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Abstract. In this paper we apply the entropy principle to the relativistic version of the
differential equations describing a standard fluid flow, that is, the equations for mass,
momentum, and a system for the energy matrix. These are the second order equations
which have been introduced in [3]. Since the principle also says that the entropy equation
is a scalar equation, this implies, as we show, that one has to take a trace in the energy
part of the system. Thus one arrives at the relativistic mass-momentum-energy system
for the fluid. In the procedure we use the well-known Liu-Miiller sum [10] in order to
deduce the Gibbs relation and the residual entropy inequality.
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1 Introduction

It has been a long history for the entropy principle to come up to the essential differential
inequality
o:=0m+ divpyp > 0 (1.1)

in classical coordinates (t,x), v = (x1,...,x,) where n = 3 is the physical case. Here
is the entropy and 1 the entropy flux, hence n = (n,1) are the total entropy quantities.
This principle has been successfully applied to the mass-momentum-energy system in
many physical examples. The history started ~ 150 years ago and one can find this
principle in many books, among them Prigogine [12, Chapter III], DeGroot & Mazur [4,
Chapter III], Truesdell & Noll [14, D.II], Truesdell [13], Ingo Miiller [9, Kapitel IV], to
mention a few, which were all published in the period 1954-1973. It is part of the entropy
principle that the differential equation o = 0yn + div,1 is an objective scalar equation,
see [2, Sec I1.3], by which we mean that for the weak equation

/(8tC-77+VC-w+C-U)dL”“—O

the test function ( is an objective scalar, that is (oY = (*, where Y is the observer
transformation. This is satisfied, see [2, Sec 1.5], if n is an objective scalar, that is
noY = n*, and v satisfies oY = n*X + Qu*.

In the relativistic case one formulates the entropy principle in the form

0= i500y,;m >0 (1.2)

with 4-dimensional coordinates y = (yo,v1,--.,Yn), again n = 3 in the physical case. As
postulate we assume that the weak version

[ (o u+cayars—o 13
Jj=0

is satisfied for objective test functions (, that is (oY = (*. Here Y is a relativistic ob-
server transformation. This is satisfied, see [2, Sec 1.5], if the 4-entropy vector n satisfies
Y = DYn*, that is, 1 is a contravariant vector (see the definition below). The relativistic
case one finds also in sections of the books of Ingo Miiller [10] and Miiller & Ruggeri [11].

Here we take advantage of this principle (1.2) and apply it to the relativistic system
3, (10.2)
> 0y Taj = go foraed0,... Y (1.4)

Jj=0
which we have developed in [3]. But here we will take it only for N = 2, that is, we write
a = (k,1) with k,1 > 0, and we use a representation which is made for gases and fluids

Ty = (ov0; + Ew)v; + Quij (1.5)

where v is the four dimensional fluid velocity, see the definition in [3, 5.2], and with the
assumptions (4.3) on E and Q. It should be said that the right-hand side gy, of this
system contains the Coriolis coefficients and of course external or internal forces.
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Altogether, this system includes the mass-momentum system and a system describing
the energy matrix . The entropy principle for gases and fluids, see section 5 and 6, forces
us to perform a trace of the energy matrix equation in order to have an entropy n which
is an objective scalar. This method is even new for the classical fluid case. You will find
the result in the final theorem s4.7. It contains the statement that the residual inequality
o > 0, that is, the entropy production (4.10) is non-negative. Also as a consequence of
the entropy principle there are some important identities. So the entropy n = 7(g,¢) is a
function of the density p and the internal energy

1
€= é(PTG‘l P):E.

And the system (1.4) is specified by two equations, the mass-momentum and the energy
equation, see 4.4(2) and 4.5,

ayj (QQij + lej + ij) = Gk,

v
o

J

30, ((

(RIS

ve(P'G Py +¢) v, +&}> =g,

with
II:=p(PGP") - S

q= g (ve (PTG P)u) I+ (PTG P+ ¢,

where the inequality restrictions are in the residual inequality o > 0, see 4.7 for details
about the entropy production o and the total entropy 7.

Both, the mass-momentum system and the energy equation are reductions of the
equations we started with. The statement 4.7 is the entropy principle in the simplest
case. More complicated versions one expects in the case that n might, for example,
depend on gradients as in the classical case, or on other vectorial quantities, because the
whole system then is more complicated.

Notation: The definition of a contravariant M-tensor T' = (Tp,..xy, )5, . ko 18

Tkl“'kMOY = Z Ykl "k T 'Yk‘M'l_fM 17:1-'-151\/1 ) (16)

k1, kp>0

and the definition of a covariant M-tensor T = (Tj,..k,, )y, . Kar

Tgl"'EJM == Z Ykllkl e YkM/EIVJTkl"'kJWOY : (17)

k1,....knr >0

Here y = Y (y*) is the observer transformation.
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2 General moments

The version of moments of order less or equal N is

j%joaijaj go forae{0,...,n} (2.1)

with a tensor T' = (T}) BE{0,.. N+ which has to be symmetric only in the first N com-

.....

ponents of the multiindex § = (f1,...,0u), M := N + 1, that is, setting 8 = («, j) as
in the equations, T,; and g, are Symmetric in the components of a. Here y € Y C R**!
where y = (vo,...,¥s) and n = 3 in the physical situation. See [3, 10 Higher moments]
for more information. System (2.1) is equivalent to the weak version

Z/ jCOé . Taj + Caga> =0 for Coc S C(())O(u)7 (22)
7>0

where the physical type of the system is defined by the fact that the test function ( :=
(Ca),, 1s a covariant N-tensor, that is it satisfies the transformation rule

g;‘i = Zyoq’éq e aN aNCOéOY (23)
This is satisfied, see [2, Chap I §5], if T" satisfies the transformation rule
TgoY = XB: Y,Bl "B 'YBM "Bum E (2.4)

and ¢ the transformation rule

gocoY = Z (YOq’Eq T YOJN'&N) /jT;j + Z YOll/@l e YO&N/@Ng:;é : (25)

Jj=20,a

Here Y :R""! — R™"*! is any observer transformation, that is with determinant 1. Do to
the special rule (2.5) we define the “Coriolis coefficients” C2 by the identity (see [3], for
N =1 they are identical with the negative Christoffel symbols)

Go=fot ¥ CITy forae{0..n} 2.

satisfying for all (o, 7, j) the transformation rule

Z o ’YN ’YNY Coz]1 ‘an oY

. (2.7)
_ZYOQ/OQ" an’ Cd’y + (Yal’il"'YaN/’VN)/jv

so that the so-called “force” f = (f,), satisfies the transformation rule

f oY = Z Yora - Yoy anfs - (2.8)
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Here, as said above, Y is any observer transformation Y : R**! — R"*! With this the
system (2.1) reads
S0, T — Y.  CTy=f, forae{0,....n}" (2.9)
>0 B0, 3}N+1 '

were now T and f by (2.4) and (2.8) are contravariant tensors, and the the Coriolis
coefficients satisfy (2.7). This is the general form of the system of N-moments. In [3, 10
Higher moments| the following reduction has been performed.

2.1 Reduction. If e is the “time vector”, the (N — 1)-moments system

> 0,1 =g, forye{0,... n}""
i>0

is fulfilled for
Tyj=2 €Ty, gy:= ) Oyei-Tyj+ ) €igy

i>0 i,j>0 i>0
This gives also a reduction of the Coriolis coefficients.

Proof. Define the test function of the N-moments system as

goz - Cwei for o = (77 1) .
That is, if (¢,),, is a covariant tensor then (Ca),, is an allowed covariant test function since
e is a covariant vector. Then

0:/]R Z(;ayj§a~Taj+¢aga> dL*

4 «

= / > (Z 0y, (Cvei) - Tij + Cvei97i> dL*
R J

which is the weak reduced equation. O
Due to examples we obtain the following form of the tensor 7.

2.2 Special form of T'. The usual representation of the tensor T is, see for example [3,
10 Higher moments],
T = ovg, -+~ vg,, +115. (2.10)
Here the “4-velocity” v is defined as in [3, 5.2 Velocity], that is, as a contravariant vector
v satisfying
v;oY =3 Y07 fori>0

>0
with the normalization that, with e being the covariant “time vector”,

i>0
And g is defined as a “spacetime mass density”, which is an objective scalar satisfying
00Y = o*. Then the tensor T satisfies (2.4), if II is also a contravariant tensor.

Here nothing special about I1 is said, see e.g. the form in (4.2).
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3 Lagrange multipliers

The aim is to derive an entropy inequality. Therefore following Liu & Miiller, see the
article [6] and the book [9] or the books [10] or [11], and also [2, III §3], we have to find

multipliers A, for a € {0,...,n}" which satisfy for “all functions” (that means for a
larger set P’ than the set P of solutions of (2.1))
> 0m, —o =3 A2 0iT0; — ga) , (3.1)
320 a Jj=0

where 7 is the 4-entropy and o the entropy production. It is part of the entropy principle
that > j>08jﬂj — 0 is an objective scalar, hence in order to have the equation (3.1) it

is necessary to state the following lemma. This lemma and the following is true for all
values of (A,),.

3.1 Lemma. For the sum

2 A (X 05T0) — ga)

«@ 7>0

being an objective scalar it is sufficient that (A,), is a covariant N-tensor. Remark: Here
we make use of (2.6), that is the splitting of g,.

Proof. Let (A,), be a covariant N-tensor, that is

AZ = Z YO¢1’541 e YOém/(jéNAOéoY :
We use the splitting in (2.6). Since (f,),, is a contravariant N-tensor it follows immediately
that
Z Aaia

is an objective scalar. By (2.6) it remains to consider

ha = z GjTaj - Z Cng 3
B

J=0

that is, we have to show that
(z Aaha> oY = S ALRE . (3.2)

If ¢ is an objective scalar, that is (oY = ¢(* hence 0;¢* = ZjY}Ij (0;¢)oY, with compact
support then

- / (5 Aghy AL = / 5 (S 0,(CAa) Ty + (T AGCETy ) dL?
(6% « ] 5

- [(Sa6Sam + (£ T s Sacm)a
J « aj afB

First let us treat the last term

> 00 Taj + zﬁ ACETy.
[e%] «
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Since (A,), is a covariant N-tensor, we compute for the derivatives
&A* = Z af(yoq’oq Yoy ’&N)AGOY

ZYal/al o YoyrayY;i50jA00Y .

Now, using (2.7) for the Coriolis coefficients,

Z A* *WJT% = Z;‘ A oY Yo, ray - Yoy 'an C?]T%
ayj aayy
Z A oYY Y1 Y’YN 'VNY ngl aNOYT’%
ayjvi
5 Ao Vi )T

ayj

and therefore, using that 7' is an contravariant (N + 1)-tensor,

SOAL - TE + Y ALCIITY

a

aj avj
= Z Yal F TR YQN’dN}/}'jﬁjACMOY Toj;;
ajoj
+ Z;AaoYaj(Yal,dl . .YaN,aN)ng + ;AEC?J'T%
xa oy

= (X 0jAa - Toj)0Y
aj

+ 3 AoY Yy i o Yo V5 CFL oY T

— IN AN ayaN
ayIvI

= (X 0iAa - Toj + > AaCY T, )0Y
aj

oy

The term with the derivative of the test function is obviously
Z&C 2 AaT55 = ZY 10500Y 2 AT
= S0V TV gNiT; = (%;ajg%;AaTaj> 5%
so that altogether
/CZA ho dL* = /g > AGhG dr?
hence (3.2) is satisfied. O

We now use the elements of the dual basis

{66(y>7 6/1<y), s 7e/n(y)} - RnJrl s itise = 66,
{60(y)7 el(y)a C) 76n(y)} C Rn+l Wlth 62}'6[ = (5kl‘

It is known that {e;(y), ..., en(y)} = W(y) = {e)(y)}", see [3, 3 Time and space]. General
physical statements about fluids depend only on the vector e(y) = ej(y) or W(y) and not
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on single vectors e;(y), ¢ > 1 (as for example the space directions of crystals or the
director of liquid crystals). But we are allowed to use these vectors in proofs. In doing so
we introduce values (A,).:

3.2 Definition. We define

= Z Aae'}’lal T e'YNCVN or Z A e'ﬂal e 'yNaN .
«

The new values A\, are objective scalars.

Proof. By this definition (\,), and (Aa), are equivalent quantities. If A, are given as
stated we conclude

/
Z A04651011 “Ciyay T Z A 671041651041 “Cyvan COnvan

— / _ JR—
- Z )‘7671 *€5 6'yN.eéN - Z )‘76’71,51 e 5'*/N75N =5
ol ol

Similar the other way around. ]

Since we are in the proof of the main theorem we introduce an equivalent system to
the given one presented by the terms jﬁy].Taj — go- The new system is given by the
terms > 0, 1), — 1/,

YiT g

3.3 Equivalent system. For any vectors (Aq), or (A,), as in 3.2
DA 0T0s — 90) = XM (X 0Ty — 1)),
o Jj=0 v j=0
Z 671&1 T ’YNOZNT aj and r 2 e’Ylal o 'YNOéNia :

For each v the vector (T’ ) is a covariant vector and r’, is an objective scalar.

Since only f, enter in the definition of rﬁy, it means that during the process of compu-
tation in the Liu & Miiller sum the fictitious forces drop out, that is, they do not enter
the entropy principle.

Proof. The definition 3.2 and the definition of r/ implies
ZAO&ia = Z )\"/efnoq e 'yNaN—a Z )\ r :
« a,y

And it is
rl oY = Ze oY .---el . oY f, oY

Y10 TNON

o DY / *
= Z_ €0, 0Y Yo ra, € 0 0YY, £

ay’ay
- Z e’71041 ’YNaNf:l - I‘fy* )

Therefore, by (2.6), with
= ;@-Taj — % CoTs; and Rl = ;@-T%
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we have to show that

L Aaha = 2 A, (3.3)
Now
ZAaajTaj Z )\ 671&1 . 'YNOéNajTaj
«,] ,Y,J
= Z )\vﬁjT > A0, ( € " vNaN)Taj
¥.J ay,j
and .
S AGCITs = 3 AsC Ty = 5 00 (S2¢h €40, CF ) Ty
o, «,0,7 @,,]
therefore

> Aq < > 0iTo; — > CgTB) = A0 Taj — 3 AaCoTp
@ j B a,j a,B

- Z AVajT’;j B Z)W <83 (ef}/lal U efYNOKN> + ; 69151 N5Ncaj)
YsJ

a?’yh]

and for all (a,7,7)
O3(€hson ) + sy e 55 =0, (3.4)
since by the following theorem 3.4
— ; 69161 . ’YNBNCW
— 526/715165151 e snConon i (say Can)

- % 5%58]-(6/51&1 o e,BNOéN) = 8j(6:/10c1 T eIWNOéN) )

O
3.4 Theorem. For every (o, 7, j)
ng - - zﬁ: 6181051 U eBNC“Naj (elﬁl’}q e e/IBN’yN) ?

since this is true for at least one observer.
Remark: Usually true for “inertial systems”.
Proof. The transformation rule for B} := —C%7 is according to (2.7)

ZYm 'ag T aN *W Z "' 'YN ’YNY Bocjl aNOY ( )

3.5

+(Ya1 Lot I YaN "VN) G

Now set
. L / /
B = gﬁ €Bray """ G,BNaNaj(G&M Y 65N7N> :
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Since, see [3, 4 Change of observer| and 3.5 below,

eroY = oYiey for k1 >0, (3.6)
e = oYY for k1 >0, (3.7)
Zmzoemkelml = 5k,l for k,l Z 0, (38)

we compute for (o, 7, j)

*7j
ZYOél’al o OlN aNBd

_ * (0% %
o Z Yorra 651561 Yoy ray CBnan aj(eﬁﬁl eﬁN’?N)
a,

= %: €80, 0Y * - - egNaNoYE);(eg‘l;ﬂ . -eg‘NﬁN) (see (3.6))
= ;eglaloY o egyanOY
B - 05(Ys, 15,€5,,,0Y - Y 7NeB]wNoY) (see (3.7))
= %emaloY o epyan OY Yo sy oo Yo WNﬁj(eBmoY efBNﬂ{NoY)
+> €0, 0Y elﬁwloY o egyanOY e'BNWoY (95()@1 ETREED SNV

Byy

= Z m'mn e ’YN "An eﬁunoy T GBNaNoyaj(elﬁl"/loY U eng“/NOY)
+ Z Oary 83(}/71 i Yo an) (see (3.8))

—Z "M ’YN’YNY Bg{ an oY+8( a171"'YaN’ﬁN)’

since
8j<€/ﬁl’}’1 oy ... e,/BN’YN OY) - Z Y}’Eaj (e/ﬂrh e e/BN'YN)OY ’
J

hence B satisfies (3.5). Therefore the difference
B;éyj = CZZJ + % eﬁlal e eBNaNaj(e/IBr‘yl e e/IBN’yN)

satisfies the transformation rule

- *W .. I
Z Yoq "an YOéN Z Y1 ' 'YN 'YNY Boq an oY
(e}

which is homogeneous and therefore we can choose B=0. [

3.5 Lemma. Because {e; ; £ > 0} and {e}, ; £ > 0} are dual basis we know that
Okt = €poe; =Y € €m. 1t also implies that > el e = 0.
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R I / N ) N )
Proof. Define E,;, := €, = e ce, and E], = e, = €;*e,,. Then

6k,l = 62'6[ = Z e;melm = (E/ET>kl y
m

hence E'E" = Id and thus E'(E" E' —1d) = (E'E")E' — E' = E' — E' = 0. Therefore,
since E' is bijective, ET E' —1d = 0, that is ET E’ = Id, which means

5z,k = (ET E/)lk = Z emle;nk;v

which is the assertion. O

4 The entropy theorem

We start with the general system (2.1) in the special case N = 2
S0, Tw; =gu  for k,1>0, gy :=£f,+> CTs (4.1)
320 B
by writing the multiindex o« = (k, 1) for k,1 > 0, and where all quantities are symmetric in
k and [. The system (4.1) has by definition covariant test functions, and this is satisfied
if T, £, and C satisfy the transformation rules which we have stated in (2.4), (2.8), and
(2.7). We shall consider a simple fluid which is defined by the following representation of
the tensor components Tj,; for k, 1,7 >0

Thj = o + Eav; + Quyj (4.2)

see 2.2, where also the properties of the mass density ¢ and the 4-velocity v are stated.
The terms in (4.2) are independent fron each other by assuming that with the “time
vector” e

SeEu=0, > eQu=0. (4.3)

k>0 3>0
The usage of the time vector e says that the “time component” of E is zero and that
Q has no “time derivative”. The system (4.1) therefore can be considered as the mass-
momentum-energymatrix system.

In 2.1 we have defined a reduced system of (4.1) via the covariant vector e. This
reduced system is the mass-momentum system

> 0y Thj =g for k>0,

j=>0
Tkj = Z elTklj = 0URY; + ij ) ij = Z elelj ) (4,4)
1>0 >0
gk = > Oy T+ > egn -
1,7>0 1>0

Similarly, defined as a reduction of (4.4) there is the mass equation

Z aijj =49
j=>0
Tp= Y ey =ov;+d;, J;,:=> ekﬁki’ (4.5)
£>0 k>0

g:= > Oyer-Tij+ > ergr.
kj>0 k>0
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Realize that we can also write

Ti= > eweiTw;, g= >, Oylerer) Tuj+ Y. erigu,
k150 k>0 k>0

and that assumption (4.3) for Q implies that J and II satisfy

Sed; =0, Y el =0 forall k> 0.

j=0 Jj=0

What is left from (4.1), after one has determined the reduced mass-momentum system
(4.4), is an equation
> 0Ty = gu for k120, (4.6)
Jj=0

which is given in the next statement where the vector ey satisfies

1
Gey = ot €= €y s (4.7)

see [3, Theorem 3.4].
4.1 Remaining system. If we define the in k£ and [ symmetric terms by

gi = g — 2 O5(eanTij + eaTiy) + > 0;(eoneaTy) -

=0 >0

then system (4.6) is fulfilled. For these system the reduction is zero.
Remark: There are also different representations for gf, see the proof.

Proof. We have

> 0Ty = >0 0Ty — > 0(earTyy + eaTr;) + > 8;(eoneaT})

J=0 Jj=0 Jj=0 J=0

=g — Y. 0;(earTij + eaTkj) + X 0 (eoncay) = ga

Jj=0 J=0

so that (4.6) is satisfied. Now, since e = ¢; and ejeeq = 1 it follows

Z €6kT]gj = < Z engklj — Tl]) — 60[( Z €6kaj — T]) = 0’

k>0 k>0 k>0

because by the above reduction

oeoTry — Ty =0, > epTr; —T;=0.

k>0 k>0

If we now show that for any k

> deq - Ty + 2 caudi (4.8)

1,720 >0
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is equal to 0, it follows that the reduction of (4.6) vanishes. To prove this we write the
above identity for g% as

E
91 = 9kl — €019k — €okgi T €okeold

— 2 Oiear- Ty — 2 Ojeor - Ty + 3 Oj(eonear) Tj -

J=20 J=0 J=0

Using this and the above identity for T,gj, making use of ejeeq = 1, we obtain for the
term in (4.8)

> Ojeq - Tklj + Z cugn = > 05et; - Tuij + Z o (grt — €argr)

1,j>0 1,j>0
-2 eokajemle — > eoreo (g1 — eorg)
17>0 >0
- zgo(ajegl ~eqThj + Ojenr - €y Thy)
7.7_
+ 2;0 (0seq: - eonea T + eq,0;(eoneo) Tj) — ZZ>:0 cadieon - Ty
lj> 3JZ
( >, 0 em Ty + Z ekl — gk) - €0k< > aje/otle + > eqg — 9)
17>0 17>0 >0
—5j<2661601> Ty + 32 Oj(egeonen) - Ty — > Ojeor - e Tij
1>0 17>0 17>0
( > 0 eoz Thij + Z ekl — gk) - €0k< > ajelmle + > eqg — 9)
17>0 17>0 >0
+2860k< ZeOlTl]>:O.
7>0 >0
Hence the reduction of (4.6) vanishes. O

This is a general lemma, that is, it holds without assumption (4.2). With this assump-
tion we perform in the next sections 5 and 6 the entropy principle to system (4.1) and
the outcome will be that the physical system we derive finally will consist of

e the reduced mass-momentum system (4.4),
e a trace of the remaining system, which will be the operation P* G~ P.

Here the map P is defined in the following lemma and it is important that it depends
only on G and e.

4.2 Lemma. We define a linear projection P:R* — W := {e}" by
P=Idon W, P(Ge)=0. (4.9)
By this definition P depends only on G and e. It follows

P=>¢e®e, also P'=3 e®e

i>1 i>1

if we define P’ := PT. Moreover,
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(1) the matrix PTG P is
P'G'P =Y € ®eé,.

1>1

(2) the matrix PG Pl is
PGP =Y e;®e;.

i>1
Remark: In [3, Sec.5] we have defined G*® = PGP™.

Proof. Since W = span {e;; i > 1} we have by definition Pe; = e; for i > 1. And Pey =0
since Ge, and ey are proportional by (4.7). Since {e},; k > 0} is the dual basis we conclude

P=> e®e¢.

i>1

Since G e; = ¢} for i > 1, see [3, Theorem 3.4], we obtain

PGP = (Seea)6 (Saod) = ded,

i>1 i>1 i>1
and
PGPT = ( Z €Z®€;>G( Z 6;@62') = Z e;,Ke;
i>1 i>1 i>1
since the same reads Ge, = e; for i > 1. O

4.3 Transformation formula of P. It holds
PoY DY =DYP*.
The matrix PTG P is covariant, and PGP" is contravariant.

Proof. Consider the linear map (DY)_1 PoY DY. If a point z* € W™ then the point
zoY := DY z* satisfies

(ze€)0Y = (DY z*)e(e0Y) = 2" ¢ (DY €0Y) = z*ee* = 0
that is z € W. Hence Pz = z and therefore
(DY) ' PoY DY z* = (DY) ! (P2)oY = (DY) " z0Y = 2*.
Moreover, since egoY = DY'ej, it follows from Pey = 0
(DY) ' PoY DYe¢} = (DY) (Peg)oY = 0.

Since the linear map is determined by these two properties it follows (DY)_1 PoY DY = P*.
The matrix PYG™! P is covariant since

PTG P =P DYTG loYDYP*
= (PoYDY)' G loYPoYDY =DYT (PTG ' P)oY DY
and the matrix PGP? is contravariant since
(PGPT)oY = PoYDYG*DYT (PoY)"
— PoYDYG*(PoYDY)" = DYP*G*P*TDY"

for every observer transformation Y. m
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For the reduced mass-momentum equation we obtain
4.4 Theorem. If for (4.1) with (4.2), (4.3) the entropy principle is valid then

(1) the reduced mass equation becomes

> 0,Ti=g, Tj:=ov;+J;.

320
(2) the reduced mass-momentum system becomes for k& > 0
j; 0y i = gr, Ty = ovv; + v d; + 15,
Hk;j =D (PGPT)kj - ﬁk;j
The fluxes J, II and S have the property
Zekﬂkj =0, Zekﬁkj =0,

k>0 k>0

ZeijZO, Zejﬂkj:()7 Zejﬁkao‘

j=0 320 j=0

The right-hand sides g and g, are as in (4.5) and (4.4), we do not say more here about
these terms. The mass equation is, of course, contained in the mass-momentum system.

Proof. See section 6, here only this: The reduction (4.4) implies that

_ ~ L~
Tij = ovgv; + Ty, gy i= > e Quiy s
1>0

a definition which is also made in section 6, see (6.9). And the reduction (4.5) implies
that

Ty=ov;+Jd;, J;:=7> eullyy= > epeqQu;-

k>0 k>0

Now if one defines II;; := ﬁkj — v;J; to have the correct formula in (2), see the formula
(6.11). And one derives

> el = 3 eh(liy — v d;) =3, — 3 e d; = 0.

k>0 k>0 k>0

This proves the assertion, since also

> (PGP = 3 G X e PuiPir =0,

k>0 k>0 k>0
> o (PGP = 30 G o eq;PigPy =0
j30 RS0 430

by the form of P in 4.2. That J and II have no “time derivative”, that is,

Zejijzo, Zejﬂkao’

Jj=0 J=20

follows from (4.3) for lej. O
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Now we perform a trace of the remaining system, namely we multiply by the matrix
PTG P. This gives, since Peg = 0 and €}eeq = 0 for i > 1,

(PTG 'P): (Tﬁj)mo = ;1(6;@6;): (Tlgj)k,lzo

= > (€®e)3 (Thj)piso = 2o > €niTh -

i>1 i>1k,1>0

Therefore the multiplication of the remaining tensor 7% with PYG™' P is the same as
multiplying the original tensor 7" with the same matrix. We obtain

4.5 Theorem. Multiplying the system (4.1) by the matrix H := %PT G ' P leads to the
differential equation

> 0i(Hs (Tuj)y) =9, 9= 3 ( 2. OiHy - Thj + Hlekl) :

Jj=0 k>0 *j=0

If the assumption (4.2) holds, the “total energy 4-flux” is
. 4 - ~ :
He (Twj)y, = <§Q.(PTG Py + 5) v;+q; forj >0,
where in analogy to section 6 the “internal energy” ¢ is
Lot~ L

and the 4-flux ¢
g =Hs (lej) =

1 ~
/ /
B} > €€ Qrij
Kl i>1k,1>0

with > j>oej?jj = 0, hence ¢ has no time derivative.

Proof. For a scalar test function ¢ let (i := (Hj consist of the test function for the

system (4.1). It follows from 4.3 that H is a covariant tensor, hence the test function is
allowed. Then

0= > < > 0iCk - Thy + Ckzgkz>

k1>0JR4 \ >0

= > ( > 0i(CHp) - Thay + Cchlgk:l>

k1>0JR4 N\ j>0

:/ (231‘(' > HuTw; +C¢( Y 0;Hu T+ >, Hugw ),
R4

>0 RI>0 >0 kIS0
| | L []
= H2 (Thj)y =g

hence the new differential equation is

> 0i(H3 (Thj)y) =9, 9= > ( > 0;Hp - Ty + Hlekl) ;
>0 ki>0 \j>0
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where here we do not take care about ¢ in detail. Instead we focus here on the 4-field
(Hs (Tklj)kl)j>0‘ It is under the assumption (4.2)

Hs (Thj),, = <0H3(9®Q) + H=E>Qj + S HyQuy
kd>0

where, since ejev = 1 and G™' ¢y = —c2e],

2H:(v®v) =G ' 3(Pu®Pv) = Pve G ' Py

=(W—e9)e G (v—ep) =veCGtu—20eCG ey +egeGleg
=veG v+ 2c%vee], — clegeey

=peG o4 c? =ve(G! + Pe®e),

just to have a few representations of this term. Therefore one calls the following term the

“kinetic energy”
o3 (v®Y) = gy(PT G 'Plu= ng- G 'Pv

and, since H = 33, e;®¢] by 4.2(1), the “internal energy”

1 1
e:=HiF = §(PTG*1 P)tE =23 > epeyBu

Qizlk,lzo
1 —1 T 1 —1
=G (PEP) = SG B

since assumption (4.2) implies PE = E. Finally for the 4-flux

g = > HuQuj
k>0
1 / ~ 1 JEVAPN
=52 2 (E®e)uQuy =520 2 €pncuQuy -
2 Z1k50 2 Z1 k30
For more about ¢ see the next statement. O

For the following lemma we need some formulas from section 5.

4.6 Heat flux. The entropy principle implies that the 4-flux ¢ of the previous theorem
has the following representation

aj_— PTG P+ 3 vi(PTG P, +q.,
2~ k,k>0 T

where ¢ is the “heat flux” occurring in the entropy production.

Proof. From the last theorem

- 1 ~
G=5> > CuyQuy =

2 iS1k>0

;( i + 200 0) + Q) ) (by (5.8))

l\DI»—t

Qs (o (66)

l\')lr—k [\')Ir—k

§|v 2J; +Zﬂijvz+ EQ
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where the heat flux is

[\Dll—l

; —iig

and, by the first equation in (5.6),

Y= 3 el = ve (PTG Py

i>1 i>1k,1>0

To handle the middle term we derive from (6.10) for i > 1

> e;kﬂkj => e;k > QZkE%j => ( > ezkezkz) H;j

k>0 k>0 i>1 i>1 k>0

and therefore

> Ivp = 32 (3 einllyy) (2 eler)

i>1 i>1 k>0 E>0

= ( ; eé@eé) : (Ekjﬂfc)k;; = QE(PT G P)Ekﬂk:j .

Altogether the main theorem is the

4.7 Entropy theorem. Consider the system (4.1), (4.2), (4.3). The application of the
entropy principle

a—zan >0

7>0

leads to the “mass-momentum-energy system”. This system consists of the “mass-momentum
equation” in 4.4(2), and of the the “energy equation” in 4.5, which with 4.6 is

Za((g -G—le+e)yj+Ejj) =9,

320

~ 0
% = 5ue «PTG P+ > v (PTG P)kkaj+q
k>0

Here the entropy and entropy 4-flux are

n = 7/’]\(975), QI: ny+n'Qi+n’8gv n:eoﬂ

and the entropy production is
0<o= 3 (X eudj(ei*n))Sy;
kj>0 i>1

+Zaﬂ7@ J +Za]77’e q +77@r +77’ :

3>0 j=>0

(4.10)

Proof. The proof of this theorem is contained in section 5 and 6. The splitting of the mass-
momentum-energymatrix equation into mass-momentum and energy equation is contained
in the statements 4.4 to 4.6. O
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The pressure tensor II is by 4.4(2)
II=pPGP' -5

In the case of a gas II = pPGP' and S = 0, therefore the first term of the entropy
production vanishes. For fluids the stress tensor S has to be chosen so that the entropy
production is non-negative. This term in the entropy production is

> (X eindi(ejon)) Sy

k,j>0 i>1

and we show in section 7 that in the classical limit it converges to the well known expression

Z axjvk : Skj )

k,j>1

if S is given by a symmetric matrix S.

5 Evaluation of the Liu & Mauller sum

In this section we consider the relativistic moments of up to second order, that is N = 2
in (2.1) and o = (k, 1),

S0y, Twj—gu=0 fork,1>0, gu:=f,+ Y CiTs, (5.1)

J=0 Be{0,1,2,3}3

where we have set n = 3 (the physical case). We consider fluid equations, therefore

Thij = ovpvv; + Egv; + Quij » (5.2)
Y eBu=0, 3 eQu=0. (5.3)
k=0 i>0

The first step in exploiting the entropy principle is to multiply the differential operators
> i>00y;Taj — ga by certain factors, which Liu & Miiller call Lagrange multipliers (M),
see section 3, and then sum up these expressions to get

A (X 05 T0) — ga) -

Jj=0

Now we apply 3.3, that is, we replace these sum by an equivalent system of differential
operators

R / /
Lyi= 2 9;T5; — (5.4)
j=0
we obtain a new representation

ZAa( Z ajTaj - ga) = Z/\W( ;)aijlj - r/w) = Z/\VLW

=20 v
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where the quantities of the new relation are defined by

;o / / ' ’o / /
Tw’ => ewalewazTa] , T = > e,ylale,maz)fa ,
(07 (7
5.5)
I _ / / ( N
)\'Y - Z Aae'YlOéle')?OQ or AOé - Z )\"/6710416’)/2042 .
@ v

Now the differential operators L, have no Coriolis coefficients, therefore “fictitious forces”
do not appear in the entropy equation. The representation of 7" in (5.2) transforms by
(5.5) in the following identities for &, > 1 and j > 0, if one uses the assumptions in (5.3),
T(/)Oj =ov; +d;,
Tl/ch = Qvl/cﬂj + ﬁ;g] 5

T = (ovvy + Eiy)v; + Qs

where
v, =y e vy for k> 1,
E>0
By = >0 egpeplyg for k1> 1,
Q;lj = 72 e;c,—ge;l—Q,;[j for k,1,7 >0,
k>0

~;ej = Q;ch for k>1, J;:= QBOJ"

In a second step we show that the system (5.1) is equivalent to the system given by
(Lgv (Lz)k21 ) (Lzl)k,IZI) = 0, Where

LOO = LQ’
LOk = LkO = Lz + ’U;CLQ, (57)
Ly = LZZ + U;CL? + 'UI/L}; + ’U;C’UZLQ

for k,1 > 1. These new operators are defined in the following theorem.

5.1 Theorem. Define for k,[ > 1

L% =% 0;(ov; +J;) —r°,

j=0
vo.__ / !/ / v
pi= 0, v0u+ >0 Ol 4+ >0 J 05 — 1y,
>0 Jj=0 Jj=0

Ly = ;@(Ei/clﬁj) + ;)819213‘ + ;}(E;jajv;c + 10}, 05v;) — 1y -
J=z J]=Z J]=Z

Then the equations (5.7) are satisfied, if for k,{ > 1

ro_ / Y ) 7 o /
k= vd; H 1, Q= vpud; + 1L + I v + kaj ;
V. w50 e _ w ! WV 130\ oy 0300

ry =Ty — ur?, g i=r) — (vrd 4+ urd) — vure,

and of course r? := rj,.



This follows by the same procedure as in the classical case.

Proof. That Loy = L? is evident. For the velocity part

Ly+vLf =03 yjajv;c DY aj(QQj + J]) + > Jjajv;c

j=>0 7=>0 j=>0
+ > ;I — (r) 4 vyr?)
3=>0
= > 0;(ovjw; + v d; + 10;) — (v + vx?) = Loy

>0

if for k>1

/v ! .0

The energy part is

kl -+ UkLv + 'Ul k + U,;UZILQ
=>.0; (Ekﬂ’ )+ Z 0 le + Z( ;jaﬂ’;c +E;cjajvl,) — Ty

3>0
! / ! !/ _v
+0). Ukﬂjaﬂ’z + > Ukajﬂlj + >0 v d;0v — vr;
i>0 >0 >0
! / ! ! ! ! /_.v
+0 > v;0iv + >0 ol + > v 05, — ury,
j=0 j=0 j=>0
’o ’o 0
+upv Y 05(0v;) + vy X0 I — vupr
>0 >0

= 0;(ovpvyy;) + 0;(Eyu; + vpud; + Iy, 4 I v + Q;U)

e ! v
—(rfy +vpr] + vy 4 vor?) = Ly

if for k,1 > 1

Qktj = vpuid; + vy, + ) + le )

/
vy, = Iy, +ur] + ur) + vorl.

Thus following the procedure of Liu & Miiller we have for all functions

ZAa( Z 0y Toj = 9a) = ZM( 2 0Ty — )

= Z Ay L = AooLoo + D 2)\kOLkD + > ML

k>1 kl>1

= )\00[/9 + Z 2)\]@( k + UkL'Q)
k>1
+ 22 AalLiy + vili + v Ly + v L9)
k,>1
= ALE 4 D0 NLE+ 20 Al

k>1 ki>1

263
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where the new set of parameters is given by

)\Q = >\00 + 2 Z U;)\ko + Z U%’U{)\kl s

k>1 ki>1

)\z = 2)\k0 +2 Z Ul/)\kl s

I>1
€ ._
kl +— )\kl .

for k,1 > 1. Now we compute

NLE+ 50 AL+ >0 AL

k>1 ki>1

=X X dylow, + ;) )

j=0
+ 50 A (0 X w050 + (011, + 3,0500) — 1)
k>1 Jj=>0 j=0
£ 5 N S0 (Blwy) + Q) + (0,0} + o) — xfy)
ki>1 7>0 J >0
= XY 05(0v;) + X2 Ao Yo 05, + 2o Ay > 95(Eu;)
j=0 k>1 j=0 k,l>1 j=0
+ > O ()\le +2) )‘Zlﬂgj)
§>0,k>1 I>1
+LNOL Y N+ Y X9Q),
7>0 7>0,k>1 7>0,k,0>1
SA = SN = 3 A
E>1 Ei>1

where for the first line on the right-hand side we prove

5.2 Lemma. We can write for every function h

> 0j(hy;) = ;)yjajh + > O - (heyy)
J1=

J=0 J20,k>0

Basic expression: For each k > 0 we have the following equality dive;, = 0. This is true
since the situation is connected to the standard one.

Proof. 1t is for every function h

> Oi(hv;) = > v;0ih +h ) Oju;. (5.9)
i>0 >0 >0
Now since by (5.6)
V=) Uper, U =€peu,
k>0
we get
Oju; = dive = div( Y ver) = > 9;(vie))
7>0 k>0 7>0,k>0
= > Opp-en+ D vy Ojerg= > Ojup- e,
§>0,k>0 k>0 >0 §>0,k>0

since as we show now dive, = 0. ]
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Proof of basic expression. This follows since eyoY = DYey, that is e is a contravariant
vector, and therefore (div eg )oY = dive}. Since the situation is connected to the standard
one we can choose Y such that e}, = e, = const. O

From 5.2, with h equals ¢ and E7;, we obtain for the first line on the right-hand side
of our expression

A7 05(0v;) + 20 Ao o w0 + 30 A > 0(Eu;)

j=0 k>1 j=0 EI>1 J>0
=\ Qjan + A0 Qjajvk + > Nt Z QjajEl%Z
j>0 k>1 Jj=0 ki>1 120
+ > O <)\99+ > /\klEkl>ekJ‘
§>0,k>0 Ei>1

Now we can write the first three terms on the right-hand side as a derivative of a function
1, which is later the entropy, if we let

n= 77(9, (U;f)k21 ) (El/cl)k:,l21 ) )
.~ L1 . (5.10)
A=, A= E%; o A= ey,

since then by the chain rule

Zvé?]n—nngﬁjgjLZn/v Zv@vk+ S oo Zv@E’

§>0 7>0 k>1 7>0 kl>1
—AQZU djo+ > Ao X w0+ D0 N > v0iEy,
E>1 j>0 EJl>1 320

which are the first three terms on the right-hand side. And it follows also from 5.2, with
h equals 7,

>ov;0m = 0i(nu;) — > 05 - (nery) -

Jj=0 j=0 §>0,k>0

Altogether we infer that

S A2 0iTaj — ga) = 2N (2 95T, — 1)
o 530 Y S0
= NLe+ Y NLp+ > ALy

k>1 ki>1

= aj(”ﬂj)

Jj=0

% opl (e + S NGEf - m)ey + N, + 2 5 M)

Jj>0,k>1 k,1>1

FY NI S MO+ S MdQ,

§>0 Jj>0,k>1 J>0,k,1>1

=M — DN — >0 AT

k>1 ki>1
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= 50y (e + A%, + X NI+ Y XQ,)

>0 k>1 kI>1

+ Y o ((Me+ Agfﬁgi—-n)ehj+—Aggj-+»2;§;xzh_b)

J20,k>1 ki>1

Yoo X oML ¥ o,

=0 J>0k>1 J20k1>1 -

AT = D AT — D0 At

k>1 ki>1

= ZOJQJ_O—7

720
if for 7 > 0
n= ﬁ(@a (Ul/c)kz1 ) (Ellcl)k,lzl ) )

ny =+ A+ NI+ A,
k>1 k>1

(5.11)

and
o=

- > O <()‘Q@ + 2 AgEg —n)ew + AT 20 Aizﬂfj)

Jj>0,k>1 kJl>1 >1
e YL TT e . O
+20A -3+ D O+ DD 0y Qk,j
>0 7>0k>1 J>0,k0>1
0.,.0 Vv e .e
FAE+ DN+ DD AT

k>1 kl>1

Therefore for solutions of (5.1)

> 0m, — o =3 Aa( X 0To; — 9a) =0,

>0 " 7>0

(5.12)

if the entropy quantities are given as in (5.11) and if o consists of the quantities in (5.12).
For consequences see the next section.

6 Entropy as objective scalar

Here we deal with system (5.1) and the assumption (5.2) and (5.3). In this situation we
have derived in the previous section, that for solutions of (5.1)

gﬂ O, =0 (6.1)
where the entropy 4-flux 7 satisfies (5.11) and the entropy production o satisfies (5.12).
And the entropy principle o > 0 is required. It is also a postulate of the entropy principle
that the equation (6.1) has to be a scalar differential equation, which is satisfied if 7 is
a contravariant vector and o an objective scalar. Now, the first term on the right-hand
side of 1 in (5.11) is nu where v is a contravariant vector, therefore, if 1 is an objective
scalar this term is a contravariant vector. Remember that in (5.11) we have made a
constitutive relation for 7 depending on g, v}, = e} sv and Ej,. These quantities are all
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objective scalars, but they depend on single basis vectors e, for ¢ > 1. This would be a
non-isotropic behaviour if n depends really on one of these vectors. Such a dependence one
would not allow for a simple fluid. Therefore we come to the conclusion that n depends
only on ¢ and the trace of E’, that is

ZE 1ZZekellEkl (Ze@e)

2 (5 2= >0 i>1

which is the “internal energy” and which of course is an objective scalar as the sum of
the objective scalars Ej;. It has been proved in 4.2 that ¢ is depending on E' = (Ex), 50,
the energy matrix in definition (5.2), and apart from this only on G and e, that is

= (Seed)iB= JFTa PrE <SG, (6.2)

i>1

where the last equality holds by assumption (5.3) on E. Thus, if the entropy n depends
only on g and ¢, then 7 is an allowed objective scalar. Therefore we assume

n=1(0¢€). (6.3)

Consequently we have for the function 7 in (5.11)

77(97 (vl,c)k21 ) (El::l)k,lzl) = < Z Ekk)

and it follows from (5.10) that

With these identities and
1 € 1 €
—j = 5 g Sk r = 5 LgNA
the formula (5.11) for the entropy equation becomes

ﬂj = 772] + ﬁ’g J] + ﬁ/ggj ) C'H =, (64)

where the last equation follows from the assumption on @ in (5.3). Besides this the
entropy production (5.12) becomes

o == % 00+ ez — m)er; + 7L,
Jj20,k>1
"'_283779 J; +Za]775'_
7>0 7>0

+ﬁ'9r + 77’6 e,
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To proceed further let us assume that, in analogy to the classical case,

I ~
§ = (ee) >0, T =0e2). (6.5)

Here 6 is the “absolute temperature” and g the “chemical potential”. We define the

preliminary version (ﬁ;cj)j>0 4>, Of the stress tensor by

!

Dj = 9((77 - ﬁ/gQ - ﬁ'sE)ekj - ﬁ’sﬂ;cj) = (977 — MO — 5)€kj - E;cj
for £ > 1, so that one gets for the entropy production the final version

O0<o=Te > OupSy+ 3 0jllg-J;+ 3 O - g,
>0,k>1 §>0 7>0 (6.6)
+1)1or? + e - 1€
where ¢ > 0 by the entropy principle. If we now define the “pressure” p by
pi=0n—po—e¢, (6.7)
which is Gibbs relation, the above definition takes the common form
O, =per; —Sy; fork>1 (6.8)

We have to write this in terms of the reduced mass-momentum system (4.4)

> 0yThj =g fork>0,

J=0

Tyj = > €Ty = ovp; + 1y, Ty =D e Quy -
>0 >0

(6.9)

Now, by (5.6), for £ >0
Qroj = 2= eeoiQa = 2 epplly
k>0 k>0
or, by renaming k as k and vice versa,
Q;Eog' = > 6;5ka3'
k>0
hence for £ > 0, making use of 3.5,

ﬁkj = Z el@k@;}()j = €0kij + Z eikﬁ;j (using (56))
E>0 i>1
= eord; + D eik(”;lj + H;-j) (using (5.8))

i>1

= <€0k + > €zkvg)lj +> €ikﬂgj = lej +> eikﬂ;j .

i>1 i>1 i>1
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Therefore, if we define for k£ > 0 the “pressure tensor” and the “stress tensor” by

Ekj = Z ezkﬂ;] and §k] = Z eik§2j7 (610)
i>1 121
we have shown _
Il = Qkij +ﬂkj for £ >0, (6.11)

and the identity (6.8) becomes
O, =Y ewlll; = > ea(pey — S5))
i>1 i>1

=p Y ewey — Sy =p (PGP — Sy (using 4.2(2)),

i>1
that is, the well known formula

II=pPGPT - ¢

(6.12)

This shows 4.4(2), and therefore the statements about the reduced mass-momentum
system are proved. We come back to the entropy production o in (6.6), which is not so
final since it contains the term

> sty = 3 (X oS,

J>0k>1 j>0 \i>1

depending on S’ = (S’ and not on the stress tensor S = (5, Now, we get
kj

—lj)iZI,jZO
from the definition (6.10)

> e;‘kﬁkj =32 egkeikﬁ% =>. 5@'5%]' = ﬁgj

k,j>0"

k>0 i>1k>0 i>1
and thus
> (Z 5JU§§§j> = 2. <Z e;kajvz/‘)ﬁk‘j
J>0 Ni>1 kj=>0 ~ix1
(6.13)
= ¥ (Seubileon)s,, .
k>0 Ni>1

That this is the generalization of the term in the classical case is shown in the next session.
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7 Constitutive equation for fluids

We deal with the term (6.13) for the stress tensor S = (ﬁkj)kj>o

> (2 einds(eien)) Sy, - (7.1)

kj>0 i>1

which is part of the entropy inequality ¢ > 0 in 4.7. We show that this expression
converges as ¢ — 0o to the well known term of the Navier-Stokes limit. By this limit we
mean that e, — €, and e, — €, as ¢ — 0o, where the limit basis are given as usual:

7.1 Limit basis. We obtain in the standard case the limits

ol o] (8] [ e

where D,V is antisymmetric and Q depends only on t.

Proof. We consider the standard case, that is, we assume that |ey| = 1. Then
_ 1 : _ o
e=¢,—>€=7¢,= {O] with W ={e)}" = {e,} =W,
which implies, since €€, = 1, that

€y — €y = |:\1/,:| :ZX

which is the definition of the vector V. The elements {€;; i > 1} are an orthonormal set
of W, that is

_ 10 .
€; = |:Qei:| fori>1

which is the definition of the orthonormal matrix Q. Then the representation of the

elements €, follow easily. Now with Y being a Newton transformation, Q satisfies the
transformation rule

0 _ . 1 0 0 0
{wajz@ﬂ“*W@:[X @HQ%J:[@GQ}

that is QoY = @ Q*. Hence if Q* is the Identity for at least one *-observer, then QoY is a
function of t* only and so Q is independent of x. Similarly, V satifies the transformation

rule
1 _ B _ |1 0 Ly_ | 1
vor]=aer =ovii= [ 5 ol |v-] =[x+ ov
that is VoY = X + Q V*, and therefore
Z Qg}(axjvz)oy = axi<vioy) = Qz} + Z Qﬁaxiv;’k )
J>1 ! i>1 J
hence

(02, Vi)oY = (QQ)y + X QiiQ70:: V7 -

ij>1
It follows that if V* is zero for at least one *-observer, then (8zjVi)ij is antisymmetric.
O
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Since

> egkﬁkj =0, > eOJSkJ =0,

k>0 >0

we have also in the classical limit

0=>e OkSk]_ 205 O—Zeogsk]—ﬁkm

k>0 j>0

s-[o Y]

Having this in mind we compute, since v = (1,v) and

{_\ge(?ei} cw=(v-V)eQe; = (Q" (v - V))

and since Q depends only on ¢,

Z (Zezka( .U>)Sk] Z (Zezka< .U))Sk]

therefore

k,j>0 i>1 k,j>0 i>1
_ —VeQe; —VeQe; . .
_ —V+Qe; .
- (5[ G ewi@r vz
= (Z(Qe)ev((Q" (v -V)),)):5
= k'zl Zl(Qez>kaxJ ((QT (U - V))lSkJ
Jzli>
= Z Z Qkiazj ( Z QM(U - V)l)Skj
kj>1i>1 >1
= Z Z (Z Qkini)axj<v - V)l : Skj = Z 8zj (U - V)k : Skj
kj>11>1 i>1 k,j>1
= Z (&cjvk — 8m]Vk) Skj = Z &Ejvk : Skj s
k,j>1 k,j>1

if S is symmetric. This is true since (aijk)jk is antisymmetric.
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