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Abstract. In this paper we consider a one dimensional free boundary problem as a
mathematical model describing adsorption phenomenon in one hole of a porous media.
This model is proposed by Sato-Aiki-Murase-Shirakawa [7, 8] and consists of a partial
differential equation for the relative humidity in the hole and an ordinary differential
equation of the front of water region which represents the growth rate for water region.
For this model, Sato-Aiki-Murase-Shirakawa [8] proved the existence and uniqueness of a
time local solution, and Aiki-Murase[5] showed the existence of a solution globally in time
and the convergence to a solution of a steady state problem as a large time behavior of
solutions. In this paper, we consider this mathematical model in each hole for each position
x of the porous media with respect to @ C R?, and prove the continuous dependance of
the solution of this problem with respect to z € €).
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1 Introduction

In this paper, we consider an adsorption phenomenon in a porous material. Let Q C R3
be a bounded domain occupied by the material and w(z) be a hole in the material at
x € (). Here, for each x € 2 we denote the degree of saturation and the distribution of
the relative humidity in w(z) by s(x) and u(z), respectively.

More precisely, s(x) is a function on [0, 7] for T' > 0 and = € €2 so that s(x) = s(z)(¢)
for ¢ € [0, 7] and we require s(x) € C([0,7]). Also, we put

Qs@)(T) :={(t,z) : 0 <t <T, s(z)(t) <z< L}
Moreover, u(x) = u(x)(t,z) is a function on Q4)(7). Sometimes in this paper, we
omit the parameter z for simplicity as follows : u = wu(z) = wu(t,2) = u(x)(t,2) and
s = s(z) = s(t) = s(x)(t). Now, we suppose that s(z) and u(x) satisfies the following free
boundary problem for each z € 2:
pots — ku,, =0 for t € [0,T] and z € (s(t), L),
u(t, L) = h(x,t) on [0,T],
us(t,5(8) = (pu — poult, s(8))) 5o(8) in [0,7),
si(t) = a(u(t, s(t)) — @(s()) in [0,7),
s(0) = so(x), u(0, 2) = ug(z, 2) for z € [so(x), L],

A~~~ /N /N~
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where L, p,, k and a are given positive constants, h is a given function on Q x (0,7, ¢
is a given continuous function on R and sy and wug are also given functions on €2, and on
Qs (Q) :={(z,2) : x € Q,s50(x) < z < L}, respectively.

This model is proposed by Sato-Aiki-Murase-Shirakawa [7, 8] and represents the re-
lationship between the relative humidity and the degree of saturation in the porous ma-
terial. In this model, they suppose that all holes are given by the closed interval, that
is, w(z) = [0, L] for x € Q. Also, for x € Q and ¢t > 0, [0, s(¢)] and [s(¢), L] indicate the
water drop region and the air region in the hole w(x), respectively. The equation (1.1)
is derived from the mass conservation law of the vapor, and p, represents the density of
vapor. The condition (1.2) means that the hole is exposed to air at the end of hole, and
(1.3) is given by the mass conservation law of the water on the free boundary, where p,, is
the density of water. The ordinary differential equation (1.4) represents the growth rate
of the water drop region. For the detail derivation of each equation, we refer to [7, 8].

As a mathematical result, Sato-Aiki-Murase-Shirakawa [8] prove the existence and
uniqueness of a time local solution (s,u) of the above problem in each hole. Based on
this result, Aiki-Murase [5] show the existence and uniqueness of a time global solution,
and the convergence of the solution to a solution of a steady state problem as time goes
to infinity.

In this paper, we consider that the adsorption phenomenon occurs in each hole for any
position € §, where ) is supposed to have a smooth boundary 02. For this, we impose
the condition (1.2) for each x € Q, and consider the above model {(1.1)-(1.5)} denoted
by P(ZL’) = Ph,so,uo(x>‘

In order to show a purpose of this paper, we introduce the notation @(t,y) = u(t, (1 —
y)s(t) + yL) for y € [0,1] and consider the following problem in a cylindrical domain
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instead of P(x):

w(0,y) = u(0, (1 —y)s(0) +yL) on [0, 1].

The purpose of this paper is to show that the solution (s, @) = (s(x), @(z)) is a continuous
in R x L%(Q(T)) with respect to x € Q. From this continuity, we infer that s and @ are
measurable on Q x [0, 7], and on Q x [0, 7] x (0, 1), respectively. By using this property,
in near future, we can consider h as the relative humidity in macroscopic domain €2 and
consider a two scale problem coupled by a partial differential equation for A in €2 which was
studied in [1, 2, 3, 4] and the free boundary problem P(z) in each hole as a mathematical
model for moisture transport appearing concrete carbonation process. We refer to [6] for
modeling of the two scale problem.

This paper is organized as follows: In section 2, we note the assumptions and the main
result concerning about the existence and continuous dependance results. In section 3, we
consider an approximation problem of P(z), and prove the existence of a solution thereof.
Also, we obtain the uniform estimate and the continuous dependance for a solution of the
approximation problem of P(z) with respect to = € Q. At the end of section 3, we prove
our main theorem by the limiting process for the solution of the approximation problem

of P(z).

2  Owur main results

In this paper we use the following notations. In general, for a Banach space X we denote
by | - |x its norm. Also, for D C RN for N =1 and N = 3, H'(D), H}(D) and H?*(D)
are the usual Sobolev spaces.

Throughout this paper, we assume the following conditions:

(A1) Q is a open bounded connected domain of R? which has the boundary 99 in the
class of C?.

(A2) k and a are positive constants.

(A3) h € W12(0,T; L*())N L*(0,T; H*(Q2)) with 0 < h < h* < 1 on Q x (0,T) where
h* is a positive constant and h; € L=(Q x (0,T)) N L*(0, T; H*(Q)).

(Ad) ¢ € CYR)NWH2(R), ¢ = 0 on (—00,0], p < 1on R, ¢ > 0 on (0,L] and
©(L) — h* > 0 where h* is the same constant as in (A3). Also, we denote by ¢ the
primitive function of ¢ with $(0) = 0 and put C, = |¢'| Lo (w).

(A5) Two positive constants p,, and p, satisfy

Pw > 200, pu > pu(Cp+2),  9aLpl < kpy.
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(A6) so € C(Q) such that 0 < so(z) < L for T € Q, and ug € C(Q4,(Q)) such that
uo(x) € H'(so(w), L) and ug(x, L) = h(0,2) for z € Q and 0 < up < 1 on Q4 ().

Next, for z € Q we define solutions of P(x) on [0, 7] in the following way:

Definition 1.1 Let 2 € €2, and s and u be functions on [0, 7] and Q) (1), respectively,

for T' > 0. We call that a pair (s,u) = (s(x),u(x)) is a solution of P(x) on [0,T] if the

conditions (S1)-(S6) hold:

(S1) s(z) € Wh>(0,T), 0 <
x) € L*(Qs(w)(T)) and |us(x)

s(x) < L ae. on [0,T], u(z) € L®(Quu)(T)), w(x),
Uy (T (')|L2(s(a:)(-),L) c LOO(O,T).

S2) pyur — ku,. = 0 for a.e. (1,2) € Qyq)(T).

S3) u(x)(t, L) = h(x,t) a.e. on [0,T].

S4) ku,(t,s(t)) = (pw — poult,s(t))) si(t) a.e. in [0, T].

S5) s:(t) = a(u(t,s(t))) — ¢(s(t)) a.e. in [0, T7.

S6) s(x)(0) = so(z), u(x)(0,2z) = up(x, z) for z € [so(z), L].

In order to handle the problem P(z), we consider the following problem in a cylindrical
domain obtained by changes of variables:

it y) = ult, (1 — y)s(t) + yL) for (t,y) € [0,7] x [0,1], (2.1)
and )
~ 1 St ~
Polt — (L— s(t))2uyy plg sZJt)) Uy a.e. on Q( )

~(zf 1) h(z,t) a.e. on [0,T],

S(t Ty (t,0) = (pw — pot(t,0))s¢(t) a.e. on [0,77],
+(t) = a(a(t) — p(s(t))) a.e. on [0,T7,

s(0) = so(z) in Q,
L@(0,y) = u(0, (1 = y)s(0) +yL) =: to(y) on [0,1].

0
) := Pheo.i0(x), we call that a pair (s,) is a solution of
S) and each equation and condition of P(x) hold:

»n

_ For the above problem P(x
P(z) on 0,77 if the following (

s(z) € Wh=(0,T),0 < s(z) < L a.e. on [0,T],
(S) < a(z) € Wh2(0,T; L2(0,1)) N L>(0,T; H'(0,1)) N L>=(Q(T))
NL*(0,T; H?*(0,1)).

The first result is concerned about the existence of a solution of P(x) for z € Q.

Theorem 1. If (A1) ~ (A6) hold, then for any T > 0 and x € Q there exists a unique
solution (s,u) = (s(z),a(x)) of P(x) on [0,T] such that 0 < a(x) < 1 a.e. Q(T) and
0 <s(x) <s* < Lae [0,T], where s* is a positive constant which does not depend on x.

Clearly, (Al) ~ (A6) imply the assumptions in Aiki-Murase [5]. Then, Theorem
1 is a direct consequence of them. In this paper, we _give the detail of the proof in
order to obtain uniform estimates with respect to x € 2. From Theorem 1 by putting

w(@)(t, 2) = alz) (t,; z=da) ) for (t,2) € Quu)(T) we see that (s,u) = (s(z),u(x)) is a
unique solution of P(z) for z € Q. Now, we state our main theorem of this paper.
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Theorem 2. Under the same assumptions as in Theorem 1, let (s, 1) be a solution of
P(z) on [0,T) forx € Q and T > 0. Then, @ € C(; L*(Q(T))) and s € C(X; C([0,T])).

3 Approximation problem

In order to prove Theorems 1 and 2, we consider an approximation problem of f’(x) for
x €.

Now, we take {h,} C C>(Q x (0,T)) such that 0 < h, < 1on Q x (0,7), h, — h
in WH2(0,T; L*(Q)) N L*(0,T; H*(Q)), hy — hy in L*(0,T; H*(R2)) and h,(0) — h(0)
in C(Q) as n — oo, and {h,;} is bounded in L®(Q x (0,7)). Also, we put so, = so,
o = U — h(0) and g, = min{max{0, uy + h,(0)}, 1}. By using h,, Son, ton, we consider
the following problem P, (z) := Py, 4, a0, (z) for € Q:

k ol —y)se _ .
i = sz = U Q) (5.1)

a(t,1) = hy(z,t) for t € (0,7T),
00 = (= L 0)s) for ¢ € (0.7),
s¢(t) = a(u(t,0) — ¢(s(t))) for t € (0,7, (3.2)
s(0) = son(x) in £,

(0,y) = tipn(y) for y € [0, 1].

Obviously, it holds that h,(x) € W2(0,T), 0 < s¢, < L, tg, € H'(0,1), 0 <@g, < 1
and ton(z,1) = hy(x,0) for each n € N. Therefore, by Sato-Aiki-Murase-Shirakawa 8]
we see that there exists 7" < T such that P, (z) has a solution (s, @) = (s,(2), tn(x))

on [0,7"] for x € Q and n € N. This means that by putting u,(t,z) = i, (t, %)

for t € [0,T], v € Q and z € [s,(x), L], (8,,u,) is a solution of P, (z) for z € Q and
n € N. Next, by using the results of Aiki-Murase [5], we can extend the solution (s, uy)
of Pp(2) := Ph, sonuo, (¥) on the whole interval [0,7] for z € Q and n € N such that
0 < up(x) < Tae on Qyue(T)and 0 < s,(x) < s*(x) < L a.e. on [0,T], where s*(x)
is a positive constant depending on = and n. First, we show the uniform estimate of the
solution (s, u,) of P, (x) for x € Q.

Lemma 1. Let (s,,u,) = (sp(7),un()) be a solution of P(x) for x € Q and each n € N.
Then, there exist My > 0 and My > 0 independent of n such that

L t1 L
/ [un (1, z)|2dz < M;, / / |t (t, z)|2dzdt < M;,
sn(t1) 0 sn(t)

and

t1 L L —
/ / || dzdt < M, / U, (t1)]2dz < My fort, € [0,T)] and x € Q.
0 sn(t) sn(t1)
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Proof. By multiplying u, — h, and 2%s,, to (3.1) and (3.2) and using the same idea of
the proof of Lemma 3.1 in Aiki-Murase [8] we can obtain

pod [* 2 - 2 P 2 d

= w(t) = hy(z,0)?dz + k e (D) Pdr + B2 s, (t w t
5t ) 1 u>|z+(wa (O)Pde + P2 s () + puz@(su(t))
<puw(l + h")L{hn (2, 0)] + puwsne(t) (2, 1)

+ <p2 (L+R") + poh ) [n(t, 50(1)) = P (@, 1)] |50 (t)] for ace. t € [0, T, (3.3)

where ¢ is the primitive function of ¢ and h* is the same positive constant as in (A3).

Since fu (1, ,(t)) — ha(z, 1)) < VI ([, |um()\2dz>1/2 for € [0, T] we have
(5417 + poh” ) fua(t, 50(8)) = B, )50

(Zy (1+ ) + pJL*) vi </sj(t) |um(t)|2dz) ) nel?)

k [F Lp?(1 + 2h*)2
§§/ \unz(t)lzdz—km

|50 (t)|* for 2 € Q and a.e. t € [0, T]. (3.4)

By applying (3.4) to (3.3) and using (A5) and 0 < h, <1 on (0,1) x ©, we have

Pvd g 2 k/L 2 d .
nt_hn 7t d a nzt d w7, nt
Sai ] @ =t 0P+ 5 [ s d - pu gy olon)

<pu(1+ h*)L\hnt(x,t)] + % for # € Q and a.e. t € [0,7). (3.5)
On account of the boundedness of {h,;} in L>(2 x (0,7T)), there exists C' > 0 such that
At (2,1)] < C for z € Q and t € [0, 7). (3.6)

Therefore, by integrating [0, t1] for ¢; € [0, 7] we have

P L
2 |tn(t) — hy(x,t) | dz + — / / |t (t | dx
2 Js. )

S%Wn(()) — hn(l‘, O)|L2(Sn(0)7L) + pw@(sn(o)) + pw(l + h*)L v TC + 2 T fOI" x € Q
(3.7)

Next, by the same calculation as in the proof of Lemma 3.2 in [5] we can obtain that

k’ L
// lup (1) 2t + & / s (£2) 22
Sn(tl

k k

Son 0

t1 N o
+ C’l/ (|80t (D)2 + [t (2, 1)|?)dt + Cy for x € Q and t, € [0, 7], (3.8)
0
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where C) is a positive constant depending on p,, p,, L, ¢ and k. By using |s,:(t)| < 2a
and |t (t, 5,(t))] < (pw + pv)2a for a.e. t € [0,T] and (3.4), it holds that

// ()2t + & / (e (1122
tl)

§2 / |on=|?dz + 2ka®(pw + po)T + C1T (40> + C) + C, for z € Q and t; € [0, 7).
(3.9)

S0n

Therefore, (3.7) and (3.9) imply that Lemma 1 holds. ©

Here, we put

e [ p(L) = h
2(v/ My + C,V/L)
where M, is the same positive constant as in Lemma 1. By the same proof as in Propo-
sition 3.4 of [5] we see that for the solution (s,,u,) = (5,(z), un (7)) of P, (x) for x € Q it
holds that
0 < s,(2)(t) < s* forz € Qand t € [0,T). (3.10)

Moreover, the following uniform estimate of the solution (s,,, @, ) of P,,(z) for z € Q holds.

Lemma 2. Let T' > 0 and (s, Uy) be a solution of P, (x) on [0,T)] for z € Q and n € N.
Then, {tn(x) : © € Q,n € N} is bounded in W"2(0,T; L*(0,1)) N L>(0,T; H'(0,1)) N
L2(0,T; H*(0,1)) and {s,(z) : x € Q,n € N} is bounded in WH>(Q(T)).

Proof. By using (2.1) and z = (1 —y)s,(t) +yL for (¢,y) € [0,T] x [0, 1] we can calculate

that
t1 1 ) t1 L 1 )
Up(t,y dydt:/ / <—) Uy (t, 2)|“dzdt
| e (o) e

[ttt oppayi

// ( L — sn(t )|u”t(t>z)+“nZ(taz)(L—Sn(t))]2dzdt

// ( Lot )Iunt(t z)| dzdt+/ /Sn(t)2|um(t ) ||t (¢, 2)|dzdt
+/0 /sn(t)(L — 8n())|unz(t, 2)|*d2dt.

Therefore, by Lemma 1 and (3.10) we have

and

M _
i ()20 < 7 L forz € Q, (3.11)
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and

- 1 _

Similarly to the derivation of (3.11) and (3.12), we have

1
/ iy (£, ) 2y
0
L

:/ (® (L;) @z (8, 2)(L = s (t))Pdz < LM, for £ € [0,T]. (3.13)

— sn(2)

Moreover, by (3.1) we obtain

|Gy () |2L2(0,1)

1 . - . -
SE (QGva’uny(x)|L2(0,l)’unyy<x>’L2(0,1) + PvL2|Unt($)|L2(071)‘unyy(x)‘LQ(Oyl))

2ap, L 2 N va2 2 - 1,
< (Z25) timon + (25) @ lson + glimn(@lisen (310

Therefore, by (3.11), (3.12), (3.13) and (3.14), we conclude that {@,(z) : € Q,n € N} is
bounded in W*(0,T; L*(0,1))NL>(0,T; H'(0,1))NL*(0,T; H?*(0,1)). Since 0 < s,(z) <

L and |sp(x)| < 2a a.e. on [0,T] for = € Q, it is clear that {s,(z) : € Q,n € N} is
bounded in W>(0,T). o

Now, we show that the function s, and u, are continuous in the following sense for
each n € N.

Lemma 3. Let (s,, 1) be a solution of Pn(_x) for x € Q and each n € N. Then, it holds
that s,(t) € C(Q;C([0,T])) and u,(t) € C(;C([0,T); L*(Q2))

).
Proof. First, for z, 2/ € Q, let (s,(x), Gin(x)) and (s,(z'), Gn(2’)) be solutions of P,(z)
and P, (2') for each n € N. In this proof, we denote s,(x), 4,(z) and h, by s(x), @(z)
and h, and put u(x) = a(x) — h. By (3.1), since

k k

po(ti(z) — a(z")) — mﬂyy(w) = S(x,))zﬂyy(l")

we have

po d _ _ k
5@%(%) — u(2")|22(0.0) + ﬁluy(w) — iy (") [T201)

<, / (hal, 1) — ol £)) () — () dy

k 7 k 0, (2’ U —a(z
(@) - @0 @)0,0) - ). 0)
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! pv(l - y)st(il) - N R
+/0 L — s(a') (ay(2) = ay(a")(a(z) — u(z))dy. (3.15)

Now, we put each term of the right hand side of (3.15) by I; for 1 < i < 5. For I, we
have

I, = ((pw — puti(x)(t,0)) () (t) — (pw — puti(z) (2, 0))8t(fv’)(t)>

a
x (a(x)(t,0) —a(2')(t,0))
< (pw + po)lsi()(t) = s:(2)()]|a(z)(t,0) — a(z")(t, 0)|
+2ap,|a(z)(t,0) — a(2') (¢, 0)]?

< (LY o) — s + (P 4 200, ) ) 0.0) — 0 1 0

Here, it holds that

<2 [ Ja(z)(t,y) — a(@)(t,y)lla,(@)(t,y) — Gyt y)ldy + [h(z,t) — b, )]
~ ~ / 2 ~ ~ /
< g|uy($)(t) — iy (@) (1) [Z20,0) + EIU(x)(t) — (") (t)[720,1) (3.16)
+ ‘h(l‘,t) - h(l‘/,t)P,
where 7 is arbitrary positive constant. Therefore, we obtain that
I < Cilsi(2)(t) — s(a") (@)
~ ~ / 2 ~ 1
+Ca B0 = (WOl + N0~ A O o
+Oz|h(l’, t) - h(]}/, t)|2a

where C7 = (py + pv)/2 and Cy = (py + pu)/2 + 2ap,. Next, for the term I3, by using
(3.10)

k

Iy (L — s*)* |s(z) — s()[|2L — s(x) — S(JU/)Hﬂy(ZE,)hQ(O,l)|ﬂy(x) — Uy ()| £2(0,1

VAN

- ~ 4Lk 1 INVIE R ANY:
5\%(1‘) — Ty ( )|L2(0,1) + (L —s*)d %|5(x) — s(@)[*|ay, (z )|L2(0,1)-

IA
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Furthermore, we can calculate I as follows.

1= [ (1= (=~ s ) (o) ate) —

" ou(l—y) N 7 i iz
* /o L—s(a') (se(2)(t) — se(2") () Uy (2) (u(z) — u(a’))dy

< (7 Lgah@) = 5@l (@) — i)
+ I ivs* |5¢(2)(t) = s¢(2") ()| g (%) | 20,1y [0 () — @(2")| 20,1
< Dsto) sl + 5 (s ) o) = 0oy

+ D)) = st OPIy o+ 5 (25 ) 1) = 06 o

By substituting the above estimates into (3.15), we have

oo d ~ ko (3+Cy) _ _
EY” u(x) — u(:c’)|%2(0’1) + (ﬁ - 5 220 |ty () — uy($/)|i2(o,1)

< %|ht(a:,t) — (2, 82+ Colh(z,t) — h(a,1)[?

2 2
Py 20, 1 2ap, 1 Po _ = IV|2
+ < 5 + " + , ((L — ) + o\ — & u(z) — u(z )|L2(0,1)

ALK \°1 20~ (N2

+Cisi()(t) = se(2) (1) + g\st(x)(t) — se(@") (t) |1ty (%) |Z20,0y- (3.17)

Here, let C3(n) and Cy(n) be coefficients of the second and third term of the right hand
side in (3.17). By using (3.13), we have

Po d ., k 3+ C ~ o,
H1a0) — 1) o + (15 - S50 (o) - 0y

< 2y (o,0) = (o' O + Calh, ) — h(a' )
KOs li(e) — 8oy + Calm)MaLIs(a) — s

+(C’1 + gM2L> |s:(2)(t) — s¢(2') (1)) (3.18)
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Next, by (3.2) and (3.16) we get

slsu@)(t) = su(@) (@)
<a’lu(x)(t,0) — a(2)(t, )" + a®|o(s(x)(1)) — p(s(z') (1)
<1ty (@) () = iy () (B)2201) + ?W(fﬂ)(t) —a(@)(t)[E20)
+ a?h(z,t) — h(2',t) " + C2a’|s(x)(t) — s(a') (1) ], (3.19)

where 0 is arbitrary positive constant. By substituting (3.19) into (3.18) we obtain

Py d _
5 @) = a(@)liz
E (3+Cy) n _ _
+ (ﬁ - (CI + §M2L) a25> [ty (@) = @y(2) 220,

< Gt a0+ o 20t S0 ) 1o t) — e )

FCAIao) 1) + (€1 + ML) Hla)E) — 26Dl

+ |Cy(n) Mo L + QCiaz (C’l + gMgL)] |s(z)(t) — s(2)(t)|>. (3.20)

By [0(2)(t) = (&) (0)3(0,) < 20(a)(0) = 5 () 3aq0,1) + 2h(w,0) = (e, 1), we have

Py d _
o) — () o
k 3+ C i _ _
+ {ﬁ - ( 5 2)77 - (Cl + §M2L> a251 |ty (7) — uy(x’)|i2(071)

< Blhua, ) = (el 1)

2

+ [02 +24? (01 + gMgL) + (01 + gMgL) 8%} h(z,t) — h(z, )]

8a?

+[estn + (e 2ane) 5 )0 - ),

+ [04(77)M2L +2024 (C1 + gM2L)] Is(2)(t) — s(2) ()| (3.21)
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Similarly to the derivation of (3.19),

1d N
=2 ls()(0) — ()0
<2 J0(a)(1.0) — 5 1,00 + & fe(s(2) (1)) — ols(a) D)
+1s(2)(t) = s(2) (1)
Sajé\ﬁy(x)(t) — Gy (') (1) [ L20,1) + C; ja(2)(t) = a(e’) ()|z2(0,1)
a? C%a?
+ S, t) = h(@' )" + =T |s(2)(1) = s(2") (O
+s(2)(t) = s(2') (1)
(3.22)
By adding (3.21) and (3.22) we obtain
Pv d, _ ld / 2
5 718(@) = a(@)p20) + 5 1) (1) = s(@)(1)]
+ _% - (8 202) (01 + gM2 ) a’é — Tﬂ |ty () — y( )|L2(0 1)

< Blhua, ) = hula! 1)

r 2 2 2 2
+ Oy + (01 + gMQL) (2a2 + 8%) + % + %] \h(x,t) — h(z', 1)

+ [Cg(n) + <01 + gM2L> 8%2 + 2%2} () (t) — u(2) (#)] 20,1

+[o4<n>M2L+20;a2(01+gM2L)+ 2 +1} s@)(t) — s@)OF (323)

By taking a suitable number ¢§, after setting a suitable number 7,
po d 1d

5 77 |0@) () = (@) () 120 + 5 |s(2) (1) — s(@) (@)
k N2
g l(@) = By ()2
< %mt(:c,t) — he(@, £)|* + Ci(no, 60) | h(, 1) — h(2, )|

+Ca (o, d0) () (t) — a(a’) (1) [Z2(0,1) + Ca(mo)|s(2)(t) — s(@) (1), (3.24)

(t
where 61(770,50) Co+(Cr+noMyL/2)(2a? +8a* /o) +a? /24 2a? /by, C~'2(77075) = C3(no) +
(01 +770M2L/2)8a2/50+2a2/50 and 03(77 ) C4M2L+203)(I2(01 +770M2L/2)+C’37a2/2—|—1
Now, by setting

I(t) = p” u(x) (t)—ﬂ(:v)()!Lz(m)+;!S(aﬁ)(t)—S(aﬁ’)(t)!2

2L2/ |a, (z )|L201deort€[O T,



301

Gronwall’s inequality implies that for ¢; € [0, T7,
I(t1)
Do t1 _ t1 (2@2 wYs )T
< {I(O) + —/ \hy(z,7) — he (2, 7)|?dT + 01(770,50)/ \h(z,7) — h(2,7)|Pdr| e\ oo T0) 7
0 0

(3.25)

Therefore, we finally obtain

P () (1) — (o) () oo + 530(0)(0) = 5 (o) (1)
< |5 10()0) = 1) O+ 3ls0ne) = s

t t .
F22 [ Whaelo) = o () + Gl o) [ ) = ol |0 (3.0
0 0
By the definition of @, (z)(0) and h,,, we see that
[t (2)(0) = (@) (0)[Z20,1)
<4 (lion(2) = on (2') E2(0.0) + (0, 2) = (0, 2) )
<4My(n)]z — ',
t
/ e (2, 7) — By (2, 7) PdT < My(n)T|x — 2|2,
0

and

/ \hn (2, 7) — hp (2, 7)|2dT < Ms(n)T|x — 2'|* for t € [0, T). (3.27)

where M;(n)(1 < i < 3) is a positive constant depending on n. By (3.26) and (3.27),

2 ()(0) = )0 a0y + 530 (2) (1) — sue) )P

1
< |20l = 2P+ lsm) = s

- 2C ~
M ()T = 2 + oo, o) M) T — oGt +20)T g0t e (0,77,

Thus we get

|t () — I_Ln(x/)|%*([(),T];L2(Q)) + |sn(z) — Sn(*r/)%([O,T])
<Co(|lz — 2']* + |s0n () — sou(2")|?) for each z,2’ € Q and each n,

where C), is a positive constant independent of , e Q. Since sg, is continuous on Q
for each n, we conclude that s, € C(Q;C([0,7])) and u, € C(;C([0,T]; L*(0,1))). o
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Lemma 4. Let (s,,1,) be a solution of P,(x) for z € Q and n € N. Then, {a,} is
a Cauchy sequence in C(;C([0,T]; L*(0,1))) N C(; L*(0,T; H*(0,1))) and {s,} is a
Cauchy sequence in C(Q; C([0,T))).

Proof. By the same argument of the proof of Lemma 3 and (3.18), we see that

po d B k (34 C%) _ i
G 00) = @y + (7~ 50 o (2) — @)

< %\hnt(x,t) — e (, )2 + ol (,8) — hn (2, )2

+C3(1)|tn (%) = i () [12(0,1) + Ca() MaLsn () = sm(2)]”

+ <C'1 + gM2L> |sne(7) — Smt(x)|2 forn € N and z € Q, (3.28)

where C;(1 < i < 4) is the same positive constant as in (3.15). Also the following
inequalities hold (cf. (3.19), (3.22));

1 , 1d 2
max{§|5nt(x)(t) — Sme(7) ()], §E|3n(x)(t) — sm(2)(1)] }
<P iy ()(0) = g ) O 00+ 0 )0) = @) O

4 bl ) = b P+ S ) (0) — sn() OO

+ |80 (2)(t) — s (z)(t)|? for t € [0,T] and z € Q. (3.29)
By using the derivation of (3.23), we obtain that
Pod i o) ()2 Ld _ 2
2 2) — )y + 5 5 (0)0) — s (2)(0)
k 3+C: n a’y _
+ |:ﬁ _ ( 5 2)77 — (Cl + §M2L) 25 — T:| |uny(:v) — Umy($)|%2(071)

< e, 0) = e, 1)
+ {02 + (C1 + gM2L> (2@2 + 87‘12> + ; + 252} [P, 1) = By (, 1)
+ {03( ) + (01 + ;]MzL) 8; + 27?2} [ () () = () (8) 720,
+ [04(n)M2L + 2020 (01 4 gMQL) + 02“2 + 1] 5 (2)(£) — sm(@) (D2, (3.30)

Now, we take suitable numbers 7y and gy, and put each coefficients of the right hand side
of (3.30) by C4, Cy and Cs. By setting

T(0) = 22 @)(1) ~ () () B0 + 5150 (2)(0) — 5 (@)D
k t

+ 572 Uy () — ﬂmy(m)ﬁz(m)dT for t € [0, 77,
0



303

it holds that
20,

v

d ’ )
—J(t) < p—]hnt(x,t) — Bt (2, 8)|* 4+ Ch |y (2, ) — By (2, 1)]* + (

() < 3 +203> J(t). (3.31)

By applying Gronwall’s lemma to (3.31) we have
J(t1)

t1 ~ t1 ~
< |:%/ ’hnt(xat) - hmt('r?t)‘Zdt + Cl/ ’hn(t?x) - hm(t,l'>’2dt:| eC4T for tl € [O7T]7
0 0
(3.32)

where C,; = 2C~’2/pv +2C5, and

T
|t () — ﬂm(fU)|20([0,T];L2(o,1)) + |sn(2) — Sm(il?)%([o,ﬂ) + /0 |Uny () — ﬂmy($)|i2(o,1)dt

T T
<Cs (/ Pt (2, 1) — Byt (0, 1) |2 dt +/ | (2, 1) — hm(a:,t)|2dt) for z € Q and n,m € N,
0 0

where Cj is a positive constant. Moreover, by the Sobolev embedding H?(Q2) C C(Q) we
have

T
| () = W (2) [0 10, 2201)) + 150 (%) = 5 (@) 80,19 +/0 [Ty () — Ty () [72(0,1) It

/OT B (z,t) — hm(:c,t)detD

T T
< Cs (/O P (-, 1) —hmt(-,t)|20(mdt+/0 | (-, 1) —hm(.,t)yg(mdt)

T
/ e (0, 1) — hmt($,t)|2dt‘ + sup
0

z€Q

< Cs <SUP

zeQ

T T
< Cy (/ e (-, 1) = P (-, ) |72 It +/ |hn (1) = hm('at)ﬁ{zm)dt) :
0 0

where Cg and C; are positive constants. By the definition of {h,}, we conclude that
Lemma 4 holds. o

From now on, we prove Theorems 1 and 2. Let (s,,,) be a solution of P,(z) for
x € Q and n € N. Then, (s,,0,) = (sn(z), 0,(x)) satisfies that

( _ po(1=y)sns ~

Polnt — ﬁﬁnyy = Pty ace. in Q(T),

Un(t,1) = hy(z,t) for a.e. t € (0,T),

%Snﬂny(t,()) = (pw — Polin(t,0))s,:(t) for a.e. t € (0,7T),
Snt(t) = a(t,(t,0) — p(s,(t))) for a.e. t € (0,T),

$n(0) = son(),

L Un(0,y) = Tion(y) for y € [0, 1].
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By Lemma 4 there exist & € C(Q;C([0,77]; L?(0,1))) N C(Q; L2(0,T; H*(0,1))) and s €
C(Q;C([0,T])) such that

and

s, — s in C(Q;C([0,T7)))
as n — oo. Namely, for z € Q,
i, (1) — @(x) in C([0,T); L*(0,1)) and s,(z) — s(x) in C([0, T)).

Here, we fix z € Q. Then, Lemma 2 implies that

weakly in W12(0,T; L*(0,1)),

Uy (z) = a(x) ¢ weakly in L*(0,T; H%(0,1)),
weakly-* in L>(0,T; H'(0,1)),
() — s(x) weakly in W>°(0,T).

Also, by the compact embedding H'(0,1) € C([0,1]) and Aubin’s compactness theorem,
we see that
Up(z) — u(z) in C((0,T) x (0,1)) as n — oo.

From the above convergences, it is easy to see that (s,a) = (s(x), u(z)) satisfies

N ko p(L—y)si
Polly — (L—s)Quyy: (L—s) L, ae. in Q(T), (3.33)

u(t,1) = h(x,t) for t € [0,T],

s¢(t) = a(a(t,0) — p(s(t))) for a.e. t € (0,T).
Next, Let ¢ € C°(Q(T)) with ¢(t,1) = 0 for t € [0 T] Then, it holds that

/ / Pulins(t,y) o (t, y dydt+/ / uny(t Y) oy (t, y)dydt

/ Tn)(p = pulin(t,0)) s (t)p(t, 0)dt
/ / pUL_ th ny(t,Y) (8, y)dydt. (334

From (3.34), by letting n — oo and (3.33) we can see that 2, (t, 0) = (pu,—pui(t,0))s(t)
a.e. t € [0, T]. Here, we note that g, — 7o uniformly on Q as n — co. Therefore, we can
conclude that the limit function (s, @) is a solution of P(x) for # € Q. The boundedness
and uniqueness of a solution of P(x) can be proved by the argument of [5] and [8]. Finally,
by Lemmas 3 and 4, {s,,} is a Cauchy sequence in C(Q; C([0,T])) and {@,,} is a Cauchy se-
quence in C(Q; L2(Q(T))) and by the fact that C(Q; L2(Q(T))) is a Banach space, we see
that the limit function (s, ) satisfies that s € C(Q;C([0,T])) and @ € C(Q; L*(Q(T))).
Thus, Theorem 1 and Theorem 2 are proved.
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