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Pawińskiego 5a, 02-106 Warsaw, Poland

kenmochi@icm.edu.pl

and

Marek Niezgódka
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Abstract. We study a class of variational evolution inclusions of the form (∗) in a Hilbert
space H:

(∗) u′(t) + ∂φt(p;u(t)) ∋ f(t) in H, 0 < t < T, u(0) = u0,

including nonlocal parameter p, where ∂φt(p; ·) is the subdifferential of a time-dependent
convex function z 7→ φt(p; z) with non-local dependence upon p. It is well known that
many of interesting free-boundary problems are formally described in the variational form
(∗) under an additional requirement that p is determined as a non-local function of u by
the free boundary conditions. In this paper we establish a general theory on the weak
solvability of parabolic evolution inclusions of the form (∗), specifying a class {φt(p; ·)} of
convex functions, and prove an existence result for quasi-variational evolution inclusions
coupling (∗) with a feedback system p = Λp0u, p0 being the initial datum for p.
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1 Introduction
Throughout this paper, let H be a real Hilbert space with inner product (·, ·)H and norm

| · |H . Given f ∈ L2(0, T ;H), 0 < T < ∞, we consider a parabolic variational evolution
inclusion

u′(t) + ∂φt(p;u(t)) ∋ f(t) in H, t ∈ (0, T ). (1.1)

Here p is a parameter given in an admissible set X0 which is a bounded and closed subset
of C([0, T ];X), X being a (real) Banach space. In this formulation (1.1) we are given a
family {φt(p; ·)} of non-negative convex functions z 7→ φt(p; z) with parameters t ∈ [0, T ]
and p in X0.

As is easily understood, some regularity assumptions on the mapping (t, p) 7→ φt(p; ·)
are necessary in order for problem (1.1) to possess a strong solution u ∈ W 1,2(0, T ;H)
or u ∈ W 1,2

loc ((0, T ];H) ∩ C([0, T ];H); for instance, in [17, 29] we required that for a
given p ∈ X0 and each positive number r there are functions ap,r(·) ∈ W 1,2(0, T ) and
bp,r(·) ∈ W 1,1(0, T ) satisfying the following properties: for any s, t ∈ [0, T ] and z ∈ H
with |z|H ≤ r and φs(p; z) < ∞, there exists an element z̃ ∈ H with φt(p; z̃) < ∞ such
that

|z̃ − z|H ≤ |ap,r(t)− ap,r(s)|(1 + φs(p; z)
1
2 ), (1.2)

φt(p; z̃) ≤ φs(p; z) + |bp,r(t)− bp,r(s)|(1 + φs(p; z)), (1.3)

and the mapping (t, p, z) 7→ φt(p; z) is lower semicontinuous in (t, p, z) ∈ [0, T ]×X0 ×H,
namely, if tn ∈ [0, T ], tn → t, pn ∈ X0, pn → p in C([0, T ];X) and zn → z weakly in H
(as n→ ∞), then

lim inf
n→∞

φtn(pn; zn) ≥ φt(p; z). (1.4)

However, the regularity assumptions (1.2)-(1.3) are sometimes too restrictive, for in-
stance, in the application of the result on (1.1) to variational inclusions arising from free
boundary problems, such as superconductivity (cf. [2, 19, 25]). Therefore, it is worth-
while to discuss the solvability of (1.1) generated by ∂φt(p; ·) under a weaker dependence
of (t, p) 7→ φt(p; ·). We also note from (1.2)-(1.4) that (t, p) → φt(p; ·) is continuous with
respect to (t, p) in the sense of Mosco [21] as a mapping from [0, T ] × X0 into the space
of all proper l.s.c. convex functions on H.

One of the objectives of this paper is to specify a class of convex functions φt(p; ·)
on H with weak dependence upon (t, p) in order for (1.1) to possess a weak solution in
an appropriate variational sense. Another one is to discuss quasi-variational evolution
problems in the same framework:{

u′(t) + ∂φt(p;u(t)) ∋ f(t) in H, 0 < t < T, u(0) = u0,

p = Λp0u in X0,
(1.5)

where u0 and p0 are prescribed as the initial data for u and p as well as f in L2(0, T ;H),
and Λp0 is a feedback system which is an operator from a subset of C([0, T ];H) into X0.
One can imagine as Λp0 a sort of integral operators acting on C([0, T ];H). For instance,
considering a phase transition system in Ω× (0, T ) with a smooth bounded domain Ω in
R3 in which u = u(x, t) is the phase parameter yielding a heat source h(x, t, u), we see
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that temperature θ(x, t) is determined through a heat equation with source h(x, t, u) and
in this case we take as the class X0 the set of all temperature distributions p(t) := θ(·, t) or
more generally of all couples p := [θ, d] of temperature θ and some additional constraint
parameter d. This example suggests that the mapping Λp0 assigning p := θ or [θ, d] to
u is a compact operator between suitable function spaces. In most cases handled in this
paper, Λp0 possesses somewhat compactness property.

(Notation)
For a real Banach space V we denote the norm by | · |V , the dual space V ∗ with its

norm | · |V ∗ and the duality pairing between V ∗ and V by ⟨·, ·⟩V ∗,V . For a proper, l.s.c.
(lower semicontinuous) and convex function φ, the effective domain D(φ) of φ is the set
{z ∈ V |φ(z) <∞} and the subdifferential of φ, denoted by ∂∗φ, from V into V ∗ is defined
by

∂∗φ(z) :=

{ {
z∗ ∈ V ∗; ⟨z∗, v − z⟩V ∗,V ≤ φ(v)− φ(z) for all v ∈ V

}
if z ∈ D(φ),

∅ otherwise,

and the domain D(∂∗φ) is the set {z ∈ V |∂∗φ(z) ̸= ∅}. In particular, if V is a Hilbert
space H, and H is identified with its dual space, i.e. H = H∗ and φ is a proper, l.s.c.
and convex function on H, then we simply denote ∂∗φ and ⟨·, ·⟩H,H by ∂φ and (·, ·)H ,
respectively. We refer the detail study of subdifferentials of convex functions to the text
books [1, 5] and [18; Chapter 4].

2 Formulation and main theorems

In this section let us give more precisely the formulation of evolution inclusion (1.1).
Throughout this paper, let φ0 be a proper, l.s.c. and convex function on H and let X be
a Banach space; X is not necessarily reflexive.

For simplicity we assume that

φ0(·) ≥ 0 on H, φ0(0) = 0; hence 0 ∈ ∂φ0(0), (2.1)

and for a fixed positive number T put

Φ0(u) :=

∫ T

0

φ0(u(t))dt, u ∈ L2(0, T ;H), (2.2)

which is a proper, l.s.c and convex function on L2(0, T ;H) and its effective domain D(Φ0)
is the set {u ∈ L2(0, T ;H) | Φ0(u) < ∞}. Let X be a Banach space, X ⊂ C([0, T ];X)
with continuous embedding and X0 be a closed and bounded subset of X . Now, we assume
that

(Φ) (i) to each p ∈ X0 and each t ∈ [0, T ] a proper, l.s.c. convex function φt(p; ·) on H
is assigned, satisfying

φt(p; z) ≥ φ0(z), ∀z ∈ H, (2.3)
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(ii) if p, p̃ ∈ X0 and p = p̃ on [0, t], 0 ≤ t ≤ T, then φt(p; ·) = φt(p̃; ·) on H,

(iii) if {pn} ⊂ X0, pn → p in X , tn ∈ [0, T ] with tn → t and zn → z weakly
in H, then

lim inf
n→∞

φtn(pn; zn) ≥ φt(p; z), (2.4)

Now, we introduce a subset XS of X0, which consists of all parameters p ∈ X0 such
that {φt(p; ·)}0≤t≤T satisfies:

(ΦS) for each positive number r there are real-valued functions ap,r ∈ W 1,2(0, T ) and
bp,r ∈ W 1,1(0, T ) having the property that for any s, t ∈ [0, T ] and any z ∈
D(φs(p; ·)) with |z|H ≤ r there is z̃ ∈ D(φt(p; ·)) such that

|z̃ − z|H ≤ |ap,r(t)− ap,r(s)|(1 + φs(p; z)
1
2 ),

and
φt(p; z̃)− φs(p; z) ≤ |bp,r(t)− bp,r(s)|(1 + φs(p; z)).

Throughout this paper we suppose that XS ̸= ∅. Now, given p ∈ XS, consider the
evolution inclusion:

u′(t) + ∂φt(p;u(t)) ∋ f(t) in H, a.e. t ∈ (0, T ), (2.5)

where f is given in L2(0, T ;H). By the definition of subdifferential, (2.5) is equivalent to
the following variational inequality

(u′(t), u(t)− z)H + φt(p;u(t)) ≤ φt(p; z) + (f(t), u(t)− z)H , (2.6)

∀z ∈ D(φt(p; ·)), a.e. t ∈ (0, T ).

In the sequel, we denote by P (φt(p; ·); f) the evolution inclusion (2.5) or variational
inequality (2.6) and by CP (φt(p; ·); f, u0) its Cauchy problem associated with initial con-
dition u(0) = u0.

By virtue of the abstract theory on nonlinear evolution inclusions governed by time-
dependent subdifferentials (cf. [16, 17, 29]), if p ∈ XS, f ∈ L2(0, T ;H) and u0 ∈
D(φ0(p; ·)), then the Cauchy problem CP (φt(p; ·); f, u0) has one and only one solution u
in W 1,2(0, T ;H) such that t 7→ φt(p;u(t)) is absolutely continuous on [0, T ]. Also, if u0
is in D(φ0(p; ·)), the closure of D(φ0(p; ·)) in H, then it has one and only one solution u
in C([0, T ];H) ∩W 1,2

loc ((0, T ];H) such that t 7→ φt(p;u(t)) is integrable on (0, T ) and is
absolutely continuous on each compact interval in (0, T ]. These are called strong solutions
of CP (φt(p; ·); f, u0). It is easy to derive from (2.5) or (2.6) by using the integration by
parts that the strong solution u satisfies∫ t

0

(η′(τ), u(τ)− η(τ))Hdτ +

∫ t

0

φτ (p;u(τ))dτ +
1

2
|u(t)− η(t)|2H

≤
∫ t

0

φτ (p; η(τ))dτ +

∫ t

0

(f(τ), u(τ)− η(τ))Hdτ +
1

2

∣∣u0 − η(0)
∣∣2
H
, (2.7)
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∀η ∈ K0(p), ∀t ∈ (0, T ],

where

K0(p) := {η ∈ W 1,2(0, T ;H) | φ(·)(p; η(·)) ∈ L1(0, T )}. (2.8)

Moreover, under the regularity u ∈ C([0, T ];H) ∩ W 1,2
loc ((0, T ];H) we see that (2.7) is

equivalent to (2.5) (and hence (2.6)) with u(0) = u0. However, without this regularity,
the variational inequality (2.7) is a more general concept than (2.5). This is a reason
why we set up a wider class XW of parameters p than XS, which solves the variational
inequality (2.7)-(2.8).

Definition 2.1. Let p ∈ X0, f ∈ L2(0, T ;H) and u0 ∈ H. We say that a function u :
[0, T ] → H is a weak solution of the Cauchy problem CP (φt(p; ·); f, u0), if u ∈ C([0, T ];H)
with u(0) = u0, φ

(·)(p;u(·)) ∈ L1(0, T ) and the variational inequality (2.7)-(2.8) holds.

In the sequel, assuming that XS is non-empty, we define the weak class XW (⊂ X0) as
the closure of XS in X and suppose that the dependence of φt(p; ·) upon (t, p) ∈ [0, T ]×XW

is characterized by using a family {Lpp̄(t) ∈ B(H) | p, p̄ ∈ XW , t ∈ [0, T ]} of bounded,
linear and invertible operators in H, where B(H) stands for the space of all bounded
linear operators in H, and a family {σpp̄,ε ∈ W 1,2(0, T ;H) | p, p̄ ∈ X , 0 < ε ≤ 1} as
follows:

(A1) There is a positive constant L0 such that

|Lpp̄ − I|C([0,T ];B(H)) + |L′
pp̄|L2(0,T ;B(H)) ≤ L0|p− p̄|X , ∀p, p̄ ∈ XW , (2.9)

where L′
pp̄(t) =

d
dt
Lpp̄(t) in B(H). Moreover, for any elements p, p̄ ∈ XW we have

L∗
pp̄(t) = L−1

pp̄ (t) = Lp̄p(t), ∀p, p̄ ∈ XW , ∀t ∈ [0, T ], (2.10)

namely the adjoint L∗
pp̄(t) of Lpp̄(t) coincides with the inverse of Lpp̄(t) and it is

Lp̄p(t) for all t ∈ [0, T ].

(A2) There is a positive constant σ0 such that

sup
t∈[0,T ]

φ0(σpp̄,ε(t)) ≤ σ0, |σpp̄,ε|W 1,2(0,T ;H) ≤ σ0(|p− p̄|X + ε), (2.11)

∀p, p̄ ∈ XW , ∀ε ∈ (0, 1].

(A3) There are a continuous function c0(·) on [0, 1] with c0(0) = 0 and a non-negative
continuous function c1(·) on [0, 1] with c1(0) = 0 satisfying the following property
that for any ε ∈ (0, 1] there is a positive number δε (< ε) such that for any p, p̄ ∈ XW

with |p̄ − p|X ≤ δε, any t ∈ [0, T ] and any z ∈ D(φt(p; ·)) the element z̄ := (1 +
c0(ε))Lpp̄(t)z + σpp̄,ε(t) belongs to D(φt(p̄; ·)) and

φt(p̄; z̄) ≤ φt(p; z) + c1(ε)(1 + φt(p; z)). (2.12)
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Remark 2.1. From the assumption XS ̸= ∅ we easily check K0(p) ̸= ∅ for any p ∈ XW . In
fact, for any p̃ ∈ XS the evolution inclusion ũ′(t)+φt(p̃; ũ(t)) ∋ 0, ũ(0) = ũ0 ∈ D(φ0(p̃; ·)),
has one and only one solution ũ ∈ W 1,2(0, T ;H). Therefore, for any p ∈ XW and ε ∈ (0, 1]
we choose p̃ ∈ XS such that |p− p̃|X ≤ δε, where δε is as in condition (A3) and put

u(t) = (1 + c0(ε))Lp̃p(t)ũ(t) + σp̃p,ε(t), t ∈ [0, T ].

We see from (A1)-(A3) that t → φt(p;u(t)) is bounded on [0, T ] and u ∈ W 1,2(0, T ;H).
Thus u ∈ K0(p).

The first main result is concerned with the existence and uniqueness of a weak solution
to CP (φt(p; ·); f, u0).

Theorem 2.1. Suppose that the family {φt(p, ·)|p ∈ XW , t ∈ [0, T ]} satisfies conditions
(Φ), (ΦS) and (A1)-(A3). Let p ∈ XW , f ∈ L2(0, T ;H) and u0 ∈ D(φ0(p; ·)) (the closure
of D(φ0(p; ·)) in H). Then:

(i) Let {pn}, {fn} and {u0n} with u0n ∈ D(φ0(pn; ·)) be any sequences in XS, L
2(0, T ;H)

and H, respectively, such that pn → p in X , fn → f in L2(0T ;H) and u0n →
u0 in H as n → ∞. Then the strong solution un of CP (φt(pn; ·); fn, u0n) con-
verges in C([0, T ];H) as n → ∞. Moreover, the limit u is a weak solution of
CP (φt(p; ·); f, u0).

(ii) CP (φt(p; ·); f, u0) admits one and only one weak solution.

The second theorem is concerned with the continuous dependence of the weak solution
of CP (φt(p; ·); f, u0) upon the data p, f and u0.

Theorem 2.2. Suppose that the family {φt(p, ·) | p ∈ XW , t ∈ [0, T ]} satisfies conditions
(Φ), (ΦS) and (A1)-(A3). Then:

(i) Let p ∈ XW , f, f̄ ∈ L2(0, T ;H) and u0, ū0 ∈ D(φt(p; ·)). Then, for the weak solution
u of CP (φt(p; ·); f, u0) and the weak solution ū of CP (φt(p; ·); f̄ , ū0) the following
inequality holds:

1

2
|u(t)−ū(t)|2H ≤ 1

2
|u0−ū0|2H+

∫ t

0

(f(τ)−f̄(τ), u(τ)−ū(τ))Hdτ, ∀t ∈ [0, T ]. (2.13)

(ii) Let {pn}, {fn} and {u0n} with u0n ∈ D(φ0(pn; ·)) be sequences in XW , L
2(0, T ;H)

and H, respectively, such that

pn → p in X , fn → f in L2(0, T ;H), u0n → u0 in H,

as n → ∞. Then the weak solution un of CP (φt(pn; ·); fn, u0n) converges to the
weak solution u of CP (φt(p; ·); f, u0) in C([0, T ];H).
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The original idea of the weak solvability for nonlinear evolution inclusions is found
in the paper [7] and a set of conditions {(A1), (A2), (A3)} is its generalization which
enables us to deal with a much wider class of nonlinear evolution inclusions generated by
time-dependent subdifferetials in a weak sense.

We shall prove the above theorems in section 3. Prior to it, conditions (A1)-(A3) are
illustrated by simple examples of φt(p; ·) in the finite dimensional cases of H and X.

Example 2.1. We simply consider the space R3 as H and R4 as X, and a continuous
convex function z 7→ φ0(z) := 1

2
|z|2 on R3 as φ0(·); we denote simply by |z| the norm

|z|R3 . Now, let X := W 1,2(0, T ;R3)× C([0, T ]) (⊂ C([0, T ];R4)). For positive constants
m∗, d∗ and d∗ with d∗ < d∗ we define X0 by

X0 := {p := [v, d] ∈ X | |v|W 1,2(0,T ;R3) ≤ m∗, d∗ ≤ d(t) ≤ d∗, ∀t ∈ [0, T ]}, (2.14)

which is a bounded, closed and convex subset of X .
Now, for each p := [v, d] ∈ X0 and t ∈ [0, T ] we put

Kt(p) := {z ∈ R3 | |z − v(t)| ≤ d(t)}, (2.15)

which is non-empty, compact and convex in R3, and define a proper, l.s.c. convex function
φt(p; ·) on R3 by

φt(p; z) :=


1

2
|z|2, if z ∈ Kt(p),

∞, otherwise,
(2.16)

namely

φt(p; z) :=
1

2
|z|2 + IKt(p)(z), ∀z ∈ R3, (2.17)

where IKt(p)(·) is the indicator function of Kt(p), i.e.

IKt(p)(z) :=

{
0, if z ∈ Kt(p),
∞, otherwise

It is easy to see that the family {φt(p; ·)} satisfies condition (Φ). Also, for any functions
p := [v, d], p̄ := [v̄, d̄] ∈ X0 and ε ∈ (0, 1] we take as Lpp̄(t) the identity I and as σpp̄,ε the
function v̄ − v + εv. We take also a positive constant m∗

1 such that

|w|C([0,T ];R3) ≤ m∗
1, ∀w with |w|W 1,2(0,T ;R3) ≤ m∗.

We begin to show that X1 := {p := [v, d] ∈ X0 | v ∈ C1([0, T ];R3), d ∈ C1([0, T ])} ⊂
XS. To this end, let p := [v, d] ∈ X1, s, t ∈ [0, T ] and z ∈ Ks(p). Then we have

|z − v(s)| ≤ d(s) = d(t) · d(s)
d(t)

which is rewritten in the form

|z̃ − v(t)| ≤ d(t), with z̃ :=
d(t)

d(s)
z − d(t)

d(s)
v(s) + v(t).

Therefore z̃ ∈ Kt(p) and

|z̃ − z| ≤ |d(t)− d(s)|
d∗

(|z|+ |v(s)|) + |v(t)− v(s)| ≤ C|t− s|(2m∗
1 + d∗ + 1),
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where C = 1
d∗
(|d|C1([0,T ]) + |v|C1([0,T ])). It follows immediately from this inequality that

condition (Φ)S holds for

ap,r(t) = C(2m∗
1 + d∗ + 1)t, bp,r(t) = C(m∗

1 + d∗)(2m∗
1 + d∗ + 1)t.

This implies that X1 ⊂ XS ⊂ X0. Since X1 is dense in X0 with respect to the topology of
X , we have XW = X0.

As (A1) is easily checked, we show (A2) and (A3) below. Given ε ∈ (0, 1), assume
that p := [v, d] ∈ X0, p̄ := [v̄, d̄] ∈ X0, |v̄− v|W 1,2(0,T ;R3) ≤ ε and |d̄(t)− d(t)| ≤ εd∗ for all
t ∈ [0, T ]. If |z − v(t)| ≤ d(t), then we have by d̄(t) ≥ d∗

(1− ε)|z − v(t)| ≤ (1− ε)d(t) ≤ (1− ε)(εd∗ + d̄(t)) = d̄(t)− εd̄(t) + (1− ε)εd∗ ≤ d̄(t).

Therefore, putting

z̄ := (1− ε)(z − v(t)) + v̄(t) = (1− ε)z + σpp̄,ε(t),

we see that
|z̄ − v̄(t)| ≤ d̄(t), hence z̄ ∈ Kt(p̄),

φt(p̄; z̄)− φt(p; z) =
1

2
|z̄|2 − 1

2
|z|2 ≤ c2ε =: c1(ε),

|σ′
pp̄,ε(t)| ≤ |v̄′(t)− v′(t)|+ ε|v′(t)|, hence |σpp̄,ε|W 1,2(0,T ;R3) ≤ σ0(|p− p̄|X + ε),

for certain positive constants c2 and σ0 depending only on the class X0. Thus (A2) and
(A3) hold.

Example 2.2. We take again H = R3, X = R4, φ0(z) = 1
2
|z|2 on R3 and X =

W 1,2(0, T ;R3)×C([0, T ]), just as Example 2.1. Now, for positive constants R0, R1, R2 (>
R1), m

∗, d∗, d
∗ (> d∗) we put

VR0,R1,R2 := {v = (v(1), v(2), v(3)) | |v(1)| ≤ R0, |v(2)| ≤ R0, R1 ≤ v(3) ≤ R2},

X0 :=

{
p = [v, d] ∈ X

∣∣∣∣ |v|W 1,2(0,T ;R3) ≤ m∗,
v(t) ∈ VR0,R1,R2 , d∗ ≤ d(t) ≤ d∗, ∀t ∈ [0, T ]

}
and for p := [v, d] ∈ X0 and t ∈ [0, T ]

φt(p; z) =
1

2
|z|2 + IKt(p), ∀z ∈ R3,

with
Kt(p) = {z ∈ R3 | (v(t), z − v(t)) = 0, |z − v(t)| ≤ d(t)}. (2.18)

Next, we define the families {Lpp̄} and {σpp̄,ε}. To do so, given any non-zero vector
v = (v(1), v(2), v(3)) ∈ R3, let us consider the hyperplane which is orthogonal to the vector
v at the point (v(1), v(2), v(3)). Denote it by Γ(v); note that v ∈ Γ(v).

Also, given p := [v, d], p̄ := [v̄, d̄] ∈ X0 , we denote by αvv̄(t) the angle which is made
by the vectors v(t) and v̄(t), namely αvv̄(t) is given by the formula

cosαvv̄(t) =
(v(t), v̄(t))

|v(t)| |v̄(t)|
, 0 ≤ αvv̄(t) ≤ π − µ (2.19)
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for a small positive constant µ depending only on X0. In the case when v(t) and v̄(t) are

linearly independent, denote by ℓ̂vv̄(t) = (ℓ̂
(1)
vv̄ (t), ℓ̂

(2)
vv̄ (t), ℓ̂

(3)
vv̄ (t)) the unit vector through

the origin which is orthogonal to two vectors v(t) and v̄(t), namely ℓ̂vv̄(t) = v(t)×v̄(t)
|v(t)×v̄(t)| ,

and consider the rotation Rvv̄(t) with angle αvv̄(t) around the axis ℓ̂vv̄(t). In the linearly
dependent case of v(t) and v̄(t) we put Rvv̄(t) = I. By using this rotation we define

Lpp̄(t) = Rvv̄(t), σpp̄,ε(t) =

(
1− |v(t)|

|v̄(t)|

)
v̄(t) + ε

|v(t)|
|v̄(t)|

v̄(t), 0 ≤ t ≤ T, (2.20)

for any ε ∈ (0, 1]. We note that the mapping z → z̄ given by

z̄ − v̄(t) = (1− ε)Rvv̄(t)(z − v(t)), namely z̄ = (1− ε)Rvv̄(t)z + σpp̄,ε(t), (2.21)

maps v(t) to v̄(t) and the plane Γ(v(t)) onto Γ(v̄(t)).

(Properties of Rvv̄(t))
Let p = [v, d], p̄ = [v̄, d̄] ∈ X0. When v(t) and v̄(t) are linearly independent, we have

the expression of Rvv̄(t) in the form, which is called Rodrigues’ rotation formula,

Rvv̄(t) = I + sinαvv̄(t)Mvv̄(t) + (1− cosαvv̄(t))Mvv̄(t)
2 (2.22)

with

Mvv̄(t) :=

 0 −ℓ̂(3)vv̄ (t) ℓ̂
(2)
vv̄ (t)

ℓ̂
(3)
vv̄ (t) 0 −ℓ̂(1)vv̄ (t)

−ℓ̂(2)vv̄ (t) ℓ̂vv̄(1)(t) 0

 . (2.23)

Also, the the third term of the right side of (2.22) is written in the form

(1− cosαvv̄(t))Mvv̄(t)
2 =

1

2 cos2 αvv̄(t)
2

((sinαvv̄(t))Mvv̄(t))
2.
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Here we observe from |v(t)× v̄(t)| = (sinαvv̄(t))|v(t)||v̄(t)| that

(sinαvv̄(t))ℓ̂vv̄(t) =
v(t)× v̄(t)

|v(t)||v̄(t)|
=

(v(t)− v̄(t))× v̄(t)

|v(t)||v̄(t)|
. (2.24)

The right side of (2.24) is differentiable a.e. in t ∈ [0, T ], so is the left side. Therefore, by
putting the left side of (2.24) to be 0 for t at which v(t) and v̄(t) are linearly dependent,
(2.24) makes sense for a.e. t ∈ [0, T ] and (sinαvv̄)ℓ̂vv̄ ∈ W 1,2(0, T ;R3). Simultaneously
this shows by the expression (2.23) that Rvv̄(t) is differentiable in t a.e. on [0, T ], and
furthermore it follows from (2.22) and (2.24) that

|Rvv̄(t)− I|B(R3) ≤ cX0 |v(t)− v̄(t)| (2.25)

and

|R′
vv̄(t)|B(R3) ≤ cX0(|v′(t)|+ |v̄′(t)|+ 1)(|v(t)− v̄(t)|+ |v′(t)− v̄′(t)|) (2.26)

for a.e. t ∈ [0, T ], where cX0 is a positive constant depending only on the class X0;
hereafter we denote such a generic positive constant by cX0 .

By the way we check the differentiability of αvv̄(t). For simplicity, put v̂(t) = v(t)
|v(t)| and

ˆ̄v(t) = v̄(t)
|v̄(t)| . Since |v̂(t)− ˆ̄v(t)| = 2 sin αvv̄(t)

2
, it follows that

δ0αvv̄(t) ≤
sin αvv̄(t)

2
αvv̄(t)

2

· αvv̄(t) = 2 sin
αvv̄(t)

2
=

∣∣v̂(t)− ˆ̄v(t)
∣∣ ,

where δ0 = min{ sinx
x

| 0 ≤ x ≤ π
2
− µ

2
} (> 0), so that

αvv̄(t) ≤ cX0 |v(t)− v̄(t)|, ∀t ∈ [0, T ]. (2.27)

Furthermore it follows that

lim
∆t→0

2

∆t

{
sin

αvv̄(t+∆t)

2
− sin

αvv̄(t)

2

}
= lim

∆t→0

1

∆t

{∣∣v̂(t+∆t)− ˆ̄v(t+∆t)
∣∣− ∣∣v̂(t)− ˆ̄v(t)|

∣∣}
= lim

∆t→0

1

∆t
· |v̂(t+∆t)− ˆ̄v(t+∆t)|2 − |v̂(t)− ˆ̄v(t)|2

|v̂(t+∆t)− ˆ̄v(t+∆t)|+ |v̂(t)− ˆ̄v(t)|

=
(v̂′(t)− ˆ̄v′(t), v̂(t)− ˆ̄v(t))

|v̂(t)− ˆ̄v(t)|
,

(2.28)

provided that v̂(t) ̸= ˆ̄v(t), namely v(t) and v̄(t) are linearly independent. The last equality
of (2.28) is not larger than |v̂′(t)−ˆ̄v′(t)| and αvv̄(t) = 0 in the case of v̂(t) = ˆ̄v(t). Therefore,

sin αvv̄

2
is differentiable a.e. on [0, T ] and | d

dt
sin αvv̄(t)

2
| ≤ 1

2
|v̂′(t)− ˆ̄v′(t)| for a.e. t ∈ [0, T ],

so that αvv̄(t) is differentiable a.e. on [0, T ] and

|α′
vv̄(t)| ≤

1

δ1
|v̂′(t)− ˆ̄v′(t)| ≤ cX0 |v′(t)− v̄′(t)|, (2.29)
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where δ1 = min{cosx | 0 ≤ x ≤ π
2
− µ

2
} (> 0).

(Verification of (A1)-(A3))
Condition (A1) is obtained by (2.25) and (2.26), and (A2) is easily checked from

(2.20) and (2.21), since v, v̄ ∈ W 1,2(0, T ;R3). Next, we verify (A3). Let ε ∈ (0, 1] be any
number, and let p = [v, d] and p̄ = [v̄, d̄] be any elements in X0 so that |d̄(t)− d(t)| ≤ εd∗
for any t ∈ [0, T ] and |v̄− v|C([0,T ];R3) + |v̄′ − v′|L2(0,T ;R3) ≤ ε. Then it follows that for any
z ∈ D(φt(p; ·)) = Kt(p) the element z̄ given by (2.21) satisfies

|z̄ − v̄(t)| ≤ (1− ε)|z − v(t)| ≤ (1− ε)d(t) ≤ d̄(t), hence z̄ ∈ Kt(p̄).

Therefore the mapping (2.21) maps Kt(p) into Kt(p̄) and by (2.25)

|z̄ − z| ≤ (1− ε)|Rvv̄(t)− I|B(R3)|z|+ σpp̄,ε + ε|z|
≤ (1− ε)cX0 |v(t)− v̄(t)||z|+ σpp̄,ε + ε|z|.

It is easy to derive (A3) from the above inequalities with continuous functions c0(ε) = −ε
and c1(ε) = c2ε for a positive constant c2.

(Verification of (Φ) and (ΦS))
The verification of (Φ) is easy for φ0(z) =

1
2
|z|2 on R3, and regarding (ΦS) we observe

that X1 := {p = [v, d] ∈ X0 | v ∈ C1([0T ];R3), d ∈ C1([0, T ])} ⊂ XS, whence XW =
X0. In fact, to show this we use the rotation Rv(s, t) with the angle αv(s, t), given by

cosαv(s, t) =
(v(s),v(t))
|v(s)||v(t)| , around the axis ℓ̂v(s, t) = (ℓ̂

(1)
v (s, t), ℓ̂

(2)
v (s, t), ℓ̂

(3)
v (s, t)) := v(s)×v(t)

|v(s)×v(t)|

in the case of v̂(s) := v(s)
|v(s)| ̸= v̂(t) := v(t)

|v(t)| for each p = [v, d] ∈ X1 and s, t ∈ [0, T ]; by

definition Rv(s, t) = I in the case of v̂(s) = v̂(t). Now, given z ∈ Ks(p), consider

z̃ :=
d(t)

d(s)
Rv(s, t)z +

(
1− d(t)|v(s)|

d(s)|v(t)|

)
v(t) =

d(t)

d(s)
Rv(s, t)(z − v(s)) + v(t). (2.29)

Then z̃ ∈ Kt(p) and

|z̃ − z| ≤ d(t)

d(s)
|(Rv(s, t)− I)z|+

∣∣∣∣ d(t)d(s)
− 1

∣∣∣∣ |z|+ |v(t)| − d(t)

d(s)
|v(s)|. (2.30)

Just as in the case of rotation Rvv̄(t), we have the expression of Rv(s, t), of the form

Rv(s, t) = I + sinαv(s, t)Mv(s, t) + (1− cosαv(s, t))Mv(s, t)
2, if v̂(s) ̸= v̂(t), (2.31)

with a matrix Mv(s, t) of the form

Mv(s, t) :=

 0 −ℓ̂(3)v (s, t) ℓ̂
(2)
v (s, t)

ℓ̂
(3)
v (s, t) 0 −ℓ̂(1)v (s, t)

−ℓ̂(2)v (s, t) ℓ̂
(1)
v (s, t) 0

 ,

provided that v̂(s) ̸= v̂(t); the formula (2.31) makes sense in the case of v̂(s) = v̂(t) by the
same reason as before. Moreover we get the following estimates of αv(s, t) and Rv(s, t)
similar to those of αvv̄(t) and Rvv̄(t):

sinαv(s, t) ≤ αv(s, t) ≤ cX0 |v(t)− v(s)|, ∀s, t ∈ [0, T ], s ≤ t, (2.32)
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and

lim
t↓s

2

t− s
sin

αv(s, t)

2
= lim

t↓s

1

t− s
|v̂(t)− v̂(s)| = |v̂′(s)|, ∀s ∈ [0, T ],

whence

lim
t↓s

αv(s, t)

t− s
= |v̂′(s)| ≤ cX0|v′(s)|, ∀s ∈ [0, T ] (2.33)

As a consequence, we have by (2.31) with (2.32) and (2.33)∣∣∣∣limt↓s Rv(s, t)− I

t− s

∣∣∣∣
B(R3)

≤ cX0 |v′(s)|, ∀s ∈ [0, T ).

|Rv(s, t)− I|B(R3) ≤ cX0

∫ t

s

|v′(τ)|dτ, 0 ≤ ∀s ≤ ∀t ≤ T,

(2.34)

On account of estimates (2.34) we derive from (2.30) that

|z̃ − z| ≤ cX0(1 + |z|)
∫ t

s

(|v′(τ)|+ |d′(τ)|+ 1)dτ. (2.35)

This inequality implies that (ΦS) holds for p ∈ X1. Thus X1 ⊂ XS and XW = X0, since
X1 is dense in X0 with respect to the topology of X .

Remark 2.2. The main difference between the above examples is that the dimension of
convex constraint sets is three in Example 2.1, while that is two in Example 2.2. In the
former case we do not use any rotation operator in order to verify conditions (A1)-(A3),
but in the latter case we need it to do so.

Remark 2.3. In the set-up of weak formulation of the type (2.7) we need the non-empty
class K0(p) of test functions (cf. (2.8)) and any test function η must be in W 1,2(0, T ;H).
This requires at least that the hyperplane including time-dependent convex constraint set
must move smoothly in time. This is why we need the square-summable time-derivatives
of rotation Rvv̄(t) and function σpp̄,ε(t) in Example 2.2.

3 Proof of Theorems 2.1 and 2.2

In this section, we give the proofs of Theorems 2.1 and 2.2.

Proof of Theorem 2.1.
Let p ∈ XW , f ∈ L2(0, T ;H), u0 ∈ D(φ0(p; ·)). Let {pn}, {fn} and {u0n} be sequences

as in the statement (i). We use the following simple notation:

Lnm(t) := Lpnpm(t), σnm,ε(t) := σpnpm,ε(t),

where Lpnpm and σpnpm,ε are the operators and functions given in (A1)− (A3) for param-
eters pn, pm ∈ X0 and ε ∈ (0, 1].
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Now, for each n, problem

u′n(t) + ∂φt(pn;un(t)) ∋ fn(t) in H, a.e. t ∈ (0, T ), un(0) = u0n, (3.1)

has a unique strong solution un ∈ W 1,2(0, T ;H) such that t→ φt(pn;un(t)) is absolutely
continuous on [0, T ]. The evolution inclusion in (3.1) is equivalent to

(u′n(t), un(t)− z)H + φt(pn;un(t)) ≤ φt(pn; z) + (fn(t), un(t)− z)H , (3.2)

∀z ∈ H, a.e. t ∈ (0, T ).

For any small ε ∈ (0, 1] it follows from (A1)− (A3) that there is a positive integer Nε

such that for all integers n, m ≥ Nε

ũmn(t) := (1 + c0(ε))Lmn(t)um(t) + σmn,ε(t) ∈ D(φt(pn; ·)), (3.3)

ũ′mn(t) := (1 + c0(ε))Lmn(t)u
′
m(t) + σ′

mn,ε(t) + (1 + c0(ε))L
′
mn(t)um(t) (3.4)

and
φt(pn; ũmn(t)) ≤ φt(pm;um(t)) + c1(ε)(1 + φt(pm;um(t))). (3.5)

Lemma 3.1. There is a constant M1 :=M1(p) ≥ 0 (depending on p) such that

|un|C([0,T ];H) +

∫ T

0

φt(pn;un(t))dt ≤M1, ∀n ∈ N. (3.6)

Proof. Fix m ≥ Nε and consider ũmn as given by (3.3) for all n ≥ Nε. Then, by taking
z = ũmn(t) in (3.2) we obtain

(u′n(t), un(t)− ũmn(t))H +φt(pn;un(t)) ≤ φt(pn; ũmn(t))+ (fn(t), un(t)− ũmn(t))H . (3.7)

Using the integration by parts in (3.7), we see that

d

dt

{
1

2
|un(t)|2H − (un(t), ũmn(t))H

}
+ φt(pn;un(t))

≤ −(un(t), ũ
′
mn(t))H + φt(pn; ũmn(t)) + (fn(t), un(t)− ũmn(t))H .

(3.8)

Moreover it follows from (3.3), (3.4) and (3.5) that {ũmn}n≥Nε is bounded inW 1,2(0, T ;H)
and {φ(·)(pn; ũmn(t))dt}n≥Nε is bounded in C([0, T ]), as long asm is fixed. Now, rearrange
(3.8) in the form

d

dt
Gn(t) ≤ m1Gn(t) +m2(1 + |fn(t)|2H + |ũmn(t)|2H + |ũ′mn(t)|2H)

where Gn(t) =
1
2
|un(t)|2H − (un(t), ũmn(t))H and m1 and m2 are positive constants inde-

pendent of n. Applying the Gronwall’s inequality to it, we get that Gn(t) is uniformly
bounded on [0, T ] and hence {un} is bounded in C([0, T ];H). As a consequence, by going

back to (3.2), we see that
∫ T

0
φt(vn;un(t))dt is bounded, too. Thus (3.6) holds for a certain

positive constant M1 ≥ 0. ♢
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By taking ũmn(t) as z in (3.2) to get (3.7) again and substituting (3.3) and (3.5) we
obtain that

(u′n(t), un(t)− um(t))H + φt(vn;un(t))

≤ φt(vm;um(t)) + (fn(t), un(t)− um(t))H + Γnm,ε(t) + Γ̃nm,ε(t),
(3.9)

where

Γnm,ε(t) := (u′n(t), (Lmn(t)− I)um(t))H + c0(ε)(u
′
n(t), Lmn(t)um(t))H

+
d

dt
(un(t), σmn,ε(t))H

(3.10)

Γ̃nm,ε(t) := (f(t), (I − Lmn(t))um(t)− c0(ε)Lmn(t)um(t)− σmn,ε(t))H

− (un(t), σ
′
mn,ε(t))H + c1(ε)(1 + φt(pm;um(t))).

(3.11)

Now, exchanging n and m in (3.9) and (3.10)-(3.11), we similarly have

(u′m(t), um(t)− un(t))H + φt(pm;um(t))

≤ φt(pn;un(t)) + (fm(t), um(t)− un(t))H + Γmn,ε(t) + Γ̃mn,ε(t).
(3.12)

Now, adding (3.9) and (3.12), we obtain that

1

2

d

dt
|un(t)− um(t)|2H ≤ (fn(t)− fm(t), un(t)− um(t))H (3.13)

+ Γmn,ε(t) + Γnm,ε(t) + Γ̃mn,ε(t) + Γ̃nm,ε(t)

for a.e. t ∈ [0, T ]. As to the right hand side of (3.13) we prepare the following lemma.

Lemma 3.2. (i) We have that

Γmn,ε(t) + Γnm,ε(t)

=
d

dt
{(un(t), (Lmn(t)− I)um(t))H}+ c0(ε)

d

dt
(un(t), Lmn(t)um(t))H

+
d

dt
{(un(t), σmn,ε(t))H + (um(t), σnm,ε(t))H}

− (1 + c0(ε))(un(t), L
′
mn(t)um(t))H

(3.14)

and as ε→ 0 (and hence n, m→ ∞)∫ t

0

{Γmn,ε(τ) + Γnm,ε(τ)}dτ → 0 uniformly in t ∈ [0, T ]. (3.15)

(ii) As ε→ 0 (and hence n, m→ ∞) we have that∫ T

0

{∣∣∣Γ̃mn,ε(τ)
∣∣∣+ ∣∣∣Γ̃nm,ε(τ)

∣∣∣} dτ → 0. (3.16)
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Proof. By (3.10) we have for a.e. τ ∈ [0, T ]

Γmn,ε(τ) + Γnm,ε(τ)

= (u′n(τ), (Lmn(τ)− I)um(τ))H + (u′m(τ), (Lnm(τ)− I)un(τ))H

+c0(ε){(u′n(τ), Lmn(τ)um(τ))H + (u′m(τ), Lnm(τ)un(τ))H}

+
d

dτ
{(un(τ), σmn,ε(τ))H + (um(τ), σnm,ε(τ))H}

=
d

dτ
(un(τ), (Lmn(τ)− I)um(τ))H − (un(τ), L

′
mn(τ)um(τ))H

+c0(ε)
d

dτ
(un(τ), Lmn(τ)um(τ))H − c0(ε)(un(τ), L

′
mn(τ)um(τ))H

+
d

dτ
{(un(τ), σmn,ε(τ))H + (um(τ), σnm,ε(τ))H}

=
d

dτ
(un(τ), (Lmn(τ)− I)um(τ))H + c0(ε)

d

dτ
(un(τ), Lmn(τ)um(τ))H

+
d

dτ
{(un(τ), σmn,ε(τ))H + (um(τ), σnm,ε(τ))H}

−(1 + c0(ε))(un(τ), L
′
mn(τ)um(τ))H .

Thus (3.14) holds. Now, integrating it in τ over [0, t] yields that∣∣∣∣∫ t

0

{Γmn,ε(τ) + Γnm,ε(τ)}dτ
∣∣∣∣

≤ 2T
{
|Lmn − I|C([0,T ];B(H)) + |c0(ε)||Lmn|C([0,T ];B(H))

}
|un|C([0,T ];H)|um|C([0,T ];H)

+(1 + |c0(ε)|)|un|C([0,T ];H)|um|C([0,T ];H)

∫ T

0

|L′
mn(τ)|B(H)dτ

+2|un|C([0,T ];H)|σmn,ε|C([0,T ];H)|H + 2|um|C([0,T ];H)|σnm,ε|C([0,T ];H).

Since |pn − pm|X → 0 as n, m → ∞, it follows from conditions (A1)-(A3) and estimate
(3.6) of Lemma 3.1 that the right side of the above inequality tends to 0 as ε → 0 and
n, m→ ∞, so that (3.15) is obtained. Similarly (3.16) is proved. ♢

Finally, we have by integrating (3.13) in time that

1

2
|un(t)− um(t)|2H ≤ 1

2
|u0n − u0m|2H +

∫ t

0

(fn(τ)− fm(τ), un(τ)− um(τ))Hdτ

+

∫ t

0

{Γmn,ε(τ) + Γnm,ε(τ)}dτ +
∫ T

0

{∣∣∣Γ̃mn,ε(τ)
∣∣∣+ ∣∣∣Γ̃nm,ε(τ)

∣∣∣} dτ
for all t ∈ [0, T ]. By virtue of Lemma 3.2, we conclude that {un} is a Cauchy sequence in
C([0, T ];H). We denote by u its limit in C([0, T ];H) and it is clear that u(0) = u0. Next
we show that u is a weak solution of CP (φt(p; ·); f, u0). To see it we note (cf. (2.7)) that
un satisfies∫ t

0

(η′n(τ), un(τ)− ηn(τ))Hdτ +

∫ t

0

φτ (pn;un(τ))dτ +
1

2
|un(t)− ηn(t)|2H
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≤
∫ t

0

φτ (pn; ηn(τ))dτ +

∫ t

0

(fn(τ), un(τ)− ηn(τ))Hdτ +
1

2
|u0n − ηn(0)|2H , (3.17)

∀ηn ∈ K0(pn), ∀t ∈ (0, T ],

Let ε > 0 be a small number. Then, by conditions (A1)-(A3), there is a large integer Nε

such that for any η ∈ K0(p) the function

ηnε(t) := (1 + c0(ε))Lppn(t)η(t) + σppn,ε(t)

satisfies that ηnε(t) ∈ D(φt(pn; ·)) for any n ≥ Nε, and we see that

ηnε → η in W 1,2(0, T ;H), φ(·)(pn; ηnε) → φ(·)(p; η) in L1(0, T )

as ε→ 0 and n→ ∞. Also, by (iii) of (Φ),

∞ > lim inf
n→∞

∫ t

0

φτ (pn;un(τ))dτ ≥
∫ t

0

φτ (p;u(τ))dτ, ∀t ∈ [0, T ].

Therefore, taking ηnε as ηn in (3.17) and letting ε → 0 and n → ∞, we have (2.7). This
shows that u is a weak solution of CP (φt(p; ·); f, u0).

In order to accomplish the proof of Theorem 2.1 it remains to prove the uniqueness of
weak solution of CP (φt(p; ·); f, u0). Let ū be any weak solution of CP (φt(p; ·); f, u0). We
shall show below that ū coincides with the weak solution u which was constructed above
as the limit of the strong solution un of CP (φt(pn; ·); fn, u0n). For every large n and small
ε > 0 we put

ūnε(τ) := (1 + c0(ε))Lppn(τ)ū(τ) + σppn,ε(τ) ∈ D(φτ (pn; ·)). (3.18)

and
ũnε(τ) := (1 + c0(ε))Lpnp(τ)un(τ) + σpnp,ε(τ) ∈ D(φτ (p; ·)); (3.19)

in this case we have by (2.12)

φτ (pn; ūnε(τ)) ≤ φτ (p; ū(τ)) + c1(ε)(1 + φτ (p; ū(τ)) (3.20)

and
φτ (p; ũnε(τ)) ≤ φτ (pn;un(τ)) + c1(ε)(1 + φτ (pn;un(τ)). (3.21)

Now we note that un satisfies∫ t

0

(u′n(τ), un(τ)− ūnε(τ))Hdτ +

∫ t

0

φτ (pn;un(τ))dτ

≤
∫ t

0

φτ (pn; ūnε(τ))dτ +

∫ t

0

(fn(τ), un(τ)− ūnε(τ))Hdτ

(3.22)

as well as ū satisfies∫ t

0

(ũ′nε(τ), ū(τ)− ũnε(τ))Hdτ +

∫ t

0

φτ (p; ū(τ))dτ +
1

2
|ū(t)− ũnε(t)|2H

≤
∫ t

0

φτ (p; ũnε(τ))dτ +

∫ t

0

(f(τ), ū(τ)− ũnε(τ))Hdτ +
1

2
|u0 − ũnε(0)|2H

(3.23)
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for all t ∈ (0, T ]. Substitute (3.20) and (3.21) in (3.22) and (3.23), respectively, and add
these resultants to obtain that

1

2
|ū(t)− ũnε(t)|2H ≤ 1

2
|u0 − ũnε(0)|2H +

∫ t

0

{(fn, un − ūnε)H + (f, ū− ũnε)H}dτ

−
∫ t

0

(u′n, un − ūnε)Hdτ −
∫ t

0

(ũ′nε, ū− ũnε)Hdτ (3.24)

+ c1(ε)

∫ t

0

(2 + φτ (p; ū) + φτ (pn;un))dτ

for all t ∈ [0, T ]. Here note from (3.18) and (3.19) that∫ t

0

(u′n, un − ūnε)Hdτ +

∫ t

0

(ũ′nε, ū− ũnε)Hdτ

=

∫ t

0

(u′n, un)Hdτ − (1 + c0(ε))

∫ t

0

(u′n, Lppnū)Hdτ −
∫ t

0

(u′n, σppn,ε)Hdτ

+(1 + c0(ε))

∫ t

0

(Lpnpu
′
n, ū)Hdτ − (1 + c0(ε))

2

∫ t

0

(Lpnpu
′
n, Lpnpun)Hdτ

−(1 + c0(ε))

∫ t

0

(Lpnpu
′
n, σppn,ε)Hdτ +

∫ t

0

((1 + c0(ε))L
′
pnpun + σ′

pnp,ε, ū− ũnε)Hdτ

= −1

2
(2c0(ε) + c0(ε)

2)(|un(t)|2H − |un(0)|2H)− (un(t), σppn,ε(t))H + (un(0), σppn,ε(0))H

+

∫ t

0

(un, σ
′
ppn,ε)Hdτ − (1 + c0(ε))(Lpnp(t)un(t), σppn,ε(t))H

+(1 + c0(ε))(Lpnp(0)un(0), σppn,ε(0))H + (1 + c0(ε))

∫ t

0

(
un, L

′
ppnσppn,ε

)
H
dτ

+

∫ t

0

((1 + c0(ε))L
′
pnpun + σ′

pnp,ε, ū− ũnε)Hdτ,

which tends to 0 unformly in t ∈ [0, T ] as n,m → ∞ and ε → 0 (cf. (2.9)-(2.11)).
Similarly∫ t

0

{(fn, un − ūnε)H + (f, ū− ũnε)H}dτ =

∫ t

0

(f, ū− ũnε + un − ūnε)Hdτ

+

∫ t

0

(fn − f, un − ūnε)Hdτ → 0

uniformly in t ∈ [0, T ] as n,m → ∞ and ε → 0. Therefore, from (3.24) we obtain an
inequality of the form:

lim sup
ε→0,n→∞

|ū(t)− ũnε(t)|2H ≤ 0,

which shows that ū(t) = u(t) for all t ∈ [0, T ], since ũnε(t) → u(t) as n → ∞ and ε → 0.
Thus the weak solution of CP (φt(p; ·);u0, f) is unique. ♢
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Proof of Theorem 2.2.
We first prove (i). Let u be the weak solution of CP (φt(p; ·); f, u0) as well as ū be

the weak solution of CP (φt(p; ·); f̄ , ū0) for p ∈ XW , f, f̄ ∈ L2(0, T : H) and u0, ū0 ∈
D(φ0(p; ·)). Now, choose sequences {pn} ⊂ XS, {u0n} ⊂ H with u0n ∈ D(φ0(pn; ·)) and
{ū0n} ⊂ H with ū0n ∈ D(φ0(pn; ·)) such that pn → p in X , u0n → u0 in H and ū0n → ū0
in H (as n → ∞). Denoting by un and ūn the strong solutions of CP (φt(pn; ·); f, u0n)
and CP (φt(pn; ·); f̄ , ū0n), respectively, as was seen in Theorem 2.1, we see that un → u
and ūn → ū in C([0, T ];H). Also, by taking the difference of equations satisfied by strong
solutions un and ūn we have

u′n(τ)− ū′n(τ) + ξn(τ)− ξ̄n(τ) = f(τ)− f̄(τ), a.e. τ ∈ (0, T ), (3.25)

where ξn(τ) ∈ ∂φτ (pn;un(τ)) and ξ̄n(τ) ∈ ∂φτ (pn; ūn(τ)) for a.e. τ ∈ (0, T ). Now, taking
the inner product between (3.25) and un(τ) − ūn(τ) and integrating the resultants in τ
over [0, t], we get

1

2
|un(t)− ūn(t)|2H +

∫ t

0

(ξn(τ)− ξ̄n(τ), un(τ)− ūn(τ))H (3.26)

=
1

2
|u0n − ū0n|2H +

∫ t

0

(f(τ)− f̄(τ), un(τ)− ūn(τ))H .

By the monotonicity of subdifferentials the second term of the left side of (3.26) is non-
negative. Hence, passing to the limit as n→ ∞, we obtain (2.13).

Next we prove (ii). We use the same notations as in the statement (ii) of Theorem 2.2.
For each n we note that un and u0n can be approximated by p̂n ∈ XS and û0n ∈ D(φ0(p̂n; ·)
so that |pn − p̂n|X ≤ 1

n
and |u0n − û0n|H ≤ 1

n
. Moreover, denoting by ûn the strong

solution of CP (φt(p̂n; ·); fn, û0n), we may assume on account of Theorem 2.1,(i) that
|un − ûn|C([0,T ];H) <

1
n
. Since

p̂n → p in X , û0n → u0 in H,

it follows from (i) of Theorem 2.1 that ûn → u and hence un → u in C([0, T ];H). ♢

4 Quasi-variational Problems

In this section, we use the same notation as in section 2; let Φ0 be the convex function
defined by (2.2). As an application of Theorems 2.1 and 2.2, we treat a quasi-variational
problem with feedback system Λp0 which is an (single-valued) operator, associated with
initial value p0 ∈ X, from C([0, T ];H) ∩D(Φ0) into XW such that

(Λ1) [Λp0u](0) = p0, ∀u ∈ C([0, T ];H) ∩D(Φ0),

(Λ2) if {un} ⊂ D(Φ0), un → u in C([0, T ];H) (as n → ∞) and supn∈NΦ0(un) < ∞,
then Λp0un → Λp0u in X ,
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(Λ3) for each M > 0, Λp0 maps the set {u ∈ C([0, T ];H) | |u|C([0,T ];H) + Φ0(u) ≤ M}
into a relatively compact subset of XW .

Now, our quasi-variational problem is formulated by the following system:

u′(t) + ∂φt(p;u(t)) ∋ f(t) in H, 0 < t < T, u(0) = u0, (4.1)

p = Λp0u in X0. (4.2)

We denote system (4.1)-(4.2) by QV P (φt,Λp0 ; f, u0).

Definition 4.1. We call {u, p} a weak solution ofQV P (φt,Λp0 ; f, u0), if u ∈ C([0, T ];H)∩
D(Φ0), Λp0u = p and u is the weak solution of CP (φt(p; ·); f, u0), or equivalently if u is
the weak solution of CP (φt(Λp0u; ·); f, u0).

Our existence result for QV P (φt,Λp0 ; f, u0) is stated as follows.

Theorem 4.1. Suppose that the family {φt(p; ·)|p ∈ XW , t ∈ [0, T ]} satisfies conditions
(Φ), (ΦS) and (A1)− (A3) and that XW is convex in X . Let p0 be an element in X such
that XW (p0) := {p ∈ XW | p(0) = p0} is non-empty in XW and Λp0 be a feedback system
such that (Λ1) − (Λ3) hold. Suppose that there is a positive constant M∗ such that for
any p ∈ XW there is a function η in K0(p) satisfying

|η|W 1,2(0,T ;H) +

∫ T

0

φt(p; η(t))dt ≤M∗. (4.3)

Moreover, let f ∈ L2(0, T ;H) and u0 ∈ H such that u0 ∈ D(φ0(p̃; ·)) for some p̃ ∈
XW (p0) (hence for all p ∈ XW (p0)). Then, there exists at least one weak solution of
QV P (φt,Λp0 ; f, u0).

Proof. We note that XW (p0) is non-empty, closed and convex in X . According to
Theorem 2.1, for each p ∈ XW (p0), CP (φ

t(p; ·); f, u0) admits one and only one weak
solution u. Now we denote by W(p0, u0) the set of weak solutions u of CP (φt(p; ·); f, u0)
for all p ∈ XW (p0), namely

W(p0, u0) := {u | u is the weak solution of CP (φt(p; ·); f, u0), p ∈ XW (p0)}.

We first observe from (4.3) that supu∈W(p0,u0){|u|C([0,T ];H) + Φ0(u)} < ∞. Let u be the
weak solution of CP (φt(p; ·); f, u0) with p ∈ XW (p0). Let η ∈ K0(p) be a test function
satisfying (4.3). Then it follows from (4.3) that |η|2C([0,T ];H) ≤ M∗

1 , |η′|2L2(0,T ;H) ≤ M∗
1 and∫ T

0
φt(p; η(t))dt ≤ M∗

1 for some positive constant M∗
1 depending only on M∗. Moreover

we have by (2.7)∫ t

0

(η′(τ), u(τ)− η(τ))Hdτ +

∫ t

0

φτ (p;u(τ))dτ +
1

2
|u(t)− η(t)|2H

≤
∫ t

0

φτ (p; η(τ))dτ +

∫ t

0

(f(τ), u(τ)− η(τ))Hdτ +
1

2

∣∣u0 − η(0)
∣∣2
H
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for all t ∈ (0, T ]. From this inequality we get that∫ t

0

φτ (p;u(τ))dτ +
1

2
|u(t)− η(t)|2H − ν

∫ t

0

|u(τ)− η(τ)|2Hdτ

≤
∫ T

0

φτ (p; η(τ))dτ +
1

4ν

∫ T

0

(|η′(τ)|2H + |f(τ)|2H)dτ +
1

2
|u0 − η(0)|2H

(4.4)

for all t ∈ [0, T ] and any positive number ν. For instance, choosing ν = 1
4T
, we conclude

from (4.4) that∫ t

0

φτ (p;u(τ))dτ +
1

4
|u(t)− η(t)|2H ≤M∗

1 +
1

4ν

(
M∗

1 + |f |2L2(0,T ;H)

)
+ |u0|2H +M∗

1 =:M∗
2

for all t ∈ [0, T ], which implies that |u(t)|H ≤ |η(t)|H + 2
√
M∗

2 ≤
√
M∗

1 + 2
√
M∗

2 =: M∗
3

for all t ∈ [0, T ]. As a consequence, |u|C([0,T ];H) +
∫ T

0
φτ (p;u(τ))dτ ≤ M∗

2 +M∗
3 =: M∗

4 .
Thus, by (2.3) in (Φ), we have

sup
u∈W(p0,u0)

{|u|C([0,T ];H) + Φ0(u)} ≤M∗
4 . (4.5)

Next, let us consider the operator Su0 : XW (p0) → W(p0, u0) which assigns to each p ∈
XW (p0) the weak solution u of CP (φt(p; ·); f, u0). Then it follows that Su0 is continuous
from XW (p0) with respect to the topology of X into W(p0, u0) with respect to that of
C([0, T ];H) (cf. Theorem 2.1). Moreover we see from condition (Λ1) − (Λ3) that the
composition A := Λp0Su0 is well-defined as a mapping in the closed convex subset XW (p0)
of XW and it is continuous with respect to the topology of X and its range A(XW (p0))
is relatively compact in X by (4.5). Therefore, by virtue of the Schauder’s fixed point
theorem, A has at least one fixed point p in XW (p0), namely p = Ap. It is easy to see
that the pair {u, p} with u := Su0p is a weak solution of QV P (φt,Λp0 ; f, u0). ♢

The next examples illustrate very well conditions (Λ1)− (Λ3), although they are quite
artificial.

Example 4.1. Let H, X, X , X0, K
t(p) and φt(p; ·) be the same as in Example 2.1.

Also, for functions w1, w2, · · · , wN prescribed in X0, we denote their closed convex hull by
co[w1, w2, · · · , wN ] and put

K(v0) := {w ∈ co[w1, w2, · · · , wN ] | w(0) = v0}.

We note that (4.3) holds, since we can take the constant 0 as η satisfying (4.3).
Next, let γ(·) ∈ C(R) whose range is [d∗, d

∗]. Then, as a feedback system we define
an operator Λp0 , with p0 = [v0, d0] ∈ R4, from C([0, T ];R3) into X0 by

p := [v, d] = Λp0u⇐⇒

{
|u− v|L2(0,T ;R3) = min

w∈K(v0)
|u− w|L2(0,T ;R3), v(0) = v0,

d(t) = γ(|v(t)|), ∀t ∈ [0, T ], d0 = γ(|v0|),

for each u ∈ C([0, T ];R3); Λp0 is well defined as a single-valued mapping, since K(v0)
is compact convex in L2(0, T ;R3). It is easy to see that Λp0 satisfies conditions (Λ1) −
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(Λ3). Therefore, by applying Theorem 4.1 to problem QV P (φt,Λp0 ; f, u0) for each f ∈
L2(0, T ;R3) and u0 ∈ R3 with |u0 − v0| ≤ γ(|v0|), we conclude that there are functions u
and v such that

u ∈ C([0, T ;R3), u(0) = u0, v ∈ K(v0)

|u− v|L2(0,T ;R3) = min
w∈K(v0)

|u− w|L2(0,T ;R3),

|u(t)− v(t)| ≤ γ(|v(t)|), ∀t ∈ [0, T ],∫ t

0

(η′(τ), u(τ)− η(τ))dτ +
1

2

∫ t

0

|u(τ)|2dτ + 1

2
|u(t)− η(t)|2 (4.6)

≤
∫ t

0

(f(τ), u(τ)− η(τ))dτ +
1

2

∫ t

0

|η(τ)|2dτ + 1

2
|u0 − η(0)|2,

∀η ∈ W 1,2(0, T ;R3) with |η(t)− v(t)| ≤ γ(|v(t)|), ∀t ∈ [0, T ].

Example 4.2. Let H,X, VR0,R1,R2 ,X , X0 = XW , K
t(p) and φt(p; ·) be the same sets and

convex functions as in Example 2.2. Also, let γ(·) be the same continuous function as in
Example 4.1.

Condition (4.3) is easily checked by taking as η ∈ K0(p) in (4.3) the function v for
each p = [v, d] ∈ XW . Now, in order to set up the feedback system Λp0 with p0 :=
[v0, d0], v0 ∈ VR0,R1,R2 , d0 = γ(|v0|), we consider the ordinary differential inclusion in R3

for each function u ∈ C([0, T ];R3)

v′(t) + ∂IVR0,R1,R2
(v(t)) ∋ u(t), v(0) = v0. (4.7)

By the classical result on the nonlinear evolution inclusions (cf. [5]), (4.7) has one and
only one strong solution v ∈ W 1,2(0, T ;R3). Now we define Λp0u = [v, γ(|v|)] =: p. As is
easily checked, conditions (Λ1)− (Λ3) are satisfied. Therefore, by applying Theorem 4.1
we see that for each f ∈ L2(0, T ;R3), u0 ∈ R3 and v0 ∈ VR0,R1,R2 with (u0 − v0, v0) = 0
and |u0 − v0| ≤ γ(|v0|), the problem QV P (φt,Λp0 ; f, u0) possesses a weak solution {u, p},
p = [v.γ(|v|)]; namely

u ∈ C([0, T ];R3), u(0 = u0, v ∈ W 1,2(0, T ;R3), v(0) = v0,

v′(t) + ∂IVR0,R1,R2
(v(t)) ∋ u(t) for a.e. t ∈ [0, T ],

(u(t)− v(t), v(t)) = 0, |u(t)− v(t)| ≤ γ(|v(t)|), ∀t ∈ [0, T ],∫ t

0

(η′(τ), u(τ)− η(τ))dτ +
1

2

∫ t

0

|u(τ)|2dτ + 1

2
|u(t)− η(t)|2 (4.8)

≤
∫ t

0

(f(τ), u(τ)− η(τ))dτ +
1

2

∫ t

0

|η(τ)|2dτ + 1

2
|u0 − η(0)|2,

∀η ∈ W 1,2(0, T ;R3) with (η(t)− v(t), v(t)) = 0, |η(t)− v(t)| ≤ γ(|v(t)|), ∀t ∈ [0, T ].
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5 Perturbation problems

In this section perturbation problems for CP (φt(p; ·); f, u0) and QV P (φt,Λp0 ; f, u0) are
discussed with their weak solvability. Our perturbation problems are treated under a little
bit more restricted setup than the above.

Let H, X, X and X0 be the same as in section 2 and V be a (real) uniformly convex
Banach space with uniformly convex dual space V ∗ such that V ⊂ H with continuous
and dense embedding. Hence, we have the usual triplet

V ⊂ H ⊂ V ∗ with continuous and dense embeddings, (5.1)

and for simplicity denote the duality ⟨·, ·⟩V ∗,V by ⟨·, ·⟩. For a proper, l.s.c. and convex
function φ(·) on H or on V , we recall on the notation for subdifferentials that ∂φ is the
subdifferential of φ from H into itself and ∂∗φ is that from V into V ∗.

We consider as φ0(·) in section 2 the function

φ0(z) :=


ν

2
|z|2V , ∀z ∈ V,

∞, otherwise,
(5.2)

where ν is a positive constant. We denote by F the (single-valued) duality mapping from
V onto V ∗ and suppose that F is uniformly monotone on V , namely

⟨Fz1 − Fz2, z1, z2⟩ ≥ CF |z1 − z2|2V , ∀z1, z2 ∈ V, (5.3)

for a positive constant CF . By (5.2) we have ∂∗φ0(z) = νFz for all z ∈ V and ∂φ0(z) =
νFz, if Fz ∈ H.

In this section we suppose that for each p ∈ X0 and t ∈ [0, T ] the function φt(p; ·) is
of the following form:

φt(p; z) := φ0(z) + ψt(p; z), ∀z ∈ H, (5.4)

which is the sum of φ0(·) and a p-dependent, non-negative, proper, l.s.c. and convex
function ψt(p; ·) on H. For this function φt(p; ·) given by (5.4) the classes XS ̸= ∅ and
XW are similarly defined.

Furthermore we suppose that

Lpp̄(t) ∈ B(V ), ∀p, p̄ ∈ XW , ∀t ∈ [0, T ],

where B(V ) stands for the space of all linear continuous operators in V , and conditions
(2.9) and (2.11) are strengthened as follows:

|Lpp̄ − I|C([0,T ];B(V )) + |L′
pp̄|L2(0,T ;B(V )) ≤ L0|p− p̄|X ,∀p, p̄ ∈ XW (5.5)

and
supt∈[0,T ] φ0(σpp̄,ε(t)) ≤ σ0, |σpp̄,ε|W 1,2(0,T ;V ) ≤ σ0(|p− p̄|X + ε),

∀p, p̄ ∈ XW , ∀ε ∈ (0, 1],
(5.6)
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where L0 and σ0 are positive constants.

Our perturbation problem for CP (φt(p; ·); f, u0) is of the form

u′(t) + ∂φt(p;u(t)) +G(p; t, u(t)) ∋ f(t), 0 < t < T, u(0) = u0, (5.7)

where G = G(p; t, z) is supposed to be a continuous mapping from XW × [0, T ]× V into
H and to satisfy that

|G(p; t, z)−G(p̄; t, z̄)|H ≤ CG(|p− p̄|X + |z − z̄|V ), ∀t ∈ [0, T ], ∀z, z̄ ∈ V, (5.8)

for a positive constant CG.

Definition 5.1. Given p ∈ XW , f ∈ L2(9, T ;H) and u0 ∈ H, we say that u is a weak
solution of CP (φt(p; ·), G(p; ·); f, u0), if u ∈ C([0.T ];H) ∩ L2(0, T ;V ), u(0) = u0 and the
following variational inequality holds:∫ t

0

(η′(τ), u(τ)− η(τ))Hdτ +

∫ t

0

φτ (p;u(τ))dτ +

∫ t

0

(G(p; τ, u(τ)), u(τ)− η(τ))Hdτ

+
1

2
|u(t)− η(t)|2H ≤

∫ t

0

φτ (p; η(τ))dτ +

∫ t

0

(f(τ), u(τ)− η(τ))Hdτ +
1

2

∣∣u0 − η(0)
∣∣2
H
, (5.9)

∀η ∈ K0(p), ∀t ∈ (0, T ].

Lemma 5.1. Suppose that the family {φt(p; ·) | p ∈ XW , t ∈ [0, T ]} given by (5.4)
satisfies conditions (Φ), (ΦS) and (A1)− (A3) and XW is convex in X . Then, we have:

(1) For any p ∈ XW and t ∈ [0, T ], z∗ ∈ ∂φt(p; z) if and only if z ∈ D(ψt(p; ·)) ∩ V ,
z∗ ∈ H and

(z∗, w − z)H ≤ ν⟨Fz, w − z⟩+ ψt(p;w)− ψt(p; z), ∀w ∈ V. (5.10)

(2) There is a non-negative continuous function c2(·) on [0, 1] with c2(0) = 0 having the
property that for any ε ∈ (0, 1] there is a positive number δε (< ε) such that for any
p, p̄ ∈ XW with |p̄ − p|X ≤ δε, any t ∈ [0, T ] and any z ∈ D(φt(p; ·)) the element
z̄ := (1 + c0(ε))Lpp̄(t)z + σpp̄,ε(t) satisfies

ψt(p̄; z̄) ≤ ψt(p; z) + c2(ε)(1 + |z|2V + ψt(p; z)). (5.11)

(3) For any p ∈ XW , f ∈ L2(0, T ;H), u0 ∈ D(φ0(p; ·)) and ū ∈ L2(0, T ;V ), CP (φt(p; ·); f−
G(p; ·, ū), u0) has one and only one weak solution in C([0, T ];H) ∩ L2(0, T ;V ).

(4) Let p ∈ XW , fi ∈ L2(0, T ;H), ui0 ∈ D(φ0(p; ·)) and ūi ∈ L2(0, T ;V ) for i = 1, 2.
Let ui, i = 1, 2, be the weak solutions of CP (φt(p; ·); fi −G(p; ·, ūi), ui0). Then,

e−Cδt|u1(t)− u2(t)|2H + 2νCF

∫ t

0

e−Cδτ |u1(τ)− u2(τ)|2V dτ
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≤ |u10 − u20|2H +

∫ t

0

e−Cδτ (f1(τ)− f2(τ), u1(τ)− u2(τ))Hdτ (5.12)

+δCG

∫ t

0

e−Cδτ |ū1(τ)− ū2(τ)|2V dτ

for every t ∈ [0, T ], where δ is any positive number and Cδ :=
CG

δ
.

Proof. In order to prove (1), assume that z∗ ∈ ∂φt(p; z). Then for any w̃ ∈ D(ψt(p; ·))∩V
we have by the definition of subdifferential

(z∗, w̃ − z)H ≤ ν

2
|w̃|2V − ν

2
|z|2V + ψt(p; w̃)− ψt(p; z).

Now, take as w̃ the element z + r(w − z) with any w ∈ D(ψt(p; ·)) ∩ V and 0 < r < 1 to
get

(z∗, w − z)H ≤ 1

r

{ν
2
|z + r(w − z)|2V − ν

2
|z|2V

}
+ ψt(p;w)− ψt(p; z).

Letting r ↓ 0 yields (5.10). The converse is clear.
Next we show (2). For any ε ∈ (0, 1], let δε be the same number in condition (A3).

Then we have for any p, p̄ ∈ XW with |p− p̄|X ≤ δε (< ε)

1

2
|z̄|2V + ψt(p̄; z̄) ≤ 1

2
|z|2V + ψt(p; z) + c1(ε)

(
1 +

1

2
|z|2V + ψt(p; z)

)
, (5.13)

where z̄ = (1+c0(ε))Lpp̄(t)z+σpp̄,ε(t). Since z̄−z = (Lpp̄(t)−I)z+c0(ε)Lpp̄(t)z+σpp̄,ε(t),
it follows from (5.5) that

|z̄ − z|V ≤ |Lpp̄(t)− I|B(V )|z|V + |c0(ε)||Lpp̄(t)|B(V )|z|V + |σpp̄,ε(t)|V
≤ L0|p̄− p|X |z|V + c0(ε)(L0|p̄− p|X + 1)|z|V + |σpp̄,ε(t)|V
≤ L0{ε+ c0(ε) + εc0(ε)}|z|V + |σpp̄,ε(t)|V .

Putting c′1(ε) := L0(ε+ c0(ε) + εc0(ε)), we have by the above inequalities

|z̄ − z|V ≤ c′1(ε)|z|V + |σpp̄,ε(t)|V
and similarly

|z̄|V + |z|V ≤ 2|z|V + c′1(ε)|z|V + |σpp̄,ε(t)|V .
Also, it follows from (5.6) that there is a positive constant σ1 such that

|σpp̄,ε|C([0,T ];V ) ≤ σ1(|p− p̄|X + ε) ≤ 2σ1ε

for all p, p̄ ∈ XW with |p− p̄|X ≤ δε, ε ∈ (0, 1] and t ∈ [0, T ]. Therefore

ψt(p̄; z̄) ≤ ψt(p; z) +
1

2

(
|z|2V − |z̄|2V

)
+ c1(ε)

(
1 +

1

2
|z|2V + ψt(p; z)

)
≤ ψt(p; z) +

1

2
|z̄ − z|V (|z̄|V + |z|V ) + c1(ε)

(
1 +

1

2
|z|2V + ψt(p; z)

)
≤ ψt(p; z) +

1

2
(c′1(ε)|z|V + 2σ1ε)(2|z|V + c′1(ε)|z|V + 2σ1ε)

+c1(ε)

(
1 +

1

2
|z|2V + ψt(p; z)

)
.
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As a consequence we obtain an inequality of the form (5.11) for a certain positive contin-
uous function c2(·) on [0, 1] with c2(0) = 0; for instance, c2(ε) := 2c1(ε) + c′1(ε) + c′1(ε)

2 +
3σ1ε+ 2σ2

1ε
2.

The assertion (3) is an immediate consequence of Theorem 2.1. Next we prove (4).
Choose a sequence {pn} in XS such that pn → p in X (as n → ∞) and a sequence
{ui0,n}, i = 1, 2, such that ui0,n ∈ D(φ0(pn; ·)) and ui0,n → ui0 in H. Also, note by (5.8)
that G(pn; ·, ūi) → G(p; ·, ūi) ∈ L2(0, T ;H), since ūi ∈ L2(0, T ;V ). Then, on account of
Theorem 2.1, for each n problem CP (φt(pn; ·); f −G(pn; ·, ūi), ui0,n) has one and only one
weak solution uin and converges ui in C([0, T ];H) with

0 ≤
∫ t

0

φτ (p;ui(τ))dτ ≤ lim inf
n→∞

∫ t

0

φτ (pn;uin(τ))dτ <∞.

Hence uin → ui weakly in L2(0, T ;V ).
Now, recalling (3.26) in the proof of Theorem 2.2, we have

1

2

d

dτ
|u1n(τ)− u2n(τ)|2H + (ξ1n(τ)− ξ2n(τ), u1n(τ)− u2n(τ))H

= (f1(τ)− f2(τ)−G(pn; τ, ū1(τ)) +G(pn; τ, ū2(τ)), u1n(τ)− u2n(τ))H ,

where ξin ∈ ∂φt(pn;uin), i = 1, 2, n = 1, 2, · · · . Moreover, we get from this inequality with
(5.3) and (5.10) in (1) that for any n and a.e. τ ∈ [0, T ]

1

2

d

dτ
|u1n(τ)− u2n(τ)|2H + νCF |u1n(τ)− u2n(τ)|2V

≤ (f1(τ)− f2(τ), u1n(τ)− u2n(τ))H

+
1

2
δCG|ū1(τ)− ū2(τ)|2V +

CG

2δ
|u1n(τ)− u2n(τ)|2H .

Hence, multiplying the above inequality by e−Cδτ , with Cδ =
CG

δ
, integrating the resultant

in τ on [0, t] yields that

e−Cδt|u1n(t)− u2n(t)|2H + 2νCF

∫ t

0

e−Cδτ |u1n(τ)− u2n(τ)|2V dτ

≤ |u10,n − u20,n|2H +

∫ t

0

e−Cδτ (f1(τ)− f2(τ), u1n(τ)− u2n(τ))Hdτ

+δCG

∫ t

0

e−Cδτ |ū1(τ)− ū2(τ)|2V dτ

Now, passing to the limit as n→ ∞, we obtain (5.12). ♢

The weak solvability of a perturbation problem for CP (φt(p; ·); f, u0) is stated as
follows.
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Theorem 5.1. Suppose that conditions (Φ), (ΦS), (A1) − (A3) and (51)-(5.6) are sat-
isfied, and that XW is convex in X . Let p ∈ XW , f ∈ L2(0, T ;H) and u0 ∈ D(φ0(p; ·)).
Then CP (φt(p; ·), G(p; ·); f, u0) has one and only one weak solution u, namely the varia-
tional inequality (5.9) holds:
Proof. Thanks to Lemma 5.1, for every ū ∈ L2(0, T ;V ) there is one and only one weak
solution u of CP (φt(p; ·); f −G(p; ·, ū), u0) and we define the mapping S which assigns to
each ū ∈ L2(0, T ;V ) the weak solution u of CP (φt(p; ·); f −G(p; ·, ū), u0). On account of
(5.12) of Lemma 5.1, S satisfies that for any ūi ∈ L2(0, T ;V ), i = 1, 2,

2νCF

∫ T

0

e−Cδt|(Sū1)(t)− (Sū2)(t)|2V dt ≤ δCG

∫ T

0

e−Cδt|ū1(t)− ū2(t)|2V dt. (5.13)

We note here that the functional u→ ρ(u) := |
∫ T

0
e−Cδt|u(t)|2V dt|

1
2 is an equivalent norm to

the usual one of L2(0, T ;V ) and (5.13) implies that the mapping S is a strictly contractive
mapping from L2(0, T ;V ) into itself with respect to ρ(·), if δ > 0 is chosen so that
δCG < 2νCF . Therefore S has one and only one fixed point u, u = Su, which is the
required weak solution of CP (φt(p; ·); f −G(p; ·, u), u0). ♢

One of big advantages brought by the form (5.4) is stated in the following lemma.

Lemma 5.2. Assume that (4.3) holds, namely there is a positive constant M∗ such that
for any p ∈ XW there is a function η ∈ K0(p) such that

|η|W 1,2(0,T ;H) +

∫ T

0

{
1

2
|η(t)|2V + ψt(p; η(t))dt

}
≤M∗. (5.14)

Let {pn} ⊂ XW and p ∈ XW such that pn → p in X (as n → ∞). Also, let {fn} and
{un0} be sequences in L2(0, T ;H) and H, respectively, such that fn → f in L2(0, T ;H),
un0 ∈ D(φ0(pn; ·)) and un0 → u0 in H. Then the weak solution un of CP (φt(pn; ·); fn, un0)
converges to the weak solution u of CP (φt(p; ·); f, u0) in C([0, T ];H) ∩ L2(0, T ;V ).

Proof. We may assume that pn ∈ XS and un0 ∈ D(φ0(pn; ·)), since XW is the closure
of XS in X . Let un be the strong solution of CP (φt(pn; ·); fn, un0). By making use of
Lemma 5.1, (1), we have

(u′n(t), un(t)− z)H + ν⟨Fun(t), un(t)− z⟩V ∗,V + ψt(pn;un(t)) (5.15)

≤ ψt(pn; z) + (fn(t), un(t)− z)H , ∀z ∈ D(ψt(pn; ·)) ∩ V.
As z in (5.15), take a function ηn(t) with ηn ∈ K0(pn) satisfying (5.14). Then we see (cf.
(4.5)) that there is a positive constant M∗

4 such that

|un|C([0,T ];H) +
1

2

∫ T

0

|un(t)|2V dt+
∫ T

0

ψt(pn;un(t))dt ≤M∗
4 . (5.16)

Next for any n,m and any positive number ε ∈ (0, 1] we use the same notations for Lmn(t)
and σmn,ε as in the proof of Theorem 2.1 of section 3. Here take as z of (5.15) the element
ũmn(t) := (1 + c0(ε))Lmn(t)um(t) + σmn,ε(t). Then, similarly to (3.9) we have that

(u′n(t), un(t)− um(t))H + ν⟨Fun(t), un(t)− um(t)⟩+ ψt(pn;un(t)) (5.17)
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≤ ψt(pm;um(t)) + (f(t), un(t)− um(t))H + Γnm,ε(t) + Γ̃nm,ε(t) +Hnm,ε(t),

where Γnm,ε(t) and Γ̃nm,ε(t) are the same expressions as (3.10) and (3.11) and

Hnm,ε(t) : = (fn(t)− f(t), un(t)− um(t))H

−(fn − f(t), (Lmn(t)− I)um + c0(ε)Lmn(t)um(t) + σmn,ε(t))H

+ν⟨Fun, (Lmn(t)− I)um(t) + c0(ε)Lmn(t)um(t) + σmn,ε(t)⟩;

note from (5.5), (5.6) and uniform estimate (5.16) that Hnm,ε → 0 in L2(0, t) uniformly
in t ∈ [0, T ] as n,m→ ∞ and ε→ 0.

Exchanging n and m in (5.17), we obtain

(u′m(t), um(t)− un(t))H + ν⟨Fum(t), um(t)− un(t)⟩+ ψt(pm;um(t)) (5.18)

≤ ψt(pn;un(t)) + (f(t), um(t)− un(t))H + Γmn,ε(t) + Γ̃mn,ε(t) +Hmn,ε(t).

Adding (5.17) and (5.18) yields that

1

2

d

dt
|un(t)− um(t)|2H + ν|un(t)− um(t)|2V (5.19)

≤ Γnm,ε(t) + Γmn,ε(t) + Γ̃nm,ε(t) + Γ̃mn,ε(t) +Hnm,ε(t) +Hmn,ε(t)

Finally integrate the above inequality in time t on the time interval [0, s], s ∈ (0, T ], to
get

1

2
|un(s)− um(s)|2H + ν

∫ s

0

|un(t)− um(t)|2V dt ≤
1

2
|un0 − um0|2H (5.19)

+

∫ s

0

{
Γnm,ε(t) + Γmn,ε(t) + Γ̃nm,ε(t) + Γ̃mn,ε(t) +Hnm,ε(t) +Hmn,ε(t)

}
dt.

Moreover, noting that the integral of the right hand side of (5.19) converges to 0 in L1(0, s)
uniformly in s ∈ [0, T ] as n,m → ∞ and ε → 0 (cf. Lemma 3.2), we conclude that {un}
is a Cauchy sequence in C([0, T ];H) ∩ L2(0, T ;V ) and the limit u is the weak solution of
CP (φt(p; ·); f, u0). ♢

Remark 5.1. Since 1980s, so many perturbation problems have been discussed in the
theory of nonlinear evolution equations associated with time-dependent subdifferential
operators. We refer to papers [23, 26] among them for the related works. Furthermore,
recently, it was pointed out that variational inequalities of the Navier-Stokes type are
handled in our framework of perturbations, and the heat convection problem has been
treated under various temperature-dependent constraints (cf. [6, 8, 9]).

Now we formulate a perturbation problem for QV P (φt,Λp0 ; f, u0).

Definition 5.2. Let f ∈ L2(0, T ;H), p0 ∈ X and u0 ∈ H. Then {u, p} is called a
weak solution of QV P (φt,Λp0 , G; f, u0), if u ∈ C([0, T ];H) ∩ L2(0, T ;V ) with u(0) = u0,
p = Λp0u and the variational inequality (5.9) holds.
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The next theorem is concerned with the weak solvability for QV P (φt,Λp0 , G; f, u0).

Theorem 5.2. Suppose that conditions (Φ), (ΦS) and (A1)− (A3) are satisfied and that
XW is convex in X . Let p0 be an element in X such that XW (p0) := {p ∈ XW | p(0) = p0}
is non-empty in XW and Λp0 be a feedback system such that (Λ1)−(Λ3) hold. Suppose that
there is a positive constant M∗ such that for any p ∈ XW there is a function η in K0(p)
satisfying (4.3). Moreover, let f ∈ L2(0, T ;H) and u0 ∈ H such that u0 ∈ D(φ0(p̃; ·)) for
some p̃ ∈ XW (p0). Then, there exists at least one weak solution of QV P (φt,Λp0 , G; f, u0).
Proof. Let us consider the mapping S1 which assigns to each p ∈ XW (p0) the weak
solution u ∈ C([0, T ];H) ∩ L2(0, T ;V ) of CP (φt(p; ·), G(p; ·); f, u0). This mapping S1 is
well-defined on account of Theorem 5.1 and for some positive constant M∗

4 we have

|S1p|C([0,T ];H) +

∫ T

0

φt(p;S1p(t))dt ≤M∗
4 , ∀p ∈ XW (p0), (5.20)

which is obtained just as (4.5). Now we put A1 := Λp0S1 which is the composition
of S1 and Λp0 . Clearly A1 is a mapping from XW (p0) into itself. Next we show that
A1 is continuous in X . To do so, let {pn} be a sequence in XW (p0) and {un0} be
a sequence in V such that pn → p in X , un0 ∈ D(φ0(pn; ·)) and un0 → u0 in H,
and let un be the weak solution of CP (φt(pn; ·), G(pn; ·); f, un0) as well as u be the
weak solution of CP (φt(p; ·), G(p; ·); f, u0). Moreover, let ūn be the weak solution of
CP (φt(pn; ·); f −G(pn; ·, u), un0). Now, by Lemma 5.2, ūn converges to the weak solution
u of CP (φt(p; ·); f −G(p; ·, u), u0) in C([0, T ];H)∩L2(0, T ;V ). Next, comparing un with
ūn, we observe from Lemma 5.1, (4) that

e−Cδt|un(t)− ūn(t)|2H + 2νCF

∫ t

0

e−Cδτ |un(τ)− ūn(τ)|2V dτ

≤
∫ t

0

e−Cδτ (G(pn; τ, un(τ))−G(pn; τ, u(τ)), un(τ)− ūn(τ))Hdτ

≤
∫ t

0

e−Cδτ (G(pn; τ, un(τ))−G(pn; τ, ūn(τ)), un(τ)− ūn(τ))Hdτ

+

∫ t

0

e−Cδτ (G(pn; τ, ūn(τ))−G(p; τ, u(τ)), un(τ)− ūn(τ))Hdτ

≤ δCG

∫ t

0

e−Cδτ |un(τ)− ūn(τ)|2V dτ +
CG

4δ

∫ t

0

e−Cδτ |un(τ)− ūn(τ)|2Hdτ

+

∫ t

0

e−Cδτ (G(pn; τ, ūn(τ))−G(p; τ, u(τ)), un(τ)− ūn(τ))Hdτ

Now choose a positive constant δ so as to satisfy 2νCF − δCG ≥ δ to have

e−Cδt|un(t)− ūn(t)|2H + δ

∫ t

0

e−Cδτ |un(τ)− ūn(τ)|2V dτ

≤ CG

4δ

∫ t

0

e−Cδτ |un(τ)− ūn(τ)|2Hdτ (5.21)
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+

∫ t

0

e−Cδτ (G(pn; τ, ūn(τ))−G(p; τ, u(τ)), un(τ)− ūn(τ))Hdτ.

Neglecting the second term of the left hand side of (5.21), we apply the Gronwall’s lemma
to (5.21) and pass to the limit as n→ ∞ to obtain that un− ūn → 0 in C([0, T ];H), since
G(pn; ·, ūn) → G(p; ·, u) in L2(0, T ;H). Moreover, going back to (5.21), we see that un −
ūn → 0 in L2(0, T ;V ). Consequently it results that un → u in C([0, T ];H) ∩ L2(0, T ;V ).
This shows that S1pn → S1p in C([0, T ];H) ∩ L2(0, T ;V ) and A1pn = Λp0(S1pn) →
Λp0(S1p) = A1p by condition (Λ2). Thus A1 is continuous in XW (p0) with respect to
the topology of X . Also, by (Λ3) and (5.20), the range of A1 is relatively compact in
XW (p0). Accordingly, it results from the Schauder’s fixed-point theorem that A1 has
at least one fixed point p, A1p = p. The pair {u := S1p, p} gives a weak solution of
QV P (φt,Λp0 , G; f, u0). ♢

Remark 5.2. The elliptic theory of quasi-variational inequalities initiated in 1970s in
connection with optimal control problems (cf. [4]), and until now many interesting re-
sults have been established in various free boundary problems (see the book [3] and its
references, and [10, 14, 22, 24]). The abstract theory of quasi-variational inequalities
was established in [28], where an existence result for a class of elliptic quasi-variational
inequalities was proved. Subsequently the parabolic type of problems was treated [13, 20,
27]. Moreover, some other different approaches were proposed in [19, 24] and these ideas
have been applied to various problems with complex structure (cf. [9, 11, 12, 15]).

6 Application

We consider a 3-component system, w := (w(1), w(2), w(3)); each component w(k) :=
w(k)(x, t), k = 1, 2, 3, is a function on Q = Ω × (0, T ), where Ω is a bounded domain
in R3 with smooth boundary Γ. Our problem is formally described by the following
system:

wt − ν ·∆w + ∂IE(θ)(w) ∋ f(θ,w) in Q, (6.1)

∂w

∂n
= 0 on Σ := Γ× (0, T ), w(·, 0) = w0 in Ω, (6.2)

θt − κ∆θ = h(t, x, θ,w) in Q, (6.3)

∂θ

∂n
+ n0θ = 0 on Σ, θ(·, 0) = θ0 in Ω, (6.4)

where

wt :=

 w
(1)
t

w
(2)
t

w
(3)
t

 , ν :=

 ν(1)

ν(2)

ν(3)

 , ν ·∆w :=

 ν(1)∆w(1)

ν(2)∆w(2)

ν(3)∆w(3)

 , f(θ,w) :=

 f (1)(θ,w)
f (2)(θ,w)
f (3)(θ,w)

 ,
and ν(k) is a positive constant, w

(k)
t = ∂

∂t
w(k) for k = 1, 2, 3, κ and n0 are positive constants,

w0, θ0 are initial data, f(θ,w) is a vector field from R4 into R3 and h(x, t, θ,w) is a
function on Q×R4.
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For simplicity we use the following notations:

| · | := | · |RN , 1 ≤ N <∞, (·, ·) := (·, ·)RN ,

H = L2(Ω)3, (·, ·)H = (·, ·)L2(Ω)3 , V = H1(Ω)3, ⟨·, ·⟩ = ⟨·, ·⟩V ∗,V .

Now we consider the family of compact convex constraints E(θ) as follows. Let a(·) :=
(a(1)(·), a(2)(·), a(3)(·)) be a vector field of C2−class from R into R3 such that

|a(k)(θ)| ≤ R0, k = 1, 2, R1 ≤ a(3)(θ) ≤ R2, ∀θ ∈ R

for positive constants R0, R1, R2 (> R1). Then we define

E(θ) := {z = (z(1), z(2), z(3)) ∈ R3 | (a(θ), z− a(θ)) = 0, |z− a(θ)| ≤ γ(θ)}, ∀θ ∈ R,

where γ(·) is a continuous function on R such that d∗ ≤ γ(θ) ≤ d∗ for all θ ∈ R with
constants d∗, d

∗ satisfying 0 < d∗ < d∗.
For prescribed data w0, θ0, f(·, ·) and h(x, t, ·, ·) we suppose that

(i) w0 ∈ H and θ0 ∈ H2(Ω) such that ∂θ0
∂n

+ n0θ0 = 0 a.e. on Γ and w0(x) ∈ E(θ0(x))
for a.e. x ∈ Ω.

(ii) f is Lipschitz continuous from R4 into R3, namely

|f(θ,w)− f(θ̄, w̄)| ≤ Lf (|θ − θ̄|+ |w − w̄|), ∀θ, θ̄ ∈ R, ∀w, w̄ ∈ R3,

where Lf is a positive constant.

(iii) h is Lipschitz continuous from Q×R4 into R, namely

|h(x, t, θ,w)− h(x̄, t̄, θ̄, w̄)| ≤ Lh(|x− x̄|+ |t− t̄|+ |θ − θ̄|+ |w − w̄|),

∀(x, t), (x̄, t̄) ∈ Q,∀θ, θ̄ ∈ R, ∀w, w̄ ∈ R3,

where Lh is a positive constant.

Furthermore, in order to treat system (6.1)-(6.4) in our framework of quasi-variational
problems we setup function spaces and convex functions as follows. We put

X :=

p := [v, θ, d]

∣∣∣∣∣∣
v ∈ W 1,2(0, T ;V ) ∩ C([0, T ];W 1,4(Ω)3),
θ ∈ W 1,2(0, T ;H1

0 (Ω)) ∩ C(Q),
d ∈ C(Q)

 , (6.5)

X0 :=

p := [v, θ, d] ∈ X

∣∣∣∣∣∣∣∣∣∣
v := (v(1), v(2), v(3)), |v|W 1,2(0,T ;H1(Ω)3) ≤ m∗,
|v|L∞(0,T ;H2(Ω)3) ≤ m∗,
|v(k)| ≤ R0, k = 1, 2, R1 ≤ v(3) ≤ R2 in Q,
θ ∈ W 1,2(0, T ;H1(Ω)) ∩ L∞(0, T ;H2(Ω)),
d ∈ C(Q), d∗ ≤ d ≤ d∗ in Q

 , (6.6)
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where m∗ is a positive constant, and

φt(p; z) :=
1

2

3∑
k=1

νk|∇z(k)|2L2(Ω) + IKt(p)(z), ∀z ∈ L2(Ω)3, ∀p := [v, θ, d] ∈ X0,

where z = (z(1), z(2), z(3)) and

Kt(p) :=

{
z ∈ H1

0 (Ω)
3

∣∣∣∣ |z(k)| ≤ R0 (k = 1, 2), R1 ≤ z(3) ≤ R2 a.e. in Ω,
(v(·, t), z− v(·, t)) = 0, |z− v(·, t)| ≤ d(·, t) a.e. in Ω

}
Next, for each p := [v, θ, d] and p̄ := [v̄, θ̄, d̄] ∈ X0, we consider the rotation Rvv̄(x, t)

in R3 with the angle αvv̄(x, t), given by cosαvv̄(x, t) = (v(x,t),v̄(x,t))
|v(x,t)||v̄(x,t)| , around the axis

ℓ̂vv̄(x, t) :=
v(x,t)×v̄(x,t)
|v(x,t)×v̄(x,t)| , provided that v̂(x, t) := v(x,t)

|v(x,t)| ̸= ˆ̄v(x, t) := v̄(x,t)
|v̄(x,t)| ; by definition

Rvv̄(x, t) = I, when v̂(x, t) = ˆ̄v(x, t).
Now, we define Lpp̄(t) and σpp̄,ε by

[Lpp̄(t)z](x) := Rvv̄(x, t)z(x), a.e. x ∈ Ω, ∀z ∈ H,

σpp̄,ε(x, t) :=

(
1− |v(x, t)|

|v̄(x, t)|

)
v̄(x, t) + ε

(
|v(x, t)|
|v̄(x, t)|

)
v̄(x, t), (x, t) ∈ Q,

(6.7)

(cf. (2.20), (2.21)). As to σpp̄,ε, we immediately see that

|σpp̄,ε(t)|V ≤ CX0(|v(t)− v̄(t)|V + ε)

for some positive constant CX0 ; hereafter we use the same notation CX0 to denote a generic
positive constant depending only on the class X0.

(Verification of (A1)-(A3))
Conditions (A1)-(A3) are verified in a quite similar way to that in Example 2.2 as

follows. Let p = [v, θ, d], p̄ = [v̄, θ̄, d̄] ∈ X0 and let Rvv̄(x, t) be the rotation with angle
αvv̄(x, t) around the axis ℓ̂vv̄(x, t) as defined above. We first show Rvv̄(·, t) ∈ B(V ). Also,
we remember the relation (cf. (2.24))

(sinαvv̄(x, t))ℓ̂vv̄(x, t) = v̂(x, t)× ˆ̄v(x, t). (6.8)

Since the right side of (6.8) is written as (v̂(x, t)− ˆ̄v(x, t))× ˆ̄v(x, t), we obtain an estimate
of the form

|(sinαvv̄(x, t))ℓ̂vv̄(x, t)| ≤ CX0 |v(x, t)− v̄(x, t)|, (x, t) ∈ Q,

whence
|(sinαvv̄(t))ℓ̂vv̄(t)|H ≤ CX0 |v(t)− v̄(t)|H .

We note here that the right side of (6.8) is differentiable in x ∈ Ω and t ∈ (0, T ), so that

∂

∂xj
(sinαvv̄(x, t))ℓ̂vv̄(x, t) = v̂xj

(x, t)× ˆ̄v(x, t) + v̂(x, t)× ˆ̄vxj
(x, t), j = 1, 2, 3,
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and
∂

∂t
(sinαvv̄(x, t))ℓ̂vv̄(x, t) = v̂′(x, t)× ˆ̄v(x, t) + v̂(x, t)× ˆ̄v

′
(x, t),

where (·)xj
= ∂

∂xj
and (·)′ = ∂

∂t
or d

dt
. Furthermore,

∂2

∂xj∂t
(sinαvv̄(x, t))ℓ̂vv̄(x, t) = v̂′

xj
(x, t)× ˆ̄v(x, t) + v̂xj

(x, t)× ˆ̄v
′
(x, t)

+ v̂(x, t)× ˆ̄v
′
xj
(x, t) + v̂′(x, t)× ˆ̄vxj

(x, t).

By virtue of the fundamental properties of 3-dimensional exterior product, these inequal-
ities give us estimates of the form:∣∣∣∣ ∂∂xj (sinαvv̄(t))ℓ̂vv̄(t)

∣∣∣∣
H

≤ CX0(|v(t)− v̄(t)|V + |v(t)− v̄(t)|C(Ω)3), (6.9)

∣∣∣∣ ddt(sinαvv̄(t))ℓ̂vv̄(t)

∣∣∣∣
H

(6.10)

≤ CX0(|v′(t)|H + |v̄′(t)|H)(|v(t)− v̄(t)|C(Ω)3 + |v(t)− v̄(t)|H),∣∣∣∣ ∂2

∂xj∂t
(sinαvv̄(t))ℓ̂vv̄(t)

∣∣∣∣
H

(6.11)

≤ CX0{(|v′(t)|V + |v̄′(t)|V )|v(t)− v̄(t)|W 1,4(Ω)3 + |v′(t)− v̄′(t)|V },

for j = 1, 2, 3 and for a.e. t ∈ [0, T ]. By the expression of Rvv̄(x, t) in the form (2.22),
the estimates (6.9)-(6.11) yield that

|Rvv̄(t)− I|B(V ) ≤ CX0 |v(t)− v̄(t)|V , (6.12)

and

|R′
vv̄(t)|B(V ) ≤ CX0{(|v′(t)|V + |v̄′(t)|V )|v(t)− v̄(t)|W 1,4(Ω)3 + |v′(t)− v̄′(t)|V }, (6.13)

which implies that Lpp̄ and σpp̄,ε given by (6.7) satisfy the strong type of conditions (5.5)
and (5.6). Thus condition (A1) is satisfied as well as (A2).

Moreover, we see that for any small positive number ε ∈ (0, 1] the mapping z → z̄
given by

z̄ = (1− ε)Lpp̄(t)z+ σpp̄,ε(t) (= (1− ε)Rvv̄(·, t)z+ σpp̄,ε(t))

maps Kt(p) onto Kt(p̄) and

|z̄− z|V ≤ CX0(1 + |z|V )(|v(t)− v̄(t)|V + ε). (6.14)

Now, from (6.14) it is easy to verify condition (A3) for an appropriate function of the
form c1(ε) = c2ε with a positive constant c2.

(Verification of (ΦS))
Let X1 := {p = [v, θ, d] ∈ X0 | v ∈ C1(Q)3, θ ∈ C1(Q), d ∈ C1(Q)} and p := [v, θ, d]

be in X1. Also, denote by αv(x, s, t) the angle made by v(x, s) and v(x, t) for each
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x ∈ Ω and s, t ∈ [0, T ]. For simplicity we write v̂(x, s) and v̂(x, t) for v(x,s)
|v(x,s)| and

v(x,t)
|v(x,t)| .

Now, consider the rotation mapping Rv(x, s, t) with angle αv(x, s, t) around the axis

ℓ̂v(x, s, t) :=
v(x,s)×v(x,t)
|v(x,s)×v(x,t)| , when v̂(x, s) ̸= v̂(x, t); by definition put Rv(x, s, t) = I, when

v̂(x, s) = v̂(x, t).
Replacing {v(x, t), v̄(x, t)} by {v(x, s), v(x, t)}, and αvv̄(x, t) by αv(x, s, t) as well as

Rvv̄(x, t) by Rv(x, s, t), we repeat a similar argument to that in (Verification of (A1)-(A3))
to get

|Rv(·, s, t)− I|B(V ) ≤ CX0 |v(s)− v(t)|V . (6.15)

Now, just as in Example 2.2, consider the mapping z → z̄ in H given by

z̄(x) =
d(x, s)

d(x, t)
Rv(x; s, t)z(x) +

(
1− d(x, t)|v(x, s)|

d(x, s)|v(x, t)|

)
v(x, t), x ∈ Ω, (6.16)

or equivalently

z̄(x)− v(x, t) =
d(x, s)

d(x, t)
Rv(x; s, t)(z(x)− v(x, s)), x ∈ Ω.

Then we see from (6.13) that the mapping (6.16) maps Ks(p) onto Kt(p) and for any
z ∈ Ks(p) its image z̄ satisfies

|z̄− z|V ≤ CX0(1 + |z|V )
∫ t

s

(|v′(τ)|V + |d′(τ)|C([0,T ]) + 1)dτ. (6.17)

It is easy to verify condition (ΦS) by (6.17) and X1 ⊂ XS. As a result, we have XW = X0,
since X1 is dense in X0 with respect to the topology of X .

(Setup of the feedback system Λp0)
Letw be any function in L2(0, T ;V ) and let θ be a unique solution of (6.3)-(6.4). Then,

on account of a regularity result (cf. [7]), we have θ ∈ W 1,2(0, T ;H1(Ω))∩L∞(0, T ;H2(Ω))
and put p = [a(θ), θ, γ(θ)]. Since W 1,2(0, T ;H1(Ω)) ∩ L∞(0, T ;H2(Ω)) is compactly em-
bedded in C(Q), it follows that p ∈ X0. Now for the initial datum p0 := [a(θ0), θ0, γ(θ0)]
we define Λp0 : C([0, T ];H) ∩ L2(0, T ;H1(Ω)) → (W 1,2(0, T ;V ) ∩ C([0, T ];W 1,4(Ω)3)) ×
(W 1,2(0, T ;H1

0 (Ω)) ∩ L∞(0, T ;H2(Ω))× C(Q) by

p := [a(θ), θ, γ(θ)] = Λp0w.

It is easy to see that the operator Λp0 satisfies conditions (Λ1)− (Λ3).

Now, we can apply Theorem 5.2 in the present case of φt(p; z) and G(p; t, z) := f(θ, z)
to obtain that the quasi-variational inequality{

w′(t) + ∂φt(p;w(t)) ∋ G(p; t,w(t)), 0 < t < T, w(0) = w0,
p = Λp0w

possess at least one weak solution {w, p}. Namely there is at least one pair of functions
{w, θ} such that

w ∈ C([0, T ];H) ∩ L2(0, T ;V ), θ ∈ W 1,2(0, T ;H1(Ω)) ∩ L∞(0, T ;H2(Ω)),
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w ∈ E(θ) a.e. in Q, w(·, 0) = w0 a.e. in Ω, θ(·, 0) = θ0 in Ω,

θt − κ∆θ = h(t, x, θ,w) a.e. in Q,
∂θ

∂n
+ n0θ = 0 a.e. on Σ,

3∑
k=1

∫ t

0

∫
Ω

η(k)τ (w(k) − η(k))dxdτ +
3∑

k=1

∫ t

0

∫
Ω

ν(k)∇w(k) · ∇(w(k) − η(k))dxdτ

+
1

2
|η(t)−w(t)|2H ≤

3∑
k=1

∫ t

0

∫
Ω

f (k)(θ,w)(w(k) − η(k))dxdτ +
1

2
|η(0)−w0|2H ,

∀t ∈ [0, T ], ∀η ∈ W 1,2(0, T ;H) ∩ L2(0, T ;V ) with η ∈ E(θ) a.e. in Q,

where η = (η(1), η(2), η(3)) and η
(k)
τ = ∂

∂τ
η(k).
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[23] M. Ôtani, Nonmonotone perturbations for nonlinear parabolic equations associ-
ated with subdifferential operators, Cauchy problems, J. Differential Equations,
46(1982), 268–299.

[24] J. F. Rodrigues, On a quasi-variational inequality arising in semiconductor theory,
Rev. Mat. Univ. Complut. Madrid, 5(1992), 137–151.

[25] J. F. Rodrigues and L. Santos, A parabolic quasi-variational inequality arising in a
superconductivity model, Ann. Sc. Norm. Super. Pisa Cl. Sci. (4), 29(2000), 153–
169.



98

[26] K. Shirakawa, A. Ito, N. Yamazaki and N. Kenmochi, Asymptotic stability for
evolution equations governed by subdifferentials, pp. 287–310 in Vol.11, GAKUTO
Internat. Ser. Math. Sci. Appl., 1998.

[27] U. Stefanelli, Nonlocal quasivariational evolution problems, J. Differential Equa-
tions, 229(2006), 204–228.

[28] L. Tartar, Inéquations quasi-variationnelles abstraites, C. R. Acad. Sci. Paris,
278(1974), 1193-1196.

[29] Y. Yamada, On evolution equations generated by subdifferential operators, J. Fac.
Sci. Univ. Tokyo Sect. IA Math., 23(1976), 491–515.


