 4, makes the numerical
approach to (OP) quite difficult. In this section, we establish an approximation procedure
to (P) and (OP) from the viewpoint of numerical analysis.

Throughout this section, we fix the initial datum uy € V. We begin by setting up
approximate problems for (P). For each ¢ € (0,1] and each h € L?(0,T;V), we consider
(P; f + eFh,ug). as the approximate problem to (P; f,ug):

eFu(t) + 0. (u(t) + Ouip' (ue(t) + g(t,uc(t)) 3 f(t) +eFh(t) in V*
for a.a. t € (0,7), (5.1)
u:(0) =up inV,

where F': V — V* is the duality mapping (cf. (2.1)).

We immediately obtain the following from Proposition 3.1.
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Proposition 5.1 (cf. Proposition 3.1). Suppose that Assumptions (A), (B), and (C) hold.
Then, for each € € (0,1], f € L*(0,T;V*), h € L*(0,T;V), and ug € V, there exists a
unique solution u. to (P; f +eFh,up). on [0,T], namely, u. satisfies u. € WH(0,T;V),
u:(0) = ug in 'V and the following holds:

(®) There exists a function & € L*(0,T;V*) such that
E(t) € 0 (ul(t)) in V' for a.a. t € (0,T),
eFul(t) +&(t) + 0.9 (uc(t)) + g(t,u-(t)) = f(t) +eFh(t) inV* for a.a. t € (0,T).

Moreover, there exists a constant No > 0, independent of €, f, h, and ugy, such that

/ Pt + sup ¢ (1))
t€[0,T] (5.2)

< N ( (UO) + ’f|L2(O,T;V*) + ’hl%Q(QT;V) + 1) )

It is easy to see that Proposition 5.1 is a direct consequence of Proposition 3.1 with
estimate (5.2) as well.

We now state the first main result of this section, which is concerned with the rela-
tionship between (P;f,ug) and (P; f + eFh, up)e..

Theorem 5.1. Suppose that Assumptions (A), (B), and (C) hold. Let f € L*(0,T;V*)
and ug € V. Then, we have:

(i) Let e € (0,1] and let {he}ec(o1] be a bounded set in L*(0,T; V). Additionally, let u.
be a unique solution to (P;f + eFh.,ug). on [0,T]. Then, there exist a sequence
{en}tnen C {e}tec(o ) with e, — 0 (asn — 00) and a function w € WH*(0,T;V) such
that u is a solution to (P; f,ug) on [0,T] and

u., = u in C([0,T];V) asn — co.

(ii) Let u be any solution to (P; f,ug) on [0,T]. Then, there exist sequences {€,}nen C
(0,1] withe, — 0 (asn — o), { fntnen C L*(0,T;V*), {hy}nen C L*(0,T; V), and
{ue, bnen C WH2(0,T; V) such that u., is a unique solution to (P; fn +enFhy, up)e,
on [0,T], {hy}nen is bounded in L*(0,T;V), and

ue, —u inC(0,T);V), fuo—f inL*0,T;V*) asn — oco.

Proof. We first show (i). As {h.}.c(0,1) is bounded in L?(0,T;V) and F : V — V* is the
duality mapping, we observe that

eFh. — 0 in L*(0,T;V*) ase— 0.

Therefore, assertion (i) can be shown in a similar manner to the proof of Theorem 2.1 (cf.
Section 3).
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Next, we show (ii). To this end, let {e,, }nen C (0, 1] be a sequence with €,, — 0 as n —
co. Additionally, let u be any solution to (P; f,ug) on [0,T]. Note that u € W12(0,T;V)
and the following equation holds:

D (W (1)) + But (u(t)) + glt, u(t)) D f() in V* for aa. t € (0,T).  (5.3)

Adding e, Fu/(t) to both sides in (5.3), we observe that the function w is also a solution
to (P; f+e,Fu, up)., on [0,7]. Hence, we conclude that assertion (ii) holds for u., := u,
fn:=fand h, =

Thus, Theorem 5.1 has been proved. O

Next, we consider an approximate problem for (OP), fixing an initial datum ug € V.
Note from (A2) and (2.8) that any solution u to (P; f,uo) on [0, 7] satisfies the following
estimate:

T L No (@O(Uo) + ’f’%Q(O,T;V*) + 1) + CyT
/ o (8)[2dt < - | (5.4)
0 1

Therefore, we take and fix a positive number N > 0 so that

2 > NO (QOO(U()) + M2 + 1) + CQT

-_ Cl 7
where M > 0 is the same positive constant as in the control space Fys (cf. (1.3)).
For each € € (0, 1], we consider a perturbation of the control space H5, defined by

N

(5.5)

|h|L2(O,T;V) S Na
Hy =< he WH(0,T;V)NL*0,T; X) 5 |W|20rvy <e'N, o, (5.6)
|hl20rx) <IN

where X is a reflexive Banach space such that X is densely and compactly embedded into
V.

Now, for each ¢ € (0, 1], we study the following control problem for the state system
(P; f + eFh,up)e, denoted by (OP).:

Problem (OP).: Find a control (f*,h}) € Fuy x H, called an optimal control, such
that

Je’;‘ ;yh: - f Jg ,h.
(FH) = dnk LF)

Here, J.(f,h) is the cost functional defined by

1

A0 =5 [ ) = s+ 5 [ 150

2 e [T 2
V*dt+§/0 |h(t) |3 dt, (5.7)

where (f,h) is any control in Fj; X Hy, u. is a unique solution to the state system
(P; f +eFh,up)e, and u.q € L*(0,T;V) is the target profile.

Note that (OP). is the standard optimal control problem, because the state system
(P; f + €Fh,up). has a unique solution on [0, 7.
We now state the second result of this section, which is concerned with the relationship

between (OP) and (OP)..
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Theorem 5.2. Suppose that Assumptions (A), (B), and (C) hold. Let uy € V and
Ugq € L?(0,T; V). Then, we have:

(i) For each ¢ € (0,1], (OP). has at least one optimal control (fX,ht) € Fy x Hy,
namely,

JE ;,h: = inf JE ,h.
(f ) (f,h)EJ'—]\/[ XH?V (f )

(ii) Let € € (0,1], and let (fX,hY) € Fu x Hy be an optimal control of the approzimate
problem (OP).. Additionally, assume that

(D) For any function h € L*(0,T; V) with |h|2ry) < N, there exists a sequence
{he}ec) of functions h. € Hy such that

he = h in L*(0,T;V) as e — 0.

Then, there exists a sequence {e,tneny C {€}ec(o1] with €, — 0 (n — 00) such that
any weak limit function f* of {fX }nen in L*(0,T;V*) is an optimal control for

(OP).

Remark 5.1. The main point of Assumption (D) is to guarantee the compactness of HS
in L*(0,T;V). In any application treated in Section 11, Assumption (D) is automati-
cally checked by the usual smoothness arqgument (e.g., the reqularization method using the
mollifier and the convolution [1, Sections 2.28 and 3.16]). For instance, in the case of
V =W(Q), 2 <p < oo, Assumption (D) is easily verified by choosing W*P(Q) as the
space X .

The following convergence result for solutions is a key component in the proof of
Theorem 5.2.

Proposition 5.2. Suppose that Assumptions (A), (B), and (C) hold. Let {f,}nen C
L*0,T;V*), {ugntnen CV, f € L*(0,T;V*), and ug € V. Assume that

fo— fin L*(0,T;V*), g, —uginV asn — oo.
Then, the following statements hold:
(i) Assume {h,}tneny C L*(0,T;V), h € L*(0,T;V) and
h, — h in L*(0,T;V) asn — oco. (5.8)
For a fized parameter e € (0, 1], let u,, be a unique solution to (P;f,+eFhy, upn)e on
(0, T]. Then, there is a function uw € W2(0,T; V) such that u is a unique solution

to (P;f +eFh,up). on [0,T] and

up, —u in C([0,T;V) asn — oo.
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(ii) Assume that {hn}nen is a bounded set in L*(0,T;V). Let {e}nen C (0,1] with
en — 0 (asn — o0). Let u., be a unique solution to (P;f,+enEFhp, uon)e, on [0,T].
Then, there exist a subsequence {nytren C {n}nen and a function u € Wt2(0,T;V)
such that u is a solution to (P;f,up) on [0,T] and

Ue

n

. —u i C(0,T];V) ask — oo.

Proof. We first prove (i). From the uniform convexity of V' and V* and the properties of
the duality mapping F': V — V*, it follows that

Fh, — Fh in L*(0,T;V*) as n — oo.

Therefore, similar to the proof of Proposition 4.1, we can prove assertion (i).
Next, we show (ii). As {h, }nen is bounded in L?(0,T; V), we observe that

enFh, — 0 in L*(0,T;V*) asn — oo.

Therefore, assertion (ii) is proved in a similar way to Theorem 2.1 (cf. Theorem 5.1(i)),
and the detailed proof is omitted. O

Additionally, the following convergence result for solutions is a key component in the
proof of Theorem 5.2(ii).

Proposition 5.3. Suppose that Assumptions (A), (B), (C), and (D) hold. Let f € Fu
and ug € V. Additionally, let w be any solution to (P;f,ug) on [0,T]. Then, there
are sequences {,tneny C (0,1] with €, — 0 (as n — o0), {futnen C Fur, {hn}tnen C
L*(0,T;V) with h, € HY, and {ue, tnen C WY0,T;V) such that u., is a unique
solution to (P;f, + €, Fhy, uo)e, on [0,T], and

u., —u inC(0,T;V), fo—f inL*0,T;V*) asn — oo.

Proof. Note from (5.4) and (5.5) that the solution w to (P;f,ug) on [0, 7] satisfies the
following;:

|20,y < N, (5.9)

O (U () + 00" (u(t)) + g(t,u(t)) > f(t) in V* for a.a. t € (0,7T). (5.10)

Let 0 € (0, 1] be any constant. Then, adding d Fu/(t) to both sides of (5.10), we observe
that the function u is also a solution to (P; f 4+ 0 F'u’, ug)s on [0, T] (cf. Theorem 5.1(ii)).

By (5.9) and assumption (D), there exist a sequence {ey }ren C (0, 1] with e, — 0 and
a sequence {h., }tren of functions h., € H3 such that

he, — v in L*(0,T;V) as k — oo. (5.11)

Let {d¢}sen be a sequence in (0, 1] so that 6, — 0 as ¢ — co. Now, for a fixed number
d¢, we consider the approximate system (P; f + 6,Fh.,,ug)s, on [0,T]. Then, taking a
subsequence if necessary (still denoted by {ej}ren), we observe from Proposition 5.2(i)
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with (5.11) that a unique solution uf € W3(0,T;V) to (P; f + §,Fh.,,ug)s, on [0,T]

converges to the one @’ to (P; f + §,Fu,up)s, on [0, T] in the following sense:

uﬁk — 4t in C([0,T);V) as k — oo.

As wu is also a solution to (P; f + d,Fu', ug)s, on [0,77], we infer from the uniqueness of
solutions to (P; f + d,Fu', up)s, that u = @¢, and hence

ul —u in C([0,T];V) as k — occ.
Note from h., € H3 that {h., }ren is bounded in L?(0,T;V); more precisely,
|h€k‘L2(O,T;V) S N for all & 2 1.

Therefore, from the diagonal argument with respect to the parameters k& and ¢, we verify

the validity of Proposition 5.3. Indeed, taking ¢, := ¢,, we derive the convergence by
setting u., := u?, f, := f, and h, := h.,. Thus, the proof of Proposition 5.3 is
complete. O

Now, let us prove Theorem 5.2, which is concerned with the relationship between (OP)
and (OP)..

Proof of Theorem 5.2. We first prove Theorem 5.2(i). Using the standard argument with
Proposition 5.2(i), we can show Theorem 5.2(i) concerning the existence of an optimal
control for (OP).. Indeed, let ¢ € (0,1] be fixed. Then, we observe from (5.7) that
Jo(f,h) > 0 for all (f,h) € Fu x Hy. Let {(fon, hn) tnen € Fur X H5 be a minimizing

sequence such that

df = inf (f,h) =1 (fr,hn).
€ (f,h)el]I-'lMxHj,J<f ) nl—>nc}oJ(f )

Here, we observe from {(f,, hyn)}nen C Fu X HS, (1.3), and (5.6) that
{futnen is bounded in W2(0,T;V*) N L*(0,T; H),

{hp}nen is bounded in W2(0,T; V) N L2(0,T; X).

Thus, with the help of the Aubin compactness theorem (cf. [23, Chapter 1, Section 5]),
there exist a subsequence {ng}tren C {n}nen and a function (f*,h*) € Fy x H5 such

that
fo, = [F weakly in WH2(0,T; V™),

weakly in L2(0,T; H), (5.12)
in L2(0,T;V*)
and
h,, — h*  weakly in W2(0,T;V),
weakly in L?(0,7T; X), (5.13)
in L2(0,T; V)

as k — oo.
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Let u,, be a unique solution to (P;f,, + ¢Fhy,, ug). on [0,7]. Then, we infer from
Proposition 5.2(i) with (5.12) and (5.13) that there is a unique solution u* to (P;f* +
eFh* up). on [0,T] satisfying

Up, — u* in C([0,T]; V) as k — oc. (5.14)
Therefore, it follows from (5.12)—(5.14) that
J(f*,h) :klim J(frps Pny) = inf J-(f,h) =d,

(f;h)EFa xHS,
which implies that (f*, h*) € Fp; x H% is an optimal control for (OP).. Thus, the proof
of Theorem 5.2(i) is complete.
Next, we prove Theorem 5.2(ii) by approximating the admissible optimal pair for
(OP).
Define d* := infsc £,

J(f) and let f* be any optimal control for (OP) with its optimal
state @*, namely, u* € S(f*)

and

2 dt.

—aF) =5 [0 — ok [ 170

Now, we approximate the admissible optimal pair (u*, f *) for (OP) by applying Propo-
sition 5.3. Indeed, we observe from Proposition 5.3 that there exist sequences {&, }nen C
(0,1] with &, — 0 (as n = 00), {fu}nen C Far, {hntnen C L*(0,T;V) with h, € HY
and {u., }ney C WH2(0,T; V) such that u., is a unique solution to (P; f, + &, Fhy, up)e,
on [0, T,

u., — @ in C([0,T];V) asn — oo, (5.15)
and .
fo— f* in L*(0,T;V*) asn — oo. (5.16)
Note from h,, € H3+ that {h, },en is bounded in L?(0,T; V); more precisely,
|hn|L2(0,T;V) <N for all n > 1.

Therefore, from (1.4), (1.5), (5.7), (5.15), and (5.16), it follows that

oLt

¢ =37 =3 [ 0w+ [ 17

I 1
= i {3 [ 0 = vttt [ 0
- nh_)rgo Jen(fm hn)

> limsupd; , (5.17)

n—oo

where d = inf(fh yeFnxHn Jen (3 B).
NOW et {( JZ  h% )}nen be any sequence of optimal controls (fZ ,h? ) for (OP).,

addition, let u? be a unique solution to (P; fZ + e, Fh’ ,ug)e, on [0,T]. Then, it follows
from (fX ,h% ) € Fu x Hy, (1.3) and (5.6) that

{fZ Ynen is bounded in W'2(0,T;V*) N L*(0,T; H),
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{h* }new is bounded in L*(0,T; V). (5.18)

Therefore, by the Aubin compactness theorem (cf. [23, Chapter 1, Section 5]), there exist
a subsequence {ny}ren C {n}neny and a function f* € Fy; such that

fg*nk — f*  weakly in Wl,Z(Q,T; V),
weakly in L*(0,T; H), (5.19)
in L2(0,T;V*)

as k — oo. Then, taking a subsequence if necessary, we infer from Proposition 5.2(ii)
with (5.18) and (5.19) that there is a solution u* to (P;f*,ug) on [0, 7] satisfying
ug, —u in C([0,T);V) as k — oc. (5.20)
Next, taking a subsequence if necessary, we choose a subsequence of {ng}ren (still
denoted by {ng}ren) so that
liminfd. = lim d} .
n—00 " k—oo "k

Therefore, it follows from (1.4), (1.5), (5.18)—(5.20), and u* € S(f*) that

lim inf d
n—o00 "
R T * R T * *
= fim 0z, = i T, (02
T

i L e ot [ o [ @R
= im {5 [ e @ = vt 5 [0, O S [, 0

5 | WO —waokar+s [ 170
=y (u")
=J(f7)
o (5.21)

2
2 dt

On account of (5.21) and inequality (5.17), we conclude that

d* = lim &7, = J(f*).

n—o0

Hence, f* € Fj is an optimal control for (OP) and u* is its optimal state. Thus, the
proof of Theorem 5.2 is complete. O]

6 Solvability of (QP)

In this section, we consider a doubly nonlinear quasi-variational evolution equation, as
introduced in [22, Section 5], of the form:

D (W' (1)) 4+ 0wt (u; u(t)) + g(t, u(t)) 2 f(t) in V* for a.a. t € (0,7),

(QP){ w(0) = uy inV,
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where '(z) and g(¢, z) are as in (P), and ¢'(v; z) is precisely formulated below.

(Assumption (B’))
Setting
T
Dy = {v e Wh(0,T;V) ‘ / P (1)) dt < oo} :
0

we define a functional ¢’ : [0, 7] x Dy x V — R such that ¢'(v; ) is non-negative, finite,
continuous, and convex in z € V for any ¢t € [0, 7] and any v € Dy, and

o' (v1;2) = ©'(v9;2), Yz € V, if vy = vy on [0, 1],
for v; € Dy, i = 1,2. We assume the following:

(B1”) The subdifferential 0,¢"(v; z) of ¢'(v; z) with respect to z € V is linear and bounded
from D(0.¢"(v;-)) = V into V* for each ¢ € [0,T] and v € Dy, and there is a positive
constant C% such that

10,0 (v; 2) v+ < Chlzly, Vz €V, Yv€ Dy, Vtel0,T].

(B2)) If {vn}new C Do, sup,ey [y U'(v4(t)dt < oo and v, — v € C([0,T); H) (as
n — 00), then

0,0 (s 2) = 0,0"(v;2) In V* Vz eV, Vte[0,T] asn — oo.

(B3") ¢°(v;0) = 0 for all v € Dy. Moreover, there is a positive constant C} such that

(v, 2) > Ch|z|3, Yz €V, Yo € D.

(B4’) There is a function a € WH(0,T') such that

|0 (v; 2) — ©%(v; 2)| < Ja(t) — a(s)|p®(v;2), Vz €V, Yv e Dy, Vs, t€l0,T)].

Similar to Lemma 2.1, we can state the following.

Lemma 6.1 (cf. Lemma 2.1). Suppose that Assumption (B’) is satisfied. Then, the
following inequalities hold:
() y

4 2 t / AT

— 27 < ©(v;2) < (|a + 1) C5 2|5,

el < 2 < (W + 1) Gl

Vit €[0,T], Vz €V, Yv € Dy.
(ii)

O/
(0up(v52), 2) > |a,|—4+1|2|\2/7 vt €1[0,T], V2 €V, Yv € Dy.
L1(0,T)
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Remark 6.1 (cf. Remark 2.2). From (B1’) and Lemma 6.1(i), we can derive that the
subdifferential 0,p"(v; ) satisfies

C/
Cilz[} > (0up' (v 2), 2) > @' (v52) > ————
512y > (0up' (v 2), 2) = ¢ (v5 2) oom £1

Vit €[0,T], Vz €V, Yv € Dy,

2

(6.2)

and from (B4"), we have that the function t — 0.¢"(v; 2) is weakly continuous from [0, T]
into V* for all (v,2) € Dy X V.

Note that Assumption (B4’) is also a typical time-dependence condition of convex
functions (cf. [19, 30, 35], Remark 2.1). In a similar manner to the proof of Lemma 3.1
(cf. [22, Lemma 1)), we have the following;:

Lemma 6.2 (cf. Lemma 3.1, [19, Lemma 2.1.1], [22, Lemma 1}). Suppose that Assump-
tion (B’) holds. Let v € Dy and w € WHH(0,T; V). Then, we have:

%wt(v;w(ﬂ) — (0.0 (vyw(t)), w'(t)) < o/ (O)l¢" (v;w(t), a.a. te(0,T).  (6.3)

For each v € Dy, we consider the doubly nonlinear evolution equation, denoted by
(QP)Y, or (QP;f,up)” when the data are indicated, on [0, T):

[ O (1) + Oup™(vsu(t)) + g(t, u(t) 3 f(t) in V* foraa.te (0,T),
(QP) { u(0) =up in'V,

which is used in the proof of Theorem 6.1 and Section 10.

Definition 6.1. (I) Given v € Dy, f € L?(0,T;V*), and uy € V, the function u :
[0,T7] — V is called a solution to (QP; f,ug)" on [0,T] if the following conditions are
satisfied:

(i) w e WH2(0,T;V).
(i) There exists a function & € L*(0,T;V*) such that
E(t) € 0 (W (1)) in V* for a.a. t € (0,T),
E(t) + Dot (v;u(t)) + g(t,u(t)) = f(t) in V* for a.a. t € (0,T).
(iii) w(0) =wugy in V.
(IT) Given f € L*(0,T;V*) and ug € V, the function u : [0,T] — V is called a solution to

(QP), or (QP; f,ug) when the data are indicated, on [0,T)] if u is a solution to (QP; f,ug)”
on [0, T] with v = u.

We now state the existence result for problem (QP) on [0, 7.
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Theorem 6.1 (cf. [22, Theorem 3]). Suppose that Assumptions (A), (B’), and (C) are
satisfied. Let f be any function in L*(0,T;V*) and ug be any element in V. Then,
(QP; f,ug) admits at least one solution u on [0,T]. Moreover, there erxists a constant
N3 > 0, independent of f and ugy, such that

T
| v+ s o) < N (jul + e +1)  (64)

te[0,7)
for any solution u to (QP; f,uo) on [0,T].

Proof. Theorem 6.1 can be proved using a very similar approach to that in [22, Theorem 3].
We repeat it here to clarify the connection between the above theorem and the approach
to its optimal control problem (see Theorem 8.1).

By considering approximate problems for (QP), we are going to prove Theorem 6.1.
Indeed, for each ¢ € (0, 1], we consider the following approximate Cauchy problem for
any given v € Dy:

eFu/ (t) + 0.0 (' (1)) + Ot (v;u(t)) + g(t, u(t)) > f(t) in V*
(QP)Y for a.a. t € (0,7, (6.5)
u(0) =up in V.

Then, (QP)? can be considered as (P; f, ug). with d,¢'(+) replaced by d,¢"(v;-). By virtue
of Proposition 3.1, problem (QP)? possesses one and only one solution u in the same sense
as (I) of Definition 6.1, and has the estimate

/{wmm%+www»wm—mp¢wmw>
0 te[0,7] (6.6)

< Ny (SOO(US UO) + ‘f|2L2(o7T;V*) + 1) .
From (6.1) of Lemma 6.1, it follows that
¥ (v;u0) < (| [110,m) + 1) Caluolt. (6.7)

Now, setting
N3 := N, ((|O/|L1(0,T) + 1) Ciluol, + |f\%2(o,:r;v*) + 1)

and

T
X(u) = {v e WH2(0,T;V) | v(0) = up, / P (t))dt < Ng} :
0

we define a mapping S : X (ug) — X (uo) that maps v € X (ug) C Dy to a unique solution
u of (6.5), namely, Sv = u; from (6.6), note that u € X (ug). Clearly, X (ug) is non-empty,
convex, and compact in C([0,7]; H).

Next, we show that S is continuous in X (ug) with respect to the topology of C'([0, T]; H).
Let v € C([0,T]; H), and let {v, },en be a sequence in X (ug) such that

v, — v in C([0,T]; H) as n — o0, (6.8)
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and set u, = Sv,. Then, we see that v € X (up), v, — v weakly in WH2(0,T;V), and
SUDpen fOT (vl (t))dt < N3. From (6.6) and (6.7), it follows that there exist a subsequence
of {t }nen, denoted by {uy, }nen again, and a function u € WH2(0, T; V') such that

u, — u in C([0,T]; H), weakly in W"(0,T;V) asn — oo (6.9)

and
un(t) = u(t) weakly in V for all ¢t € [0,7] as n — oo.

We now show that u, — win C([0,T]; V') as n — oo. To this end, note that u, (= Sv,)
is a unique solution to the following equation with w,,(0) = ug in V:

eFul,(t) + 0.0 (ul, (1)) 4+ Oup (Un; un(t)) + g(t, un(t)) > f(t) in V*

for a.a. t € (0,7), (6.10)

As for (3.29) in the proof of Theorem 2.1, we obtain the following by multiplying (6.10)
by u!,(s) —u/'(s) for t = s and using (2.1) and Lemma 6.2:

eCplul (s) —u/'(s)[3 + %gps(vn; Un(8) — u(s))
<[ (8)] 05 (Un; Un(8) — u(8)) 4 Li(s) 4+ 0% (' (s)) — 1*(uly(5)) (6.11)

for a.a. s € (0,7,

where

Ly(s) = (f(s) = 0up"(vn; u(s)) — g(s, un(s)), up(s) — /(s))
—e(Fu(s),u,(s) —u'(s)) for a.a. s € (0,7).

Multiplying (6.11) by e~ Jo '(Dl47 and integrating in time, we use ¢°(v,;0) = 0 (cf. (6.1))
to obtain:

t
€Cr / e IO () (s + e O S (1) — ()
0

t t
< / e~ Jo 1ML (5)ds + / e Jo 19Ol (5 (4/ (5)) 4 Cy)ds (6.12)
0 ‘ 0

- [ e B e ) + Co)ds
0
for all t € [0, 7.

Here, note from (B1’), (B2’), (6.8), and the Lebesgue dominated convergence theorem
that

0,0 (Un; 1) = 0,00 (v;u) in L2(0,T;V*) as n — oc. (6.13)

As in the case of (3.33)-(3.35), we infer from (6.12) with (C1), (6.9), (6.13), and the

weak lower semicontinuity of W' given by (3.32) that

lim sup e~ /o 1 O™ St (13w (1) — w(t)) <O uniformly in ¢ € [0, 7] (6.14)

n—o0
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and
¢
lim sup 5CF/ e~ ol @l |y (§) — ' (s)2ds < 0, Yt e[0,T). (6.15)

n—o00 0

Hence, we observe from (6.14) that

lim sup ¢ (vn; un (t) — u(t)) <0 uniformly in ¢ € [0, 7],

n—o0

which implies by (6.1) that

up, — u in C([0,T];V) as n — oo. (6.16)
Additionally, we infer from (6.9) and (6.15) that

ul, — ' in L*(0,T;V) as n — oo. (6.17)

We now show that u is a solution to (QP)? on [0, 7], namely, u = Sv.
From (B1’), (B2’), and (6.16), we see that

0o 0 (Vs Un (1)) — Opp" (v;u(t)) in V* for all t € [0,T] as n — oo.
Therefore, from the Lebesgue dominated convergence theorem, it follows that
0.0 (U un () = 050 (w3 u(:)) in L2(0,T;V*) as n — oo. (6.18)
Additionally, we observe from (6.17) that
eFul, — eFu' in L*(0,T;V*) as n — oo. (6.19)
Hence, it follows from (C2), (6.16), and (6.18) that

eFul, + 0.0 (1)) 3 & = f — 00" (Vs un) — g(-, un)
— f - 8*g0(')(v;u) —g(,u)=:&in LQ(O,T; V)

as n — oco. Thus, from (6.17), (6.19), and the demi-closedness of the maximal monotone
operator d,1)") in L2(0,T;V*), we infer that

€ ecFu + 0,0V (W) in L*0,T; V™),
or, equivalently,
E(t) € eFu/(t) + 0.0 (W (1)) in V* for a.a. t € (0,T).

Additionally, we observe from (6.16) that u(0) = ug in V. Therefore, we conclude that
u is a solution to (QP)Y on [0, 7], namely, v = Sv. From the uniqueness of solutions to
(QP)?, we conclude that Sv,, = u, — u = Sv in C([0,T]; V), and hence in C([0,T]; H),
without extracting any subsequence from {u,}nen. Thus, S is continuous in X (ug) with
respect to the topology of C([0,T]; H). Therefore, by the Schauder fixed point theorem,
S has at least one fixed point u in X (ug). This is a solution to (QP)? with v = w.
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We showed above that, for every small € > 0, the Cauchy problem

eFu(t) + 0. (uL(t)) + Ouip! (ues e (1)) + g(t, ue(t)) 3 f(£) in V*
(QP; £, uo)- for a.a. t € (0,7),
u(0) =wuy inV

admits at least one solution u. € W2(0,T; V) in the same sense as (II) in Definition 6.1,
and has the estimate

/ |ul(t th+/ Yl (t))dt + sup @' (us;ua(t)) < N3, Ve € (0,1]. (6.20)

te[0,T]

Therefore, we can choose a sequence {e,},en with €, | 0 (as n — o0) and a function
u € Dy so that

Up = u., — uin C([0,T); H), weakly in W2(0,T;V) as n — oo,
un(t) = u(t) weakly in V for all t € [0,T] as n — oo,
equl, — 0in L*(0,T; V) as n — 0o,

sup/ Vi (u dt<N3

neN

In a similar manner to the case of (6.16), we have:
Up = Uus, — win C([0,T]; V) as n — oc.

Therefore, in the same way as for the proof of convergence for Theorem 2.1, we can infer
from (B17), (B2’), and (C1) that the limit u satisfies

{ OVt (U (t)) + 0w (u; u(t)) + g(t,u(t)) 2 f(t) in V* for a.a. t € (0,7),
u(0) =uy in V.

Hence, u is a required solution to (QP;f,ug) on [0,7]. In addition, in the same way as
in the proof of the a priori estimate (3.18) (cf. (2.8)), we conclude that (6.4) holds by
setting N3 := Nj3. Moreover, estimate (6.4) holds for any solution to (QP:f, 1) on [0, 77
this is easily seen, as in the proof of Theorem 2.1. Thus, the proof of Theorem 6.1 is
complete. O

7 Uniqueness of solutions to (QP)

In this section, we show that a solution to (QP;f,uy) on [0,77] is not, in general, unique.
Indeed, we give a counterexample for the uniqueness of solutions to (QP;f, ug) as follows.

Example 7.1 (cf. [11, Section 2], [22, Example 4.1]). Let Q = (0,1), and set V = H'(Q)
and H = LQ(Q_). Additionally, let @ := (0,7") x €2, and let p be a prescribed obstacle
function in C(Q)) such that

1<p(t,z) <p*, V(t,z)€Q, (7.1)
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where p* is a positive constant.
Now, for each ¢ € [0, T, define a closed convex subset K (t) of V' by

K(t)={zeV; |z(z)| < pt,z), |2(z)] < p(t,x) fora.a. zeQ}.
Then, we consider the following quasi-variational problem with constraint:
u(t) € K(t) for a.a. t € (0,7,

/ﬂa(t,x, u(t, x))ug(t, o) (up(t, ) — we(x))de <0

for all w € K(t) and a.a. t € (0,7),
u(0,2) =0, x €,

(7.2)

where 0 < T < +o00, and a(t, x,r) is a prescribed function on @ xR satisfying the following

conditions: o
a, < a(t,z,r) <a*, V(t,z)e€Q, Vr e R,

|CL(t1,:L‘7T1) - a’(t27x77ﬂ2)| S La(|t1 - t2| + |T1 - 7”2|), (73>
Vt; €[0,T)], r €R, i=1,2, Vo € Q,

where a,, a* and L, are positive constants.
Here, for each t € [0, 7], the time-dependent convex functional ¢ is defined by

0, if z € K(t),

VzeV. 7.4
400, otherwise, - (74)

W1e) = Tl = {
Furthermore, the (¢, v)-dependent functional ¢'(v;2) is given by

o' (v;2) = %/Qa(t,x,v(t,x))|zx(x)|2dm—|—%/ﬂ|z(m)|2dx

for all t € [0,T], Yv € Dy, Vz €V,

where
Do = {ve W"0,T;V) | v'(t) € K(t) for a.a. t € [0,T]}.

Then, we have (cf. [22, Section 6]):
(i) z* € 0, (z2) if and only if

2*eV*, ze K(t) and (z*,w—2z) <0 for all w e K(t),

(ii) (0.0 (v;2),w) = /a(t,:z:,v(t,x))zx(x)wx(x)dx + / 2(z)w(x)dez for all z,w € V
and v € Dy . :
for all t € [0,T7.

Additionally, we observe that problem (7.2) can be reformulated as (QP;0,0) with
g(t,z) = —z. Using similar arguments to those in [22, Section 6], it is easy to check
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Assumptions (A), (B’), and (C). Therefore, applying Theorem 6.1, problem (7.2) has at
least one solution u on [0, 7.
Moreover, note that, for each constant ¢ € (0, 1), the function . defined by

u(t, z) == c(1 —exp(—t)) for all (¢,x) € (0,T) x
is a solution to (7.2) on [0,T]. Indeed, we observe that
(uedelt2) = coxp(—1),  (uelt,z) =0, (ue)uult, 2) = 0
for all (t,z) € (0,7) x Q. Therefore,
(uc)e(t) € K(t) for a.a. t € (0,T).

Hence, we easily observe that, for each ¢ € (0, 1), the function w,. satisfies (7.2). Thus,
{uc}eeo,1) provides an infinite family of solutions to (7.2) on [0, 7.

From the counterexample above, note that the uniqueness of solutions to (QP) is not
generally expected. However, if 0,1! is strictly monotone from V into V* and 0.¢"(v;-)
is Lipschitz in v € Dy, we have the following uniqueness result for (QP).

Theorem 7.1 (cf. Theorem 2.2, [22, Theorem 2|). Suppose that Assumptions (A), (B’),
and (C) are satisfied. Let f be any function in L*(0,T;V*) and ug be any element in
V. In addition, assume the strict monotonicity condition (A4) of 0,4" in Theorem 2.2.
Furthermore, assume that 0,p"(v; ) is Lipschitz in v € Dy, i.e.,

(B5’) There exists a positive constant Cg > 0 such that

0.0 (013 2) = 0" (v2; 2)) v+ < Cgloi(t) — va(t) |y (14 |2]v)
\V/UZ‘ S DO (Z = 1,2), Vz € Do, Vit € [07T]

Then, the solution to (QP; f,ug) on [0, T] is unique.

Proof. Using a quite standard argument (cf. [22, Theorem 2|), we prove Theorem 7.1. To
this end, let u;, i = 1,2, be two solutions to (QP; f,ug) on [0,T]. Then, by Theorem 6.1
(cf. (6.4)), we have u; € W12(0,T; V) and u; € Dy for i = 1,2.

Subtract (QP; f,ug) for i = 2 from that for ¢ = 1, and multiply the result by u} — ).
Then:

(€1(t) = &(1), vy (1) — u5(2)) + (Oup" (ur; ua(2)) — Oup" (un; ua(t)), wh (1) — us(t))

+(g(t,ur(t)) — g(t,us(t)), uy(t) — uh(t)y =0 for a.a. t € (0,7T), (7.6)

where &;(t) € 0,0 (ul(t)) for a.a. t € (0,T) (i =1,2). From (A4), we observe that

(€ (t) = &(t),uy (t) — up(t)) = Cslui(t) — uy(t)fy for aa. t € (0,7) (7.7)
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and, by Lemma 6.2 and (B5’), that
(0up! (urs ua () — Oup (s un(t)), (1) — us(t))
)

/
1
/
1

= (0" (ur; ua(t)) — Ouip’ (uz; ua (1)), ua (1) — (1))
+H(0up" (s ua (1) — Uz( )); uy(t) = us(t))
> —[0up" (ur; ua(t)) — Ouip" (uz; ua (1)) lv=|ur (8) — () v

+c(zit@ (23 un () — ua(t)) — |o (8)|0" (uz; ua(t) — ua(t))

(
> —Celur(t) — ua(t)|v (1 + |ua(t)|v) [uy (t) — us(t)]y
(

+5tg0 (ug; ur(t) — ua(t)) — |/ (8)|@" (ug; us (t) — uz(t)) for a.at € (0,T).

Therefore, we observe from (7.6)—(7.8) and (C2) with the help of the Schwarz inequality
that

Culu (1) — (1) + 0 (s (1) — (1)

<|o/(#)] " (u3 ua(t) — Uz( )) + Clua (t) — ua(t)lv (1 + ua (B)|v) [y (t) — us(t)]v
+ lg(t, ua () — g(t, ua(t)) v+ ur (t) — us(b)lv
(

<[ () 0" (uz; ua (t) — ua(t ))+%:!ul()—U2(t)|2v(1+|ul(t)\v)2 045|u1(>_u/2(t>|%/

+ ot ) = gt )R-+ Plund) - (O

02
<[/ (£)|p" (ua; ur () — ua(t)) + 55|U1( ) —up (D) (1 + lua(t)]v)”
L? C
+ 5?“1(75) — ()]} + 75|U'1(t) —uy(t)[7
for a.a. t € (0,7). From the above inequality with (6.1), we infer that

10t 1) — () + it wasn (1) — ua(1)

< Kl(\a ()] + [ur ()2 + 1)@ (ug; uy (t) — ua(t)) for a.a. ¢ € (0,7)

(7.9)

for some constant K; > 0, which is independent of u; (¢ = 1,2). Hence, applying the
Gronwall inequality to (7.9), we conclude that

ur(t) —uz(t) =0 in V for all ¢t € [0,T].

Thus, the proof of Theorem 7.1 is complete. m

Remark 7.1. In [22, Example 4.1], the authors showed a counterezample for the unique-
ness of solutions to the following type of doubly nonlinear evolution equations:

0,0 (U (1)) + 0up' (u(t)) + g(t,u(t)) > f(t) in V* for a.a. t € (0,T). (7.10)

Additionally, the uniqueness of solutions to (7.10) was proved there under the additional
condition (A4) regarding the strict monotonicity of 0.4" (cf. Theorem 2.2, [22, Theorem 2]).
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Remark 7.2. As Example 7.1 demonstrates, for doubly nonlinear variational inequalities,
the uniqueness of solutions is quite independent of its reqularity in time. It seems to depend
on the structure of the problem, and we need some strong conditions such as (A4) and
(B5") to ensure unique solvability.

8 Singular optimal control problem for (QP)

In Theorem 7.1, we derived the uniqueness of solutions to state system (QP) under ad-
ditional assumptions (A4) and (B5’). However, Assumption (A4) cannot be expected in
many of the applications we shall treat in Section 11. Therefore, in this section, without
this assumption, we consider the singular optimal control problem that is a class of control
problems formulated for the non-well-posed state system (QP).

Using arguments similar to those in Sections 4 and 5, we study the singular optimal
control problem for quasi-variational evolution equations (QP). Indeed, for a fixed number
M > 0, we consider the control space F); defined by (1.3) to give the following singular
optimal control problem for (QP), denoted by (OP)qv:

Problem (OP)qy: Find a control f* € F)y, called an optimal control, such that
J *) = inf J .
ov(f) = inf “Jov(f)
Here, Jqv(f) is the cost functional defined by

J = inf 7 u), 8.1
v(f) = inf ‘mqu.s(u) (8.1)
where f € Fyy is any control, and Sqv (f) is the set of all solutions to (QP; f, ug) associated
with the control function f. In addition, for any solution u to the state system (QP; f, ug),
its functional mqy f(u) is defined by

1

ravs(w) = [0 w4 5 [ 1R (82

where uqq € L?(0,T;V) is a given target profile.

Using a quite standard argument (cf. Proof of Theorem 4.1), we can show the existence
of optimal control f* € Fj to Problem (OP)qy. Indeed, the following result on the
convergence of solutions to (QP; f,ug) is the key to the proof.

Proposition 8.1. Suppose that Assumptions (A), (B’), and (C) are satisfied. Let { f,}nen C
L*(0,T;V*) and {ugn}nen C V. Additionally, let f € L*(0,T;V*) and ug € V. Assume
that
fo = fin L*(0,T; V"), (8.3)
Ugy — U 0V (8.4)
asn — oo. Let u, be a solution to (QP;fn,uon) on [0,T]. Then, there exist a subsequence
{ng}ren C {n}nen and a function u € WH2(0,T; V') such that u is a solution to (QP; f, ug)
on [0,T] and
Up, = u in C([0,T; V) as k — oo. (8.5)
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Proof. As u,, is a solution to (QP;f,,uo,) on [0,77], by the definition of solutions, there
is a function &, € L*(0,T;V*) such that

E(t) € 04 (ul () in V* for a.a. t € (0,T), (8.6)

En(t) + 0u0 (Un; un(t)) + g(t, un(t)) = fu(t) in V* for a.a. t € (0,7). (8.7)
Note from (8.3) that {f,}nen is bounded in L*(0,7; V*). In addition, note from (8.4)
that {uon }nen is bounded in V. Therefore, from (A2), (6.1), (6.4), and the Ascoli-Arzela

theorem, it follows that there exist a sequence {ny }reny with ni — oo (as k — o0) and a
function u € W2(0,T; V') such that

U, — u  weakly in W2(0,T;V), in C([0,T]; H) (8.3)
and weakly-* in L>(0,T;V) as n — oo, '
Un, (t) = u(t) weakly in V for all ¢ € [0,T] as n — o0, (8.9)

¢
/ (W (7))dT < hmlnf/ V7 (up, (7))dr < N3 for all ¢ € [0, 7],

where N3 := N <]u0|%/ + 1220wy + 1) is the same constant as in (6.4).

Next, we show that u,, — uin C([0,T];V) as k — oco. As with (6.11) in the proof of
Theorem 6.1, we multiply (QP;fu,,uon,) (cf. (8.7)) for t = s by u;, (s) —u'(s) and use
Lemma 6.2 to obtain:

o 1 (5) — u(s))
< |/ (8)|@% (tny 3, (8) — u(s)) + Lo, (5) 4 0° (' (s5)) — V5 (up, (5)) (8.10)

for a.a. s € (0,7),

where L,, (-) is a function defined by:

Ly (8) = {fun(8) = 00" (unys u(s)) — gt 1, (), 1l (5) — /(s)) for aa. s € (0,7).
Multiplying (8.10) by e~ Jo [¢(Dl4T and integrating in time, we obtain:
e ol O ot (s a, (8) — u(t))
< (U, ; Yo, —uo)—i—/ote Jole/lar (s)ds
# [ RO ) + s
- [ g (9) + s

(8.11)

for all t € [0, T].
Here, note from (B1’), (B2’), (8.8), and the Lebesgue dominated convergence theorem
that
Du 0 (s u) — 040V (u;u) in L2(0,T; V*) as k — oo. (8.12)
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In a similar way to the case of (3.33)-(3.35), we infer from (8.11) with (C1), (6.1),
(8.3), (8.4), (8.8), (8.12), and the weak lower semicontinuity of U* given by (3.32) that

lim sup e~ /o O™ St (1, 3, (1) — u(t)) < 0 uniformly in t € [0, 7],

k—o0
whence
lim sup ¢ (un, ; tn, (t) —u(t)) <0  uniformly in ¢ € [0, 7],
k—o0
which implies by (6.1) that

Up, = u in C([0,T];V) as k — oo. (8.13)

We now show that u is a solution to (QP;f,ug) on [0,7]. We observe from (B1’),
(B2), and (8.13) that

0w (U5 U, (1) = Oup(usu(t)) in V* for all t € [0,T] as k — oo.
Therefore, from the Lebesgue dominated convergence theorem, it follows that
00 (U, Uy ) — Oup") (s w) in L0, T;V*) as k — oo. (8.14)
From (C2), (8.3), (8.7), (8.13), and (8.14), we observe that
— f = 0.0 (usu) — g(-,u) =: € in L*(0,T; V")
as k — oo. Thus, from (8.8) and the demi-closedness of the maximal monotone operator
O, in L2(0,T; V™), we infer that
£ €0V (W) in L*(0,T;V7),
or, equivalently,
E(t) € 0 (W/(t)) in V* for a.a. t € (0,T)
and
E(t) + 00" (u;u(t)) + g(t,u(t)) = f(t) in V* for a.a. t € (0,T).

Additionally, by (8.4) and (8.13), we see u(0) = uy in V. Therefore, we conclude that u
is a solution to (QP; f,ug) on [0,T]. Thus, the proof of Proposition 8.1 is complete. [

We now state the main result of this section, which is directed to the existence of an
optimal control for (OP)qy without the uniqueness of solutions to (QP; f, uo).

Theorem 8.1. Suppose that Assumptions (A), (B’), and (C) are satisfied. Let uqq be a
given function in L*(0,T;V) and ug be any element in V.. Then, (OP)qv has at least one
optimal control f* € Fur, namely,

Jov(f*) = inf Jqv(f),

fe€FM

where Jqv () is the cost functional of (OP)qv, which is defined by (8.1) and (8.2).

Taking account of Proposition 8.1 concerning the convergence result of solutions to
(QP; f,ug), we can prove Theorem 8.1. Indeed, the proof of Theorem 8.1 is the same as
that of Theorem 4.1. Thus, we omit the detailed proof.
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9 Approximation for (QP) and (OP)qy

In Section 5, we established an approximate procedure to investigate the singular optimal
control problem (OP). In this section, we study similar approximate problems for (QP)
and (OP)qy from the viewpoint of numerical analysis. To this end, we assume (A), (B’),
(C), and (B5’) in Theorem 7.1. However, (A4) is not assumed. In this case, (QP; f, uo)
is generally a non-well-posed state system, even if (4), (B’), (C), and (B5’) are satisfied.

We begin with the setting of an approximation to (QP; f,ug). Indeed, for each ¢ €
(0,1], f € L*(0,T;V*), h € L*(0,T; V), and ug € V, we consider the following problem,
denoted by (QP; f + eFh, up).:

eFuL(t) + 0.4 (ul(t)) + 9up" (uei ua(t)) + g(t, ue(t))
(QP: f +eFh,u). S f(t) +eFh(t) in V* for a.a. t € (0,7), (9.1)
us(0) = ug in 'V,

where F': V — V* is the duality mapping.

The existence—uniqueness of solutions to (QP; f + €F'h, ug). is proved using a slight
modification of the proof of Theorem 6.1 for each ¢ € (0,1], f € L*(0,T;V*), h €
L?(0,T;V), and uy € V. In fact, we have:

Proposition 9.1 (cf. Theorem 6.1, [22, Theorem 3]). Suppose that Assumptions (A),
(B’), (C), and (B5’) hold. Then, for each e € (0,1], f € L*(0,T;V*), h € L*(0,T;V),
and ug € V, there ezists a unique solution u. to (QP; f 4+ eFh,ug). on [0,T] satisfying
ue(0) = wug in V and:

(o) There exists a function & € L*(0,T;V*) such that
£(t) € 0 (ul(t)) in V* for a.a. t € (0,T),
eFuL(t)+& (1) +0.¢0" (us; uc (b)) +g(t, us(t)) = f(t)+eFh(t) in V* for a.a. t € (0,T).

Moreover, there exists a positive constant Ny > 0, independent of €, f, h, and ug, such
that

/ P+ sup o (uz ()
0 te[0,T] (9.2)

< Na (luol} + /sy + Py +1)

Proof. As the proof is quite similar to those of Theorem 6.1 and Theorem 7.1, we omit
the detailed proof of Proposition 9.1. O]

We now state the first result of this section, which is concerned with the relationship
between (QP; f,ug) and (QP; f 4+ eFh, ug)e.

Theorem 9.1 (cf. Theorem 5.1). Suppose that Assumptions (A), (B’), (C), and (B5)
hold. Let f € L*(0,T;V*) and ug € V. Then, we have:



355

(i) Let € € (0,1] and let {h.}cc01] be a bounded set in L*(0,T;V). Additionally, let u.
be a unique solution to (QP; f + eFhe,ug)e on [0,T]. Then, there ezist a sequence
{en}tnen C {e}ec(o) with e, = 0 (asn — 00) and a function w € W*(0,T;V) such
that u is a solution to (QP; f,uo) on [0,T] and

ue, — u in C([0,T];V) asn — oc.

(ii) Let u be any solution to (QP; f,ug) on [0, T]. Then, there are sequences {e,}nen C
(0,1] with €, — 0 (as n — ), {fatnen C L*(0,T;V*), {hn}nen C L*(0,T;V),
and {ue, tnen C WH2(0,T;V) such that u., is a unique solution to (QP; f, +
enFhy,ug)e,, {Nn}nen is bounded in L*(0,T;V), and

u., —u inC(0,T;V), fo— f inL*0,T;V*) asn — oo.

Proof. The proof is quite similar to that of Theorem 5.1. Indeed, assertion (i) can be
shown in a way similar to the proof of Theorem 6.1 (cf. [22, Theorem 3]). In addition,
assertion (ii) can be shown by adding €, F'v/(t) to both sides of the equation for (QP; f, uo)
and setting u., :=wu, f, := f, and h,, := ' (cf. (ii) of Theorem 5.1). O

Next, by the same approach as in Section 5, let us consider an approximation to
optimal control problem (OP)qy. To this end, we fix an initial datum uy € V, and note
from (A2) and (6.4) that any solution u to (QP; f,ug) on [0,7] satisfies the following
estimate:

T N(u2+ 2, ,*+1>+CT
/ |u’(t)|%/dt§ 3 ( [uoly, !f\L (0,T;V*) 2 ‘ (9.3)
0 Gy

Therefore, we take and fix a positive number N > 0 so that
N3 (|U0|%/ —f- M2 + ]_) —I— CQT
Ch ’
where M > 0 is the same positive constant as in the control space Fj; (cd. (1.3)).
For each € € (0, 1], let HS, be the perturbation of the control space defined by (5.6).

Then, we study the following control problem for approximate state system (QP; f +
eFh., up)., denoted by (OP)qy .:

Problem (OP)qy.: Find a control (f¥, h}) € Fu x HY, called an optimal control, such
that

N2 > (9.4)

Jove(fi,hl) = inf Jove(f,h).
av.e(fE,hl) maid e Tov. (f,h)

Here, Jqv:(f, h) is the cost functional defined by

1 1

Tov i) = 5 [ uelt) = watt)fpe + 5 [ 150

2 e [T 2
bedi+ /0 hORdt,  (9.5)

where (f,h) € Fy x HS is a control, u. is a unique solution to the approximate state
system (QP; f + eFh.,ug)., and u.g € L*(0,T;V) is the target profile.

Let us state the second result of this section, which is concerned with the relationship
between (OP)qy and (OP)qy ..
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Theorem 9.2. Suppose that Assumptions (A), (B’), (C), and (B5’) hold. Let uy € V
and uqq € L*(0,T; V). Then, we have:

(i) For each ¢ € (0,1], (OP)qv . has at least one optimal control (f, hY) € Fuy x HY,
namely,

J 3 5*7h/: - 1 f J 5 ,h .
qv.e(f2 k) (f}h)eljlrlMX%% qv.e(fih)

(ii) Let e € (0,1], and let (f, h%) € Fu x Hyy be any optimal control of the approzimate
problem (OP)qy .. Additionally, suppose that Assumption (D) (cf. (ii) of Theorem
5.2) is satisfied. Then, any weak limit f* of {f*} in L*(0,T;V*) (ase — 0) is
an optimal control of (OP)qv; more precisely, if e, — 0 and fZ — f* weakly in
L*(0,T;V*) (as n — o), then the weak limit f* is an optimal control for (OP)qy.

We can prove Theorem 9.2 in the same way as Theorem 5.2, by making use of the

following two propositions. The first is concerned with the convergence of solutions to
(QP; f +eFh.,up). on [0,T].

Proposition 9.2 (cf. Proposition 5.2). Suppose that Assumptions (A), (B’), (C), and
(B5") hold. Let {fn}nen C L*(0,T;V*) and let {ug,tneny CV such that

fo— fin L*(0,T;V*), g, —uginV asn — oo.
Then, the following statements hold:
(i) Assume that {h,}nen C L*(0,T;V), h € L*(0,T;V) and
hy — h in L*(0,T;V) asn — oo.

For any fized parameter e € (0, 1], let u, be a unique solution to (QP; f,+cF hy, uop)-
on [0,T]. Then, there is a functionu € W12(0,T; V) such that u is a unique solution
to (QP;f +eFh,ug). on [0,T] and

up, = w in C([0,T]; V) as n — oo.

(ii) Assume that {h,}nen is a bounded set in L*(0,T;V). Let {e,}nen be a sequence
in (0,1 with e, — 0 (as n — o0). Let u., be a unique solution to (QP;f, +
enFhy,uop)e, on [0,T]. Then, there exist a subsequence {ny}ren C {n}nen and a
function v € WH2(0,T; V) such that u is a solution to (QP; f,ug) on [0,T] and

Ue

n

, —uinC(0,T;V) as k — oo.

The proof of Proposition 9.2 is a slight modification of the proof of Proposition 5.2.
Therefore, we omit the detailed proof.

The second proposition is the key to the proof of Theorem 9.2(ii).
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Proposition 9.3 (cf. Proposition 5.3). Suppose that Assumptions (A), (B’), (C), (D),
and (B5’) hold. Let f € Fyr and ug € V. Additionally, let u be any solution to (QP; f, up)
on [0,T]. Then, there exist sequences {e,}tnen C (0,1] with &, — 0 (as n — o),
{futnen C Far, {hntnen C L*(0,T;V) with h, € HY, and {uc, tnen € W2(0,T;V)
such that u., is a unique solution to (QP;f, + enFhy, o)., on [0,T], and

n

u., —u inC(0,T;V), fo— f inL*0,T;V*) asn — oo.

Proposition 9.3 can be proved using a slight modification of the proof of Proposition
5.3. Therefore, we omit the detailed proof.

10 Control of parameter-dependent evolution equa-
tions

In this section, we discuss another type of singular optimal control problem associated
with the following doubly nonlinear parameter-dependent evolution equation:

Ot (' (1) + 0w (wiu(t)) + g(t, u(t)) 3 f(t) in V™
(DP;w, f,up) for a.a. t € (0,7),  (10.1)
u(0) =up in V.

Here, ¥, ', g(t,-), and f are the same as in Section 6, and w is any function in Dy,
where Dy is the set introduced in Assumption (B’).

A function w : [0,T] — V is called a solution to (DP;w, f,ug) on [0, T] if u is a solution
to (P;f,ug) with 0,¢"(+) replaced by d.¢"(w;-).

The following theorem is an immediate consequence of Theorems 2.1 and 2.2.

Theorem 10.1 (cf. Theorems 2.1 and 2.2). Suppose that Assumptions (A), (B’), and
(C) are satisfied. Then, for each w € Dy, f € L*(0,T;V*), and ug € V, (DP;w, f, ug)
admits at least one solution u on [0,T]. Additionally, there exists a constant N5 > 0,
independent of w € Dy, f, and ug, such that

T
[t s o) < (il b 1) (102
€ )

for any solution u to (DP;w, f,ug). Additionally, assume (A4). Then, the solution u to
(DP;w, f,ug) is unique.

Proof. From Assumption (B’), we observe that ¢'(w;-) satisfies Assumption (B) for any
w € Dy. Therefore, by applying Theorem 2.1, we obtain a solution to (DP;w, f,ug) on
[0, 7] for each w € Dy, f € L*(0,T;V*), and ug € V. The estimate (10.2) is a direct
consequence of (2.8) in Theorem 2.1. Moreover, by applying Theorem 2.2, we observe
from Assumption (A4) that the solution to (DP;w, f,ug) on [0, 7] is unique. O
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Using arguments similar to (P) and (QP), we consider the singular optimal control
problem for (DP;w, f,uq). To this end, for given positive numbers M, M’ we set up two
control spaces: F); given by (1.3) and W), given by

Wy = {w c Wt2(0,T;V) ; /OT DH(w'(t))dt < M’} : (10.3)

Then, the singular optimal control problem with state (DP;w, f,ug) is formulated as
follows:

Problem (OP): Find an optimal control (w*, f*) € Wiy x Fas, namely,

jw*, ) = inf J(w, f).
( f ) (w,f)EWAlle]u ( f)

Here, J(w, f) is the cost functional defined by

J(w, f) = inf 7w p(u), 10.4
(w, f) = inf  Fwp(w) (10.4)
where (w, f) € Wyp x Fyr is any control, and S(w, f) is the set of all solutions to
(DP;w, f,ug) associated with control (w, f). Additionally, for any solution u to the state
system (DP;w, f,ug), its functional 7, s)(u) is defined by:

T T T
R ()= g | ) = w45 [ w5 [ 1

)

where uqg € L?(0,T;V) is a given target profile.

Using a proof similar to that of Proposition 8.1, we obtain the convergence result of
solutions of (DP;w, f,ug) with respect to (w, f) € Wy x Fpr. Therefore, we can easily
prove the following theorem concerning the existence of an optimal control for (6?’)
without the uniqueness of solutions to (DP;w, f, ug).

Theorem 10.2. Suppose that Assumptions (A), (B’), and (C) are satisfied. Let uqq be a

giwen function in L*(0,T;V) and uy be any element in V. Then, (OP) has at least one
optimal control (w*, f*) € Wy x Fur, namely,

J(w*, *) = inf J(w, f).
(w f ) (w,f)e%/I\/lM/Xf]w <w f)

The approximate problems for (DP;w, f, uy) and (613) are discussed as follows. For
each € € (0,1] and h € L*(0,T;V), the approximate state system is given by:

eFu (t) + 0" (uc(t)) + 0sp! (wiue(t)) + g(t, uc(t))
(DP;w, f + eFh,up)- > f(t) + eFh(t) in V* for a.a. t € (0,7T),
u:(0) = up in V,

where F': V — V* is the duality mapping.
Then, using similar arguments to those in Sections 5 and 9, we see that:
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(i) Problem (DP;w, f 4+ eFh,ug). possesses one and only one solution w. in the same
sense as (P; f + eFh,ug). with 0.¢"(+) replaced by 0.¢'(w;-) (cf. Proposition 3.1).
Additionally, (DP;w, f +&Fh,ug). approximates problem (DP;w, f, ug) in the sense
of Theorem 5.1.

(ii) Approximate optimal control problems, denoted by (6f’)5, are formulated by:
Problem (OP).: Find an optimal control (wk, fX,hE) € W x Far X HSy, namely,

J(w*, f* h) = inf J. h).
8(w€7f€7 E) (w,f,h)EVVlE/XfoHiv 8(w’f7 )

Here, H% is a bounded perturbation of the control space in L?*(0,7;V) given by
(5.6) and

2
Ldt
2 2 v

_ 1 /7 , 1 (7 ) 1 [T

Jo(w, f,h) = B |ue(t) — uaa(t)[y-dt + 5 |w(t)|zdt + = | £(t)

0 0 0
T
+5 [ ok,
2 Jo

where (w, f,h) € Wy x Fy X H5 is a control, and wu. is a unique solution to
(DPsw, f + eFh,ug). on [0,T].

(iii) Suppose that Assumption (D) holds. Then, problem ((fﬁ’)8 approximates (évf’) as
€ — 0 in the sense of Theorem 5.2.

Remark 10.1. There is a vast amount of literature on the optimal control of parameter-
dependent problems. For instance, refer to [15, 31, 33, 34]. Note that (DP;w, f,ug) is
a new type of parameter-dependent evolution equation, and it is worthwhile evolving this
system with related control problems.

In the rest of this section, we attempt to find another approximation procedure for
the singular optimal control problem (OP)qy with state (QP;f, ug) (see Section 6) as an
application of Theorem 10.2. .

For each § € (0,1], we consider the singular optimal control problem (DP); with
(DP;w, f,up) as the state problem for w € Dy, f € L*(0,T;V*), and uy € V and with
the cost functional Eg defined by

E;(w,f) = ue‘ls'r(lzﬁ P %?w,f)(u)a (10.5)

where S(w, f) is the set of all solutions to (DP;w, f,u) and, for any u € S(w, f),

T

1
2 dt+ — [ |ult) — w(t)dt. (10.6)
2 J,

T T
Run@) =3 [ 1) = w0+ [ 10

Additionally, we choose the set WM/ (ug) X Far as the control space, where

Wi (uo) = {w € Wy | w(0) = ug}
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with a positive constant M and M’ := Ns(|ug|?- + M?+1). Then, for each f € Fy, (10.2)
implies that

u € WM/(U()) for any solution u to (DP;w, f,ug) on [0, 7. (10.7)
Now, for each 6 € (0,1], the singular optimal control problem (]5?)5 is precisely
formulated as follows:
Problem (ﬁ’)gz Find an optimal control (wj}, f5) € W (ug) X Far, namely,

Es(ws, f5) = _inf Es(w, f).
(w,f)EW]\/[/(uo)X]'—]\/[

Then, it follows from Proposition 8.1 and Theorem 8.1 (cf. Theorem 10.2) that, for each

d € (0, 1], problem (]5?)5 possesses an optimal control.
Moreover, we have:

Theorem 10.3. Suppose that Assumptions (A), (B’), and (C) are satisfied. Let (wy, f¥)

be an optimal control of (DP)s for any § € (0,1], and let (w*, f*) be any weak limit of
{(w3, f5)} as 6 L 0, namely, there is a sequence {6,} with &, | 0 (as n — oo) such that

w; — w* weakly in L*(0,T;V), f; — f* weakly in L*(0,T;V™).
Then, f* is an optimal control of (OP)qv, w* is a solution of (QP;f*, ug), and

Jou(f*) (= inf Jou(f)) =lim Es(w}, £5), (108)

feFum
where Jqv is the functional on Fy; given by (8.1) and (8.2).

Proof. We use the same notation as in the statement of the theorem. Let f be any element
in Fy; and mqy ¢(+) be the same functional defined by (8.2). Additionally, let Sqv(f) be
the set of all solutions to (QP; f,ug). Then, u € Sqv(f) is also a solution to (DP;u, f, uo)
on [0,T]. Therefore, we see that

Es(wj, f7) < 7, 5 (0) = mqus(w), Yu € Squ(f), Vf € Fur,

whence

~

Es(wy, f5) < inf Jov(f) =:d". (10.9)
feFu
Now, let uj be any optimal state corresponding to Eg(w;, f5), namely uj € S(wy, f3)
and
- * * 1 4 * 2 ]' r * 2 1 T * * 2
Boui. ) =+ [ i) — vt + L [ 108 -ar+ [ o) - wiofar
0 0 0

< d". (10.10)
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As wj € WMI(UO) uy € WM/(uo) (cf. (10.7)), and f5 € Fu, according to the Aubin
compactness theorem, there exist a subsequence {0 tnen C {0}se(0,1, @ function (w*, f*) €

Wi (uo) X Far, and a function u* € Wi (ug) such that 9, — 0 as n — oo,
w; — w* weakly in W"*(0,T;V) and in C([0,T]; H),
wj (t) = w*(t) weakly in V, Vt € [0,T],
uy — u* weakly in W"*(0,T;V) and in C([0,T]; H),
uy (t) — u*(t) weakly in V, V¢ € [0,T],
and
fi, = [ in L*0,T; V)
as n — 00.
Therefore, by (10.10), u; —w; — 0in L*(0,7;V'), which implies that

u* =w* in L*(0,T; V). (10.11)

Moreover, as in the last part of the proof of Theorem 6.1, uj converges in C([0,T]; V) to a
solution to (DP;w*, f* ug) that is equal to w*. By (10.11), u* is a solution to (QP;f*, ug)
and (DP;w*, f*,ug) on [0,7].

Now, taking the limit of (10.10) as 0 := ¢, J 0, we obtain

d* < Jov(f") = ueSiQan(f*)qu,f*(U)

T T
<3 | WO - bz [ 17w

—JLIEO{%/OTW;@)—um()|th+1/ 15, ()V*dt}

I 1
Sliminf{§/0 |uz, (t) = taa(t)[Fdt + = / | f5, ()]

2
2. dt

n—00
1 T

vor | m;w—waw@ﬁ}

= liminf B, (wj , f3.) < limsup E\gn(wén,fén) <d,

n—oo n—00

and hence d* = Jqv(f*) with

lim — [ |uj (t) —wj (t)[;dt = 0. (10.12)

It is easy to see (10.8) from (10.12). O

Remark 10.2. It is possible to prove Theorem 10.3 without using the results on (OP)qy in
Section 9; note that Assumption (D) is not required. In this sense, Theorem 10.3 provides
us with another approzimation procedure for (OP)qy based on the theory of (P;f,uy) and
(QP;f,ug) (see Sections 3, 4, and 6).



362

11 Applications

In this final section, we consider five applications of the general results (Theorems 2.1-5.2,
Theorems 6.1-9.2, and Theorems 10.1-10.3).

Let Q be a bounded domain in RY (1 < N < oo) with smooth boundary T' := 952,
and set

Vi=Hy(Q), H:=L*Q), X:=H Q).
Additionally, let 7' > 0 be a given real number, @ := (0,7) x ©, and ¥ := (0,T) x I.

11.1 Variational inequality with time-dependent gradient con-
straint

Let p be an obstacle function prescribed in C(Q) such that
pe < plt,x) < p", Yt x) €Q, (11.1)

where p, and p* are positive constants. Our constraint set K (¢) is defined for each t € [0, T]
by
K(t)={zeV; |Vz(x)] <p(t,z), a.a. z € Q}.

Now, we consider the following variational inequality with time-dependent gradient con-
straint:

u(t) € K(t) for a.a. t € (0,7), )
7'/ u(t, ) (u(t, ) — v(x))dx
Q
+ / alt,2)Vu(t,z) - V(u(t,z) — v(r))de
+ / ot ult, 2)) (st ) — v(x))da

0
< / f@)(u(t,x) —v(z))dx for all v € K(t) and a.a. t € (0,7,
Q

(11.2)

u(0,z) = up(x), x € Q, )

where 7 > 0 is a constant, g(-,-) is a Lipschitz continuous function on [0,7] x R, f
is a function in L?*(0,T; H), uy is an initial datum in V| and a(-,-) is a function in

WL0,T;C(Q)) such that
a, < alt,z) <a*, V(tz)eqQ,

where a, and a* are positive constants. All of them are prescribed as the data.
A function u : [0,7] — V is called a solution to (11.2) on [0, 7] if u € W'2(0,T;V)
and all of the properties required in (11.2) are satisfied.

From Theorems 2.1 and 2.2, we obtain the existence—uniqueness result for problem
(11.2).
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Proposition 11.1 (cf. Theorems 2.1 and 2.2). Let 7 > 0 be a constant and K(t) be as
above. Then, for each f € L*(0,T;H) and ug € V, problem (11.2) admits at least one
solution uw on [0,T]. Moreover, if T > 0, then the solution u to (11.2) is unique.

Proof. For each t € [0,T], define proper l.s.c., and convex functions ¢* and ¢' on V by

P(2) = %/Q|z(x)|2dx +Ixw(2), VzeV (11.3)

and )
A (2) = 5/a(t,x)|Vz(m)|2dx, VeV, (11.4)
Q

respectively, where I (-) is the indicator function of K (t), namely,

0, ifze K(t),
400, otherwise.

I (2) == {

It is easily observed that (11.2) can be reformulated in the abstract form (P; f,up). In
addition, by an argument similar to that in [22, Application 1], we see that

(i) Assumption (A)holds. z* € 0,4 (z) if and only if z* € V*, z € K(t) and
7'/ 2(z)(z(x) —v(z))de + (—2", 2z —v) <0, Vve K(t), (11.5)
Q

where (-, -) is the duality pairing between V* and V(= H}()).
(ii) Assumption (B) holds. In particular, (B3) holds for

[,
a(t) == a_/o a'(7)|c@dr, Vt€0,T].

Furthermore,

(0,0"(2),v) = / a(t,z)Vz(z) - Vu(x)dz, Vz,oeV, Vte|0,T].
Q
(iii) Condition (2.1) holds; more precisely, the duality mapping F' : V' — V* is linear
and
(Fz,v) = / Vz(x) - Vou(z)dx, Vz,veV;
Q
hence, F' is nothing but the Laplace operator —A under a homogeneous Dirichlet

boundary condition on T.

Therefore, applying Theorem 2.1, we can show the existence of a solution to (11.2) on
[0, T]. Moreover, if 7 > 0, it follows from (11.5) that 9,%" is strictly monotone from V/
into V* in the sense of

(27 — 25,21 — 20) > 7|21 — 2|3, Vzi € DO, Vi € 0,90%(z), i = 1,2, YVt €[0,T],

namely, (2.10) holds. Hence, by Remark 2.4, we conclude that the solution to (11.2) is
unique. Thus, Proposition 11.1 is obtained. ]
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We now discuss the singular optimal control problem associated with (11.2) in the case
when 7 = 0. By Theorem 4.1 with V = H}(Q2) and H = L?*(2), we have the following
result concerning the existence of an optimal control of (OP) for (11.2) with 7 = 0.

Proposition 11.2 (cf. Theorems 4.1). Let uqq be a given function in L*(0,T; V), ug € V,
K(t) be the same constraint set as in Proposition 11.1, and let M > 0 be a given constant.
Assume 7 = 0. Then, (OP) has at least one optimal control f* € Fyr, namely,

I = inf J(P)

where Fyr is a control space defined by (1.3), and J(-) is the cost functional of (OP)
defined by (1.4) and (1.5).

We employ the approximate system to (11.2), as proposed in Section 5, for the case
7 = 0. Indeed, for each ¢ € (0, 1], we consider the following variational inequality with
time-dependent gradient constraint K (t):

w(t) € K(t) for a.a. t €[0,7],
e /Q Vuy(t,x) - V(ug(t, ) — v(z))da
+ /Q alt, 2)Vu(t, z) - V(u(t, ) — v(x))de
+ /Q gt ult, ) (w(t, z) — v(z))dz (11.6)

< / F@) (ue(t, x) —v(x))dx + 5/ Vh(t,z) - V(u(t,z) —v(x))dx
Q Q
for all v € K(t) and a.a. t € (0,7),

U(O,.CE) = UO(-T), r €,

where h is a given function in L*(0,T;V).

From the facts identified in the proof of Proposition 11.1, problem (11.6) can be
reformulated in the abstract form (P; f + eFh,ug).. Therefore, Proposition 5.1 implies
the existence—uniqueness of solutions to (11.6) on [0, 7. In addition, from the relationship
between (11.2) and (11.6) shown by Theorem 5.1, we observe that (11.6) is an approximate
problem for (11.2).

Moreover, using the standard smoothness arguments (e.g., regularization by the mol-
lifier and the convolution [1, Sections 2.28 and 3.16]), we can check Assumption (D).
Therefore, for each ¢ € (0, 1], Theorem 5.2(i) implies that the approximate optimal con-
trol problem (OP). has an optimal control (f*, hY). Additionally, by Theorem 5.2(ii) on
the relationship between (OP) and (OP)., we see that (OP) is approximated by (OP). as
e | 0; more precisely, there is a sequence {e,} with &, | 0 such that {f } is bounded in
L*(0,T;V*) and any weak limit function of {f* } in L*(0,7;V*) is an optimal control of
(OP).
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11.2 Quasi-variational inequality with time-dependent gradient
constraint

In this subsection, we treat a quasi-variational inequality with gradient constraint for time
derivatives, which is an application of the general results (Theorems 6.1, 7.1, 8.1, 9.1, and
9.2).

Let us consider problem (11.2) with the diffusion coefficient a(t, x) replaced by a(t, x, u):

w(t) € K(t) for a.a. t € (0,7), \
r [t a)ult, ) - o)

—i—/ (t,z,u(t,z))Vu(t,z) - V(u(t, z) — v(z))dx

{O

(11.7)
+/g (t,u(t, z))(u(t, z) — v(zx))dx

< / f()(ug(t,x) —v(x))dz for all v € K(t) and a.a. t € (0,T),
Q
u(0,z) = ug(x), =€, J

o)

where K (t), f, and wu are the same as in Section 11.1; the obstacle function p satisfies
(11.1) as well. For the function a(t,z, ), we suppose that

a, <a(t,r,r) <a*, V(t,z)eQ, Vr €R,
la(ty, z,71) — a(ty, z,72)| < La(|ty — to| + |11 —12]), (11.8)
vt € [O,T], r,€eR, 1=1,2, Vo € ﬁ,
where a,, a*, and L, are positive constants.

A function u : [0,T] — V is called a solution to (11.7) on [0,T] if u € W12(0,T;V)
and all of the properties required in (11.7) are satisfied.
From Theorem 6.1, the following existence result is obtained for problem (11.7).

Proposition 11.3 (cf. Theorem 6.1). Let 7 > 0 be a given constant. Then, for each
f€L*0,T;H) and ug € V, problem (11.7) admits at least one solution u on [0,T].

Proof. For each t € [0,T7], let ¢* be the proper l.s.c., and convex function on V defined
by (11.3). Additionally, we define the (¢, v)-dependent functional ¢*(v;z) by

1
o' (v; 2) == 5/ a(t,x,v(t,z))|Vz(2)|*dz, Vt€[0,T], Yo € Dy, ¥z €V, (11.9)
Q

where

={v e W"0,T;V) | v'(t) € K(t) for a.a. t € [0,T]}. (11.10)

As mentioned in the proof of Proposition 11.1, Assumptions (A), (C), and (2.1) are
satisfied by ¥, ¢g(t,-), and F, respectively. Assumption (B’) is verified below:
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(i) The subdifferential d,¢"(v;-) of ¢’(v;-) is given by

(0,0 (v; 2),w) = / a(t,z,v(t,x))Vz(z) - Vw(x)dx (11.11)
Q
for all t € [0,T], v € Dy, and z, w € V.

(ii) (B2’) holds. Indeed, if v, € Dy, sup,ey fOTW(U;L(t))dt < 00, and v, — v in
C([0,T]; H) as n — oo, then we have:

(040" (03 2) — 00" (03 2), w)|

< /|a(t,x,vn(t,x)) —a(t,x,v(t,z))||Vz(z)||Vw(x)|dx
a (11.12)

=

IN

( [latt.z. e, ) - a(t,x,v<t,m>>\2|w<x>12da:) wly,
Q
Vz,w € V and Vt € [0,T],

and the last integral converges to 0 as n — oo by the Lebesgue dominated conver-
gence theorem. Therefore, 0,p'(v,; 2) — Owp'(v;2) in V* as n — oco. Thus, (B2’)
holds.

(iii) (B4’) holds. Indeed, by (11.1), we have
V' (t, )] < p* for aa. (t,x) € Q,
which implies that
sup [V'(t,z)|+ sup |Vo(t,z)| < p*, aa. (t,z) € Q, Yv € Dy
t€[0,T] t€[0,T] (11.13)

for some constant p* > 0.

Now, (B4’) is verified using (11.1), (11.8), and (11.13) as follows:

!w v z) = ¢ (v;z)!

< / la(t, r)) — a(s, x,v(s,2))||Vz(z)|*dx
< 5/9/3 la, (7, z,0(T,x)) + a, (7, x,v(7, 2))V' (7, 2)||Vz(2)|*drdx
< ! —(Lq + Lop®)|t — 5| - /Qa(s,x,v(s,x))|v,z(x)]2da:

*

1
= L1+ slgt(esz), Yoz eV, Vs te 0T,

*
where a, := Za(r,z,v) and a, := Za(r, z,v).

It is easy to see that (11.7) can be reformulated in the abstract form (QP; f, ug). Therefore,
by Theorem 6.1, problem (11.7) admits a solution. O
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Moreover, we show that Assumption (B5’) is satisfied. Let v; € Dy (i = 1,2) and
z € Dy. Then, it follows from (11.8), (11.11), and (11.13) that:

|<(9*90t(”1; Z) - a*SOt(Uz; 2)7 w)|

< /Q la(t, z,v1(t, x)) — a(t,z, va(t, 2))||Vz(2)||Vw(x)|dx
< L [ [0n(t0) = walt, ) V(o) (11.14)
< Lop*loi(t) — va () ||Vl

< Lapt|on(t) — ve(t)|g|wly, Yw eV, Vtel0,T].

We infer from (11.14) that (B5’) holds.

We now discuss the singular optimal control problem for (11.7); for simplicity, we
consider the case 7 = 0. By Theorem 8.1 with V' = H}(Q) and H = L?*(2), we have the
following result concerning the existence of an optimal control of (OP)qy for (11.7).

Proposition 11.4 (cf. Theorem 8.1). Let uqq be a given function in L*(0,T;V), ug € V,
and let M > 0 be a given constant. Assume 7 = 0. Then, (OP)qyv has at least one optimal

control f* € Fpr, namely,
Jov(f*) = inf Jov(f),

fe€Fm

where Jqv () is the cost functional for (OP)qy, which is defined by (8.1) and (8.2).

Next, we discuss the approximate system for (11.7) in the case 7 = 0. Note that (B5’)
is very important in studying approximate systems for (11.7) (cf. Theorem 9.1), as we
need the uniqueness of solutions to the approximate state systems.

For each € € (0,1], we consider the following quasi-variational inequality with time-
dependent gradient constraint K (¢):

w(t) € K(t) for a.a. t € 0,77, )
5/QVut(t,x) -V (ue(t,x) —v(x))dz
+/ a(t,z,u(t,z))Vu(t,z) - V(u(t, ) — v(z))dx
Q
+/g(t,u(t,x))(ut(t,x) —v(x))dx (11.15)
Q
< /Qf(x,t)(ut(t,x) —ov(z))dr + S/QVh(t,x) -V(u(t,x) —v(x))dx
for all v € K(t) and a.a. t € (0,7,

u(0,2) = up(z), e,

where h is a given function in L?(0,T;V).

As in the proof of Proposition 11.3, problem (11.15) can be reformulated in the abstract
form (QP; f+eFh,ug).. Therefore, by Proposition 9.1, we have the existence—uniqueness
of a solution to (11.15). In addition, it follows from Theorem 9.1 that there are sequences
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{e,} with €, — 0 and bounded sequences {h, } in L*(0,T; V) such that the solution u, of
(QP;f + e, Fhy, ug)e, converges to that of (QP;f,ug) in C(0,T;V) (as n — 00). Namely,
we observe that (11.15) is an approximate problem for (11.7) with 7 = 0.

Moreover, using the standard smoothness arguments (e.g., regularization by the mol-
lifier and the convolution [1, Sections 2.28 and 3.16]), we can verify Assumption (D).
Therefore, for each € € (0, 1], applying Theorem 9.2(i), we can show the existence of an
optimal control (fZ, hf) of (OP)qv. for the approximate state system (11.15). Addition-
ally, this converges to an optimal control of problem (OP)qy in the sense of Theorem
9.2(ii); more precisely, there is a sequence {e,} with &, | 0 such that any weak limit of
{fz } (as n — oo) in L*(0,T;V*) is an optimal control of (OP)qy.

11.3 Quasi-variational inequality with time-dependent non-local
term

In this subsection, we consider a quasi-variational inequality with a time-dependent non-
local term. Indeed, we define an operator £ : L*(0,T; H) — L*(0,T; H) by

(Lo)(t,7) = /Q U, 2,6, 0t ))dE + lo(t, x) for v € L2(0,T: H) (11.16)

with given functions £ € C'(Q x Q x R) and ¢, € C(Q) satisfying the following conditions
for a positive constant L,:

w(tlamag)TI) - ﬁ(t2’x7£’7"2)’ < Lf <|t1 - tQ‘ + ‘Tl - TQD )

_ (11.17)
Vi; € [0,T], Vr; €R, i =1,2, V(z,§) € Q x Q,

and
]ﬁo(tl,x) — Eo(tg,.r)‘ S Lg|t1 — tg’, \V/tz € [O,TLZ == ]., 2, Vx S ﬁ (1118)

Now, consider the following quasi-variational inequality with a time-dependent non-
local term:

w(t) € K(t) for a.a. t € (0,7, \
T/Qut<t>37)(ut(t,$) —v(x))dx

+ [ a(t,z, (Lu)(t,x))Vu(t,z) - V(u(t,z) — v(x))de

/g (11.19)
—|—/ g(t,u(t,x))(u(t, z) — v(x))dx
Q

< / F(t)(ug(t,x) —v(x))dz for all v € K(t) and a.a. t € (0,T),

U(O,ZE) = UO(I)7 S Qa J

where 7 > 0, K(-), g(+,-), f, and ug are the same as in Subsection 11.1, the obstacle
function p satisfies (11.1), and the function a(t, x,r) satisfies (11.8).
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A function u : [0, 7] — V is called a solution to (11.19) on [0,T] if u € W12(0,T;V)
and all of the properties required in (11.19) are satisfied.

From Theorem 6.1, the following result is obtained for problem (11.19).

Proposition 11.5 (cf. Theorem 6.1). Let 7 > 0 be a constant. Then, for each f €
L*(0,T; H) and ug € V, problem (11.19) admits at least one solution u on [0,T].

Proof. For each t € [0,T], let ' be the proper Ls.c., and convex function on V' defined
by (11.3) and ¢'(v; 2) be a (t,v)-dependent functional defined by

o' (v; 2) = %/a(t,x, (Lv)(t,2))|Vz(z)|’dx, Vte€[0,T], Vv € Dy, ¥z € V. (11.20)
Q

Then, it is easy to see that (11.19) can be reformulated in the abstract form (QP; f, uo).
Additionally, by arguments similar to [22, Application 2], we verify Assumptions (A), (B’),
and (2.1) for the duality mapping F' : V' — V*. Indeed, as in the proof of Proposition
11.3, we check the following (i)—(iii):

(i) The subdifferential d,¢"(v;-) of ¢*(v;-) is given by
(0,0 (v 2), w) = / a(t,z, (Lv)(t,z))Vz(x) - Vw(x)dx (11.21)
Q

forall t € [0,T], v € Dy, and 2z, w € V.

(ii) (B2’) holds. In fact, assuming that {v,}nen C Do, sup,cy fOT (vl (t))dt < oo, and
v, — v in C([0,T]; H) as n — oo, we observe from (11.8) and (11.21) that:

(9" (Vn; 2) — Bup! (V3 2), )|

§/ la(t, z, (Lv,)(t,x)) — alt, z, (Lv)(t, x))||Vz(x)||Vw(z)|dx
Q

<L, ( [ leu)iea) - <£v><t,x>\zrw<x>12dx)é wly., (11.22)
Yu,,v € Dy, Yz, w eV, ¥Vt € [0,T].
Here, note from (11.16) and (11.17) that:
(Lot ) — (Lo)(t, )]
< [ 16t .6t €) = et 000, )l

L n\% - ) d
< [ Lfun(t,&) — o(t €)1
<Ly|Q2|on(t) — v(t)|, Vom,v € Do, Y(t,z) € [0,T] x Q, (11.23)

where || denotes the volume of §2. Therefore, from (11.17), (11.18), (11.22), (11.23),
and the Lebesgue dominated convergence theorem, we infer that (11.22) converges
to 0 as n — oo. Hence, we conclude that 0,¢"(v,; 2) — 0y (v; 2) in V* as n — oo.
Thus, (B2’) holds.
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(iii) Condition (B4’) is verified using (11.8), (11.13), (11.16)—(11.18), and (11.20) as
follows:

Iso (v;2) — ©*(v; 2)]

< / la(t, z, (Lv)(t, 7)) — a(s,z, (Lv)(s,2))||Vz(z)|*dx
< 5// la- (7,2, (Lv)(T,2)) + a(1, 2, (L) (7, 2))(Lv) (1, 2)||V2(2) |PdTdz
QJs

1 1

< —(Lat LaLe(|QQ +07) + 1))t — 5| 5/ a(s, x, (Lv)(s, x))|Vz(z)[*dz
. Q
1

= LU LRI 77+ D) sl s2),

Yv € Dy, Vz €V, Vs, t €[0,T],
where a, == Za(r,z,7), a, := La(r,2,7), and (Lv), = & (Lv)(1,z).
Therefore, by Theorem 6.1, we see that (11.19) admits a solution on [0, 7. O

In addition, using calculations similar to (11.22) with (11.23), we observe that:

(04" (v1; 2) — 0up" (v23 2), )|
< /Qla(t,x, (Lvr)(t, x)) = alt, z, (Log)(L, )|V 2(2)[[Vw(z)|dz

L, (/Q |(Lo)(t, z) = (ﬁvz)(t,90)|2|VZ(ZL")I2d96)é |wly

< Lol vy () — 0a(8) ]| 2l |w]y,
Vv, € Dy (i =1,2), Vz,w eV, VYt € [0,T].

IN

Therefore, (B5’) holds.

Note that, in general, problem (11.19) has multiple solutions on [0, 7], so the corre-
sponding optimal control problem is of singular type. We can discuss this by applying
Theorem 8.1 with V = H}(Q) and H = L*(Q) (cf. Proposition 11.4).

For simplicity, assume 7 = 0. In this case, the approximate procedure to (11.19) is
performed using the following approximate problems (cf. Theorem 9.1):

w(t) € K(t) for a.a. t € [0,T],
/Vut(t,x) V(u(t, z) — v(z))dx

[ alt. () 4.0 Valt. ) - Fult, ) = v(e)do
+/ g(t,u(t, ) (u(t, x) — v(z))dz (11.24)

< /Qf(t)(ut(t,x) —o(z))dr + €/QVh(t) -V (w(t, x) — v(x))dx
for all v € K(t) and a.a. t € (0,7,

u(0,z) = up(x), x € Q,
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where h is given in L?(0,7;V) as well as f in L*(0,T; H) and uy € V.

On account of Theorem 9.2, given the admissible control set Fy; x HS (see Section 5
for the detailed formulation), the approximate optimal control problem (OP)qy . has at
least one solution {fX, hi} € Fi x H5 for each € > 0 and any weak limit f* of {f/} in
L*(0,T;V*) (as € — 0) is an optimal control of (OP)qy

11.4 Parameter-dependent variational inequality with constraint

In this subsection, we present an application of Theorems 10.1, 10.2, and 10.3.
Let Dy be the set defined by (11.10). Then, for each w € Dy, we consider the following
parameter-dependent variational inequality:

u(t) € K(t) for a.a. t € (0,7), )

/ gt 2) (st ) — v())da

—|—/ (t,z,w(t,x))Vu(t,z) - V(u(t, z) — v(x))dx

.’O

(11.25)
-|_/g (t,u(t,x))(u(t, z) — v(x))dx

< / f()(ue(t,z) —v(x))dz for all v € K(t) and a.a. t € (0,T),
0
U(0,$) = U()(Qf), T €, )

)

where 7 > 0, K(-), g(+,-), f, and ug are the same as in Subsection 11.1, the obstacle
function p satisfies (11.1), and the function a(t, z,r) satisfies (11.8).

A function u : [0,T] — V is called a solution to (11.25) on [0,7] if u € W2(0,T;V)
and all of the properties required in (11.25) are satisfied.

On account of Theorem 10.1, we have the following existence—uniqueness result for
problem (11.25).

Proposition 11.6 (cf. Theorem 10.1). Let 7 > 0 be a constant. Then, for each w € Dy,
f e L*0,T;H), and ug € V, problem (11.25) admits at least one solution u on [0,T].
Moreover, if T > 0, then the solution to (11.25) is unique.

Proof. For each t € [0,T], let ' be the proper Ls.c., and convex function on V' defined
by (11.3). Additionally, for each w € Dy, we define the proper l.s.c., and convex function
¢'(w;-) on V by

1
o' (w; 2) = 5 / a(t,z,w(t,z))|Vz(z)|*de, Vt€[0,T], Yw € Dy, V2 € V.  (11.26)
0

Then, we easily observe that (11.25) can be reformulated in the abstract form (DP;w, f, ug).
Additionally, using arguments similar to Proposition 11.3 (cf. (11.11)—(11.12)), Assump-
tions (A), (B), and (2.1) are verified. Moreover, if 7 > 0, we observe from (11.5) that
d," is strictly monotone, namely, (2.10) holds.

Therefore, by Theorem 10.1 with Remark 2.4, we have shown that problem (11.25)
has a solution on [0, 7], and if 7 > 0, then it is unique. O
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Note that, in the case 7 = 0, problem (11.25) generally has multiple solutions, so the
corresponding optimal control problem may be of singular type.

We now discuss the singular optimal control problem associated with state (11.25) in
the case 7 = 0. By applying Theorem 10.2 with V' = HJ(Q2) and H = L?*(2), we can
consider the singular optimal control problem (6@) for parameter-dependent variational
inequality with constraint (11.25) and control space Wy x Fpr (see Section 10 for the
detailed formulation).

Proposition 11.7 (cf. Theorem 10.2). Let uuq be a given function in L*(0,T; V), ug € V,

and let M > 0, M' > 0 be given constants. Assume 7 = 0. Then, (OP) has at least one
optimal control (w*, f*) € Whp X Fy such that

J(w*, f*) = inf J(w, f),

(w,f)EWM/ X Fum

where J(-,-) is the cost functional defined by (10.4).

Using an approach similar to that employed in Sections 11.1 and 11.2, it is possible to
propose an approximate parameter-dependent variational inequality for (11.25) and the
corresponding approximate optimal control problems. The approximate state problem
has a parameter € > 0, a form denoted by (DP;w, f + eFh, ug)e:

w(t) € K(t) for a.a. t € (0,7), )

6/9Vut(t,m) -V(u(t,z) —v(x))dx
+ /Q a(t,x,w(t,x))Vu(t,z) - V(u(t,z) — v(z))dz
+ /Q gt ult, 2))(w(t, z) — v(z))dz (11.27)

< / f@)(ue(t,x) — v(z))dr + 5/ Vh(t) - V(u(t, z) — v(x))dx
Q Q
for all v € K(t) and a.a. t € (0,7),

u(0,2) = ug(x), x €

Vs
Moreover, the approximate optimal control problem (61:-’)5 is formulated as follows:

Problem ((/)VP)E: Find a control (w?, fZ, hZ) such that

J(w?, “ R = inf J.(w, f,h).
(we, £, he) (w, f,R)EW X Far xHS, (w, fh)

We see that problem ((Sf’) is approximated by ((/)T’)E (see Section 10 for details).

In the rest of this subsection, we consider an application of Theorem 10.3. We define
the following functional on Wy (ug) x Fas for each ¢ € (0, 1]:

Es(w, f) == nt 7o), Y(w, f) € War(ug) x Fur, (11.28)
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where S(w, f) is the set of all solutions to (11.25) with 7 = 0 and, for any u € S(w, f),

1

~ T A 1 (T
wa plu) =5 / [u(t) — g (t)[Fdt + = / |f()3dt + — lu(t) —w(t)|3dt. (11.29)
: 2 J, 2 J, 2 J,

Now, we denote by (f)?’)(; the optimal control problem for state problem (11.25) with
7 = 0 and cost functional (11.28) defined on the control space WM/(uo) X Fu, M' =
Ns(Juol? + M? + 1) (cf. (10.2)). Let (w3, fi) be an optimal control of (61\3)5 for every
d € (0,1], and let (w*, f*) be any weak limit of {(w}, f¥)} as § L 0. Then, by Theorem
10.3, f* is an optimal control of (OP)qy, w* is the corresponding optimal state, and its
optimal value is limg) E(;(wg, 15). Moreover, w* is a solution to (11.7) with 7 = 0.

11.5 Unilateral obstacle problem with time-dependent non-local
effect

In this final subsection, we consider a unilateral obstacle problem with a time-dependent
non-local effect, which is of a different type from those in Subsections 11.1-11.4.

Let k be a prescribed obstacle function in C'(Q) such that
k(t,z) <0, V(tz)e€Q, (11.30)
and, for each t € [0, 7], define a convex constraint set K (t) in V by
Kip(t) :={z€V; z(x) > k(t,z), a.a. z € Q}.

Additionally, we define the operator R : L*(0,T; H) — L*(0,T; H) by

(Ro)(t,z) == /0 /Qq(t,x,T,f,v(T, €))dédr + qo(t, x) for v € L*(0,T; H) (11.31)

with prescribed functions ¢ € C(Q x @ x R) and ¢y € C(Q) satisfying the following
conditions for positive constants ¢* and L,:

‘Q(t,l',T,f,T’)‘ Sq*a v(t7x>7—7£7r) EGX@XRa
|Q(t17$77—a§7lrl) - q(t27m777§7T2)| S Lq (ltl - t2| + |T1 - T2|>7 (1132>
Vt; €[0,T), Vr; €R, i=1,2, V(x,7,6) € A x Q,

and

|qO<t1,[L’) — qO(tQ,I')‘ S Lq’tl — t2|, Vtz € [O,T], 1= 1,2, Vo € ﬁ (1133)

Now, consider the following unilateral obstacle problem with a time-dependent non-
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local effect:
u(t) € Ki(t) for a.a. t € (0,7), )
/Vut (t,x) - V(u(t, z) — v(z))dzx
/ a(t,z, (Ru)(t,z))Vu(t,z) - V(u(t,x) — v(z))dz
g(t u(t, =) (u(t, z) — v(x))dx

/f (uy(t,x) —v(z))dx for all v € Ki(t) and a.a. t € (0,7),
(O $) = Uo(fL’), UES Q7

(11.34)

J

where g(-, ) is the same as in Subsection 11.1 and the function a(t, z,r) satisfies (11.8).
A function u : [0,T] — V is called a solution to (11.34) on [0,7] if u € W2(0,T;V)
and all of the properties required in (11.34) are satisfied.
From Theorem 6.1, we obtain the following result for the existence of solutions to
problem (11.34).

Proposition 11.8 (cf. Theorem 6.1). For each f € L?(0,T; H) and uy € V, problem
(11.34) admits at least one solution u on [0,T].

Proof. For each t € [0,T], we define the proper lLs.c., and convex function ¢* on V' by

PH(z) = 1/ \Vz(z)Pde + I, (2), Vz€V (11.35)
Q

2

as well as the (¢,v)-dependent functional ©'(v;-) by
1
(v 2) = 5 / a(t,z, (Rv)(t,2))|Vz(x)|*dx, Vt € [0,T], Vv € Dy, ¥z €V, (11.36)
Q
where Dy is the set defined by (11.10) with K (t) replaced by Kj(t).

In this case, (11.34) can be reformulated in the abstract form (QP; f,ug) and, as in
[22, Lemma 2|, we can check Assumption (A). In fact, we have the following:

(i) z* € 0.¢'(2) if and only if 2* € V*, 2 € Ki(t), and

/sz(x) -V(z(z) —v(z))de + (—2%,z —v) <0, Yve Kg(t). (11.37)

(i) Assumption (A1) holds. Indeed, because k € C(Q), a similar approach as for the
proof of [22, Lemma 2] shows that, for any sequence {t,},en C [0, 7] with ¢, — ¢
(as n — 00),

Y converges to ¢' on V in the sense of Mosco [26] as n — oc.

(iii) Assumption (A2) holds by the Poincaré inequality. Moreover, condition (A3) is
verified by (11.30).
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Additionally, we observe that Assumption (B’) and (2.1) hold. Indeed, using calcula-
tions similar to those in the proof of Proposition 11.5, we have the following:

(i) The subdifferential d,¢"(v;-) of ¢*(v;-) is given by

(0,0 (v 2), w) = / a(t,z, (Rv)(t,z))Vz(z) - Vw(z)dr (11.38)
Q
for all ¢t € [0, T], v € Dy, and z,w € V.

(ii) (B2’) holds. In fact, assuming {v,}nen C Do, SUp,ecy fOT Y] (t))dt < oo, and
v, — v in C([0,T]; H) as n — 0o, we observe from (11.8) and (11.38) that:

(040" (Va3 2) — 00" (03 2), )
S/Q!a(f%(Rvn)(tx)) —a(t, z, (Ro)(t, 2))||V2(2)||Vw(z)|de

1
<L, (/ |(Rvy)(t, ) — (Rv)(t,x)|2|v,z(x)]2da:) 2 lwly, (11.39)
’ Yu,,v € Dy, Yz, w €V, ¥Vt € [0,T].
Here, note from (11.31) and (11.32) that:
[(Ron)(t, 2) — (Ro)(t, z)]
< [ [ latt.5.7.6 0a(r.8)) — e 78007, e
< [ [ 1lentr) = vir. 9 dear
<tLy|Q2 [vn — vloqorray,  Vom,v € Do, ¥(t,x) € [0,T] x . (11.40)
Therefore, (11.32), (11.33), (11.39), (11.40), and the Lebesgue dominated conver-
gence theorem imply that the integral part in (11.39) converges to 0 as n — oo.
Hence, we conclude that 0,¢'(vy,; 2) — 0.0 (v;2) in V* asn — oo for all z € V.

Thus, (B2’) holds.

(iii) Condition (B4’) is verified using (11.8), (11.31)—(11.33), and (11.36). Indeed, note
from (11.31)-(11.33) that

2) — (Ro)(s,2)|
< //|qt:m§m§>>|d§df

n / / la(t, 2,7, €, 0(r, €)) — a5, 2,7 €, 0(r, €))|dEdr + a0t 7) — qols, )|
0 Q
(" + LTI + L,) |t — 5], Vt,s € [0, 7] with s <t, Vo € Q.

IN
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Taking account of the above inequality, we have:

' (vi2) = ( 2)]

< 5 [ latt.a. (Ro)t,2) = afs. . (Ro)(s 2) [ Vo) e
< 3 [ lalt, . (Ro)(t,2) ~ als, 2, (Ro) (¢, 2))|[V=(x) e
Q

/ la(s, x, (Rv)(t,z)) — a(s, z, (Rv)(s,2))||Vz(z)|*dx

Lo|t — s||Vz(2)dx + = /L [(Rv)(t, 7)) — (Rv)(s, 2)||V2(x)|*dx

VAN
N~ N
:o\

a 1
< Q10 LTI L) ] [ alsa (Ro)(s ) Va(a) P
% Q
LUL * S
= T g9 + LTI+ L) |t~ sl (0: ),

Yo € Dy, Vz €V, Vs, t € [0,T].
Thus, (B4’) holds.

Therefore, by Theorem 6.1, we see that (11.34) admits a solution on [0,7]. Thus, the
proof of Proposition 11.8 is complete. O]

Note that problem (11.34) generally has multiple solutions on [0, 7], so the correspond-
ing optimal control problem may be of singular type. We can discuss the singular optimal
control problem associated with state (11.34) by applying Theorem 8.1 with V = H} ()
and H = L?(Q).

However, we cannot show (B5’) for ¢'(v; z) defined by (11.36) (cf. (11.23), (11.40)).
Thus, the approximate problems for (11.34) and its optimal control problem are still open,
as we need the uniqueness of solutions to the approximate state systems.
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