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Abstract. We study a class of variational evolution inclusions of the form (x) in a Hilbert
space H:
(4) () + et (piu(®) 3 F(t) in H, 0 <t <T, u(0)=up,

including nonlocal parameter p, where 9! (p; ) is the subdifferential of a time-dependent
convex function z — ¢'(p; z) with non-local dependence upon p. It is well known that
many of interesting free-boundary problems are formally described in the variational form
() under an additional requirement that p is determined as a non-local function of u by
the free boundary conditions. In this paper we establish a general theory on the weak
solvability of parabolic evolution inclusions of the form (x), specifying a class {¢'(p;-)} of
convex functions, and prove an existence result for quasi-variational evolution inclusions
coupling (*) with a feedback system p = A, u, pp being the initial datum for p.
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1 Introduction
Throughout this paper, let H be a real Hilbert space with inner product (-, )y and norm

| - |g. Given f € L?(0,T;H), 0 < T < oo, we consider a parabolic variational evolution
inclusion
u'(t) 4+ 0t (pyu(t)) > f(t) in H, t € (0,T). (1.1)

Here p is a parameter given in an admissible set Ay which is a bounded and closed subset
of C([0,77; X), X being a (real) Banach space. In this formulation (1.1) we are given a
family {¢'(p;-)} of non-negative convex functions z — ¢'(p; z) with parameters ¢ € [0, T
and p in Aj.

As is easily understood, some regularity assumptions on the mapping (¢, p) — ©*(p;-)
are necessary in order for problem (1.1) to possess a strong solution u € WhH2(0,7T; H)
or u € WE2((0,T); H) N C([0,T]; H); for instance, in [17, 29] we required that for a
given p € AXp and each positive number 7 there are functions a,,(-) € W*(0,7) and
byr(-) € WHL(0,T) satisfying the following properties: for any s,t € [0,7] and z € H
with |z|g < r and ¢*(p; 2) < oo, there exists an element Z € H with ¢'(p; Z) < oo such
that

12— 2l < lape(t) — ape(s)] (1 + ¢ (p; 2)2), (1.2)
' (p; 2) < 0° (05 2) + |bpr(t) — by ()|(1 4+ °(p; 2)), (1.3)

and the mapping (¢, p, z) — ¢'(p; 2) is lower semicontinuous in (¢,p, z) € [0,T] X Xy X H,
namely, if ¢, € [0,T], t, = t, p, € Xo,pn — p in C([0,T]; X) and z, — z weakly in H
(as n — o0), then

lim inf ™ (pn; 2,) > ¢ (p; 2). (1.4)

n—o0

However, the regularity assumptions (1.2)-(1.3) are sometimes too restrictive, for in-
stance, in the application of the result on (1.1) to variational inclusions arising from free
boundary problems, such as superconductivity (cf. [2, 19, 25]). Therefore, it is worth-
while to discuss the solvability of (1.1) generated by d¢’(p; -) under a weaker dependence
of (t,p) — ©'(p;-). We also note from (1.2)-(1.4) that (¢,p) — ©'(p;-) is continuous with
respect to (¢,p) in the sense of Mosco [21] as a mapping from [0,7] x Xj into the space
of all proper l.s.c. convex functions on H.

One of the objectives of this paper is to specify a class of convex functions ¢*(p;-)
on H with weak dependence upon (¢, p) in order for (1.1) to possess a weak solution in
an appropriate variational sense. Another one is to discuss quasi-variational evolution
problems in the same framework:

{ W (t) + 0pt(p;u(t) > f(t)in H, 0 <t <T, u(0)= uo, (L5)

p = Ap,uin Xp,

where uo and pg are prescribed as the initial data for u and p as well as f in L?(0,T; H),
and A,, is a feedback system which is an operator from a subset of C([0,T]; H) into Aj.
One can imagine as A, a sort of integral operators acting on C([0,7]; H). For instance,
considering a phase transition system in © x (0,7") with a smooth bounded domain € in
R? in which u = u(z,t) is the phase parameter yielding a heat source h(z,t,u), we see
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that temperature 6(z,t) is determined through a heat equation with source h(z,t,u) and
in this case we take as the class X the set of all temperature distributions p(t) := (-, t) or
more generally of all couples p := [0, d] of temperature 6 and some additional constraint
parameter d. This example suggests that the mapping A, assigning p := 6 or [0,d] to
u is a compact operator between suitable function spaces. In most cases handled in this
paper, A, possesses somewhat compactness property.

(Notation)

For a real Banach space V' we denote the norm by | - |/, the dual space V* with its
norm | - |y« and the duality pairing between V* and V by (-,-)y«y. For a proper, ls.c.
(lower semicontinuous) and convex function ¢, the effective domain D(p) of ¢ is the set
{z € Vl]p(2) < oo} and the subdifferential of ¢, denoted by 0.¢, from V into V* is defined
by

{zr eV (zt,v—2)y-y < p(v) —p(z) forallv € V} if z € D(yp),
Oup(2) == { .

0 otherwise,
and the domain D(0.p) is the set {z € V|d.p(z) # 0}. In particular, if V' is a Hilbert
space H, and H is identified with its dual space, i.e. H = H* and ¢ is a proper, l.s.c.
and convex function on H, then we simply denote O.¢ and (-,-)yu by O¢ and (-,-)n,

respectively. We refer the detail study of subdifferentials of convex functions to the text
books [1, 5] and [18; Chapter 4].

2 Formulation and main theorems

In this section let us give more precisely the formulation of evolution inclusion (1.1).
Throughout this paper, let g be a proper, l.s.c. and convex function on H and let X be
a Banach space; X is not necessarily reflexive.

For simplicity we assume that

wo(-) >0 on H, ¢o(0)=0; hence0 € dpy(0), (2.1)

and for a fixed positive number 7" put

D (u) ::/0 wo(u(t))dt, we L*0,T;H), (2.2)

which is a proper, l.s.c and convex function on L?(0,T; H) and its effective domain D(®)
is the set {u € L?(0,T; H) | ®o(u) < oo}. Let X be a Banach space, X C C([0,T]; X)
with continuous embedding and &} be a closed and bounded subset of X. Now, we assume
that

(®) (i) to each p € Xy and each ¢ € [0,T] a proper, L.s.c. convex function ¢'(p;-) on H
is assigned, satisfying

¢ (p;2) > po(2), Yz € H, (2.3)
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(i) if p, p € Xy and p=p on [0,¢], 0 <t < T, then ¢'(p;-) = ¥'(p;-) on H,

(iii) if {pn} C Xo, pp = pin X, t, € [0,T] with ¢, — ¢t and z, — z weakly
in H, then
lim inf o™ (pn; 20) > @' (p; 2), (2.4)
n—oo
Now, we introduce a subset Xg of Xy, which consists of all parameters p € A} such
that {©'(p;-) bo<t<r satisfies:

(®g) for each positive number r there are real-valued functions a,, € WH*(0,T) and
by € WH(0,T) having the property that for any s,¢ € [0,7] and any z €
D(¢*(p;-)) with |z|g < r there is Z € D(p!(p;+)) such that

N|=

),

12 = 2l <lapy(t) = ap,(s)[(1 + ¢°(p; 2)

and
@' (p; 2) — (0 2) < |bpr(t) — bpr(s)|(1 + °(p; 2)).

Throughout this paper we suppose that Xg # 0. Now, given p € Xg, consider the
evolution inclusion:

u'(t) + 0t (p;u(t)) > f(t) in H, ae.te (0,T), (2.5)

where f is given in L?(0,T; H). By the definition of subdifferential, (2.5) is equivalent to
the following variational inequality

(W' (t), u(t) = 2)m + ¢'(prult)) < ' (p2) + (1), u(t) = 2)u, (2.6)

Vz € D(¢'(p;-)), ae. te(0,T).

In the sequel, we denote by P(¢'(p;-); f) the evolution inclusion (2.5) or variational
inequality (2.6) and by CP(¢'(p;-); f,uo) its Cauchy problem associated with initial con-
dition u(0) = wy.

By virtue of the abstract theory on nonlinear evolution inclusions governed by time-
dependent subdifferentials (cf. [16, 17, 29]), if p € Xs, f € L*(0,T;H) and vy €
D(¢%(p;+)), then the Cauchy problem CP(¢!(p;-); f,uo) has one and only one solution u
in W12(0,T; H) such that t — ¢'(p;u(t)) is absolutely continuous on [0,T]. Also, if ug
is in D(©%(p; -)), the closure of D(¢°(p;-)) in H, then it has one and only one solution u
in C([0,T); H) " W,22((0,T]; H) such that t — ¢(p;u(t)) is integrable on (0,T) and is
absolutely continuous on each compact interval in (0, 7]. These are called strong solutions
of CP(¢'(p;-); fyup). Tt is easy to derive from (2.5) or (2.6) by using the integration by
parts that the strong solution wu satisfies

[ @) =i + [ ratyar + 5l - )l

< [yt + [ (G =)+ 5l —aOf, 1)
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W] € ’Co(p), vt e (OaT]a

where

Ko(p) := {n € WH(0,T; H) | " (pin(-)) € L0, T)}. (2.8)
Moreover, under the regularity u € C([0,T]; H) N W ?((0,T]; H) we see that (2.7) is

loc
equivalent to (2.5) (and hence (2.6)) with u(0) = wy. However, without this regularity,
the variational inequality (2.7) is a more general concept than (2.5). This is a reason
why we set up a wider class Xy, of parameters p than Xg, which solves the variational

inequality (2.7)-(2.8).

Definition 2.1. Let p € Xy, f € L*(0,T; H) and uy € H. We say that a function v :
[0, T] — H is a weak solution of the Cauchy problem C' P (! (p;-); f, uo), ifu € C([0,T); H)
with u(0) = ug, ") (p;u(-)) € L*(0,T) and the variational inequality (2.7)-(2.8) holds.

In the sequel, assuming that Xg is non-empty, we define the weak class Xy (C Ap) as
the closure of Xg in X and suppose that the dependence of ©*(p; -) upon (¢,p) € [0, T]x Xw
is characterized by using a family {L,;(t) € B(H) | p, p € Xw, t € [0,T]} of bounded,
linear and invertible operators in H, where B(H) stands for the space of all bounded
linear operators in H, and a family {o,;. € W'?(0,T;H) | p, p € X, 0 < e < 1} as
follows:

(A1) There is a positive constant Ly such that
| Ly — Ilcqom:y) + 1Lyl 2o,y < Lolp — pla, Vo, P € Xw, (2.9)
where L (1) = 4 L,5(t) in B(H). Moreover, for any elements p,p € Xy we have
Lro(t) = L (t) = Lyy(t), Vp,p € Xw, Vt € [0,T7, (2.10)

namely the adjoint Ly (t) of L,p(t) coincides with the inverse of L,s(t) and it is
L;,(t) for all t € [0,T].

(A2) There is a positive constant oy such that

S[UP} ©0(0ppe(t)) < 00, |oppelwreomm < oo(lp — plx +€), (2.11)
t€0,T

Vp, p € Xy, Ve € (0, 1]

(A3) There are a continuous function ¢(-) on [0, 1] with ¢4(0) = 0 and a non-negative
continuous function ¢;(+) on [0, 1] with ¢1(0) = 0 satisfying the following property
that for any ¢ € (0, 1] there is a positive number d. (< €) such that for any p,p € Ay
with |p — plxy < 0., any ¢ € [0,T] and any z € D(¢'(p;-)) the element z := (1 +
co(€))Lpp(t)z + 0p5(t) belongs to D(¢'(p;+)) and

©'(p;2) < @'y 2) + cr(e)(1 + @' (p; 2)). (2.12)
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Remark 2.1. From the assumption Xg # () we easily check Ko(p) # 0 for any p € Xy. In
fact, for any p € Xs the evolution inclusion @ (t)+¢*(p; a(t)) 3 0, u(0) = @y € D(¥°(p;-)),
has one and only one solution @ € W'2(0,T; H). Therefore, for any p € Xy and € € (0, 1]
we choose p € Xg such that |p — p|x < d., where . is as in condition (A3) and put

u(t) = (14 cole)) Lpp(t)u(t) + oppe(t), t € [0,T].

We see from (A1)-(A3) that ¢ — ¢'(p;u(t)) is bounded on [0,7] and u € W'2(0,T; H).
Thus u € Ko(p).

The first main result is concerned with the existence and uniqueness of a weak solution
to CP(¢'(p;-); f, uo).

Theorem 2.1. Suppose that the family {¢*(p,-)|p € Xw,t € [0,T]} satisfies conditions
(@), (®5) and (A1)-(A3). Letp € Xw, f € L*(0,T; H) and ug € D(£°(p;-)) (the closure
of D(¢°(p;+)) in H). Then:

(i) Let {pn}, {fn} and {uo,} with ug, € D(¢°(pn;-)) be any sequences in Xs, L*(0,T; H)
and H, respectively, such that p, — p in X, f, — f in L*(0T;H) and ug, —
up in H as n — oo. Then the strong solution u, of CP(© (pn;-); fn,Uon) con-
verges in C([0,T); H) as n — oo. Moreover, the limit u is a weak solution of

CP(o"(p;-); fruo).

(ii) CP(p (p;-); f,uo) admits one and only one weak solution.

The second theorem is concerned with the continuous dependence of the weak solution
of CP(¢'(p;-); f,uo) upon the data p, f and ug.

Theorem 2.2. Suppose that the family {¢'(p,-) | p € Xw,t € [0,T]} satisfies conditions
(D), (Ps) and (A1)-(A3). Then:

(i) Letp € Xy, f, f € L*(0,T; H) and ug, o € D(p'(p;-)). Then, for the weak solution

u of CP (o' (p;-); f,uo) and the weak solution u of CP(¢!(p;-); f, o) the following
inequality holds:

F1(O=a0)fy < Gl [ (FO)=F()ulr)=ilr)ndr, Ve 0.7]. (13

(ii) Let {pn}, {fn} and {uo,} with ug, € D(¢°(pn;-)) be sequences in Xy, L*(0,T; H)
and H, respectively, such that

Pn—pin X, f,— [ in LQ(O,T;H), Ugn — Uy n H,

as n — oo. Then the weak solution u, of CP(© (pn;-); fn, Uon) converges to the
weak solution u of CP(p'(p;-); f,ue) in C([0,T]; H).
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The original idea of the weak solvability for nonlinear evolution inclusions is found
in the paper [7] and a set of conditions {(A1l), (A2),(A3)} is its generalization which
enables us to deal with a much wider class of nonlinear evolution inclusions generated by
time-dependent subdifferetials in a weak sense.

We shall prove the above theorems in section 3. Prior to it, conditions (A1)-(A3) are
illustrated by simple examples of ¢!(p;-) in the finite dimensional cases of H and X.

Example 2.1. We simply consider the space R* as H and R* as X, and a continuous
convex function z — ¢g(2) := |z|* on R? as ¢y(+); we denote simply by |z| the norm
|z|rs. Now, let X := WH2(0,T;R?) x C([0,T]) (c C([0,T];R?Y)). For positive constants
m*, d, and d* with d, < d* we define &, by

Xo={p:=[,dl € X | |vlwrzomrrs <m", d. <d(t) <d*, Vt €[0,T]}, (2.14)

which is a bounded, closed and convex subset of X.
Now, for each p := [v,d] € Xy and t € [0,T] we put

K'(p) = {z € R | |z — o(t)] < d(1)}, (2.15)

which is non-empty, compact and convex in R?, and define a proper, 1.s.c. convex function
¢'(p;+) on R? by

1
—|z?, if z € Ki(p),
O'(p;z) =< 2 (2.16)
0, otherwise,
namely
1
o' (p; 2) = §|z|2 + I (2), Vz € R?, (2.17)

where I, () is the indicator function of K*(p), i.e.

0, if z e K'p),

oo, otherwise

oo =

It is easy to see that the family {¢*(p;-)} satisfies condition (®). Also, for any functions

p:=[v,d],p:=[v,d] € &y and ¢ € (0,1] we take as L,;(t) the identity I and as o,;. the
function ¥ — v 4 ev. We take also a positive constant mj such that

|’w|c([07T];R3) < TTLT, Yw with ‘w‘wlg(oyT;RS) < m*.

We begin to show that X} := {p :=[v,d] € X, | v € C*([0,T|;R?), d € C*([0,T))} C
Xs. To this end, let p := [v,d] € A}, s,t € [0,T] and z € K*(p). Then we have
|z —w(s)| < d(s) =d(t) - % which is rewritten in the form

|Z —v(t)] <d(t), with 2z := d—)z — —=v(s) +v(t).

Therefore Z € K'(p) and

|d(t) — d(s)]

s <
12— 2] < i

(2] + [v(s)]) + [o(t) = v(s)] < Clt = s[(2my +d” + 1),
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where C' = d—(]dlcl([O,T]) + [v|erory). It follows immediately from this inequality that
condition (®)g holds for

ap,(t) = C2mi +d" + 1)t, by.(t) = C(m] +d")(2m] +d* + 1)t.

This implies that X; C Xs C Xy. Since &) is dense in Xy with respect to the topology of
X, we have Ay = Xj.

As (A1) is easily checked, we show (A2) and (A3) below. Given ¢ € (0,1), assume
that p := [v,d] € &y, p:= [0, d} € Xo, |0 — v|wrzorre) < € and |d(t) — d(t)| < ed, for all
t €[0,T). If |z — v(t)] < d(t), then we have by d(t) > d,

(1—¢)|lz—vt)] < (1 —e)d(t) < (1 —¢)(ed, +d(t)) =d(t) —ed(t) + (1 — €)ed, < d(t).
Therefore, putting
2im (1= )(z = v(t) + 0(t) = (1 = £)2 + 0y (t),

we see that

|z —o(t)] <d(t), hence z € K'(p),
o 1 1
(0 2) = ¢'(p2) = 521 = 5l2 < ez = eae),

|00 < 0'(1) = V') + e[ (t)], hence |oppelwrzorms) < oollp — plx +2),

for certain positive constants ¢ and oy depending only on the class Ay. Thus (A2) and
(A3) hold.

Example 2.2. We take again H = R?® X = R*, ¢o(z) = 1[z[* on R® and X =
Wh2(0,T; R?) x C([0,T]), just as Example 2.1. Now, for positive constants Ry, Ry, Ry (>
Ry), m*, d., d* (> d.) we put

Ve rire = {v = (0, 0@ o) | o] < Ry, [v?| < Ry, Ry < v < Ry},

R [vlwizormrs) < M,

and for p := [v,d] € Xy and t € [0, 7T

1
#m@=jﬁ+km,W€W,

with
K'(p)={z € R* | (v(t),z —v(t)) =0, |z —v(t)] < d(t)}. (2.18)

Next, we define the families {L,;} and {o,;.}. To do so, given any non-zero vector
v = (v, v® ) € R?, let us consider the hyperplane which is orthogonal to the vector
v at the point (v, v® v®). Denote it by I'(v); note that v € I'(v).

Also, given p := [v ] p = [v,d] € Xy , we denote by a,;(t) the angle which is made
by the vectors v(t) and v(t), namely () is given by the formula

OO
) S =T 21

Cos vy (t) =
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for a small positive constant p depending only on Xp. In the case when v(t) and v(t) are
linearly independent, denote by (,5(t) = (E,(Jlﬁ) (t),&%) (t),ﬁfjgﬁ) (t)) the unit vector through

the origin which is orthogonal to two vectors v(t) and o(t), namely ly;(t) = %,

and consider the rotation Ry (t) with angle o, (t) around the axis £,5(t). In the linearly
dependent case of v(t) and v(t) we put R,;(t) = I. By using this rotation we define

o o (RO )
L,5(t) = Rys(t), oppe(t) <1 |v(t)|) () + glﬁ(t)l (t), 0<t<T, (2.20)
for any € € (0,1]. We note that the mapping z — Z given by

z—0(t)=(1—¢e)Ruys(t)(z —v(t)), namely zZ = (1 — &) Ry5(t)z + 0ppe(t), (2.21)

maps v(t) to 9(t) and the plane I'(v(t)) onto I'((t)).

z'=(1-e)R,(D)z

rv(®)

Z
V()
r(v(t)) %

(Properties of Rys(t))
Let p = [v,d], p = [v,d] € Xy. When v(t) and v(t) are linearly independent, we have
the expression of R,;(t) in the form, which is called Rodrigues’ rotation formula,

Ryo(t) = I+ sin aup (1) My (1) + (1 — cos cuyp (1)) Moy ()? (2.22)
with A A
N (ON-10
Myu(t) = 9@ 0 —w . (2.23)

671 La()) 0
Also, the the third term of the right side of (2.22) is written in the form
1

2 cos?

(1 — €08 Qo (t)) Moo (£)? = (51 00 (£)) My ().

Ay (t
2
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Here we observe from |v(t) x 0(t)| = (sin au(t))|v(t)||0(t)] that
. ; v(t) xo(t) _ (v(t) = o(t)) x o(t)
emanDoll) = ool = wle@r 22

The right side of (2.24) is differentiable a.e. in ¢t € [0, T, so is the left side. Therefore, by
putting the left side of (2.24) to be 0 for ¢ at which v(¢) and ©(t) are linearly dependent,
(2.24) makes sense for a.e. t € [0,7] and (sin )l € WE2(0,T; R3). Simultaneously
this shows by the expression (2.23) that R,;(t) is differentiable in ¢ a.e. on [0,7], and
furthermore it follows from (2.22) and (2.24) that

|Rus(t) — I|pm3) < cx|v(t) —o(t)] (2.25)

and
| Ry (t) Bre) < ca ([V'(0)] + [0/(O)] + 1) (o) — o(8)] + [v'(¢) — ' ()]) (2.26)

for a.e. t € [0,7T], where cy, is a positive constant depending only on the class Xjp;
hereafter we denote such a generic positive constant by cy,.

By the way we check the differentiability of a,;(t). For simplicity, put o(t) = B E§)| and

o(t) = ‘U . Since [6(t) — v(t)] = 2sin 22 a”“ , it follows that

sin 2zt (t) .
ot (t) < — 7(3) e (t) = 2sin —=—= = |o(t) — v(t)],
2
where §y = min{®2% | 0 <z < I — £} (> 0), so that
aus(t) < cx|v(t) —o(t)|, Vtel0,T]. (2.27)
Furthermore it follows that
lim 2 {Sin —aw(t - &) — sin Qur(t) }
At—0 At 2 2
— AI?EOK o(t + At) — ot + At)| — |o(t) — v(t)||}
L L[ A i+ AP = Jo(t) = 6(1)P (2.28)
A0 AL [0(t+ At) — O(t + Ab)| + [6(2) — 0(¢)]
@) =T ,00) — ()
[o(t) = v(1)] ’

provided that 9(t) # v(t), namely v(t) and v(t) are linearly independent. The last equality
of (2.28) is not larger than |0'(t)—v'(¢)| and aus(t) = 0 in the case of 9(t) = ¥(t). Therefore,
sin 222 is differentiable a.e. on [0, 7] and |4 sin a”“ D <1 Lo'(t) — ' (¢)| for ae. t € (0,77,
so that a,;(t) is differentiable a.e. on [0, 7] and

s (1)) < 51! () = V()] < ex V'(8) — V' (1)), (2.29)
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where 0; = min{cosz |0 <z < T — 5} (> 0).
(Verification of (A1)-(A3))

Condition (A1) is obtained by (2.25) and (2.26), and (A2) is easily checked from
(2.20) and (2.21), since v,v € W2(0, T; R?). Next, we verify (A3). Let ¢ € (0, 1] be any
number, and let p = [v,d] and p = [v,d] be any elements in &, so that |d(t) — d(t)| < ed,
for any ¢ € [0,T] and |0 — v|c(o,r;rs) + [0 — V'|200,7m3) < €. Then it follows that for any
z € D(¢'(p;+)) = K'(p) the element Z given by (2.21) satisfies

Z—o@) < (1—¢e)z—v(t)] < (1 —e)d(t) <d(t), hence z € K'(p).
Therefore the mapping (2.21) maps K*(p) into K*(p) and by (2.25)

2=z < (1=¢)[Ruw(t) — I|ams) 2| + oppe +€l2|
< (I =e)exolo(t) = v(®)][2] + oppe + el

It is easy to derive (A3) from the above inequalities with continuous functions cy(e) = —¢
and c;(g) = cge for a positive constant cs.

(Verification of () and (Pg))

The verification of (®) is easy for ¢g(z) = 3|2|* on R?, and regarding (®s) we observe
that X, := {p = [v,d] € X, | v € CY([0T];R?), d € C*([0,T])} C Xs, whence Xy =
Xo. In fact, to show this we use the rotation R,(s,t) with the angle «,(s,t), given by

cos (s, 1) = aa ro‘md the axisé ( t) = (07 (s,1), 07 (s,1), 07 (s, 1)) 1= (2=

in the case of 0(s) := — |vs| # 0(t) : foreachp—[v d € X, and s,t € [0,T7]; by

definition R,(s,t) = I in the case of;( ) = 0(t). Now, given z € K*(p), consider
M'—@ s, 1)z dit)lv(s)] @ s,t)(z —v(s v
Z:= d(S)Rv( )z + <1 ()]0 ()l) v(t) = d(s)R”( )( (s))+v(t).  (2.29)
Then z € K'(p) and
= < GO — D0+ G0 = 1|+ 0] - GOReL @30

Just as in the case of rotation R,;(t), we have the expression of R,(s,t), of the form
Ry(s,t) = I +sinay(s,t)M,(s,t) + (1 — cos a (s, 1)) M,(s,1)?, if 0(s) # d(t), (2.31)
with a matrix M,(s,t) of the form

0 —0P(s,t) 0P (s,1)
MU(S’t) = (S7t) 0 _&(}1) (Sat) ’
—N)( ) (st 0

provided that 0(s) # v(¢); the formula (2.31) makes sense in the case of v(s) = 0(t) by the
same reason as before. Moreover we get the following estimates of «,(s,t) and R,(s,t)
similar to those of a,3(t) and Ry;(t):

sin ay (s, 1) < (s, t) < cxlv(t) —v(s)|, Vs, t € [0,T], s <t, (2.32)



74

and 5 (5.0 )
. . O\, I O ~ A |
ltlﬁlt—ssm 5 —ltlﬁlt_slv(t) u(s)| = 10'(s)|, Vse[0,T],
whence .
im0 (o) < ey ()], ¥ € [0,7] (2.33)
s t—s

As a consequence, we have by (2.31) with (2.32) and (2.33)

-1
lim Rv(sa t)

im — < x|V (s)], Vs €[0,T).

By (2.34)
[Ry(s,t) = I|prsy < CXO/ V' (7)|dr, 0<Vs<Vt<T,

On account of estimates (2.34) we derive from (2.30) that
t
2=l <en(1+ |2 [ (W) +1d ()] + ). (2.35)

This inequality implies that (®g) holds for p € &;. Thus X; C Xg and Xy = X), since
X1 is dense in A with respect to the topology of X.

Remark 2.2. The main difference between the above examples is that the dimension of
convex constraint sets is three in Example 2.1, while that is two in Example 2.2. In the
former case we do not use any rotation operator in order to verify conditions (A1)-(A3),
but in the latter case we need it to do so.

Remark 2.3. In the set-up of weak formulation of the type (2.7) we need the non-empty
class KCo(p) of test functions (cf. (2.8)) and any test function n must be in W42(0,T; H).
This requires at least that the hyperplane including time-dependent convex constraint set
must move smoothly in time. This is why we need the square-summable time-derivatives
of rotation R,;(t) and function o,;.(¢) in Example 2.2.

3 Proof of Theorems 2.1 and 2.2

In this section, we give the proofs of Theorems 2.1 and 2.2.

Proof of Theorem 2.1.
Let p € Xy, f € L*(0,T; H), up € D(¢°(p;-)). Let {pn}, {fn} and {ug,} be sequences
as in the statement (i). We use the following simple notation:

an(t) = Lyp,py (t), Unmﬁ(t) "= Opppm,e (t),

where L, ,  and o,,,. . are the operators and functions given in (A1) — (A3) for param-
eters p,, pm € Xy and € € (0, 1].



75

Now, for each n, problem
ul (t) + 00" (p; un(t)) 3 fu(t) in H, ae. t € (0,T), u,(0)=u, (3.1)

has a unique strong solution u,, € W?(0,T; H) such that ¢ — ¢'(p,; u,(t)) is absolutely
continuous on [0, T]. The evolution inclusion in (3.1) is equivalent to

(u;z(t)a un(t) - Z)H + Spt(pn; UN(t)> < @t(pn; Z) + (fn(t)’ un{t) - Z)Ha (32>
Vze H, ae. t € (0,T).

For any small ¢ € (0, 1] it follows from (A1) — (A3) that there is a positive integer N,
such that for all integers n, m > N;

(1) 2= (1 + €0(&)) Linn ()t () + Omn s (t) € D(¢"(pn; ), (3.3)

U (8) 7= (L4 €0(€)) Linn (£) U5, (8) + 01 e (8) + (L + co(€)) L (Dum () (3.4)
and
@ (P Unn (1)) < 0" (P um () + €1(e) (1 + @' (D um(1)))- (3.5)

Lemma 3.1. There is a constant M, := M,(p) > 0 (depending on p) such that

T
|| (10,77 1) +/ O (p; un(t))dt < My, VYn € N. (3.6)
0

Proof. Fix m > N and consider u,,, as given by (3.3) for all n > N.. Then, by taking
2 = Ump(t) in (3.2) we obtain

(U, (£), U (8) = G (£)) 11 + " (P (1)) < @' (3 G (£)) + (fo(£), 4 (£) = T (8)) 12 (3.7)

Using the integration by parts in (3.7), we see that

% {%mn(t)@, — (un(t), amn(t))H} + @' (s un(t))

< = (un(t), W ()11 + @' (3 T () + (fa (), (8) = G (1)) -

Moreover it follows from (3.3), (3.4) and (3.5) that {@, }n>n. is bounded in W2(0,T; H)
and {@") (pn; timn (t))dt }n> . is bounded in C([0, T]), as long as m is fixed. Now, rearrange
(3.8) in the form

(3.8)

%Gn(t) < mGn(t) +ma(L+ [ fa(O) + [t (0) 7 + |, (1))

where G,,(t) = $|un(t)|% — (wn(t), Gnn(t))n and my and my are positive constants inde-
pendent of n. Applying the Gronwall’s inequality to it, we get that G, (¢) is uniformly
bounded on [0, 7] and hence {u,} is bounded in C([0, T]; H). As a consequence, by going
back to (3.2), we see that fOT ¢ (vn; uy (t))dt is bounded, too. Thus (3.6) holds for a certain
positive constant M; > 0.
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By taking ,,,(t) as z in (3.2) to get (3.7) again and substituting (3.3) and (3.5) we
obtain that

(t, (8), 1 (£) = v () 11 + 0" (vn; n(£)) (39)
< (Um; U (t) + (fa(t), wn(t) — um () + Do e () + fnm,e(t>a .
where
Lrme(t) := (U (), (Lonn(t) — D () 1 + co(€) (g (t), Linn () um ()
d (3.10)
+ %(un@)? Omn,a(t))H
Lame(t) = (f()s (I = Linn(8))ttn () — €o(€) Luan ()t (t) = Toanc (1)) 11 (311)
= (un(t), O ()11 + c1(E) (1 + & (Pmi um (1)), '
Now, exchanging n and m in (3.9) and (3.10)-(3.11), we similarly have
(U (8), U (t) = n(£)) 11 + ' (P i (1))
i (3.12)
< @ (pns un(t)) + (fm(t), um(t) = wn(t)) it + Do (8) + Lo e (£)-
Now, adding (3.9) and (3.12), we obtain that
1d
5 77/t (®) = um Oz < (falt) = Son(8), wn(t) = wm () (3.13)

+ an,s (t) + an,s (t) + fmn,s (t) + f‘nm,s (t)
for a.e. t € [0,T]. As to the right hand side of (3.13) we prepare the following lemma.

Lemma 3.2. (i) We have that

ans( )+an€( )

d d
= 5 Lwa(®), (Lo (t) = Dum(t)) 11} + co(€) 7 (un(t), Linn (8) (1)) 1

) (3.14)
+ it {(un(2), Jmn,a(t))H + (um(t), Onm,e (t)m}
— (14 co(€)) (un(t), Ly (t)um (£))
and as € — 0 (and hence n, m — c0)
/ {Lrne(T) + Lome(7)}dr — 0 uniformly in ¢ € [0, 7. (3.15)
(i) As e — 0 (and hence n, m — 0o) we have that
/0 ' {|Eone@)| + [Fame ()| } a7 = 0. (3.16)
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Proof. By (3.10) we have for a.e. 7 € [0,7]

an,s(T> + an,a(7—>

= (). (Lo (7) = Dyt (7)) i1+ (i (), (Lo () = Dt (7))
M), L)) + () L))
+d {n(7)s Omne (7)) 11 + (Ui (T), O, (7)) 1 }

= 7). (Bonlr) = Do ()i~ (7). L (7 ()i
() (), Lo (Pt (7)) 11— () (7). Ly (7t ()i

+di7z'{<un(’f), Tmne(T)) i + (Win(T), e (7)) 1 }

d d

= (ua(7), (Lun (1) = Dt (7))11 + () 7

+di7_{(un(7-)a Omne(T)) i+ (Win(T), Onme(T)) 1 }
(1 + co(e)) (un(T), Ly (T) (7)) -

Thus (3.14) holds. Now, integrating it in 7 over [0, ] yields that

(Un(T); Loy (T) (7)) 11

/ (e (7) 4 T (1)}

< 2T {|Lun — IlcqoaBcmy) + |co(€)|| Lmnlco,ry sy } 1tnl oo m | wm| oo, m

T
+(1+|Co(€)!)\un|0([ovT];H)|Um|0([0,T];H)/0 | L (T) | B AT

+2|un |c(0,17:1) | Tmn.elc o,y | 5+ 2| Um|co,11:8) | Tnm.e | c o, ) -

Since |pn, — pm|x — 0 as n, m — oo, it follows from conditions (A1)-(A3) and estimate
(3.6) of Lemma 3.1 that the right side of the above inequality tends to 0 as € — 0 and
n, m — oo, so that (3.15) is obtained. Similarly (3.16) is proved.

Finally, we have by integrating (3.13) in time that

31000 = wn O < i = ol + [ () = Fn(r). () = ()

+ /Ot{rmn,a(f) + e (1) Y7 + /OT {‘fmw(r)) n f‘nm’a(T)‘} ir

for all ¢ € [0,T]. By virtue of Lemma 3.2, we conclude that {u,} is a Cauchy sequence in
C([0,T); H). We denote by w its limit in C'([0,T]; H) and it is clear that u(0) = ug. Next
we show that u is a weak solution of C'P(¢'(p;-); f,uo). To see it we note (cf. (2.7)) that
u,, satisfies

[ ) (0) =+ [ i n(r)r + 5la®) =, 0O
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< [ wanar+ [ (Gulr) () = modr + 5l = (O

V. € Ko(pn), Vte (0,T],

(3.17)

Let € > 0 be a small number. Then, by conditions (A1)-(A3), there is a large integer N.

such that for any n € Ky(p) the function
Mhne(t) == (1 4 co(€)) Lpp,, ()n(t) + 0pp,, (1)
satisfies that 7,-(t) € D(¢'(py;-)) for any n > N., and we see that
e = 1 i WH0,T5H), @ (paimee) = 01 (pin) in L1(0,T)

as € — 0 and n — oo. Also, by (iii) of (®),

t t
oo > lim inf/ O (pn; un(7))drT > / o (p;u(r))dr, Vtel[0,T].
0 0

n—oo

Therefore, taking n,. as 7, in (3.17) and letting ¢ — 0 and n — oo, we have (2.7). This

shows that u is a weak solution of C'P(¢'(p;-); f, uo).

In order to accomplish the proof of Theorem 2.1 it remains to prove the uniqueness of
weak solution of C'P(¢!(p;-); f,uo). Let @ be any weak solution of CP(@!(p;-); f,up). We
shall show below that @ coincides with the weak solution v which was constructed above
as the limit of the strong solution u,, of C'P(¢"(pn;-); fu, ton). For every large n and small

e > 0 we put
Une(T) 7= (14 co(€)) Lpp, (T)U(7) + Opp, (7) € D(@7 (pns -))-

and
U= (7) 1= (1 + ¢0(€)) Lypp(T)un(T) + 0ppe(T) € D(&7(p37));
in this case we have by (2.12)

27 (Pn; ne(7)) < @7 (p; (7)) + e2(e) (1 + @7 (p; (7))

and
@7 (D3 Une (7)) < O (Pn; un(T)) + c1(e)(1 + @7 (Pn; un(T))-

Now we note that u,, satisfies

/Ot(u;(T),un(T) — U (7)) g + /Ot o (o (7))

t t
< / & (P e (7)) + / (), tn(7) — e (7)) e
0 0
as well as 4 satisfies

[ @r).5() = tncrdr + [ trar + 5l ~ a0

< [ e + [ ()0) = ) + 5o = e (O

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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for all £ € (0,T]. Substitute (3.20) and (3.21) in (3.22) and (3.23), respectively, and add
these resultants to obtain that

t) = ey < 5lu0 = O+ [ {orttn = )i + (1,51 = )}

DN | —

t t
—/X%ﬂw—m@mh—/kmwa—m@Hm (3.24)
0 0

+ c1(g) /0 (24 (p; 1) + @7 (pn; un))dT

for all ¢ € [0, 7). Here note from (3.18) and (3.19) that
t t
/ (), Uy — Upe ) pdT + / (U,oy W — Upe) gdT
0 0
t
:(/m;Mmm—u+%@»/
0 0

t t
+u+%@»/U@w;wmh—u+%@f/U%w;um%mw
0 0

t

t
w;%wmm—/um%wmm
0

t t
—(1+co(e)) / (Lp,pUns Oppoe) HAT + / (14 co()) Ly, ptin + Op,p s U — ine) T
0 0

= —%(200(6) +co(e)) (Jun(O) — [n(0)[) = (un(t), Opp, (D)) + (1n(0), Opp, £(0))

féww%wmw—u+%@mgww%wm%gmﬂ
+(1 4 co(€)) (Lp,p(0)un(0), 0pp,, (0)) r + (1 + co(e)) /0 (Um L;pngppn,s)H dr
—l—/o (14 co(e)) Ly, ptin + 0y oy T — Tne) pdT,

which tends to 0 unformly in ¢t € [0,7] as n,m — oo and ¢ — 0 (cf. (2.9)-(2.11)).
Similarly

/{(fnvun_ans)H—i_(f;a_ana>H}dT:/(f;a_ane"i_un_ans)HdT
0 0

t
+/ (fn_faun_ana)HdTﬁO
0

uniformly in ¢ € [0,7] as n,m — oo and ¢ — 0. Therefore, from (3.24) we obtain an
inequality of the form:

limsup |a(t) — G, (t)|% <0,

e—0,n—00
which shows that u(t) = u(t) for all ¢ € [0, T, since Uy,.(t) — u(t) as n — oo and € — 0.
Thus the weak solution of CP(¢!(p;-); ug, f) is unique.
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Proof of Theorem 2.2.

We first prove (i). Let u be the weak solution of C'P(¢!(p;-); f,uo) as well as @ be
the weak solution of CP(¢!(p;-); f, 1) for p € Xw, f,f € L*(0,T : H) and ug, iy €
D(¢°(p;-)). Now, choose sequences {p,} C Xs, {up,} C H with ug, € D(¢°(ps;-)) and
{tipn} C H with @g, € D(©°(p,;-)) such that p, — pin X, ug, — up in H and g, — g
in H (as n — o0). Denoting by wu,, and @, the strong solutions of CP(¢"(pn;-); f, ton)
and CP(¢!(pn;-); f, tion), respectively, as was seen in Theorem 2.1, we see that u, — u
and @, — u in C([0,T]; H). Also, by taking the difference of equations satisfied by strong
solutions u,, and u,, we have

u,n<7_) - I_L;,L(T> + gn(T) - gn(T) = f(T) - f(7)7 a.e. T € (07T)7 (325>

where &,(7) € 0@ (pn; un (7)) and &,(7) € @™ (pn; Un(7)) for a.e. 7 € (0,T). Now, taking
the inner product between (3.25) and u,(7) — u,(7) and integrating the resultants in 7
over [0, t], we get

310l = i O+ [ (67) = &) 0(r) = )i (3.26)

1 I ! - _
= 5luon — Tonlzr + /0 (f(7) = F(7), un(7) = (7)) 1r-

By the monotonicity of subdifferentials the second term of the left side of (3.26) is non-
negative. Hence, passing to the limit as n — oo, we obtain (2.13).

Next we prove (ii). We use the same notations as in the statement (ii) of Theorem 2.2.
For each n we note that u,, and ug, can be approximated by p,, € Xs and g, € D(¢°(py;-)
so that |p, — pulxy < % and |ug, — Gon|ly < % Moreover, denoting by 1, the strong
solution of C'P(¢'(Pn;+); fu, lon), we may assume on account of Theorem 2.1,(i) that
|un — an|C([O,T];H) < % Since

DPn —p In X, g, — up in H,

it follows from (i) of Theorem 2.1 that 4, — v and hence u,, — v in C([0,7]; H). &

4 Quasi-variational Problems

In this section, we use the same notation as in section 2; let ®; be the convex function
defined by (2.2). As an application of Theorems 2.1 and 2.2, we treat a quasi-variational
problem with feedback system A, which is an (single-valued) operator, associated with
initial value py € X, from C([0,7]; H) N D(Py) into Xy, such that

(A1) [Apeu)(0) = po, Yu € C([0,T]; H) N D(Po),

(A2) if {u,} C D(®y), u,, = w in C([0,T); H) (as n — 00) and sup,en Polu,) < o0,
then Ay u, = Ayyuin &,
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(A3) for each M > 0, A,, maps the set {u € C([0,T]; H) | |u|cqom;m) + Po(u) < M}
into a relatively compact subset of Ay .

Now, our quasi-variational problem is formulated by the following system:
u'(t) + 0p (pyu(t)) > f(t)in H, 0<t<T, u(0)=uo, (4.1)

p=A,u in Ap. (4.2)
We denote system (4.1)-(4.2) by QV P(¢', Ayy; f,u0)-

Definition 4.1. We call {u, p} a weak solution of QV P(¢, A,; f, uo), if u € C([0,T]; H)N
D(®y), Ay,u = p and u is the weak solution of CP(¢(p;-); f, uo), or equivalently if u is
the weak solution of C'P(¢'(Ap,u;+); f, uo).

Our existence result for QV P (!, A,y ; f, uo) is stated as follows.

Theorem 4.1. Suppose that the family {¢'(p;-)|p € Xw,t € [0,T]} satisfies conditions
(®), (Ps) and (Al) — (A3) and that Xy is convex in X. Let py be an element in X such
that Xw(po) == {p € Xw | p(0) = po} is non-empty in Xy and A,, be a feedback system
such that (A1) — (A3) hold. Suppose that there is a positive constant M* such that for
any p € Xy there is a function n in Ko(p) satisfying

T
Il + / S (psn(t))dt < M. (4.3)
0

Moreover, let f € L*(0,T;H) and uy € H such that ug € D(p°(p;-)) for some p €
Xw(po) (hence for all p € Xw(po)). Then, there exists at least one weak solution of
QVP(§0t7Apo;f7 UO)‘

Proof. We note that Xy (po) is non-empty, closed and convex in X. According to
Theorem 2.1, for each p € Xy (po), CP(p'(p;-); f,uo) admits one and only one weak
solution u. Now we denote by W(py, ug) the set of weak solutions u of CP(o!(p;-); f, uo)
for all p € Xy (po), namely

W(po, ug) := {u | u is the weak solution of CP(¢"(p;-); f,uo), p € Xw(po)}-

We first observe from (4.3) that sup,eypyue)tltloomm) + Po(u)} < co. Let u be the
weak solution of C'P(¢"(p;-); f,uo) with p € Xw(po). Let n € Ko(p) be a test function
satisfying (4.3). Then it follows from (4.3) that [n[2 o) < M7, 102200,y < M7 and

fOT O (p;n(t))dt < M; for some positive constant M; depending only on M*. Moreover
we have by (2.7)

| o) = nudr+ [ radmar + 5lut) = )

< [ + [ ()utr) = nr)udr + 5 =),
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for all t € (0,7]. From this inequality we get that

/ o (o u(r))dr -+ Shu(t) —(t)fy — v / ju(r) — (7 ydr
0 (4.4)

< [ watrir+ / (1 () + 17 (7)) + 3 o = n(O)

for all t € [0, 7] and any positive number v. For instance, choosing v = -, we conclude

47
from (4.4) that
! T 1 2 * 1 * 2 2 * *
s ur)dr + () = O < M+ (4 i ) + Juoll + M7 = A

for all ¢ € [0, 7], which implies that |u(t)|g < [n(t)|y + 21/ M5 < /M7 + 2/ M5 =: M;
for all ¢ € [0,7T]. As a consequence, |u|c(o,r);m) + fOT O (p;u(r))dr < My + M; =: Mj.
Thus, by (2.3) in (®), we have

sup {|U|C’([O,T};H) + CI)()(U)} S MZ (45)

uEW(po,uo)

Next, let us consider the operator Sy, : Xw(po) — W(po, uo) which assigns to each p €
Xw (po) the weak solution u of C'P(¢!(p;-); f,ug). Then it follows that S, is continuous
from Xy (po) with respect to the topology of X into W(py, ug) with respect to that of
C([0,T]; H) (cf. Theorem 2.1). Moreover we see from condition (Al) — (A3) that the
composition A := A, S, is well-defined as a mapping in the closed convex subset Xy (po)
of Xy and it is continuous with respect to the topology of X and its range A(Xy (po))
is relatively compact in X by (4.5). Therefore, by virtue of the Schauder’s fixed point
theorem, A has at least one fixed point p in Ay (pg), namely p = Ap. It is easy to see
that the pair {u,p} with u:= S,,p is a weak solution of QV P(¢", Apy; f,uo). &

The next examples illustrate very well conditions (A1) — (A3), although they are quite
artificial.

Example 4.1. Let H, X, X, X;,, K'(p) and ¢'(p;-) be the same as in Example 2.1.

Also, for functions wy, ws, - -+ ,wy prescribed in Xj, we denote their closed convex hull by
colwy, wsy, - -+ ,wy| and put
K(vg) := {w € eofwy, wa, -+ ,wy] | w(0) = wvp}.

We note that (4.3) holds, since we can take the constant 0 as 7 satisfying (4.3).
Next, let v(-) € C(R) whose range is [di,d*]. Then, as a feedback system we define
an operator A,,, with py = [vg, do] € R?, from C([0, T]; R?) into X, by

lu — V|20 r:r3) = min \u — w|r200rm3), v(0) = vy,
pi= [0,d) = Ay = { o) = B, )
d(t) =~(Jv(®)]), Vt € [U,TLdo = 7(lvol),

for each u € C([0,T];R?); A,, is well defined as a single-valued mapping, since K(vp)
is compact convex in L*(0,T;R?). It is easy to see that A, satisfies conditions (A1) —
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(A3). Therefore, by applying Theorem 4.1 to problem QV P(¢, A,y ; f,uo) for each f €
L*(0,T;R?) and uy € R? with |ug — vo| < y(|vg|), we conclude that there are functions u
and v such that

u € C([0,T; R?), u(0) = ug, v € K(vp)

‘U — U‘LQ(O,T;R?’) = nglci(go) |U — w’LQ(O,T;RS);

[u(t) = v(®)] < ~(l(®)]), vt € [0,T],

| o) = nedr + 5 [ uoar+ Sjatn = ) (1.6

< [ G@utn) =atryir+5 [ Rz + 5w =)

Vi € WR2(0, T3 R®) with |5(t) — v(t)] < y(jo(t)]), Vt € [0,T].

Example 4.2. Let H, X, Vg, g, r,, X, Xo = Xw, K'(p) and ©'(p;-) be the same sets and
convex functions as in Example 2.2. Also, let 7(+) be the same continuous function as in
Example 4.1.

Condition (4.3) is easily checked by taking as n € Ko(p) in (4.3) the function v for
each p = [v,d] € Ay. Now, in order to set up the feedback system A, with py :=
[vo, do], vo € VRy.Ry.Rys do = Y(Juo]), we consider the ordinary differential inclusion in R?
for each function u € C([0,T]; R?)

V() + Olvy g (0(t) D u(t), v(0) = v (4.7)

By the classical result on the nonlinear evolution inclusions (cf. [5]), (4.7) has one and
only one strong solution v € W2(0,T; R?). Now we define Ay u = [v,7y(|v])] =: p. As is
easily checked, conditions (A1) — (A3) are satisfied. Therefore, by applying Theorem 4.1
we see that for each f € L*(0,T;R?), uy € R?® and vy € Vg, g, .z, With (ug — vo,v9) = 0
and |ug — vo| < y(|vo]), the problem QV P (¢!, Ay, ; f, uo) possesses a weak solution {u, p},
p = [v.y(|v])]; namely

ue C([0, T R?), u(0 = up, v e WH2(0,T;R?), v(0) = vy,

V'(t) + Olvy, g, (0(t) D u(t) for ae. t € 10,77,
(u(t) = v(t), v(t) = 0, |u(t) —v(®)] <~(jo(B)]), Vi € [0,T],

[ e = nenar+ 5 [ )P + 5l ~ o) m

< [ @) =nmar+ 5 [ n)Far + 5w =)

v € WH(0, T; R?) with (n(t) —v(t),v(t)) = 0, |n(t) — v(t)] < y(|u(t)]), vt € [0,T].
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5 Perturbation problems

In this section perturbation problems for C'P(¢'(p;-); f,uo) and QV P(¢", Apy; f, uo) are
discussed with their weak solvability. Our perturbation problems are treated under a little
bit more restricted setup than the above.

Let H, X, X and A} be the same as in section 2 and V' be a (real) uniformly convex
Banach space with uniformly convex dual space V* such that V' C H with continuous
and dense embedding. Hence, we have the usual triplet

V C H CV* with continuous and dense embeddings, (5.1)

and for simplicity denote the duality (-,-)v«y by (-,-). For a proper, Ls.c. and convex
function ¢(-) on H or on V, we recall on the notation for subdifferentials that dy is the
subdifferential of ¢ from H into itself and J,¢ is that from V into V*.

We consider as ¢g(-) in section 2 the function

v
_‘Z‘%/a Vz € ‘/7

po(2) =1 2 (5.2)
0, otherwise,

where v is a positive constant. We denote by F the (single-valued) duality mapping from
V onto V* and suppose that F' is uniformly monotone on V', namely

<F21 — FZQ, 21,22> Z CF|21 — ZQl%/, Vzl,ZQ c V, (53)

for a positive constant Cr. By (5.2) we have 0,po(z) = vFz for all z € V and dgg(z) =
vFz if Fz € H.

In this section we suppose that for each p € Xy and ¢ € [0, 7] the function ¢'(p;-) is
of the following form:

©'(p;2) == wo(z) + ¥ (p;2), VzeH, (5.4)

which is the sum of ¢g(-) and a p-dependent, non-negative, proper, l.s.c. and convex
function ¢*(p;-) on H. For this function ¢'(p;-) given by (5.4) the classes Xs # () and
Xy are similarly defined.

Furthermore we suppose that

Lpﬁ<t) € B<V)7 vpv JES XW; Vit € [OaT]u

where B(V') stands for the space of all linear continuous operators in V', and conditions
(2.9) and (2.11) are strengthened as follows:

| Lps — IlcqomBvy) + [ Lpl 2oy < Lolp — pla, Vo, p € Xw (5.5)

and
SUDefo,1] P0(Tppe(t)) < 00, |oppelwrzory) < oollp — plx +€),

(5.6)
Vp, b € Xw, Ve € (0,1],
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where Ly and oy are positive constants.

Our perturbation problem for C'P(¢!(p;-); f, uo) is of the form
u'(t) + 09" (pyu(t) + Gpst,u(t) > f(t), 0<t<T, u(0)=u, (5.7)

where G = G(p;t, z) is supposed to be a continuous mapping from Xy, x [0,T] x V' into
H and to satisfy that

G(p;t,2) = G(pit, 2)|g < Callp —pla + 12— 2lv), VE€[0,T], Vz,z€V,  (538)
for a positive constant C.

Definition 5.1. Given p € Xy, f € L?(9,T; H) and uy € H, we say that u is a weak
solution of C'P(¢(p;-), G(p;-); f,wo), if u € C([0.T]; H) N L*(0,T; V), u(0) = ug and the
following variational inequality holds:

/0 (1 (7). u(r) — (7)) mddr + / & (pru(r))dr + / (G(p:m,u(r)), ulr) — () mdr

w50 =0l < [ & @i+ [ (1)) = )udr + o= nO)f5 69)

VU € }CO(p)a vt e (O7T]

Lemma 5.1. Suppose that the family {¢'(p;-) | p € Xw, t € [0,T]} given by (5.4)
satisfies conditions (®), (Pg) and (Al) — (A3) and Xy is conver in X. Then, we have:

(1) For any p € Xy and t € [0,T], z* € 0¢'(p; z) if and only if z € D' (p;-)) NV,
z* € H and

(2" w—2)g < v(Fz,w—2) + ' (prw) —9'(pi2), YweV. (5.10)

(2) There is a non-negative continuous function co(-) on [0, 1] with c3(0) = 0 having the
property that for any e € (0, 1] there is a positive number 6. (< €) such that for any
p,p € Xy with |p—pla < 0., any t € [0,T] and any z € D(¢'(p;-)) the element
Z = (14 co(e))Lps(t)z + oppe(t) satisfies

V(5 2) S Wi 2) + cae) L+ |2 + 9" (3 2)).- (5.11)

(3) For anyp € Xy, f € L*(0,T; H), ug € D(©°(p;-)) andu € L*(0,T; V), CP(p'(p;-); f—
G(p;-, 1), ug) has one and only one weak solution in C([0,T); H) N L*(0,T;V).

(4) Let p € Xw, fi € L*(0,T; H), wip € D(¢°(p;+)) and u; € L*(0,T;V) fori = 1,2.
Let u;, i = 1,2, be the weak solutions of CP(¢'(p;-); fi — G(p; -, 1;), wi0). Then,

¢
e_C5t|u1(t) — uz(t)ﬁ{ + QVCF/ e_c‘”|u1(7') — uQ(T)ﬁ/dT
0
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< |u1p — ugo|H —i—/o e T (fL(1) = folT),us(T) — ua(7)) gdr (5.12)

t
+0Cq / e |uy (1) — o (7) [ dr
0

. - e
for every t € [0,T), where § is any positive number and Cs := =&.

Proof. In order to prove (1), assume that z* € d¢*(p; z). Then for any @ € D(¢*(p;-))NV
we have by the definition of subdifferential

. - v, . v 5
(50— 2 < SNl — 2| + 6 (D) — (s 2).

Now, take as @ the element z + r(w — z) with any w € D(¢!(p;-)) NV and 0 <r < 1 to
get
* Ly 2 V2 t t
(=" w =2 < —{Sle+r(w =2 = Flald b+ (piw) — v (i 2)
Letting 7 | 0 yields (5.10). The converse is clear.
Next we show (2). For any € € (0, 1], let . be the same number in condition (A3).
Then we have for any p, p € Xy with |p — plx < 0. (<€)

1 1
12+ ¢ 0 2) < Sllb + 9" (5 2) + o) (1 + %!z\% + ¥ (p; z)) : (5.13)

where z = (14¢o(€)) Lys(t) 2+ 0ppe(t). Since Z— 2z = (Lyp(t) — )z +co(€) Lps(t) 2+ 0ppe(),
it follows from (5.5) that

1z —zlv < [Ly(t) — Isylzlv + lco(@)||Lop(t) By 2|V + |opse () v
< Lolp — plxlzlv + co(e)(Lolp — pla + 1)|2]v + |oppe(t) v
< Lo{e+ cole) +ecole) Hzlv + |opse(t)|v-

Putting ¢ (¢) := Lo(e + co(€) + eco(€)), we have by the above inequalities
2 —zlv < a@)lzlv + lopse(t)lv
and similarly
2y + |zlv < 202y + c1(e)lzlv + |oppe )]y
Also, it follows from (5.6) that there is a positive constant oy such that
[Oppeloqorvy < oi(lp — plx +€) < 200
for all p, p € Xy with |p— plx <., € € (0,1] and ¢ € [0, T]. Therefore
_ 1 _ 1
D) < v+ g (el - R+ (15l + i)
. L _ _ Lo t
< Yps2) + 512 =zl (I2lv + lelv) +ale) 1+ Slelv +97(p; 2)
1
< W)+ LAl + 2@l + Al + 2000
1
rar(e) (14 5 +052))
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As a consequence we obtain an inequality of the form (5.11) for a certain positive contin-
uous function cy(+) on [0, 1] with ¢3(0) = 0; for instance, cz() := 2¢4(e) + ¢4 (g) + ¢ (e)? +
301€ + 207e”.

The assertion (3) is an immediate consequence of Theorem 2.1. Next we prove (4).
Choose a sequence {p,} in Xg such that p, — p in X (as n — oo) and a sequence
{wion}, @ = 1,2, such that wp,, € D(¢°(pn;-)) and i, — uip in H. Also, note by (5.8)
that G(p,; -, w) — G(p;-,4;) € L*(0,T; H), since @; € L*(0,T;V). Then, on account of
Theorem 2.1, for each n problem C' P (¢ (py;-); f — G(pn; -, Ui), Wio,n) has one and only one
weak solution u;, and converges u; in C([0,T]; H) with

n—oo

t t
0< / ¢ (p; ui(1))dr < lim inf/ O (P Win (T))dT < 0.
0 0

Hence u;, — u; weakly in L2(0,T; V).
Now, recalling (3.26) in the proof of Theorem 2.2, we have

1d

5 77 1n(7) = uan () + (€1a(7) = &on(7), wan(T) = wan(7))m

= (fi(7) = fo(7) = G(pn; 7, U (7)) + G(pu; T, (7)), wrn(T) — U2n(T))m,

where &, € 00" (pn; uin), i = 1,2,n =1,2,---. Moreover, we get from this inequality with
(5.3) and (5.10) in (1) that for any n and a.e. 7 € [0,T]
1d 9 9
57 [U1n(7) = uzn (T) |5 + vCOF|un(T) — u2n(7)]y,
2dr
< (filr) = fa(7), urn(T) — u2n(7))m

Co
28

1
—|—§(5CG|711(T) - 712(7'> %/ + ‘u1n<7—) - U2n(7—)|?—l

Hence, multiplying the above inequality by e=%", with Cs = %, integrating the resultant
in 7 on [0, ¢] yields that

t
e Uy, (1) — uan (B) % + 2VCF/ e U1 (1) — g (7)|3dT
0
t
< Jurom — zonl7 + / 67057(f1(7') — fo(7), uan(7) = ugn (7)) mdr
0

t
+0Cq / e Tun(r) = (7 dr
0
Now, passing to the limit as n — oo, we obtain (5.12). <

The weak solvability of a perturbation problem for C'P(¢!(p;-); f,uo) is stated as
follows.
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Theorem 5.1. Suppose that conditions (®), (Pg), (Al) — (A3) and (51)-(5.6) are sat-
isfied, and that Xy is conver in X. Let p € Xw, f € L*(0,T; H) and uy € D(©°(p;-)).
Then CP (' (p;-), G(p;-); f,uo) has one and only one weak solution u, namely the varia-
tional inequality (5.9) holds:

Proof. Thanks to Lemma 5.1, for every u € L?(0,T; V) there is one and only one weak
solution u of CP(¢'(p;-); f — G(p; -, 1), up) and we define the mapping S which assigns to
each u € L?(0,T;V) the weak solution u of CP(!(p;-); f — G(p;-, 1), ug). On account of
(5.12) of Lemma 5.1, S satisfies that for any @; € L*(0,T;V), i = 1,2,

2wy /0 =5t (S ) (£) — (Sta)(8) 2t < 5C /0 Ol (t) — aa() . (5.13)

We note here that the functional u — p(u) := |f0T e~ Cst|u(t)[2 dt|2 is an equivalent norm to
the usual one of L?(0,T; V) and (5.13) implies that the mapping S is a strictly contractive
mapping from L?(0,7;V) into itself with respect to p(-), if § > 0 is chosen so that
0Cq < 2vCFE. Therefore S has one and only one fixed point u, u = Su, which is the
required weak solution of CP(¢'(p;-); f — G(p; -, u),ug). &

One of big advantages brought by the form (5.4) is stated in the following lemma.

Lemma 5.2. Assume that (4.3) holds, namely there is a positive constant M* such that
for any p € Xy there is a function n € Ko(p) such that

(1
s + [ {50008 + o pinoacf < ar (5.14)

Let {p,} C Xw and p € Xy such that p, — p in X (asn — o0). Also, let {f,} and
{uno} be sequences in L*(0,T; H) and H, respectively, such that f, — f in L*(0,T; H),
Uno € D(@(pn;+)) and ung — ug in H. Then the weak solution u, of CP(¢"(Pn;+); fn, Uno)
converges to the weak solution u of CP(¢'(p;-); f,uo) in C([0,T); H) N L*(0,T;V).

Proof. We may assume that p, € Xs and u,g € D(¢%(pn;-)), since Xy is the closure
of Xg in X. Let u, be the strong solution of CP(©'(pn;-); fn,Uno). By making use of
Lemma 5.1, (1), we have

(i, (8), un(t) = 2) 1 + V{Fun(t), un(t) = 2)yev + 9" (o un(t)) (5.15)

< P (pns 2) + (falt), un(t) = 2)u, V2 € D' (pn;)) NV

As z in (5.15), take a function 7, (t) with 7, € Ky(p,) satistying (5.14). Then we see (cf.
(4.5)) that there is a positive constant M; such that

1 T T
|tnleqo,rym + 5/ |ua ()| dt +/ U (Pn; un (8))dt < My (5.16)
0 0

Next for any n, m and any positive number ¢ € (0, 1] we use the same notations for L, (t)
and o, - as in the proof of Theorem 2.1 of section 3. Here take as z of (5.15) the element
U (t) 7= (1 4 ¢o(€)) Linn (t)tum(t) + Omne(t). Then, similarly to (3.9) we have that

(tp (£), un(t) = i (8)) 11 + v(Fun(t), un(t) = um(t)) + ¢ (pni 1 (1)) (5.17)
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< wt(pnﬁ U (1)) + (f (), un(t) — um(t)) i + Tome(t) + fnm,s(t) + Hum,e (1),

where I'p, () and T,y o (t) are the same expressions as (3.10) and (3.11) and

Hume(t) 0 = (fult) = f(),un(t) — um(t))n
~(fu = f (@), (Linn(t) = Dtum + co(€) Linn ()t (t) + Omne(t))
1 (Ftn, (Lin (t) — D (t) + co(€) Linn (£)um () + Tmne (1))

note from (5.5), (5.6) and uniform estimate (5.16) that H,,,. — 0 in L?(0,¢) uniformly
intel0,7T] asn,m — oo and € — 0.
Exchanging n and m in (5.17), we obtain

(U (£), i (£) = n (8)) 1 + v (Fttn (£), i (£) = i (£)) + ¥ (s 1 () (5.18)

< wt(pn; un(t)) + (f()s wm(t) — un(t)) i + Dinne(t) + Dine (8) + Hynn e (1)
Adding (5.17) and (5.18) yields that

1d

5 el (t) = un (O + Vun (8) = un ()} (5.19)

S an,s (t) + an,s (t) + fnm,s(t) + fmn,s(t) + Hnm,e(t> + Hmn,zz(t)

Finally integrate the above inequality in time ¢ on the time interval [0, s], s € (0,77, to
get

1 s 1
15) = wn (&) + v [ un®) = (Ot < 3 — ol (519)
0

[Tl ®) + Do) + T c€) + T 6) + Hoo6) 4 Hono ()
0

Moreover, noting that the integral of the right hand side of (5.19) converges to 0 in L'(0, s)
uniformly in s € [0,7] as n,m — oo and € — 0 (cf. Lemma 3.2), we conclude that {u,}
is a Cauchy sequence in C'([0,T]; H) N L*(0,T;V) and the limit u is the weak solution of

CP(o"(p;-); fru0). €

Remark 5.1. Since 1980s, so many perturbation problems have been discussed in the
theory of nonlinear evolution equations associated with time-dependent subdifferential
operators. We refer to papers [23, 26] among them for the related works. Furthermore,
recently, it was pointed out that variational inequalities of the Navier-Stokes type are
handled in our framework of perturbations, and the heat convection problem has been
treated under various temperature-dependent constraints (cf. [6, 8, 9]).

Now we formulate a perturbation problem for QV P(¢", Ayy; f, uo)-

Definition 5.2. Let f € L*(0,T;H), po € X and ug € H. Then {u,p} is called a
weak solution of QV P(¢', Ay, G; f,up), if ue C([0,T]; H) N L*(0,T; V) with u(0) = uy,
p = Ay u and the variational inequality (5.9) holds.
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The next theorem is concerned with the weak solvability for QV P(¢", A,,, G; f, uo).

Theorem 5.2. Suppose that conditions (®), (Ps) and (Al) — (A3) are satisfied and that
Xw is convex in X. Let py be an element in X such that Xy (po) = {p € Xw | p(0) = po}
is non-empty in Xy and A, be a feedback system such that (A1) —(A3) hold. Suppose that
there is a positive constant M* such that for any p € Xw there is a function 77 in Ko(p)
satisfying (4.3). Moreover, let f € L*(0,T; H) and ug € H such that ug € D(©%(p;-)) for
some p € Xw(po). Then, there exists at least one weak solution of QV P(¢", Ay, G f,up).
Proof. Let us consider the mapping S; which assigns to each p € Xy (po) the weak
solution u € C([0,T); H) N L*(0,T;V) of CP(p'(p;-),G(p;-); f,ug). This mapping S; is
well-defined on account of Theorem 5.1 and for some positive constant M, we have

T
S1ple(o.r);m) /wt(p;Slp(t))dtSMZ, Vp € Xw(po), (5.20)
0

which is obtained just as (4.5). Now we put A; := A, S; which is the composition
of §; and A,,. Clearly A; is a mapping from Xy (po) into itself. Next we show that
A, is continuous in X. To do so, let {p,} be a sequence in Xy (py) and {u,0} be
a sequence in V such that p, — p in X, un € D(¢°pn;-)) and u,g — wup in H,
and let wu, be the weak solution of CP(¢'(pn;-), G(pn;-); f,uno) as well as u be the
weak solution of C'P(¢'(p;-), G(p;-); f,uo). Moreover, let u, be the weak solution of
CP(p'(pn;); f — G(pn; -, u), u,0). Now, by Lemma 5.2, ,, converges to the weak solution
u of CP(¢!(p;-); f— G(p; -, u),up) in C([0,T]; H)N L*(0,T;V). Next, comparing u,, with
Up, we observe from Lemma 5.1, (4) that

t
st () — i (D)% + 20C /0 e=C57 |y (7) — i (7) 2

IN

/ &= (G (pui 7, tn(1)) — G (P 7, 0(r))s tn(7) — (7)) 11T

O

IN

/ O (G Ty un (T)) = G Ty Un (7)), U (T) — T (7)) rdr
+

/ C”(G(pn; T, Un (7)) — G(p; 7, u(T)), Un (T) — U (7)) gdT

e_C”|un(T) — Uy (7) |%{d7'

Ca
< 60 [ ¢ Ountr) — mn(r)r + 52 [
0

t
+/ e T (G (pn; 7, Un (7)) — G(p; T, u(T)), Un(T) = T (7))
0
Now choose a positive constant d so as to satisty 2vCr — dCe > J to have
t
e~ 9w, (1) — n (1) |4 + 6/ e~ up (1) — Tn (1) [3dr
0

Ca

¢
< o 6_057|un(7') — ﬂn(r)ﬁ{dT (5.21)
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- / €O (G pwi 7, (7)) = G5 7, u(7)), (1) = (7))

Neglecting the second term of the left hand side of (5.21), we apply the Gronwall’s lemma
to (5.21) and pass to the limit as n — oo to obtain that u, —u, — 0in C([0,T]; H), since
G(pn;, Up) — G(p; -, u) in L?(0,T; H). Moreover, going back to (5.21), we see that u, —
U, — 0 in L*(0,T; V). Consequently it results that u, — w in C([0,T]; H) N L*(0,T;V).
This shows that Sip, — Sip in C([0,T); H) N L*(0,T;V) and Aip, = A,y (Sipn) —
A, (S1p) = Aip by condition (A2). Thus A; is continuous in Xy (py) with respect to
the topology of X. Also, by (A3) and (5.20), the range of A, is relatively compact in
Xw(po). Accordingly, it results from the Schauder’s fixed-point theorem that .4; has
at least one fixed point p, A;p = p. The pair {u := Sip,p} gives a weak solution of

QVP(§0t7 Apoa G; fa UJO)' <>

Remark 5.2. The elliptic theory of quasi-variational inequalities initiated in 1970s in
connection with optimal control problems (cf. [4]), and until now many interesting re-
sults have been established in various free boundary problems (see the book [3] and its
references, and [10, 14, 22, 24]). The abstract theory of quasi-variational inequalities
was established in [28], where an existence result for a class of elliptic quasi-variational
inequalities was proved. Subsequently the parabolic type of problems was treated [13, 20,
27]. Moreover, some other different approaches were proposed in [19, 24] and these ideas
have been applied to various problems with complex structure (cf. [9, 11, 12, 15]).

6 Application

We consider a 3-component system, w := (w®, w® w®); each component w® :=
w®(z,t),k = 1,2,3, is a function on Q = Q x (0,7), where  is a bounded domain
in R3 with smooth boundary I'. Our problem is formally described by the following
system:

w, — v - Aw + 0lgg)(w) 2 f(6,w) in Q, (6.1)

06_\;/ =0 onX:=T1x(0,7), w(-,0)=wq in {2, (6.2)

0, — kAO = h(t,x,0,w) in Q, (6.3)

g—z +nof =0 on X, 0(-,0) =0 in €, (6.4)

where
w e W Aw® FO(0, w)
wii= | w? |, vi=| v? |, v-Awi= | @AW || £, w) = | fA0O,w) |,

wgs) 3 3 Aw® @) (6, w)

and v is a positive constant, wt(k) = %w(k) for k = 1,2, 3, k and ng are positive constants,

wo, Op are initial data, f(6,w) is a vector field from R* into R? and h(x,t,0,w) is a
function on @ x R*.
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For simplicity we use the following notations:
|' ’ = ’ ’ |RN7 1 §N<OO> (7) = ('7'>RN7

H = LQ(Q)37 ('v )H = ('7 ')LQ(Q)Sv V= HI(Q)?)v <'> > = <'7 '>V*,V'

Now we consider the family of compact convex constraints E(#) as follows. Let a(-) :=
(aM (), a?(-),a® () be a vector field of C*—class from R into R? such that

1a®(0)] < Ry, k=1,2, R <a® (@) <Ry, VHeR
for positive constants Ry, Ry, Rs (> R1). Then we define
E() :={z=(2",2?,2%) e R* | (a(h),z — a(h)) = 0,z — a(h)| < v(f)}, VHeR,

where 7(-) is a continuous function on R such that d, < ~(0) < d* for all 6 € R with
constants d,, d* satisfying 0 < d, < d*.
For prescribed data wg, 6y, f(-,-) and h(x,t,-,-) we suppose that

i) wo € H and 0, € H?(Q) such that 2% + ngfy = 0 a.e. on I' and wo(z) € E(0y(x
on
for a.e. x € Q.

(i) f is Lipschitz continuous from R* into R3, namely
(0, w) —£(0,W)| < Le(|0 — 0] + |w —W]), V0,0 € R, Yw,w € R®,
where L¢ is a positive constant.
(iii) A is Lipschitz continuous from @ x R* into R, namely
\h(x,t,0,w) — h(Z,t,0,W)| < Lp(|Jx —z| + [t — | + 10 — 0] + |[w — W]|),

Y(x,t),(7,1) € Q,V0,0 € R,Vw,w € R?,

where L;, is a positive constant.

Furthermore, in order to treat system (6.1)-(6.4) in our framework of quasi-variational
problems we setup function spaces and convex functions as follows. We put

v e W2(0,T;V)NC([0, T); WH(Q)*),
X:={p:=[v,0,d | 6 W"0,T; H}(Q)) NC(Q), , (6.5)

d e C(Q)

VvV .= ('U(l),v(Q), 'U(3))7 ’V|W1’2(0,T;H1(Q)3) S m*’

V| Loo (0,73 12(0)3) < M,

Xo=_p=[v,0,deX | [vW <Ry, k=1,2, Ry <v® <RyinQ, 1, (6.6)
0 W20, T; HY(Q2)) N L>=(0,T; H*(R)),

deC(@Q), d.<d<d inQ
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where m* is a positive constant, and

3

1
> VB Lo + Ik (2), Vz € LX(Q), Vp o= [v,0,d] € X,

L. R
¢ (p;z) = 5
k=1

where z = (21, 2 23)) and

K'(p) = {z c HL(Q) 1z <Ry (k=1,2), Ry <28 < Ryace. inQ, }
= 0

(v(,t),z—=v(-1) =0, |z—v(, )] <d(t) a.e. in Q

Next, for each p := [v,0,d] and p := [v,0,d] € X,, we consider the rotation Ry (z,t)
in R? with the angle ay(z,t), given by cosayy(z,t) = %
log(a,t) == ‘zgi iﬁi:g 3\7 rovided that v(x,t) := ﬁﬁﬁ g‘ £ v(z,t) = |z(m by definition
Ryy(x,t) = I, when v(x,t) = v(z,1).

Now, we define L,;(t) and 0,5, by

around the axis

[Ly;(t)z](x) := Ryg(z,t)z(z), ae €, Vze H,

v(z, v(x (6.7)
Oppe(T,t) == (1 }VE@" 2;) v(z,t)+e (%) v(z,t), (x,t) € Q,

(cf. (2.20), (2.21)). As to 0,5, we immediately see that
o (D)v < Cxo ([V(E) = v(O)]v +¢)

for some positive constant C'y,; hereafter we use the same notation C'y, to denote a generic
positive constant depending only on the class Xj.

(Verification of (A1)-(A3))

Conditions (A1)-(A3) are verified in a quite similar way to that in Example 2.2 as
follows. Let p = [v,0,d], p = [v,0,d] € X, and let Ryy(z,t) be the rotation with angle
vy (, t) around the axis g (2, t) as defined above. We first show Ry (-, t) € B(V). Also,
we remember the relation (cf. (2.24))

<v

(sin e (2, 1)) ye (z, 1) = V(z, 1) X v(z, 1). (6.8)

Since the right side of (6.8) is written as (V(x,t) —v(x,t)) x ¥(x, t), we obtain an estimate
of the form

|(sinozv‘—,(a:,t))lfv\—,(x,t)| < Cylv(z,t) —v(z,t)], (x,t) €Q,

whence R
|(sin g (1)) bve (1) | < Cxy [V (1) = V()]
We note here that the right side of (6.8) is differentiable in € Q and ¢t € (0,7), so that
0

—— (sin o (, 1))y (2, 1) = Vo, (2, 8) X v(z,t) + v(2,t) X vy, (2,1), j=1,2,3,
&€ ;
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and
a(sin o (2, 0) )y (z, 1) = V' (2, 1) X V(2,t) + V(1) x ¥ (z,1),
where (+),, = 52 and (-) = & or £. Furthermore,
0? - . )
5 at(sin yo (2, 1)) lyg(x,t) =V, (2,8) X v(x,t) + v, (2,8) X V (2,1)
Z; J J

A ~/ A~ 2
+V(2,t) X v, (2, 1) + V(2,1) X vy (2,1).

By virtue of the fundamental properties of 3-dimensional exterior product, these inequal-
ities give us estimates of the form:

aixj(sin e (1)) lys (t) ; < Cx(lv(t) =v)lv +[v(t) = v()lc@s) (6.9)
4 s £))lve(t 6.10
E(Slnavv( ))vs(t) . (6.10)

< (VO + VOl (V) = V(D)o@ +v(E) = v(H)]n),
82
(91:]-815 H
< Cxo{(IV' O + VOV () = V() lwraps + V() = V' (D)lv ]
for j = 1,2,3 and for a.e. ¢ € [0,7]. By the expression of Ryy(z,t) in the form (2.22),
the estimates (6.9)-(6.11) yield that

[Rye(t) = Il py < Cxp|v(t) = v(t)lv, (6.12)

(8in Ay () ) oye (2)

(6.11)

and

[Rye ()50 < Cax{ (VO + V' @)1V)IV(E) = ¥(O)lwrape + [VI(E) = V' (D)lv],  (6.13)

which implies that L,; and 0,;. given by (6.7) satisty the strong type of conditions (5.5)
and (5.6). Thus condition (A1) is satisfied as well as (A2).
Moreover, we see that for any small positive number ¢ € (0, 1] the mapping z — Z
given by
7= (1= ) Lyplt)2+ yp(t) (= (1= ) Ruw (s + 0y 0)

maps K*'(p) onto K*(p) and
|z —zly < Cx, (L + Jz[v)([v(t) = v(8)]v +¢). (6.14)

Now, from (6.14) it is easy to verify condition (A3) for an appropriate function of the
form c;(g) = coe with a positive constant cs.

(Verification of (®g)) B B -
Let Xy :={p=[v,0,d € X | veC Q)0 e CYQ),de CYQ)} and p := [v,0,d]
be in AX;. Also, denote by ay(z,s,t) the angle made by v(z,s) and v(z,t) for each
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z,s)

x € Qand s,t € [0,T]. For simplicity we write v(z,s) and v(z,t) for ‘zgx &7 and viz.M)

[v(z,t)]*
Now, consider the rotation mapping Ry(z,s,t) with angle ay(x,s,t) around the axis

ﬁ;(x,s,t) = %, when v(z,s) # v(z,t); by definition put Ry(z,s,t) = I, when
v(z,s) =v(x,t).

Replacing {v(z,t), v(x,t)} by {v(z,s), v(z,t)}, and aye(x,t) by ay(z, s,t) as well as
Rys(z,t) by Ry(x,s,t), we repeat a similar argument to that in (Verification of (A1)-(A3))

to get

[By(-;8,8) = Il gy < CaolV(s) = v(B)]v (6.15)
Now, just as in Example 2.2, consider the mapping z — z in H given by
_ d(z, s) d(z,t)[v(z,s)]
= Ry(x;s,t 1— 1), Q, 6.16
z(x) 1 0) (x;8,t)z(x) + ( (. 5) V(1) v(z,t), x € (6.16)

or equivalently

d(z,s)
d(x,t)

2(2) — iz, 1) = W) B (s t)(ale) — vz, s), zeQ
Then we see from (6.13) that the mapping (6.16) maps K*(p) onto K*(p) and for any
z € K*(p) its image z satisfies

t
|z —zly < Cx(1+ !Z!v)/ (VD +1d' (Tl + Ddr. (6.17)

It is easy to verify condition (®g) by (6.17) and X; C Xs. As a result, we have Xy = Ay,
since A is dense in A with respect to the topology of X.

(Setup of the feedback system A,,)

Let w be any function in L?(0,T; V') and let 6 be a unique solution of (6.3)-(6.4). Then,
on account of a regularity result (cf. [7]), we have § € W12(0,T; H'(Q))NL>(0,T; H*(Q))
and put p = [a(0),0,~v(0)]. Since W12(0,T; H'(Q)) N L>(0,T; H*(2)) is compactly em-
bedded in C(Q), it follows that p € X;. Now for the initial datum po := [a(6y), o, 7(60)]
we define A, : C([0,T]; H) N L*(0,T; H'()) — (W12(0,T;V) N C([0, T]; WH4(Q)3)) x
(W20, T Hy () N L=(0, T; H*(Q)) x C(Q) by

pi= [a(9)7 977(‘9)] = APOW'

It is easy to see that the operator A, satisfies conditions (A1) — (A3).

Now, we can apply Theorem 5.2 in the present case of ¢'(p;z) and G(p;t,z) := £(0, )
to obtain that the quasi-variational inequality

{ w(t) + 0¢' (p;w(t) > G(p;t, w(t), 0<t<T, w(0)=wy,
p =AW

possess at least one weak solution {w,p}. Namely there is at least one pair of functions
{w, 6} such that

w € C([0,T]; H) N L*(0,T;V), § € WH(0,T; H'(Q)) N L>(0,T; H*(Q)),
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k
where 7 = (0, @, @) and 5 = 2y,

w e E(f) ae. in Q, w(-,0) =wpa.e. inQ, 6(-,0) =0 in Q,

0
0y — KAO = h(t,z,0,w) a.e.in Q, % +nogf =0 a.e. on X,

3 t 3 t
Z/ / n® (w® — " drdr + Z/ / vIVw® v (w® — ®)drdr
1 Jo Ja —1 Jo Ja

3 t
1 1
w5in®) =wly <30 [ [ 00w~y )dedr + 510(0) = ol
k=1

vt €[0,T], Vn € WH(0,T; H) N L*(0,T; V) with n € E() a.e. in Q,

9 (k)
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