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Abstract. We consider the initial value problem for a degenerate parabolic equation

of the form:
Ou+ V- A(x,t,u) + B(z,t,u) = AB(x,t,u). (DP)

This equation has both properties of hyperbolic equations and those of parabolic equa-
tions. Thus, this is also called hyperbolic-parabolic equation. Since (DP) has nonlinear
convection and diffusion terms, this describes various nonlinear convective diffusion phe-
nomena such as filtration problems, Stefan problems and so on.

One of the features of this article is that the equation (DP) has variable coefficients.
In this case, it is difficult to prove a BV -estimate for approximate solutions to (DP). We
overcome this difficulty to use the assumption which was derived by Wu-Zhao (1983). To
prove the uniqueness of generalized solutions to (DP), we refer to the method of Chen-
Karlsen (2005). Using the arguments, we prove the existence and uniqueness of entropy
solutions in the space BV to the problem.
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1 Introduction

We consider the initial value problem for a degenerate parabolic equation of the form

{ O+ V- Az, t,u) + Bz, t,u) = AB(x, t,u), (z,t) € RY =RY x (0,7, ®)

u(z,0) = up(z), wg € L®(RY)N BV(RY).

Here 9, := 9/0t, V := (9/0x1,...,0/0xy) and A := SN 9%/02? are the spatial
nabla and the Laplacian in RY | respectively. [0,7] is a fixed time interval. A(x,t,¢) =
(AL ..., AN (2, t, &) is an RN -valued function on RY x [0, T] xR and B(z,t,£) and 3(z,t,§)
are R-valued functions on RY x [0, 7] x R. The function 3(x,t, &) is supposed to be mono-
tone nondecreasing and locally Lipschitz continuous with respect to £ for any (z,t) € RY.
Since f is assumed to be monotone nondecreasing, the set of points & where 0:3(x,t,£) =0
may have a positive measure for any (x,t) € RY. In this sense, we say that the equation
posed as (DP):

Ou+ V- Az, t,u) + Bz, t,u) = AB(x,t,u) (1.1)

is a strongly degenerate parabolic equation. The equation (1.1) can be applied to sev-
eral mathematical models; hyperbolic conservation laws [8], porous medium [15], Stefan
problem [21], filtration problem [4], sedimentation process [3], traffic flow [20], blood flow
[13], and so on. Moreover, (1.1) is regarded as a linear combination of the time depen-
dent conservation laws (quasilinear hyperbolic equation) and the porous medium equation
(nonlinear degenerate parabolic equation). Thus, (1.1) has both properties of hyperbolic
equations and those of parabolic equations. In particular, up to the assumptions on £,
(1.1) has the following properties:

. If B is strictly increasing, then ”parabolicity” is majorant to ”hyperbolicity”.

. If 8 is monotone nondecreasing, then ”parabolicity” and ”hyperbolicity” are not
necessarily comparable.

Our mathematical treatment of the equation (1.1) is L'-framework. More specifi-
cally, we consider (1.1) in the space L'(R") and construct solutions to (1.1) in the space
LYRN)NL*(RY). Moreover, solutions to (1.1) should be defined in generalized sense. To
ensure the existence and uniqueness of it, it is necessitate to consider distributional solu-
tions satisfying a special condition. This framework was first treated by Vol'pert-Hudjaev
[16].

It is crucial problem that (1.1) have either regular coefficient A(-,t, ) or discontinuous
coefficient A(-,t, &) with respect to z. In this paper, we only treat the regular case of the
coefficient. In this case, it is well known that compactness in the space BV and the
Kruzkov’s doubling variable method [11] are available. To see this, it is necessarily to get
the following estimates:

max{||uz(-, t)l[z=, TV (ue(:, 1)), [[Opue(, )]} < C,

where u. is an approximate solution to (P) and 7'V (u.) denotes the total variation of
ue. In fact, Carrillo [5] proved the existence and uniqueness of entropy solutions to the
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Dirichlet problem for strongly degenerate parabolic equations. Moreover, Karlsen-Risebro
[10] generalized the uniqueness results of Carrillo by showing that it holds for the Cauchy
problem with a non-smooth flux function. On the other hand, Watanabe-Oharu [18, 19|
and Watanabe [17] formulated BV -entropy solutions and proved the existence and unique-
ness of BV-entropy solutions to the Neumann type problem for the equation (1.1). Here,
entropy solutions are weak solutions satisfying an entropy inequality which is derived by
Kruzkov [11]. When we consider the existence and uniqueness of generalized solutions to
(1.1), we usually choose the concept of entropy solutions as generalized solutions to (1.1),
because (1.1) has hyperbolicity on nondegenerate intervals. Also, BV -entropy solutions
are entropy solutions in the space BV. In fact, the space L>®(RY) N BV (RY) can be
regarded as an invariant space of (P). More specifically, if we take the initial function in
L>®(RY) N BV(RY), then we may construct the entropy solution in the space.

Features of the present paper are to consider the equation (1.1) with variable coeffi-
cients and BV-entropy solutions to (P). Previous works [6, 10] treated the type of (DP)
and prove the uniqueness and continuous dependence of entropy solutions. In this article,
we focus our attention not only on the uniqueness of entropy solutions but also on the
existence of it in the space BV. If the diffusion term depends on the space and time
variables, then it is difficult to prove a BV-estimate and a time regularity estimate. To
overcome this difficulty, we use an additional assumption for the diffusion term which was
derived by Wu-Zhao [22]. This is the first feature of this article. As is mentioned the
above, our first objective is to specify assumptions to prove the existence of BV -entropy
solutions. Moreover, we next use the method of Chen-Karlsen [6] to consider the unique-
ness of BV -entropy solutions. They considered equations with quasi-linear type diffusion.
In this article, we consider the nonlinear type diffusion AS(x,t,u). This is the second
feature of this article.

Throughout this paper, we employ the following notations and terminologies. For
1 < p < oo, the Lebesgue space of real-valued Lebesgue-measurable functions on RY
equipped with the usual norm || - ||, is denoted by LP(RY). The space of functions
of bounded variation in RY is denoted by BV (RY) (cf. [2, 9, 23]). Furthermore, the
function sgn(¢) means the usual signum function.

2 Assumptions and the main result

In this section, we present some assumptions and the main result. Before that, we write
the nabla of the function A(z,t,u) and the laplacian of the function S(z,t,u) as follows:

V- Az, t,u) = [V - Al(x, t,u) + [0:A|(z, t,u) - Vu,
and
Aﬂ(x,t,u) =V ([Vﬁ](x,t,u) + [8§B](l‘7t’u) ’ VU)

(2.1)
= [AB](x, t,u) + 2[0:V B](x, t, u) - Vu + [0 8](, t, u)|[Vul® + (0¢8] (x, t, u) Au,

for (x,t) € RY and some regular function u. These are based on the chain rule formulas
in [1] (see also [2, Theorem 3.99], [23, Theorem 2.1.11}).
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Throughout this paper, we impose the following assumptions on the functions A,

B,  and w. Here, we write 0,, := 0/0x; for i = 1,...,N, 0,,,, := 0/0t, V :=
(0215 Oy - -y Onyy Ony,y) and U := [=U, U] for any U > 0. For any U > 0, the following

conditions hold:
{A0} wup(x) € L=(RY) N BV (RY).
Ac L'RY x )N 0 L2 RY x U)N 0 L= U; L*(RY)HN,
Al { OcA € LNRY xUYNNL®RY xU)N, V-A, 0 V-Ae L'RY xU).
B € LNRY xU) N L=®(RY x U) N L= WU; L*(RY)),
(A2 { IVB| € L®(U; L'RY)), 0:B € L®RY x U).
Be LNRY x Uy N L2RY x U), VBe L' (RY x U)N N LoU; L2(RY)),
{3} { 0 € L0 L(RY), 08 € L(RY x 1),
0:Vp e LNRY xU)N, AB, 0:AB8 € L'(RY x U).
{A4} B(zx,t,0) =0 and V(z,t,0) — A(z,t,0) = 0 for (x,t) € RN x [0, T].
{A5} Let ¥(z,t,&) .=V - A(x,t,§) — AB(x,t,&) + B(z,t,£). Then, there exist positive

constants cg, c¢; such that
sup |V (z,t,0)| < co, sup (=0 (2, t,8)) < .
(2,t)€ERN x[0,T] (2,t,€) ERN x[0,T] xR
{A6} Fori=1,2,...,N +1,
{ 00, (V5 — A) € L(RY x U™,

V- (VB —A), [V(AS — V- A)| € L=U; L (RY)).

{A7} For (z,t,§) € RN x [0,T] x U and A = (\y,...,Ayy1) € RVFL there exists a
constant x > 0 such that
N+1

Z (aiﬁ(xataf))‘lAk - ﬁ(@xiagﬁ(l', tvé))‘k)Q) = 0.

ik=1

The conditions {A1}-{A3} are regularity assumptions for the functions A, B and § with
respect to x, t and €. {A4}-{A6} are used to prove L>*, L' and BV-estimates for ap-
proximate solutions. {A6} is also interpreted the regularity assumptions for the flux
Az, t,&) — VB(z,t,€) to (1.1). The condition {A7} fulfills to get a BV-estimate with
respect to x and ¢ for approximate solutions to (P).

Remark 2.1. By the assumption {AT7}, it is deduced that
O:f(x,t,€) >0 for (z,t,6) € RN x [0,T] x U. (2.2)

More specifically, f(x,t,£) degenerate on nondegenerate intervals with respect to £. In
particular, if 5(z,t,&) = (€), then {AT} is equivalent to (2.2).
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Remark 2.2. By the assumption {A7}, it follows that

8xk8§5(a:, t, f) =0

on the degenerate area £ = {(z,t,§) € RY x [0,T] x U | 9:f(x,t,&) = 0} for k =
1,..., N + 1. Therefore, the second term of extreme right-hand side in (2.1) vanishes on
E. This is interpreted that the transport effect which is arose from diffusion term vanish
on F.

By the assumption {A2}, there exists a constant o/ > 0 such that

—0¢B(x,t,§) < o, (2.3)

for (z,t,€) € RY x U. We also impose an additional regularity assumption to prove the
uniqueness of BV -entropy solution: for any i, =1,..., N,

( { O¢0y, A, 0c0,,0,,8 € L¥(RY xU), /OB, 0u\/0:p € L'(RY x U),
A8
00, 0c B, Opi/ O, 01,04,/ 0cp € L™(RY x U).

Remark 2.3. The framework of present paper has some applications. Typical example of
the coefficients A(x,t,§), B(x,t,£), B(x,t,§) is a separation variable type:

Az, t,€) = Az, )A(€), Bla,t,€) = Bz, )B(€), B(x,t,€) = B(x,t)B(€).

Here the functions A, A, B, B, 5, B satisfy the assumptions {A1}-{AT}, respectively. For
example, the following applications are given:

1. Viscous Burgers equations:

O+ V - (A, )u?) + Bla, tyu™ = A(B(x, tyu),
where m is an even number and B(z,t) > 0 for (z,t) € RY.
2. Porous medium equations with convection:

du+ V- (Alz, t)u™) + Bz, t)u™ = A(B(z, t)u™).

Here, my, ms and mgs are nonnegative integers satisfy some properties associated

with {A5}.
3. Stefan problems with convection:
B+ V - (Alz, ™) + B(z, hu™ = A(B(z, £)B(u)),
where 3(€) = ca¢ on (—00,0), B(£) = 0 on [0,c1], B(€) = ca(§ — ¢1) on [ey, 00) for

some constants ci,co > 0. Moreover, the nonnegative integers m; and mo satisfy
some properties associated with {A5}.
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4. Models of sedimentation consolidation processes:
B+ V- {u(Cru + Co(1 —u)) — Cau®(1 — u)?} = AB(w)u(l — u)?),

where B(€) = 0 on (—00,0), B(€) = (ca/e1)€ on [0, ¢], B(€) = ¢z on (e1, 00) for some
constants ¢y, ca > 0. Moreover, C, Cy and C3 are some constants.

Next, we introduce generalized solutions to (P). We first define weak solutions to (P) as
follows:

Definition 2.4. Let ug € L*(RY)N BV (RY). A function u € L'(RY)NL>®(RY) is called
a weak solution to (P), if it satisfies the two conditions below:

(I) B(z,t,u) € L*(0,T; H'(RY)),
(II) For € C2°(RY x [0,T)),

/RN (uorp + (A(z, t,u) — VB(x,t,u)) - Vo — B(x, t,u)p)dzdt + / uo(z)p(x,0)dx = 0.

RN

Usually, the weak solution is interpreted as a generalized solution to equations with
divergence form. Then, the existence and uniqueness of it may be shown. However, we
can not prove the uniqueness of weak solutions to (P) in general. Because, discontinuities
break out from the nonlinear convective term V - A(z,t,u) and the uniqueness of weak
solutions are possibly broken because of it. Therefore, we formulate the weak solution
satisfying a special condition. It is called by the name entropy solution. In this paper, we
try to prove the existence and uniqueness of entropy solutions in the range of BV space
to (P). To see this, we state the concept of entropy:

Definition 2.5. Let n(¢) € C%*(R) and q(x,t,€),r(x,t,&) € LY RY xR)VNNL2(RY x R)Y
satisfying q(z,t,-),r(z,t,-) € C*(R)Y for (z,t) € RY. A triplet (n,q,r) is entropy triplet
o (DP) if it satisfies

aﬁQ("L‘7 ta 5) = 77,(5)8614(17, tv 5)7 ag?"(l’, ta 5) = T/(g)agvﬂ(xa 7(“-7 g)a
for a.e. (z,t,€) € RN x R. Then, 7 is called entropy and (g, r) is called entropy flux.

Using the above entropy triplet, it may be derived an entropy inequality through a
formal calculation as follows:

om(u) +V - q(z, t,u) — V- r(x,t,u)

=1n'(u)(=V - Az, t,u) — B(x,t,u) + AB(z,t,u)) + [V - q](z, t,u) + [Oeq](z, t,u) - Vu
—[V -r|(z,t,u) — [Ocr)(z, t,u) - Vu

= —n'(u)[V - Al(z,t,u) —n'(u)B(x,t,u) + [V - ¢|(z,t,u) — [V - r](z,t,u)
+V - (1 (W) (VB(, t,u) — [VB](2,t, ) + 11 (w)[AB] (2, t, ) — 1" (u) 0] (w, t, w) [ Vul*.
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Therefore, it is deduced that
om(u) +V -q(z,t,u) =V -r(z,t,u)
—[V ' Q](x7t’ u) + [V ’ T](l’,t, u) -V (U’(U)(Vﬁ(%ta u) - [Vﬂ](m,t,u)))
+1'(u)([V - Al(z,t,u) — [AB)(z,t,u) + B(z,t,u)) + 0" (w)0e(x, t,u)| Vul* = 0.

In fact, we justify the above calculation as an inequality by using the artificial viscosity
term Be(z,t,&) = B(z,t,£) + €. Using the inequality, we define BV -entropy solutions to

(P).

Definition 2.6. Let ug € L®(RY) N BV(RY). A function u € L*®(RY) N BV(RY) is
called an BV -entropy solution to (P), if it satisfies the two conditions below:

(1) we C(0,T); LYRY)) and L'-limy o u(t) = uo,

(IT) B(x,t,u) € L*(0,T; HY(RY)), and for all p € CP(RY)T, k € R,

/RN{W(u)atSO + (Q(xat7u) - r(a;,t,u)) ’ V‘P + ([V ’ Q](matau) - [V ’ r](x,t,u))gp

—U/(U) (Vﬂ(l’, t? u) - [Vﬁ] (.T, tv u)) ’ VQD
—'(u)([V - A](z,t,u) — [AB](x,t,u) + B(x,t,u))p}dxdt

2/ 0" (u)]\/ O B(z, t, u) Dul*pdzdt.
RY

Remark 2.7. The above definition is inspired by [6]. Feature of this is to include the
right-hand side which is called by entropy dissipation term. Since u is BV-function,
the first derivative of u with respect to x is a Radon measure. Therefore, the term
seems non-standard integral. However, we can get \/0¢3(x,t,u)Du € L*(RY) in Lemma
3.7. Therefore, this estimate give a meaning of the integral. Moreover, the regularity
Bz, t,u) € L*(0,T; H'(RY)) and the assumption {A3} imply that

[0c8)(z,t,u) Du = VB(z,t,u) — [VB](z,t,u) € L*(0,T; L*(RV))V.

Remark 2.8. Usually, we do not use the entropy dissipation term in the definition of
entropy solutions. However, the term is used to prove the uniqueness of entropy solutions
to degenerate parabolic equations. This method was established by Carrillo [5]. He did
not use the term in the definition of entropy solutions. Before proving the uniqueness
of it, he derived the term using test functions [5, Lemma 5]. After, Chen-Karlsen [6]
introduced the above definition to prove the uniqueness of entropy solutions directly.

In the regular coefficient case, we may construct the entropy solutions in the space
BV (RY). By the advantage of the setting, we may use the Fréchet-Kolmogorov compact-
ness theorem and the Kruzkov doubling variable method. Under the above statements,
we obtain the following result:
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Theorem 2.9. We assume the conditions {A0}-{A7}. Then, the following statements
hold:

(I) There exists a BV -entropy solution u to (P).

(II) We additionally impose the assumption {A8}. Let u, v be a pair of BV -entropy
solutions to (P) with initial values uy and vy, respectively. Then, there exist positive
constants o/, C' such that

/ lu(z,t) — v(z,t)|de < 6(a’+0)t/ [ug(z) — vo(x)|de,

RN RN

fort € (0,T). In particular, for each initial value ug, a BV -entropy solution is
uniquely determined.

3 Existence of the BV-entropy solutions

In this section, we prove several estimates for the approximate solutions u. to obtain
the existence of BV-entropy solutions to (P). To see this, we formulate the regularized
problem for (P) as follows:

o’ +V - A (z,t,u?) + BY (z,t,u”) = ABY (z,t,u”), (x,t) € RY,
u¥(z,0) = uo(z), = € RY,
where (Y (x,t,€) = ¥ (x,t,&) + €€ for ¢ > 0. The functions A”(x,t,&), B¥(x,t,§&) and
B¥(x,t, &) are smooth regularizations with respect to (z,t, &) satisfying
Ay(‘r7 t7 5) % A(ZE’ t? 5)7 Bl/(x7 t? 5) % B(I7 t7 5)7 /Blj(x’ t? §> % /8(x7 t? 5)7
as v — 0 and V3”(z,t,0) — A”(x,t,0) = 0, B¥(z,t,0) = 0 for all (z,t,¢) € RY x R.
For simplifying the notation, we write A(z,t,&) := A”(x,t,§), B(x,t,§) := BY(z,t,£) and
B(x,t,€&) == p¥(z,t,€) and u. := u? in this section. These regularizations are used in the

proof of Lemma 3.2, 3.4 and 3.6. In fact, we use the boundedness of coefficients and the
mean value theorem with respect to &.

Remark 3.1. Under the assumptions {A3} and {A7}, it follows that
g1(€]) < [0ef:)(x,1,€) < ga(€)),

for (z,t,&) € RY x U. Here, g;(|¢]) and g5(]€]) are positive valued nonincreasing, nonde-
creasing continuous functions defined for £ € U. Therefore, (P)? is a uniformly parabolic
problem.

(P)Z

By the theory of second order uniformly parabolic equations ([12, Chapter V, §8,
Theorem 8.1], [14, §4, Theorem 14]), there exists a unique classical solution u.(x,t) to
(P)Z. Moreover, we use the approximated signum function sgn,,(§) for p > 0 by

sgn(§) for [¢] = p,
() = sin (%{) for [£] < p.

We start with checking L> and L'-estimates for the approximate solutions ..
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Lemma 3.2 (L™ estimate). There exist positive constants cg, ¢1, independent of ¢ and
v, such that

ci1t
)

||u€('at)||L°°(RN) < (||U0||Loo(RN) + cot)e
for0 <t <T.

Proof. The approximate equation into (P)” can be translated by the following form:
Oyt + ([0cA(z, t, ue) — 2[0:VB](x, t,u.)]) - Vue — [8£2B] (z,t,u.)| Vue|?
+([V - Al(z, t,u.) — [AB)(z, t,u:) + Bz, t,u.)) = [0ef:](x, T, ue) Aue.

We put U(z,t,u.) = [V-Al(x, t,u.) — [AP)(z,t,u.)+ B(x, t,u.). Then, there exist positive
constants ¢y and ¢; such that

Sup |W(z,t,0)] < co, sup (=0 (x,1,8)) < ¢,
(z,t)eERN x[0,T] (z,t,€)ERN x[0,T] xR

by {A5}. Using the maximum principle [11, Section 4 (4.6)], we have

cit
)

|1 (-, )| Loomrvy < (|]o]| poo @y + cot)e
for0<t<T. .
Let T > 0. According to Lemma 3.2, we may set a constant U > 0 satisfying
([uol| Lo vy + coT)e" < U.
Remark 3.3. We may replace the assumption {A5} by the following conditions:

{A5}’ For some constants U; and Uy with U; < 0 < Us, the following conditions hold:
U < ug(z) < Uy for z € RY,

V- A(x,t,Uy) + B(z,t,Uy) — AB(x,t,Uy) <0 for (x,t) € RN x [0,T],
V- Az, t,Us) + B(x,t,Uy) — AB(x,t,Uy) >0 for (x,t) € RN x [0, T].

Then, the argument of the maximum principle implies that U; < u(x,t) < U, for (x,t) €
RY. Under this type of L*>-estimate, we may expect the global existence of L*®-entropy
solutions (which do not included in BV') in the case that B(z,t,&) = 0. However, {A5}’
is sometimes strong restrictions to apply some mathematical models. In concern with
physical setting, we necessitate to choice assumptions appropriately.

To prove L' estimate, we use a cut-off function. Let + is a non-increasing C? function
from RT to R satisfying
Y(x)=1 forx €[0,27'], e ! <y(x) <1 forze2741], ~(z)=e" forz > 1.

Moreover, we set yr(x) = ¥(|z|/R) for R > 0, x € RY. Then, there exists a positive
constant ¢ such that

Vr(a)] < H7r(), | Av(e)] < 257r() (3.1)

for R > 0 and z € RY (ref. [13, Theorem 2.38]).
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Lemma 3.4 (L' estimate). For 0 < s <t <T, the following L'-estimate holds:

e ()] vy < e fue(e, 8)| |1 @),
where o is a positive constant in (2.3).

Proof. Let us give the following approximate equation posed in (P)¥:
Owue + V- Az, t,us) + Bz, tu.) = ABe(x, t, ue). (3.2)

Multiplying both side on (3.2) by sgn(u.)yr(z) for p, R > 0 and integrating the result
with respect to (z,7) € RY x [s,t] implies

[ [ ocvessn (o)

=[] st w98l u0) - Al (o)
_ / t / s (1) 06 ), 7, 0 [V e () ddy (3.3)
[ ] s w9 7o) = Al 0) - Ve

t
- [ ] s B wn(o)dedr
s JRN
by (2.1) and (3.1). We consider about the first term of right-hand side on (3.3). By the
assumption [V3](z,t,0) — A(x,t,0) = 0, the continuity [V3](z,t,-) — A(x,t,-) € C(U)N

for (x,t) € Ry and the definition of sgn,(-), there exists a positive constant ¢ such that

N
sgn, (ue ) Vue - ([VB](x,t,uc) — A(w, t,u:))yr(z) < CZ |0, ue |,

for (z,t) € RY. Moreover, the above boundedness implies that
sgn,(ue) Ve - ([VB](2,t,ue) — A, b, ue)) YR(T) X {00 R ue (0,0)|<p} (T 1) = 0,

as p J 0 for a.e. (z,t) € RY. Here, xo(z,t) is a characteristic function on Q C RY¥. By
the Lebesgue dominated convergence theorem, it is deduced that

/ /RN sgn,(ue ) Vue - ([VB](x,t,uc) — A(w, t, ue))yr(x)dedt — 0,

as p — 0. The second term of right-hand side on (3.3) is nonnegative by the property
sgn),(§) > 0 for all { € R and (2.2). As p — 0, it is deduced that

t c . t
| [ alunte)dndt < (10095 = Dm0 [ [ ucdiao)dodt
s JRN s JRN
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by {A4} and (3.1). Using the Gronwall inequality and letting R — oo, we have

e (-, Ol vy < €O Jua(, )|y,

forall 0 <s<t<T.
O

Remark 3.5. The assumption B(x,t,0) = 0 for (x,t) € RY x [0,T] in {A4} can be
removed. In this case, we obtain the following estimate: for 0 < s <t < T,

t
e (-, )| eny < e ue (-, 8)| | oy +/ e 7| B(z, 7, 0)|| 11 mvydT-

Next, we prove a BV -estimate. We begin by introducing a family of functions

Al
IP(A):/O sgn,(7)dT,

for p>0and A = (Ay,...,Ay) € RY. These functions approximate the Euclidean norm
|A| and have the properties below:

o1, A, 0*I sgn (JAD)[AJAA; — sgn (|ADAA;  sgn,(JA])
_ AL p_ _ p J P J P

Therefore, there exists a constant My > 0 such that

Moy
T AR

' 01, (3.4)

ON0A;

Moreover, we denote that d,,,, := 0, and V= (0213 0ngs -+ Onys Ozy,y ). The follow-
ing lemma is a BV-estimate and a key-estimate to get the convergence of approximate

solutions ..

Lemma 3.6 (BV-estimate). There exist positive constants My, My, My and K, indepen-
dent of € and v, such that for 0 <t < T,

~ MZ(N+1)2
TV (u.) < / \Vu|de < eMi+= Tt </ |Vug|dx + M2> :
RN

RN
Proof. Differentiating both side on (3.2) with respect to z;, it follows that
Oy, O = —0,,V - A(x,t,u.) — Oy, B(x, t,u) + O, AP (2, t, ue).

sgn, (|Vue|)

Multiplying both side of the above identity by 0,,u. Sl

vr(x), then it is calculated
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that
N+1
V e
Z/ sgn (IVu l)axiatuE”yR(:c)dxdt
]Vu€|
N+1
(|Vue
- Z/ EM{_V ) ([asz] (xat7u8> + [aﬁA](xatv us)aﬂﬁius)
RY V|

— (05, B)(z,t,us) — [0eB](x, t, ue ) Oy, ue
+V - ([02,0¢ 8] (x, t, ue ) Vue + [0 Be)(x, t, ue )0y, Vue)
V- ([02, V] (2, t,u) + [0:V 8] (w, 1, ue) O, ue + [0F 8] (2, t, ue) Vuedy ue) byp(z)dadt

N+1 / 2
k
=3 (S ).
=1 =
We estimate each term of the above equality respectively. First, Zf\:{l Ifm- is equal to

iy sgn,, |Vu5|)
—Z / o, e S = (V- [0 A, 8, 1) e + (B Al(2, 8, 1) - VO, u)yr(x)dedt
RY Ue

= —/]R (sgn, (\Vu€|) - [OcAl(z,t u5)|Vu5| + [0:A|(z, t, u.) - VIp(ﬁus))fyR(x)dxdt

T

=~ | V- [0eAl (@t u) ([Vue|sgn, (| Vae]) = I(Vuo))ya(x)drdt

RY
+/ [0eAl(2, t,uz) - Vyr(2)],(Vug)dudt.
Ry

Here, we use the following property:

0 o o sen (Vi) Oo
—1 Vug = p/\— 8mlu58m 8&:,“67
oV = 5 Z ;
and the Gauss divergence theorem. Similarly, > . N I3 4, is equal to
N+1
(IVu.
RN ua

- / V0V £ ) (e s, ([ Ve]) — 1, () () v

—/ 06V 8] (x, t, 1) - Vyr(e) L,(Vu. )dwdt.
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Moreover, SV I3 is equal to

N+1

2 /o M(v[aﬁm (.t 11) - VuueOr e
RN

|V,

+[a§25] (x, t) ua)Auaaxiua + [8526] (l', t, Ug)VUg . V@xzua)vR(:p)dmdt

= /R (V5] (. t,ue) - Vue + [028) a, t,ue) Au) |V sgn, (|Vue|) — I(Vuo) ) yr(z)dadt

—/ [8?&](x,t,u5)Vug . VyR(x)]p(ﬁug)dxdt,
Ry

by the regularity of .. Next, we estimate the remaining terms as inequalities below:
N+1 N+1

Surna=3 [ o wmwmw,w - V-8 A )
+([00,, V B](,t, u:) — [0e04, Al(x, t, ue)) - Vue yyp(x)dedt

< M3+ My(N + 1)/ |Vu|yr(x)dedt,
N

Rt

by {A6}. Here, M3 and M, are positive constants satisfying

I
1050,V 3 — afaxiA||Loo(R¥xu)N < My,
fori=1,..., N + 1. Moreover, it can be checked that
N+1

> Uk +13,)

i=1

<.
Ry

< M5+ 0// Ve yr(z)dadt,
RN

T

N+1 2
dxdt S Mg,

> (00, AB(w, tu) — [V - Oy, A, £, u.))?

=1

and

[VB](x, t,u.)

vr(z)dzdt — / V| sgn, (|Vue|) [0 B (x, t, u. ) yg(z)dudt
RY

where M is a positive constant by {A2}. Here, we deal with the terms Iéﬂ- and Igl It is
crucial to treat these terms appropriately in this proof. In this paper, we overcome this
difficulty by using the assumption {A7}. In fact, ZNH([ 50 1+ 15,) is equal to

N+1
_ Z / VUE vaxkua : ([858;36] (IL‘, t,U5>VU/5 + [8566](x7t7 uE)va$u5>7R(x)dxdt
RN o, i0Ay ’ Z
N+1

_ Z / M(@@% 8] t, 1) Ve + [0 (2,1, u) Ve - Voy(x)dadt.
RN

Ue|
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The first term of the above equation is estimated as follows

N+l N 1

> .\ Or, e
R¥ 4/%

ik=1 j=1
a.’Ej amku5>

2
821,(Vu,)
O\ 0N,

2
021,(Vu.)

+kK ([agazzﬁ] (‘T?t7u5) ON; 0\

82Ip(§u5) 82Ip(§us)
[aéﬁ](l‘,tyua) (\ aAl(‘?Ak 8a:jaa:kua) ( m 6xjaxiu5 ’YR(I‘)dIdt
N+1 N - 2
+ o~
1 0%1,(Vu,)
< . O Lp(ViUe) |
- ikzljzl Ak Jry (\ ON; 0Ny axﬂuﬁ) Vr(z)dxdt

< MZ(N +1)?

— Ak \/I%N ‘vu€|7R(‘r)d‘rdt7

T

by using the Gauss divergence theorem, {A7} and (3.4). On the other hand, it can be
seen that

N+1 = N+1 =

sgn, (| Vuel|) 0I,(Vu,) d o
g Op,u—"—0,,0 a:E — 0,0, u. = —1 c)
2 TG O T gy, 0 = )

By the above calculations, we obtain the following inequality:

d ~
/Rg\’ %Ip(Vua)vR(a:)da:ds

MZ(N +1)? N
< M3+M5+(M4<N+1>+O/+%)/ |Vu5|d:L’d8
R{Y

w0l 5,0 + V0B, 0 + VIO 5. ) - Vi
RY
H[O2B)(x, 8, ue) Au) (| Ve sgn, (| Vue|) — I,(Vu,))dads

+ RN{([@gA] (x,s,us) — [0:VP|(z, 5, us) — [0526](1’, s,ug)Vug)]p(ﬁua)

— Z Op,te——=—=([04,0¢5](, 5, ue)Vue + [0 8] (, 5, u.) 0y, Vue ) } - Vyg(x)dads,
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for any t € (0,T]. Letting p — 0, it is deduced that

~ MZ2(N +1)? ~
/ |Vu|dx < / |Vugldz + My + (M + M)/ |Vu|dxds
RN RN 4K N

IRt
b [ A0 )+ 110 85, 0] + [1928] o 5.0) T
RY
N+1

—1—\/_2 [02,0¢0)(x, 8, ue ) Ve | + | [0 8] (2, 5, u:) Oy Vu)} Vel yr(z)dads,

where My = My(N + 1) + o and My = M3 + M;. Using the Gronwall inequality and
letting R — oo, we get the desired estimate. 0

Moreover, we can obtain the following regularity estimate for the diffusion term along
similar lines as in [17, Lemma 3.2].

Lemma 3.7. There exists a positive constant c, independent of € and v, such that
||V6($, ta UE)HL2(R¥)N S C,

and

||ﬁ(l‘7 T, UE(ZE’ t+ T)) - B(l’, K u€(x7 '))HL?(RJ\L ) < C\/F’
for all 0 < 7 < T. In particular, {B(x,t,uc)}eso is strongly compact in L} (RY).

Proof. Multiplying both side on the equality (3.2) by u. and integrating the equality
with respect to (x,t) € RY, then it follows that

1
/ (—8t(u5)2 +u.V - Az, t,u.) + u.B(x, t, u5)> dxdt = / uAPe(x, t, u)dadt.
RY 2 RY
The first term of the left-hand side on the above equality is calculated by
18 2dedt = L T)|[? L 2
[ g0 = ol ey = gl O e

Secondly, we consider the convective and diffusion terms. By the Gauss divergence theo-
rem, the chain rule formula, {A1}, {A3} and {A6}, the following equality holds:

/ (uV - Az, t,ue) — uAPe(x, t, u.))dedt
RY

[ v ( / (Al 1,6) — (V5] (x,t,£>>dé) dadt = [ 03 (ot 00 Vo Pdadt

T

i /RN /0 (IV - Al(x,1,€) — [AB(x, 1, €))dédudt.
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By the Gauss divergence theorem, the integrability of A(-,t,&), VB(-,t,&) for (¢,&) €
[0, 7] x U and the boundedness of u., the first term of the above equality is equal to zero.
Therefore, it is deduced that

/RN[agﬁs](x,t,ug)!VuE|2dxdt < %“u5<.70)‘|%2(RN) _ /RN w B(w,t, u.)dxdt
T b ' (3.5)
_/ / ([V - Al(w, 1, €) = [AB](w, ,€))dédxdt.

RN Jo

The second and third terms of the right-hand side in (3.5) are bounded by the assumptions
{A2} and {A6}. Hence, there exists a positive constant ¢ such that

1
/RN [6§ﬂa](x,t,u5)|Vug|2dmdt < §||u6('70)||i2(RN) +c (3.6)

T

On this basis, it is obtained that

/ VB(x, , u)|2dadt < 2 / V8] (2, £, u.) [2dadt
RY

N
RT

4208y [ (068wt ) Vo P,

N
RT

By (3.6) and {A3}, the right-hand side on the above inequality is bounded. Therefore,
we obtain the first assertion.

On the other hand, we verify the estimate with respect to the time variable ¢. Using
the equation (3.2), it follows that

/RN (B(z,t + 7 uc(x,t + 7)) = B, t,ue(x, 1)) *dudt

T—1

< 27‘/
R
X(B(z,t + Ty uc(x, t + 7)) — Bz, t, uc(z,t + 7)))dadt

t+7
200681ty | ( / atua@,odc)

N
T—1

(/01[@5] (x,t + o1, u(z,t + T))da)

N
T—1

X (B(x,t,uc(z,t + 7)) — B, t,u(z, t)))dxdt

< 47([6(x, 1, ue )| oo ) 110681 (2, 1, ) poe iz riyyy + 210681 (@, 8 ue )| oo ey

x(B(x,t,u-(z,t + 7)) — B(x,t,u(z, t)))dxdt.

Here, by the boundedness of u. and {A3}, [|8(z, ¢, uc)|| oo @n): [1[0:8](2, 8, )| Lo @irr vy,
|[0e5](x, t, ue)| |Lw(R¥) are bounded. Changing the variable ( = ¢ + s, integrating by parts

(/ttJrT(—V Az, ue) — Bz, ue) + Aﬁe(%g,us))dC)

N
T—1
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with respect to x, then there exists a positive constant ¢ such that

/R Bzt + T u(w, t + 7)) — Bw, t, u(w, 1)) dzdt

N
T—1

< A1 £ 100 ey 1100812, 1 )l rncayy + 2110681t )l iy
x / / (-V - At + 5wt + ) — Blayt +5,u.(z, t +5))
0 JRY_.

+AB(z,t + s,uc(x, t + 8))HB(x, t,uc(z, t + 7)) — B(x, t, ue(z,t)) }dadtds

— 4782, )|y |08 )| ety + 2061 b, ) et
<[ ' [ (At suet+9) - (VB tounlat+ 1) - T8t (2. 0)}
0 Jry

—B(x,t + s,uc(x,t + $)){B(z, t,uc(x,t + 7)) — Bz, t, u-(z,t))}
—VB(z,t + s,uc(x,t +5)) - {VB(x,t,u-(z,t + 7)) — VB(x,t,u.(z,t))})dxdtds
< 478, ue)|| oo ) [|[065] (5 8, )| oo ()
+47’H[a£5]<x7taUe)||Loo(R¥)(HB(37atvf)HLw(u;Ll(RQ))Hﬁ(ﬂ%tyue)HLoo(Rg)
+(I[A(, 8, Ol Lo @iz @yyy + IV B:(@, b, ue)|| L2y [V B (@, L, ue) || L2 ravyv )
< cr,
by {A1}-{A3} and the first assertion of this lemma. Consequently, we obtain the desired

estimates. Using the Fréchet-Kolmogorov compactness criterion, we conclude the proof
of this lemma. O

3.1 Proof of Theorem 2.9 (I)

Let v = Ce, for a positive constant C. We set the family {u’}.,~0 = {u.}e>0. To prove
the convergence of {u,.}.~o, we should prove the decay property of u.(z) as |x| = oo. To

see this, we prepare the sequence of functions {7%511)% ; 0 <r <R} C C®(R) such that

0 for |s| < r,
’yﬁ’l}%(s) = sin(—2(£_r) |ls—r|) forr <|s| <R,
1 for |s| > R.

Then, it follows that 0 < f?,% < 1 and |(§7§1§)’ | < 3 in R. In addition, we define
’?T,R(m) = Hlj\il '?ﬁ}l)%(fﬁl) for x € RN,
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In the proof of Lemma 3.4, we use 7, r instead of 7. Then, it is deduced that

t
// Orluc| ¥ r(x)dxdt
0 JRN

t T t
< 0:(VBe — A)l| 1o ———|u.|dzdt + o |3 r(x)dzdt.
< [ [ 10698, = Al gy s bt + o [ [ (ot

Using the Gronwall inequality, it can be seen that

lim [ue (-, t)|dx < ea/t/ \ug|dx,

R0 Jiz>R |z|>r

for each r > 0 and ¢t € [0,7]. Since ug belongs to L'(RY), the right-hand side of the
above inequality goes to zero as r — oo. Therefore, the equi-integrability of u. holds.
By Lemma 3.2, Lemma 3.4, Lemma 3.6 and the above estimate, the Fréchet-Kolmogorov
theorem implies that there exists a subsequence {¢,} such that ¢, — 0 and

u., —u in L'(RY),

as n — 0o. Moreover, it is also deduced that u € C([0, T]; L*(RY)) N L>®(RY) N BV (RY).
Finally, we prove the entropy inequality in Definition 2.6. By the L!-convergence
of u., the boundedness u., u € L®(R¥) and the L} -weak convergence of Vj.(x,t, u.),

the left-hand side of the entropy inequality in Definition 2.6 holds. Moreover, the lower
semicontinuity of L?-norm implies that

lim | n"(u.)l 8555(1’,t,u5)Vu5\2cpdxdt2/ " (u)|y/ 0 (2, t, u) Dul* pdadt.

e—0 N N
IRT IRT

Hence, Theorem 2.9 (I) is shown.

4 Uniqueness of the BV-entropy solutions

Let o € C°(RY)™. In addition, we introduce a symmetric function § € C§°(R)* satisfying
Je0(t)dt = 1 and supp[A(t)] C {|t| < 1}. Similarly, we use a spherically symmetric
function w € C§°(RN)" satisfying [,y w(2z)dz = 1 and supplw(z)] C {|z| < 1}. Let
80,0 > 0 and define 05, () = (1/80)0(t/) and ws(z) = (1/6N)w(z/5). These are smooth
functions on R and RY, respectively, and satisfy

T

lim [ 05 (t)e(x,t)dt = o(x,0), lim ws(z)p(x, t)dr = p(0,1),
%040 Jo 010 JrN

for (x,t) € RY. We now employ the test function ¢ defined by

r4+y t+s T —1y t—s
go(x7y7tvs>:¢< 9 ' 9 )w5( 9 )‘95()( 9 ), (41)
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for (z,t,y,s) € RY x RY. Then, the following property holds

(5

and there exists a positive constant C' such that

lim T —
i RNX]RNI yl

dxdy = 0,

lim |z — y| |On,ws (x _ y) ’ © <a: il y, t) dxdydt < C o(x, t)dxdt,
(SJ,O RngN 2 2 R,IIY
(4.2)
lim |z — y|? |0, 00, ws <u) ’ ® (:,1: + y,t> dxdydt < C’/ o(x, t)dzdt,
010 JRN xRN ! 2 2 RY

for 1 <i,5 < N. Moreover, we have

xr — r —
Vaws (Ty> + Vs <Ty) =0, (Vo4 V)6 = (Vy + V,)0owsbs,.

In this section, the proof of Theorem 2.9 (II) is presented. Hereafter, we give the entropy
triplet in the following concrete form:

n(u) = 1,(u) = / sgn (€ — k)dE,
4w, tu) = gy, tou) = / s, (€ — B)0cA) (. . €)de.

r(a, 6 0) = 12, 6, u) = / sen (€ — k)[0eV ) (., €)de,
k
for k € R. Then, it can be seen that

np(u) = lu—Ek|, gy(x,t,u) = sgn(u — k)(A(z, t,u) — Az, t, k)),
Tp(‘T?tv u) — Sgn(u - k)([Vﬁ](:c,t,u) - [Vﬁ] ([B,t, k)):

as p — 0. Moreover, we obtain that

u

[V ) qp](ma tau) = Sgnp(g - k)[aﬁv : A](l‘, t7€)d€a

u

[V ) TP]<$7t’ u) = Sgnp(f - k)[@gﬂﬂ}(l‘,t,f)dﬁ.

—

Then, it can be also seen that

[V - gpl(2,t,u) = sgn(u — k)([V - Al(z,t,u) = [V - Al(z, £, k),
[v ’ Tﬂ](xvt’ u) — Sgn(u - k‘)([ﬂﬁ](l‘, t?“) - [Aﬁ](xvt7 k‘)),
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as p — 0. Then, the entropy inequality in the definition of BV -entropy solutions implies
that

/RN{np(u)atgo + (gp(z, t,u) —rp(x,t,u) - Vo + ([V - q)(z, t,u) — [V -rpl(x,t,u)p

- sgnp(u - k)<vﬁ($a tau) - [Vﬂ](l‘,t, u)) -V
—sgn,(u—k)([V - Al(z,t,u) — [AB](x,t,u) + B(x,t,u))p}drdt

> /R sty (u— K) /1066, w) Duf gt
T
Hereafter, we omit the subscription p of n,, g, and r,. Using the above entropy inequality,

we prove the uniqueness of BV -entropy solutions. To see this, we show the following
inequality which is crucial to prove the uniqueness result.

Proposition 4.1. We assume the conditions {A0}-{A8}. For a pair of BV -entropy
solutions u and v to (P), the following inequality holds:

/]RN Sgn(u - U>{(u - U>at§0 - (B(ZL‘, t’u) - B(ZE, t,v))gp + (ﬂ(l’,t, u) - ,B(I,t, U))AQO
+2([VO|(x, t,u) — [VB](x,t,v)) - Vo + (A(x,t,u) — A(x,t,v)) - Vo}dedt

> — Ol ey + 185 1100l ey / fu — vldudt,

<i<
iz R Nsupp(¢p)

for o € CC(RY)T and a positive constant C'.

Proof. Step 1. Let u,v be a pair of BV-entropy solutions. We put k£ = v(y, s) and
© = ¢%(x,y,t,5) (see (4.1)) in the definition of BV-entropy solution u. Integrating the
inequality on RY with respect to (y, s), then

/(RN)2{77(U)@¢§0 + (gla, t,u) — r(z,tu)) - Vool + ([Va - q)(, t,u) — [Va - 7)(2, £, 1)o

T

—sgn, (u(z, t) = v(y, 5))(VaB(z, t,u) = [Vaf](,t,u)) - Voo
—sgn, (u(x,t) = v(y, $))([Va - Al(w, t,u) = [Aof](2,t,u) + Bla, t,u)) 6y hdxdy

2/ sgn, (u(x,t) —v(y, s))[1/[0e5](x, t, u) Dyul* ¢ dxdy.
(RYY)?

Here, we write that dx = dxdt and dy = dyds. We denote the left-hand side on the above
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inequality by Ji(p). Similarly, we have the following inequality:

/(RN)2{7I(U)3S §o + (q(y, s,v) —r(y,s,v)) -V, go +([Vy - ql(y, s,v) — [V, - 7](y, 5,0)) go

—sgn, (v(y, s) — u(, 1)) (V,8(y, 5,0) = [V,8](y, 5,v)) - V, 05
—sgn, (u(y, s) — u(@, ))([V, - Al(y, s,0) = [A,8)(y, 5,v) + B(y, 5,v))¢5 tdxdy

> / sgn;(?}(% S) - ’LL(:IZ‘, t))‘ [855] (ya S, U)DyU|2¢§OdXdY-
(RY)2

We also denote the left-hand side on the above inequality by J5(p). Moreover, we then
set J(p) = J1(p) + J2(p) in what follows. The desired result is obtained by combining the
estimates for J(p).

Step 2. In this step, we consider the diffusion terms in J(p). We calculate that

_(r($’t>u) \Y ¢6 +T(y75 U) vy go) - ([vx'r](xvt’u) + [Vy -T](y,s,v)) gO
—sgn,(u — 0){(VaB(z,t,u) — [V.B](x,t,u)) - Vogy

—(VyB(y, 5,0) = [VyB](y, 5,0)) - Vo3 = ([A:8](,t,u) = [A,8)(y, 5,v)) 65"}
= sgn, (u— 0){—=(VoB(x,t,u) = [V.f](z, t,u)) - (Vady + V3
+(V,yB(y, 5,0) = [VyB](y, 5,0)) - (Vs ¢>§°+Vy )
+(VaB(, t,u) = [VaB)(,t,u) - V
—(VyB(y, 5,0) = [VyB](y,5,0)) - Vads + ([AeB)(z, 1, 0) — [A,5](y, 5,0)) 05}
—(r(z,t,u) - VodP + 1y, 5,0) - Vo) = (Vo - 7], t,0) + [Vy - 7]y, 5,0)) 65

The right-hand side of the above equahty denote by Y, I5(p). At first, we see that
I5(p) = —sgn(u — 0){([V.f](z, t,u) — [Vof](2,t,v)) - Vagp
+([VyB)(y, 5,u) = [VyB](y, s, v)) - Vypltwsbs,
—sgn(u — V){([VB(z,t, u) — [V, 8](y, s5,u))

_<[V$5] (Ia t,U) - [Vyﬁ] (ya S U))} ’ (Vmw5>90850 = Igv
as p — 0. This implies that

lim lim I8dxd
640 600 (qu\j)2 A Y

< 20068, ll eyt g 10n el [ = oldx

1<i<N
T,

+[lim sgn(u — ){([Vapl(2, t,u) — [V, 0] (y, t, u))

010 JRN xRN

—([VeBl(z, t,v) = [VyBl(y, £, 0))} - (Vaws) pdxdyl.
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Here, we write that Ry , = Ry Nsupp(y). Using (4.2), the second term of right-hand side
on the above inequality is less than
N

N
hm/ max HafaﬂfiaxjﬁHLm(ququ) <Z ‘xj - y]‘) ’u - v|‘a$iw5‘90dXdy
Ry xRN 2y j=1

510 1<j<N

N
< Czl1%52}5\[||6§a:via:chHL°°(R¥><U)||¢||L°°(R¥) /]RN lu — vldx,

T,p

for some positive constant C'. Next, the term Ig(p) +1 g (p) is estimated below:

. . . 5 7
lin lim lim (R%?(Ig(p) + I5(p))dxdy

= Ilimling | sen(u = 0){(A:5)(o, ) = [4,8](5,5,0)

—([AuB) (2t u) = [AB)(x,t,0)) = ([A,8](y, 5,v) — [A,8](y, s, ) } o5 dxdy]

[ senle = o)A, t) = [A,BlGa, )

< 1106 A8 e anllellmiayy [ = olax

T,p

Thirdly, the term I3(p) is calculated that

im [ I3(p)dxdy = lim (vm /” sgn (€ — 0)[06B)(x, 1, €)de
2 v

PO J (R PO J®Y

— [ syl — 0.5 o g)d&) V8 dxdy

=~ /(RN)2 / sgn (€ — ) ([0 B) (2,1, €) V- V2 + [V, 0e B (2,1, €) - V) dedxdy = T3,

by using the chain rule formula in [7] and the Gauss divergence theorem. Similarly, the
symmetricity of the Kruzkov entropy:

/ sen(€ — w)B(z, 1, €)d = / sen(€ — v)B(. t, €)de
implies that

lim I3 (p)dxd
i - 5(p)dxdy

— /(RN)2/ sen(€ — w)([0eB)(y, 5, €)Y, - Vad + [V, 0¢8] (y, 5, €) - Vo) dedxdy

S /(RN)2/ sgn(& — v)([0:6](y, 5, €)YV, - VadD + [V, 0:B](y, 5, €) - Voo )dedxdy = f,él-
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On the other hand, J(p) is greater than
L st = o)t D+ 96810, ) Dy iy
R 2

by the definitions of J;(p) and Ja(p). We denote the above integral by E(p). Then, it can
be seen that

E(p) Z/(RN 2sgn),(u — ) \/WD w) \/m )00 dxdy
= 2/(IRN (1/[0ef](x, t,w)Dyu) - (Vy ; sgn), (u — €)1/ 98] (y, s, ¢)d¢

r)?

- [se-o, [awy,s,c)dc) o dxdy
—=2 [ flosle ) vy ( [ sl
Bl 1) D) - Yy ([ st — 01/ 10681y, 5, Q)¢ ) dxdy
(RY)? u

9 /(M)Q( [0: 6] (2, t, u) Dyur) - </u” sgn),(u — )V, [8§6](y757<)dg) $0dxdy

= Fi(p) + E2(p),

by using the chain rule formula and the Gauss divergence theorem. By the boundedness
of 0¢f and the assumption {A8}, it follows that

VO:B, 0u,\/0:B8 € L'RY x U) N L=¥RY x U),

fort=1,..., N. Then, these imply that
/£ g (€ — O)y/19e8)(y, 5, C)dc, /g s, (€ — ¥,/ 1068y, 5, C)dC € C),

for (y,s) € RY. Therefore, we may use the chain rule formula with respect to x. Using
also the Gauss divergence theorem, the term E(p) is calculated that

/ (/ W/ sgny, (€ — )/ 19:8](y, ,C)dédf)v -V, 0% dxdy
(RY)2
2 /(RN)Q (/ Va/0:5](, 1, ) /§ sgn, (€ — ¢) [8&3](ya3aC)dCd§>-qubgodxdy

i /ow)? (/ﬂ‘ sn(€ —v)) /1968 . 5,€) [0 ] o 1. odf) V. - V63 dxdy

- /<) </vu(‘ sgn(é = o)/ 10651y, 5, ) Var /[0 . s>d§) Y, 60dxdy,
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as p — 0. Here, we use the formula below:
/§ Sgn;)(é- - C) aﬁﬁ(yu S, C)dg - sgn(v - 6) a&ﬁ(?J) S, 5) == Sgn(§ - U) 85/3(y7 S, 5)7

as p J 0. Similarly, we also have

B2 [ ([ st o900l oo 0k ) 9oy

(Ry)?

w2 [ ([ st o)V 0 Ty 010 00 ) vy,

as p | 0. Therefore, it is deduced that

lim B B+T
[}fg (p) — (5 ,3)

2 [, ([ st -0

—24/10¢A)(x. 1, €)1/ 10cA)(y, 5,€) + [0:) (v, 5, §>>d§) V. - V,¢ydxdy

i /(W ( [ sl = 0)(9,06810.5,6

200,09 085, ) ) - Vi

N /@w ( / " sgn(€ — v)(V.0eB) (s, 1,

—29,\/10651(, 1, €)1/ 10eB) .5 £>>d£) VO dxdy

2 ([ e 0T 010009005 v ) oy

Here, we put

(1,9, 5,€) = [0B)(x,1,€) — 24/10B)(x, 1,1/ 1081w 5, ) + [OeBl(y, 5,€). (4.4)
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According to (4.3) and (4.4), it is inferred that

> /(M)Q (/ sgn(§ —v)e(x,t,y,s é)dé) V. - V¢ dxdy
+ (/“ sgn(é —v)Vye(z,t,y, s §)d§) V.0 |dxdy
(RY)? v
+ (/ sgn(§ —v)(Vee(,t,y,5,§) — yg(x L,y,s f))df) y¢gOdXdy
&2 \Jo

" 4
+/ </ sgn(§ —v)V, - Vye(z,t,y, 8,§)d§> o dxdy =) _ Ry.
(R¥)2 v k=1

Here, the definition of gbgo (x,t,y,s) implies that
Ve V6% =V, - Vypls,ws + Vyp - Vawsbs, + Vap - Vywsls, + 005,V - Vs

Using the above identity, we divide Ry by four parts. More specifically, we write R; =
S Ry, Then, it follows that

1(;{51(1%5%1% | = /RN (/v sgn(§ — v)e(x,t,x,t,f)df) Agypdx = 0,

T

and
\l(g(r)lhle o] < 2\/_”\/05 HLOO RN xU) max Ha:r:z\/ 03} HLOO(Rqu)

X lim/ </ sgn(& —v) |z —y| d§) Vyp - Vywsdxdy
00 JRrN xrN \Ju

< 2\/§CH\/ aﬁﬁHLOO(R¥><Z/{) lglia;]i[Haxiv a&ﬂHLw(Ryxu ZHa’Ez(PHLOO(RN / |u — vldx,

T,e

for some positive constant C'. Similarly, it can be checked that

‘hmhleg‘ < 2\/_0“\/65 HLOO(]RNXU) max Ha \/85 HLoo RNXU)

510 & 1<i<N

XZH(%

| Lo RN)/ lu — v|dx.
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Moreover, we also have

lim1
[l g sl

2

—4i)| |Va- Vyws|lu —v||p|dxdy

1<Z<<]V

N
max |8ml\/¥||L°°(Rqu)1§g)l/N RN Z@
T><

/2 A2
s C@@%Haﬁ a§6||L°°(R¥><L{)||90||L°°(R¥) /RN lu — v|dx,

T,

by (4.2). Secondly, we calculate that

[lim lim( Ry + Ra)| < CUIV@l| oo @y + [l Lo my )/ u — vldx.
40 600 N,

Here, we use the following facts. There exists a positive constant C' such that

Vye(z, t,y,s,8)| < 2[|v a&ﬁHLw RN xU) Vv 8£BHL°°(R¥><Z/I)N + ||Vaﬁﬁ||Lw(R¥xu)N <,
V- Vye(z,t,y, 5, )] < 2|[V/0:B HLoo (RN xu)N <C,

for (z,t,y,s,&) € RY x RY x U by the assumption {A8}. Moreover, it follows that

Ry

/ (/ sgn(€ — { (V.08 (@.1.€) — [V, 068 (5.5, )

(RY)?
\/ [aﬁﬁ Yy, s 7 \/ 856 $t 856 Y, s, 5))

+29,/[0:8)(v, 875)(\/ 06, 1,€) — J [855](31,8,5))}615) (V0 + 9 055, dxdy.

which implies that

N

:E:; <¥£§?ﬁ§§||€%%62pj6%/3Hlﬁ”(R9{XLD

1=

|lim lim R3| <
640 600

+2|v a&”Lw(qu) 12%\, Haxjaxi\/ a€ﬁ||L°°(R¥><U)
20000 e 5 10,3 BBl e

N
X I}LI)I lu — v (Z |z; — yj|) (Oy,ws)pdxdy
j=1

N
RY xRN

< VEC|pllimay [ lu=vldx

T,
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Additionally, we calculate that

/(RN)Q(Ié(p) T [g(p))dxdy

__ /(RN>2 (vx [ syt~ o)l e

T

~ [ syt - oIV, §>d§) (Voo + Vyphuwsbsydxdy
oL (5 [ st 90105 006

— [ s - 919,005 sms) (Vo + Vo )usbsy dxdy.

by the chain rule formula. Using the Gauss divergence theorem for the first and third
terms of the right-hand side on the above equality, it follows that

/( 10+ ()i
_ /<R¥>2 { ( / " sen, (€ — v)[0eB) (a1, §)d§> (Ao + Vo - Vyip)
- ( | s, fu = 08l £>d5> (Vy Vao+ Am} b dxdy

o ([ semte - vioxaicer.ac

T

= [ s 9106510, 5>d5) (Voo + V) - (Vatws)sodxly

o f N ([ semle - orv.oxsl(on.as

(R
= [ s (0= 19,0681 5. )€ ) - (V.o + V.
The above equality yields

. . . 1 2
limn Jimn Tim (R¥)2(Iﬁ(p) + I5(p))dxdy = /M sgn(u — v)(B(z,t,u) — B(z,t,v)) Apdx

i [ | senls = 0)(0681(,1.6) — 661, SV + V) - Vs

+2 /]RN sgn(u — v)([V.0](z, t,u) — [VB8](x,t,v)) - Vapdx = ZR’
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Then, the term Ry is estimated that

|L°°(R¥) /]R;N |U_'U‘dx

T,

N
[Rel < 2C 1o 110206 1=y sany 311000
- =1

Step 3. We next consider the convection and the remaining integral terms in J(p)
respectively. We estimate the convective term:

/(RN)Q{(Q(I,t,U)-Vnggo—i—q(y,s,v)-vy Y 4+ ([Ve - q)(,t,u) + [V - ) (y, 5,0)) 0P

—sgn,(u —v)([Ve - Al(z,t,u) — [V, - Al(y, s, )63 Ydxdy = K(p).
Then, it is obtained that

lim K (p) = / sgn(u — v)(A(x, t,u) — Ay, 5,0)) - (Vo0 + V,06%)dxdy
(RY)?

P40

—/ sgn(u — v)(A(z, t,u) - V¢ — Ay, s,v) - Vo062 )dxdy
(RYY)?

+/ Sgn(u - U)(A(ya S, U) ’ vy¢go - A(I’, t U) ’ Vxﬁbgo)dXdY
(RYY)2

- / sgn(u — v)([V, - Al(z,t,0) — [V, - Al(y, s, u))¢3 dxdy = ZK
(RY)?
Here, we deal with the terms Ky and K3 as follows:

lim lim(K + K) = lim . sgn(u — v){(A(z, t,u) — Ay, t, u))

—(A(:L’, 2 U) - A(ya t U))} : (Vzwé)dedy

T,

for some positive constant C'. Moreover, we have

1&51(1%%[(4 < 121;?](\]||a£81i‘41"L"O(RJIYXM)HSDHLOO(RJJY)/N |u — vldx.

T,p

Step 4. By the step 1-3, we obtain the next result
/ sgn(u —v){(u —v)op — (B(x,t,u) — B(x,t,v))p}rdx
RY
+ /IR;N Sgn(u - U){(ﬁ(:Ev 12 u) - ﬂ(za t, ’U))A@ + 2([Vﬁ] (3:7 12 u) - [Vﬁ](l’, t U)) ’ VSO
+[A(z, t,u) — Az, t,v)] - Vpldx

i) [ | Ju=vldx

T,p

> ~Cllellroe@y) + max [[0:.¢
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Then, it is obtained the desired result. 0

4.1 Proof of Theorem 2.9 (II)

By Proposition 4.1, we can show the uniqueness of BV-entropy solutions to (P). In fact,
we take functions x,.(z) € C°(RY)T and Y, (s) € C5°((0,))™ such that

1 (Jz| <), 1 (r<s<t—r),
{ ' {0 (t<s).

for t € (0,7] as the function ¢ in Proposition 4.1. For a sufficiently large r > 0, we get
the following inequality:

t d t
| gellutes) = ot s)lasnyds < (0 +C) [ lluc15) = o)l

for t € (0,7]. Using the Gronwall inequality, we get the claim of Theorem 2.9 (II).

Remark 4.2. For simplicity, we estimate the diffusion terms and the convection terms,
separately. If we together estimate the second term of Ig and Ky 4+ K3, then we can
substitute the boundedness assumptions of first line in {A8} for 9¢0,,(VB—A) € L=(RY x
UN fori=1,...,N in {A6}.

Remark 4.3. In [10], if the convection term form separation variable type (e.g. A(x,t,§) =
Az, t)g(ﬁ)), then it follows that lims 5,—0( K2 + K3+ K4) = 0. Therefore, if B(z,¢,£) =0
and [B(z,t,&) = [(£), then it follows that o/ = C' = 0. In this case, the continuous
dependence result in Theorem 2.9 (IT) become an L'-contraction principle. This suggests
the applicability of the contraction semigroup theory. On the other hand, when A(z,t,¢)
is not separation variable type, it should be applied to the theory of quasi-contraction
semigroup by the result of present paper.
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