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1 Introduction

In this paper, we are concerned with the following initial-boundary value problem

Ut — Ugy + ,U(t’ Hu(t)HQ: Hut(t)H2)ut = f(l‘, 2 u)v

u(l,t) =0, (1.2)
uz(0,t) = g(t,u(0,t)) +/0 k(t,s,u(0,s))ds, (1.3)
u(z,0) = up(x), u(x,0) =uy(z), (x,t) € (0,1) x (0,7), (1.4)

where f, g, k, u, ug, uy are given functions. To achieve this study, we associate the prob-
lem with a recurrent sequence {v,,} defined by

2
V= Vmaz + (& om @)%, [0, (1)),

N-11 s i (15)

— Zi:o ﬂDgf(I’ tyUm—1) (U — Um1)’,
um(1,t) =0, (1.6)
VUmaz(0,1) = g(t, v,,(0,1)) —|—/0 k(t, s, vm-1(0,s))ds, (1.7)
Vm(2,0) = ug(x), v, (x,0) = uy(x), (1.8)

where (m,z,t) € N* x (0,1) x (0,7). The main result of this paper shows that the
sequence {v,,} converges to a local unique weak solution of the problem (1.1)-(1.4).

The wave equations with the different boundaries have been studied in many papers,
for example [1]-[6], [8], [9], [11], [13]-][15], [17]-[26]. See below for some typical papers.

Q. Tiehu [21] proved the existence of a global smooth solution of the following problem

ue = (p(ua))a =0, (1.9)

u(0,1) = 0, (1.10)

u(L,t) + /0 k(t — s)p(uz(L,s))ds = g(t), (1.11)
u(z,0) = up(x), wuz,0)=ui(x), (1.12)

where (z,t) € (0,L) x (0,00) and g, k, p, ug, u; are given functions. In this case, the
problem (1.9)-(1.12) is a mathematical model for a nonlinear one-dimensional motion of
an elastic bar connected with a viscoelastic element at an end of the bar.

In [19], J. Rivera and D. Andrade gave the existence and exponential decay of the
solutions of the wave equation with a viscoelastic boundary condition

u = (p(ua))e + f(2,1) = 0, (1.13)
u(0,t) =0, u(l,t) = /0 kE(t — s)p(uz(1,s))ds + g(t), (1.14)
u(z,0) = up(x), wuz,0)=u(x), (1.15)

where ug, ui, f, g, k, p are given functions.
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M. Rammaha, T. Strei [18] considered weak solutions of an initial-boundary value
problem for a nonlinear wave equation in one space dimension

Upy — Ugg + [u]’uy = |u¥u, (1.16)
w(0,t) =0, wu.(1,t)=g(t), (1.17)
u(z,0) = ug(x), wuz,0)=u(x), (1.18)

where 0, x > 1 are constants and g € C'(R,).
M. Li [13] mentioned the nonexistence of global solutions in time of the Emden-Fowler
type semilinear wave equation

Uy — Upy = \u|x_2u, (1.19)
with boundary value null and initial values
u(z, 1) = ug(x), u(z,1) =ui(x), (x,t) € (a,b) x (1,7T), (1.20)

where y > 1 is a constant and ug, u; are given functions.
F. Ficken and B. Fleishman [8] established the global existence and stability of solu-
tions for the following wave equation

Uy — Ugy — QU — U = cu® + 7, (1.21)

where «, [, 7, € are positive constants.
J. Poschel [17] showed the existence of quasi-periodic solutions for the nonlinear wave
equation

0=l + Y KT =0, (1.22)

on the finite z-interval [0, 7] with Dirichlet boundary conditions
u(0,t) = u(m,t) =0, t R, (1.23)

where K7 > 0, Ky # 0, K3, ..., K, are constants.
Our paper can be regarded as the relative extension and improvement of the corre-
sponding results of [11, 14, 20, 22, 24, 26].

2 Main result

Firstly, we denote by (-,-) and ||-|| respectively the scalar product and the norm in
L*(0,1).

Let u( ) w(t) = ug(t) = a(t), u”(t) = uy(t) = i(t), uy(t) and u,,(t) denote u(x,t),
9u(x,t), S (x,t), 5%(x,t) and i 5.2 (r,t) respectively.

Also, we define a closed subspace of the Sobolev space H'(0,1) below

W ={veH"0,1):v(1) =0}, (2.1)
with the following scalar product and norm
(u, V) = (ua, v2) and ully, = [luall. (2.2)

Then the following lemmas are well-known.
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Lemma 2.1. The embedding W — C°([0, 1)) is compact and
HU”CO([O,H) < lolly < HUHHI(O,l) < \/§HUHW7 Vv e W.
Lemma 2.2. The embedding H'(0,1) < C°([0,1]) is compact and

2 2 1 2
[vllcoqoy < ellvall” + <1 + 2 o], Yo € H'(0,1), ¢ > 0.

Furthermore, we have the following results.

Lemma 2.3 (see [23]). We always have the following inequality
Z sin(2j — 1)z
=1 25 —1

Lemma 2.4. Let (a,b,c;, k) € R® x N* and p; = (25 —1)5, j = 1,k. Then

<2+2 V(k,z) € N* x R.

1

/ab (Zfl ¢ sin(ujs)>2ds < 2(la| + |b] + 2)/0 (Zj1 cj Sin(,ujs)>2ds,
/ab (ijl cj cos(ujs))zds < 2(|a| + |b] +2) /01 (ijl cj cos(ujs))st.

The proof of Lemma 2.4 is straightforward, so we omit the details.
Now we make the following assumptions:

(Al) ug € Wn HQ(O, 1), uy € W
(Ay) feCNTY([0,1] x Ry x R), N € N*;

(A3) g € C*(R, x R), there exist functions g, g2, g3 € C°(R,), such that

’g(tau” < gl(t>(’u‘ + 1)7 V(t, u) < RJr X R:
D1g(t, w)] + | Daglt,w)] < ga(t), ¥(t,u) € Ry x R,

|D%g(t7u)| + |D1D29(tvu)| + |D§g(t7u)| < 93(t)7 V(t,u) € R-I— X R;

(Ay) p € CHR2), there exist constants ¢ > 1, p1, > 0, such that
(|l + Z |D;p])(t,u,v) < p(uP + 0P 4+ 1), Vt,u,v € Ry;
(45) k € C2(R2 x R);

(A6) f, g, ug satisty the following compatibility conditions

f(’? 07”0) = qu(O) = g(O,U()(O)) =0.

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)
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Fix T, > 0, for each p > 0, T' € (0,7%] , we put

c(p, ) = 1 lowsro.11x (0.7 x = prpl)
c(p,g) = HgHCQ([O,T*]X[fp,p])’
c(p, k) = ||k||02([0,T*]2><[—p7p})7
c(p,p) = |W|CI([0,T*]x[o,p2]2)>

and
Wi(p,T)={ve L*0,T;W):v, € L0, T; W),

vy € L¥(0,T; L*(0,1)), v(0,-) € H*(0,T), with [[v] ;e 1w
HthL"O(O,T;W)’ Hvtt|’L°°(0,T;L2(O,1))7 [[v(0, ')||H2(0,T) <p}
W.(p,T)={veW(p,T):veL>0,T;WnH?*0,1))}.

Then we have the following theorem.

Theorem 2.5. Let (Ay)-(Ag) hold. Then there exist positive constants p, T and a re-

current sequence {vy,} C Wi(p,T) (vo = 0) satisfying the following linear variational
problem

(U (£), @) + (Vma(t), 02) + Wi (t)p(0)

+ i (t) (v}, (1), @) = (fum (5 1), ), Yo € W, (2.8)
Um(0) = up, v,,(0) = uy,

where ‘
Fnl,8) = 3" 5 D5 (vt (0 = V)
pn (1) = (s [[om (D11, 1[0, (D), (2.9)
wm( ) = g(t, v, (0,1)) + [ k(t, s,0,m-1(0, 5))ds.
Proof of Theorem 2.5. The proof is based on the strong induction and Galerkin method.
Indeed, it is not difficult to see that Theorem 2.5 holds for m = 1. Suppose that it holds

for 2,...,m—1 (m > 2). Now we show below that this theorem also holds for m.
Step 1. Galerkin approximation. We use an orthonormal basis of W as follows

0i(@) = 2/ (L4 2 cos(puga), s = (25 = V)5, j=12,.... (2.10)

Put v (t) = Zf 1 w(k) (t)wj, where the functions wf:]) (t) satisfy the following system of
differential equations

<"(k)(t)790j>+< w(nr 901w>+w (
05 (t),05) = ([R5 1), 95

(i
k) L) - (k) kW)
Um (O) - Z:lamj('p] = Ug, Um (O) = Z:lbmjsoj = Uy,
j= j=

where .

fir @) = 32050 FD (st v ) (0 = e

w2 0) = utr, [0 [0 0. (2.12)

w® () = g(t, v (0,0)) + fo k(t,s,vm-1(0,s))ds.
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Accordingly

lle;

W0)=al), W) =b, j=T1k

m]

{ () + 2l =~ 000 + T (AP0, 05) — 0l (0)p;(0)]

mj’ m mj?

We deduce that

gf])(t) —a i COS(put) + b;ﬁgw
Hj
" sin — 5
0

9;(0) / / A )’“(saﬂ Um-1(0,7))dr (2.14)
A 0/ t_s < D(05), ;) ds

t— _
/Sm“f D hs, 00, $))ds, j =TT

By the Banach fixed-point theorem, it is not difficult to show that the system (2.14) has
a unique solution (wfff% (t),... ,wq(::,)c(t)) on the interval [0, 7] (see [7]).

Step 2. A priori estimates. This step includes two stages below.

Stage 1. A priori estimates 1. With the help of (2.14), thus o) (0,t) can be rewritten
as follows

t k
v™(0,t) = )(t — s)ds, (2.15)
7j=1
where
sin( p,;t
Z ©; (0 ( COS(MJ )+ k’)M)
Hj
sin(p;(t — s
—Z% ) [ D) s s (2.16)
Hj
+22/ S 0 5). ) s,
k) 2 :
Put S},,(t) = H vmz , we get the following lemma.

Lemma 2.6. There exist positive constants c.(u) depending on ug, u; and c.(p, f) de-
pending on p, f such that

/0 169 (s)[*ds < cu(u) + e(p, f) [/O (SN (s)ds + T| , vt € 0,71, (2.17)

where M = N 4+ 8p + 1.
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Proof of Lemma 2.6. We define

) (0)=al) (1) + 4 (1) + e (1), (218)
where
' ‘ *)
(0 = 3 @y (0) 1) eos(pyt) — pyal) siniut)],
(1) = z 0) fy coslrt — )l (5)2) (s, (2.19)
00) = 2.3 gy =) (7 3), ) s
Therefore

/\g<k> () ds <3 Y /\ﬂk \ds—ZI (2.20)

Ie{a,b,c}

We will estimate each term on the right-hand side of this inequality.
First integral. Thanks to Lemma 2.4, we get

2 ./ k ?
/ (Z% cos (pjs )) ds+6/0 (;%(O)MG%SiD(MjS)) ds (2.21)

< 12T +2) (JJuall? + lluoe]?) -

Second integral. Then by the Cauchy-Schwarz inequality, we have
2

2 ! 2 .
ol < [ 1eas [ Z% cos(us(t = )ell(s)| ds. (2.22)
Using the Fubini theorem and Lemma 2.4, it follows from (2.22) that
2
<3/ ’,uk) ‘dT// cos,u]s—T))( (7)| drds
2

/ | dr Zcp] cos(pi(s — 7))w,, (k) ( )| dsdr
. , oI (2.23)

:3/ ‘,ufjj)(rﬂ dT/ / ) cos(p;2) (])-(7') dz | dr

0 0 0
t
6(T +2) / 1) ()2 / ||2>,g;><7>u2d7
0 0
t t
< 3T.(T. +2) (/ |M§,§>(7)\4d7+/ H@f,’;)(T)H‘*dT) .
0 0
On the other hand, using the following inequalities
a<a*+1,Va>0,s>r >0,
(2.24)
(b+c+d)* <27(b* + ¢* + d*), Vb,c,d € R,



200

we obtain

/ﬂ@m Hd¢</ GO

im

(s)ds + T,

(2.25)
[ ar < [ (1@ + s8] + 1) as

t
SW&A(W@@M&+WWﬁM%+Q@

(2.26)
t
<stut [ (s (s)ds + 81417,
0
Hence it follows from (2.23), (2.25) and (2.26) that
t M
b@SKMﬂ+%kM£+D/($%(WB+®M+Dﬂ- (2.27)
0
Third integral. Thanks to (2.19)3 and Lemma 2.3, we deduce that
sm (it —s+x)) ‘f,(,ff)(x, 5)| duds
Fj
sm (p(t — x))‘ ‘fr(rl:)(x78) drds (2.28)
Hj

<1+ )/uf@

ds.

L1(0,1)
Moreover

7 @)

< |Daf[v]] + | Ds [Tl

+2f11wwy\+wm Flet ) (109 + foms])’
N—-1

+Zzl '_

Dif10]] ([0l ]+ o)™ ([589] + [ofa])

1+Zl ) Z'(\/71t)—l—p)i

+c<p,f>zj: (Vo) ()
f( ]
1

x,t,v;m_1). Next, using the inequalities (a + b)
, and (2.24);, we arrive at

Hﬁmw

(2.29)
<clp, f)(p+1)

< 2r—1(ar + br)’

1+ZN1111'(\/7)+p>i

< 1)
U&D_0@7 (p+
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} (2.30)

where
N-1 2i—1

amf»=dmﬂ@+¢ﬂilﬂ =1

Therefore, we get from (2.28) and (2.30) that

(' +1) + 1] (2.31)

_ 3/ |8 (5)|"ds < 4(1 + %)27;?52(/), D) (3 /Ot (S¥N™ (5)ds +2T> o (2.32)

From (2.20), (2.21), (2.27) and (2.32), we get

t t
/W%%W%s@w+@mﬁL/w@W@w+ﬂ,WeMﬂ, (2.33)
0 0
where
cw) = 12(L+2) (el + e}, 2.3)
ci(p, [) = 3Tu(Ty + 2)(81ut + 1) + 12(1 + 2) T2 (p, f).
The proof of Lemma 2.6 is completed. [

Remark 2.7. In the case of ; = 0, from the proof of Lemma 2.6, we obtain the same
result as Lemma 8 in [23].

With the help of Lemma 2.6, we establish the following lemma.

Lemma 2.8. There exist positive constants c..(u) depending on ug, uy and
Cex(p, [, k) depending on p, f, k such that

/Ot 1609(0, 5)|"ds < coul(u) + con(p, [, K) Ut (SYNY (s)ds + T} Ve [0,T).  (2:35)

0
Proof of Lemma 2.8. From (2.12)3 and the assumptions (Ajz), (As), we have
|w< ! ’Dlgtv(k)Ot ‘+|Dggtv( 0,t)) Hv )|
+ |k(t, t, vm-1(0,1))] +/ |D1k(t, s, vm-1(0,5))|ds (2.36)

< h, (|0

$0,0] +1) + (T + De(p, k),
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with he = {[g1llcoor)) + 1920l cogo.zyy + 11931l coom)-
Using the assumption (Ag) and Lemma 2.3, we get from (2.15) and (2.36) that

k

gW(t) — 2 /t Mw(’“)(s)ds

m
0 H

<o) +2 (1 + %) /Ot [ (s)| ds
<22 (1 + %) h*\/f{/ot <|1’)7(7’;)(0,s)}2 + 1) ds]

+ ‘gf:)(t)‘ +2 (1 + %) T.(T. + 1)c(p, k).

(00, 1)] =

(2.37)

1/2

Combining (2.37) and Lemma 2.6 leads to
t
/ |1'1,(7]f)(0, 3)|2ds
0

<3e.(p. ) / (SN (8)ds + 3. ()
2 ) (2.38)
+ 127 (1 + %) [c(p, ) + Tu(To 4 De(p, k)]

4 2 t S
+ 24h7T, (1 + —) / / (]ofj?(o, r)|2 + 1) drds.
™ 0o Jo

We now need the following well-known lemma.

Lemma 2.9 (Integral inequality of Gronwall type [16]). Suppose that o € C1([0,T]) and
B, v e C%0,T]), B is a nonnegative function. Moreover, if

o(t) < alt) + /O ' B(s)u(s)ds, vt € 0.7, (2.39)
then
o(t) < a(0) exp (/Otﬂ(s)ds) + /Ot exp (/:5(7)6@ o(s)ds, Vi€ [0,T].  (2.40)
Thanks to this lemma and (2.38), we obtain
/Ot 1609(0,5)|"ds < conl(u) + Cun(p, [, K) Uot (SN (5)ds + T] L VEe[0,T],  (2.41)

where
Co (1) = 3ci(u) exp [12thf(1 - %)2} ,

22 4 ?
ARR2T?( 1+ =

™

A\ 2
Cex(p, [, k) = 12(1 + %) exp (2.42)

x [ex(p, [) + To(Te + De(p, k) + T,
Which completes the proof of Lemma 2.8. ]
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Next, we replace ¢; in (2.11); by @5,13)(75). Then integrating from 0 to ¢, we get after
some calculations

t t
s8(t) < 58(0) +2 / 1109 (5)| S (s)ds + 2 / (FO(,5), 50 (s)) ds
0 0
t

—2/ h(s,v(0,5))o%(0, 5)ds

ot . (2.43)
—2/ Dg)(O,s)ds/ k(s,T,vm-1(0,7))dr

0 0

4
= Jwall” + oz | + Y i
=1

We now estimate the following terms in the right-hand side of (2.43) as follows. Estimating
) = 2f0t ‘uﬁf)(s)‘ S@(s)ds. Due to Using the assumption (A4) and the inequality
(2.24)1, then

L(t) gzﬂ*/o (@I + [[69 (* + 1) Sti(s)ds
<2, / t [2(5§’:,3)p(s) + 1} S¥)(s)ds (2.44)

t
< 6. / (S9N (s)ds + 6.T.
0

Estimating Jo(t) = 2f0 <fm 8 7(5)(5)>d5. Note that, it follows from (2.12); and
(2.24), that

F9 (@, < ZN Dt o) ([o2] + o)

1+ZF ( 5k t)+p)i (2.45)
<%p. ) [(S§2)M/2(t) +1],
where
o.0) = cto.) | L0, 2+ 1] (2.46)
Accordingly
0= [0 Fas+ [ a0 as
<o) | [ 58" s+ 1] + [ s @.47)

< [ 0) + 1] | [ (51" opas + ).
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Estimating J3(t) = —2 fo O s))0 )(0 s)ds. Since the assumption (As) and Lemma
2.8, we deduce that

Js(t) < /Otgf(s) (\<v§§>(o,s)\2+1) ds+2/0t|®,(7’j)(0,s)|2ds
< K2 (/Ot [09(0, 5| ds + T) + 2/; 69(0, 5)|"ds (2.48)
g2&4@+4kM@jwy+@wjjw@@»M@+T}
Estimating Ju(t) = —2 [, (0, s)ds s k(s,7,0m-1(0,7))d7. Similarly, we get

t
0< [ [0 ds + 70,0
0

. ; (2.49)
< o)+ enlp 0 | [ 800" (s 2.
0
Combining (2.43), (2.44) and (2.47)-(2.49) shows that
t M
S0 < )+ ot | 58" s+ 7] (250
0
where
() = 3. () + 2(g) + ]+ e -
d.(p, f,9,k) = 6ca(p, [, k) + 27%(p, ) + 4h? + 6. + 1.
2
Stage 2. A priori estimates 2. Put Sk) = H k) H + Hv,ﬁf%(t)” . We need the

following lemma.

Lemma 2.10. There ezist positive constants c¢*(u) depending on ug, uy and c*(p, f) de-
pending on p, f such that

/t 169 (s)[*ds < c*(u) + ¢ (p, f) Ut (5% 1 s8N (5)ds + T] VEE0,T].  (252)

Proof of Lemma 2.10. From (2.18), we deduce that

G (t) = a® (1) + 8D (1) + 4P (1) + 60 (1), (2.53)
where
k
@ (8) = = 32 3 0) b sin(it) + (5an; + i (0)0) cos(st)]
]:
k
BR(t) = - > ¢i(0) fJ cos(pu;(t — 5)) (i ') + i ) (s)ds,
Jj= 2.54
Jm =1 Pj (0) m ’
k
k sin(w;(t—s +(k
o (1) =23 ) fJ “‘;ﬁf 2 ( fn><-,s>,<,oj>ds.
\ J]=




By the inequality (o + 8+ +6)? < 4(a® + 82 + 72 + 6%), Vo, 8,7, 0 € R, we get

/0t|§ () ds<a Y /}K )|2dS:§;Ki(t)

Ke{a,8,7,0}

Set pu* = uﬁ,’f)(O) = 11(0, |Juol?, |u1]|?). Similarly as in Lemma 2.6, we obtain

/ (Z ©;7(0)(p;b mj Sln(,uj )+ (NJ ’Enj + N*b(k )COS(NJ'5>)> ds

S 8(T* + 2)||U0xz + Uiy — ,u*u1||2;

Ky(t) < 8T, (T, + 2) (/Ot ],15,’?(7)\% + /Ot H@,(,’?(T)H“m)
+8T.(T, +2) (/Ot |1® (7)|'dr + /Ot }|@§,’f>(s)u4ds) ,

4 2 ) 2 4 2
Ky(t) < 16T(1 + —) | £0¢,0) < 16T(1 + —) (p+1)°(p, ),
T L1(0,1) T

4 2 t s . 2
= (k) (.
K4(t) <16 (1 + > /0 (/0 fo (e, 1) L1(0,1)dT) ds.

On the other hand, we get from the assumption (A4) and Lemma 2.1 that

2] < Dt [0 O] 52 0]
+2|Daste, [0 0] 2 O | 0 [+ 0]
w2 |Date, [« 0 0O )| e @ o0

<u*[5) (
(

£) + 2(S0)" () + 255 (¢)
HA(SEN (1) S (1)

(
W) (OS50 + 2550 + 1]
<@uk 270+ (58 0+ (s
)+

() + (S50 (0 + S + 1]
Applying the inequalities (2.24), then (2.60) leads to

AP0 < 4ty [agsin™ 0 +7]
< satut [t 0 + (s 0 +1]

Consequently, from (2.25), (2.26), (2.57) and (2.61), we arrive at

alt) < e [ [ (50" s+ [ 54" s +1]

0 0

p+1

(1) +2(8)"*

¢ M
Sm{/($2+$m @@+Ty

0

205

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)
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where
[l = 8(2.84 i + 2)To(T, + 1). (2.63)
Also, by the inequality (2.24), again, we can estimate the term £k (x,t) as follows
0,1
< clp, £) [[faca] + (sl +1)%] (0] + foma] 4+ 1)

+elp /) [(Jviaa| +1) (|@k)|+\v )+ (B8] + Joa )]
+ c(p, [)(|vh_y| + 1) Zl:; (o8] + |vyna])’

N-1 1
+2p, 1) (|| +1) XLf@T*WWH%H 10+ [

N-1 1

+elp N, ) (|”k)|+|vm D)7 (0] o))’

N-1 1

+elo )30, oy (0] o)™ (0 + )

gdmfﬂhkqhwp+Dﬂ( S”a»+p+Q

(2.64)
el ) o+ 1) (VS0 +0) + (5201 + o))

+clp, )lp+2)° ZN; @ _12)! <\/<5(k + S)(8) + p)z
TRPNTED SAe e Y/ I R M R A

sdmn[m+2ﬂﬂﬁ+s$xw+w%,!+www+@+2ﬂ

N—1 2i—1

el Do+ 27 Y0, gy (51 + 54 w0+ ]

N-1 2072

Hele DY, o (s + 88"
M/2

1)/2

0+ | ([89] + ol )

<elp. f) | (St + S5h)

where

(o.0) = o N{ X o [+ 1P il 2P 4 1) + 03] 265)

By means of the Cauchy—Schawrz inequality, it follows from (2.64) that
0.

(1) + (5901 + o[ +1].

L0,1)

<?(p f)[(s<’“’+52 ) /2(t)+H|?75r’f)(t)!M/2 +p2+1]2 (2.66)

L1(0,1)
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Thus

K <16(1+ )

§64(1+ i) T.7(p, f) [2/ (5% 4 58 (s )ds+(p2+1)T}.

0

drds
L1(0 1)

(2.67)

In conclusion, from (2.55), (2.56), (2.58), (2.62) and (2.67), we obtain

/Ot 155 (s)]ds < *(u) + ¢ (p, ) [/Ot (5% 4 SN (g)ds + T] Ve [0,T],  (2.68)

where

c*(u) =8(T. + 2)||u0m; + upp — prug || (2.60)

¢ (p, f) = 128(1+ ) (62 + 1) [2(p, ) + Toc(p, )] + tes:
Lemma 2.10 is conpletely proved. [

Next, we construct the following lemma.
Lemma 2.11. There exist positive constants ¢**(u) depending on ug, uy and
™ (p, [, k) depending on p, f, k such that
! 2
exp (=T (o, 1)) [ 300, ds
0 (2.70)

t M
<+ T £ + [ (88 + 8" (9)ds, e € 0.7)
0

Proof of Lemma 2.11. Applying the assumptions (Aj3), (A5) and Lemma 2.1, we deduce
from (2.12)3 that
[ (8)] = [ Dig(t, <’“><0 t)) +2D1 Dag(t, v““)(o t>> w (0.1)

+ Dag(t,08(0,£))5%)(0,£) + D2g(t, v (0, 1)) [6¥)(0, 1)|”
+ le'(t, t, vm,l(O, t)) + ng(t, t, 'Umfl((), t))

) (2.71)
+Dsk(t,t, v,-1(0,8))v),_1(0,t) + / D?k(t, 8,v,,-1(0, 5))ds
0
< 2h, [S () + [5%)(0, 1) ]+1] (p+T.+2)c(p, k).
Thus
t 2
(/ [ ® (s)] ds) < 2[Tu(p + Ty + 2)c(p, k) + 2h.)°
0 (2.72)

¢ ¢
+ 8h2T, {/ (552)2(3)%‘ +/ }177(:)(0,8)‘26&} :
0 0
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By Lemma 2.3 and the assumption (Ag), we get from (2.15) that

i0.0] = | o] + 2|3 A= oo o)
& sin(p;(t — s)) - (k)
2 ———| W, (s)| ds
i /o ; i (5 (2.73)

<o) +2(1+2) (ool + [ ae))
<G (\;;;’:)(t)} +/0t !wﬁr’?<s>|d8+1)v

where
Co =2 <1 + %) (1D19(0,ug(0))] + [ D29(0,u0(0))] [u1 (0)] + [£(0,0,u0(0))| +1). (2.74)

Owing to Lemma 2.10, it follows from (2.72) and (2.73) that

¢ 2
/ |1'},(7'f)(0,s)| ds
0

t t s 2
<3C; [/ |g,<jf>(s)\2ds+/ (/ \wﬁ,’?(T)\dT) ds+T
0 0 0

) (2.75)
<363+ (o0 ([ 58+ 580" (has
0
t s
+/ ds/ |609(0,7)| dr + T) :
0 0
where , )
¢ (p, [, k) = 6Go[To(p + To + 2)c(p, k) + 2h.] (2.76)
+6CZ [c*(p, ) + 8hA(Te + 1)* + 1] .
By Lemma 2.9, from (2.75), we obtain
t
kk . 2
exp [T (p, f, k)] / ‘v,ﬁ’f)((), s)| ds
0 . (2.77)
‘ - (k) o g™
< 3C3c (u) + Tc™(p, f, k) +/ (Sy + Som) (8)ds, ¥t € [0,T].
0
The proof of Lemma 2.11 is completed. n

Remark 2.12. Similarly to the proof of Lemma 2.11, we obtain the estimates for the
sequences {uy}(&;,+)}, ¢ = 0, N in the proof of Theorem 5 of [23] as follows:

N t
E 4 0/ lul(&, 8))°ds < Cp, Wt € [0,T], (2.78)
1= 0

where C'r is a positive constant independent of m.
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By Lemma 2.8 and Lemma 2.11, we can estimate the terms (SY:n) + ng,z)(t) and

2
I ( o0(0,9)] + |50,
spect to t, then

2
)ds. Indeed, we differentiate the equations (2.11); with re-

(i “”( £),5) + (H2(0), pia) + 0 (H);(0)

) (1), o; () (4 {35®) A O N S _TF (2.79)
+’u <U ’wﬂ>+um (t)<vm (t)7SOJ> <fm (’t)7SOJ>7] 171{:

We multiply the j* equation of (2.79) by wgf])(t), then summing up with respect to j = 1, k
and integrating with respect to the time variable from 0 to ¢, we get

t
M
SH (1) < SE(0) + 61T + 6y, / (58N (s)ds

0

+2 [ | ()] [(8%) (), 55 (s)) |ds
0

t
M
— e ® + 6.7 + 611, /0 (SN (s)ds + 3 Lu(o)

Now we estimate the following terms in the right-hand side of (2.80) as follows. Estimating

2
Ly(t) = var’f)(O)H . Using (2.11); and the compatibility condition (Ag), then

[59(0)]]” = (o — 1¥(0)ur, 1P(0)) < [[ugwe — 1® (0| [58(0)]| - (2.81)
Accordingly
Ly (t) < 2ljuoge|” + 20°(0, [Juol|?, [l ||*) s> (2.82)

Estimating Lo(t) = 2 ! gﬁ’,i) s i}gf) s ,bﬁ,]f) s) )|ds. We deduce from (2.24); and (2.61
0

that ,
o <2 [ |l a0 o] 6506 ds
0

1/4

t M M
<163 [ [<s<k> () + (S0 (5) +1] 5 (s)ds
i s (2.83)
< 1634 / )+ (850" () + 1] 5(s)ds
0
g5o4u*{ (S 4 58 ()ds+T].
0
Estimating Ls(t) = 2f0 <fnf " S), ( )>ds Similarly to (2.30), it is not difficult to

show that
[F0c 0| < 2220, |58+ st @ + 1] (2:84)
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Therefore

Ls(t) < / Hf H ds—l—/ |55 (s) ‘ ds

<20, 1) / (5% 4 590 (s)ds + / (SE)(s)ds + 2. )T (2.85)

0

< [@(p, f) +1] Uot(slm+s<’“) (s )ds+T].

Estimating L4(t) = —2 fo O ,s)ds. By Lemma 2.8 and Lemma 2.11, hence it
follows from (2 36) that

t t
4t)§/ \w;’f>(s)|2ds+/ 5%9(0, 5)|"ds
/‘v Os‘ds—i—?)hz/‘v Os‘ds

+3h2 + 3T(T, + 1)*c3(p, k)
< ™ (u) {exp [Te™(p, f, k)] + 1}

+ ™ (p, k) Uot (5% 4 SN (5)ds + T] ,

(2.86)

where
c**(u) = ™ (u) + 3hZ[ew (u) + 1],
™ (p, [, k) = exp [T.c™(p, [, K)] [ (p, [, k) + 1] (2.87)
+3h3c..(p, [, k) + 3(T. + 1)2(p, k).

From (2.80), (2.82), (2.83), (2.85) and (2.86), we arrive at

S () < d*(u) {exp [T (p, f, k)] + 2}

t 2.88
+d*(p, f. k) { / (SE) 1 50" (s)ds + 7| (2:55)
0
where
d*(u) = ¢ (u) + 2l[toae||* + lJural|* + 202 (0, fJuol|*, fuea I*) a1, (2.89)
d*(p, f k) = c**(p, f, k) +E(p, f) + 5160, + 1.
Set

SE () = (5% 4 50 ) + /0 (1680, ) + [500, 9)") ds. (2.90)
Combining (2.35), (2.50), (2.70) and (2.88) implies that
exp [=Tc*™ (p, f, k)] SI(t)

< d™(u) +d™*(p, f, k) U (S 4 gk (s)ds—l—T}, (2.91)
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where

{d**<u> = 6" (u) + 6l (u), (2.92)

d™(p, f, k) = 3(c*™ + cou +d* + d.)(p, [, k) + 3.
Next, we get the following result.
Lemma 2.13. There exist positive constants p, T independent of k, m such that
SW(t)y < p?, Y(t, k,m) € [0,T] x N, (2.93)
Proof of Lemma 2.13. We choose p* = 2d**(u) + 1 and set
exp [~ Tc™(p, £, k)] S(1)

2 t 2.94
=+ d(p, £.K) [/0 (UM (s)ds +T| . (2:94)

Using (2.91) and (2.94) gives that
STH)S'(t) < d(p, f. k) exp [T (p. f, k)] (2.95)

Integrating both sides of (2.95) on [0, 7] leads to

SlfM(t) Z [p2/2 4 Td**(p, f, /{?)} 1-M
X €Xp [(1 o M)TC**(p7 fv k)]

(2.96)
+ (L= M)Td™(p, f, k) exp [Tc™ (p, [, k)]
=d(T,p, [, k).
On the other hand, we remark that
. 1-M _
Thj& d(T,p, f, k) = (p*/2) > p?i=M), (2.97)
Thanks to (2.96) and (2.97), there exists a constant 7" € (0, 7], such that
SUM(1) > p21=M) e [0, 7). (2.98)
Hence
SW(t) < S(t) < p?, vt € [0,T]. (2.99)
This completes the proof of Lemma 2.13. n

Applying Lemma 2.13, we get
v® e W, (p, T), Y(k,m) € N2 (2.100)

Remark 2.14. It is not difficutlt to show that the function
X(t) = {exp (1= M)Te™(p, £.1)] [o2/2+ Td" (p, £ )]

(2.101)
+(L = M)exp [Te (p. f. k)] d" (p, . Ry} /07
is the maximal solution of the following nonlinear Volterra integral equation [10]
exp [~Te* (p, £, K)] X (¢)
2 (2.102)

_ % +d™(p, f, k) {/OtXM(s)ds +T] Lt e0,T).
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Step 3. Limiting process. Thanks to Lemma 2.13, we can extract a subsequence of
sequence {vﬁ,’f)}, still labeled by the same notation, such that

o o weakly* in  L**(0, T; H(0, 1)),
o) =l weakly* in L°°(0,7; H'(0,1)), (2.103)
5 weakly* in  L°°(0,T; L?(0,1)), .

v¥(0,-) = v (0,)  weakly in H2(0,T),

as k — oo, and v, € W(p,T).
Using the compactness of the imbedding H?(0,T) < C*([0,T]) and the lemma of J.L.
Lions [12], p. 57, then (2.103) leads to the existence of a subsequence still denoted by

{vgf) } , such that

o 5 o, strongly in L?((0,1) x (0,7")) and a.e. in (0,1) x (0,7,
o strongly in L2((0,1) x (0,T)) and a.c. in (0,1) x (0,T),
v$(0,+) = v, (0,+)  strongly in C1([0,T7]).
(2.104)
Using the following inequality
‘ai — bi‘ <ic'a—1b|,Va,b€[~cc,c>0,iecN, (2.105)
then it follows from (2.9); and (2.12); that
G0~ 0] <o DY P 0 —v@ol oo
m m 9 — ) i=0 Z' m m ) N N
On the other hand, we also have
[ (1) = ) (D] < 20¢(p, 1) ([| (08 = va) )| + ([0 = 0) (B)]]) - (2.107)
So, from (2.104), (2.106) and (2.107), we get
F(@,t) = fulz,t)  strongly in L2((0,1) x (0,T)),
1) - o (t) strongly in L%(0,T), (2.108)
wP (1) = wa(t) strongly in C°([0,T7).

Passing to the limit in (2.11) by (2.103); 2,3 and (2.108), we obtain that v,, satisfies the
problem (2.8)-(2.9).
Furthermore, it is not difficult to see from (2.8); that

Vmaz = Ui+ ()0, — frn(z,1) € L°(0,T; L*(0,1)). (2.109)
Thus v, € W,(p,T). Theorem 2.5 is proved completely. O

Remark 2.15. Theorem 2.5 gives no conclusion of the existence of a recurrent sequence
{vm} C Wi(p,T) when the term u; in the equation (1.1) is replaced by the nonlinear term
©(ug). This is an open problem.
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Next, we introduce the Banach space ([12], p. 26)
W(0,T) = {ve L0, T;W) :v' € L>(0,T; L*(0,1)) } , (2.110)
with the following norm

||U||W(0,T) = HU”LOO(O,T;W) + ||U/HL°°(O,T;L2(0,1))' (2.111)
Then the main theorem of this paper is shown by
Theorem 2.16. Let (A1)-(Ag) hold. Then there exist positive constants p and T such

that the problem (1.1)-(1.4) has a unique weak solution v € W,(p,T).
Also, we have the following estimate

[om = vllwor < Cre™, Ym €N, (2.112)

where the sequence {v,,} is given by Theorem 2.5, ¢ € (0,1) and Cr are constants de-
pending only on T, f, g, h, k, ug, uy.

Remark 2.17. By Theorem 2.16, the problem (1.1)-(1.4) has a unique weak solution v
satisfying

{v e L>(0,T; W N H2(0,1)) N CO(0, T; W) N C(0,T; L*(0,1)), (2.113)
(0 |

v e L0, T; W), v" € L=(0,T; L*(0,1)), v(0,-) € H*(0,T).

In addition, we can see that the solution v € H2((0,1) x (0,7))NL>(0,T; H*(0,1)). Thus
the solution v is almost classical which is rather natural since the initial data (ug,u1) ¢
C*([0,1]) x C*([0, 1]).

Proof of Theorem 2.16. First, we shall prove that {w,, = V11 — vy} is a Cauchy se-
quence in W(0,T") . Indeed, we can easily see that

(@ (1), 0) + (Wina(t), pz) + (Wintr1 — W) (0)9(0) + L1 (L) (Wm(t), @)

+ (K1 — pm) (2) (Um(t) @) = ((fms1 = fm) (1), 0), Vo €W, (2.114)

W (z,0) = wm(x 0) =
Put

: 2 2
Sm(t) = [lom (O] + llwna ()] (2.115)

Substituting ¢ in (2. 114) by Wy, , then integrating both sides of it on [0, T, we obtain

—2 (tmr1(8)wm(8) + (s — tn) (8)0m(8), Win(s)) ds

o\,

+2 fm+1 ( S)’wm(s» ds

Wm (0, 8) [h(s, Umy1(0,8)) — h(s,v,(0,s))] ds (2.116)

[\3
c\o

[e=]

-2 [ wn(0 ds/o (8,7, 0m(0,7)) — k(s, T, Uy_1(0,7))] dT
(t)

Li(t) + L(t) + I3(t) + 1u(t
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Now we estimate the integrals on the right-hand side of (2.116) as follows.
First integral. Using the assumption (A4) and Lemma 2.1 implies that

L(t)

= 2/0 [tm1.(5)] 1o (5) s + 2p/0 | (o1 = i ) (8)] [|wm ()| ds

b 9 ) t 9 ) 9 (2.117)
< 2clp.p) [ Im()ds + 20epun) [ (leim(s) I+ 3lns)|?) s
0 0
t
< 2(3p* + 1)c(p, u)/ Sm(8)ds.
0
Second integral. Applying Taylor’s formula for the function f(x,t,v,,) =
f(z,t,vm—1 + wy_1) about the point v,,_; up to the order N, we arrive at
N-11 . .
flaton) =) Dt vmer)wh
“int (" g1 Oy 1)d0
+ (N 1)1 J, (1-90) 5 f(2,t, 01 + 0wy 1) (2.118)
= f(z,t) + & /1 (1—0)N"'DY f(x,t, 01 + Owp_1)do.
’ (N =1 J, 3 Y
Due to (2.9); and (2.118), we deduce that
N-11 . .
fm+1(x=t> = fm(‘rvt> + Z'—l ~_'D§f(‘r=t7vm)w;n
i=1 q!
W - (2.119)
+ﬁ/o (1= )V DY (st vt + O 1))
Consequently
[(frms1 — fr) @]
N1 (2p) (2p)"""
<c(p, f) [ZZI il sm(t) + N ||wm—1||W(0,T) (2.120)
v o) %
<V2elp, )Y S o) + lem o)
This yields
t t
Iy(t) S/ [(frm+1 —fm)('78)||2d3+/ o (5)[*ds
0 . 0 (2.121)
<clol) | [ suo)is + Tllonslivon).
0
where
V2ot
e(p, f) = 2¢3(p, f) [Z P (2.122)




Third integral. By the formula for integration by parts, we have

Is(t)

- _2/; @m (0, 8) [9(8, Vms1(0,8)) — g(s,vm(0,8))] ds

— 9 /Ot 6o (0, s)ds/o1 d%g(& (Vi + 0w )(0, 5))dO

- 00 |  Dag(t, (o + B (0, 1))d0

+/t (0, s ds/ D1 Dog(s, (U, + 0wy ) (0, 5))dO

+/ 0, 5) / D3g(s, (Vg + 0w, (0, 8)) (00l 1 + (1 — 0)v),)(0, s)df

< e(p, ) { 2(0,4) + (p+ 1)/0 m(s)ds] |
On the other hand, from Lemma 2.2, we get
w2 (0,t) < esp(t) + (1 4+ HT /Ot Sm(s)ds, Ve > 0.
Hence it follows from (2.123) and (2.124) that
I3(t) < ec(p, 9)sm(t) + [(1+e )T+ p+1] c(p, 9) /Ot Sm(s)ds.

Fourth integral. Using integration by parts again, it follows that
14(t)
t
= —me(O,t)/ [k(t, s,0m(0,5)) — k(t, s, vm-1(0,s))] ds
0

+ 2/0 Wi (0, 8) [k(s, s,vm(0,5)) — k(s, 8, 0m-1(0,5))] ds

4 2/0 (0, 5)ds /O (s, 7, 00, 7)) — K(s, 7, vm1(0,7))] d
= Jl(t) + Jg(t) + Jg(t).

Moreover, we also have

| /\

2/5m / B wmr () ds
< )+ AT (p, ) [ o
Y& ‘wm 1 )”st

t
< / Sm(s)ds + Tcz(,o, k) me—1||124/(o,T) ]
0

<

I/\
\H&IH
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(2.123)

(2.124)

(2.125)

(2.126)

(2.127)

(2.128)
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/ Vom()ds / )l (7) 7

; (2.129)
1 3.2 2
= sm(s)ds + 2T (p, k) [lwm-1llw o,z -
Combining (2.126)-(2.129) leads to
1 t
ILi(t) < Zsm(zt) + 2/ sm(8)ds + T(T +2)*c*(p, k) me_luiv(o’m : (2.130)
0

Choosing 4ec(p, g) + 1] = 1, we get from (2.116), (2.117), (2.121), (2.125) and (2.130)
that

t
sm(t) < C(T, p, f, k) |wm1 i) + Clo, f,fw)/ Sm(s)ds, (2.131)
0

where

Clp, fr9.1) =2[(L+e T + p 41 c(p, g) +4(3p° + L)c(p, ) + clp, ) + 4,
C(T,p, f k) =2Tc(p, f) +2T(T + 2)*(p, k).

(2.132)
Applying the Gronwall inequality, we get
“WmHW 0,T) < ellwnm- 1||W oy vm €N, (2.133)
where T is chosen small enough such that
£ = 4C(T, p, f, 1) exp[TCp, f, b )] < 1. (2.134)
Therefore 5
e P e, Vm,n € N, (2.135)

From (2.135), {v,,} is a Cauchy sequence in W (0,T"). Then there exists v € W(0,T) such
that v, — v strongly in W(0,7). Let n — +o0, while fixing m, we get (2.112). Also,
we remark that {v,,} C W.(p,T), by using a similar argument as Step 3 in the proof of
Theorem 2.5, we obtain that v satisfies the following equation

(0 8),) + (0a(8). ) + 0(E)p(0) + plt, [0 O IO )

=(f(.t,v), ), Yo €W,
(2, 0) = up(x), v'(2,0) = ui (), (2.136)
w(t) = g(t, (v(0,1)) +f0 (t,s,v(0,s))ds.

Finally, we prove the uniqueness of solutions of the problem (2.136). Indeed, let vy, vy €
W.(p,T) be two solutions of the problem (1.1)-(1.4). Then v = wv; — vy satisfies the
following problem

(" (1), > (va(t),
+ (1 — p2) (t) (v(s),

2) (w1 — )( )£(0) + pa (t) (V'(s), )
) ) =
v(z,0) ='(z,0) =0,

(fi =) 1),9), Yo e W, (2.137)
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where
pa(t) = p(t, (@))%, i),

filz,t) = f(z,t,vi(t)), (2.138)
w(t) = g(t,v;(0,)) + [5 k(t, s,v,(0,8))ds, i = 1,2.

Taking ¢ = v’ in (2.137); and then integrating both sides of it from 0 to ¢, we get
t
S(0) =2 [ Gu(s)0/(5) + (s = m)(s)e3(s). /() ds
0
t
2 [ (= £ ) ds
0
t 5 ‘
i-1 2.139
— 2/0 v'(0, s) Zi:l (=) " g(s,v:(0,5))ds ( )
t s 2 )
- 2/ v'(0, s)ds Z(—l)l_lk(S,T, v;(0,7))dr
0 0 =1

in which S(t) = [|v/(t)||”> + ||v+(t)||*. Then we easily estimate the integrals on the right-
hand side of (2.139) as follows.

Ji(t) < 2(3p* + 1)c(p, ,u)/o S(s)ds, (2.140)

Io(t) < 2¢(p, f) /O S(s)ds, (2.141)

J3(t) < ec(p,9)SEt) + [(1+e T + p+ 1e(p, g)/o S(s)ds, Ve > 0, (2.142)
Ju(t) < }lS(t) + [(T? +4T)(p, k) + 2c(p, k) + 1] /t S(s)ds. (2.143)

Choosing 4elc(p, h) + 1] < 1, we get from (2.139)-(2.143) that

S(t) < C(T,p,q,k, 1) /OtS(s)ds, (2.144)

where

C(T, p,g,k, i) = AT (p, g) + (5T + p+ 1)c(p, )

+ (T +4T)*(p, k) + 2¢(p, k) + 2(3p> + 1)e(p, i) + 1. (2.145)

Using the Gronwall inequality, we obtain S(¢) = 0, i.e. v; = vy, completing the proof of
Theorem 2.16. O

Remark 2.18. If we replace the term w; in the equation (1.1) by the nonlinear term
©(uy), then we have no conclusion about the existence of weak solutions of the problem
(1.1)-(1.4). This is an open problem.
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