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1-33 Yayoi-chō, Inage-ku, Chiba, 263-8522, Japan

(E-mail: sirakawa@faculty.chiba-u.jp)

and

Noriaki YAMAZAKI

Department of Mathematics, Faculty of Engineering, Kanagawa University
3-27-1 Rokkakubashi, Kanagawa-ku, Yokohama, 221-8686, Japan

(E-mail: noriaki@kanagawa-u.ac.jp)

Abstract. We consider optimal control problems for one-dimensional phase field sys-
tem with the singular diffusivity and the constraint. Our system consists of two parabolic
PDEs: a heat equation and a singular kinetic equation for a nonconserved order pa-
rameter. Recently, we showed the necessary condition of the optimal pair by using the
approximating optimal control problem. Due to the singular diffusivity and the con-
straint we observe that it is very hard to study the original control problem numerically.
Therefore, in this paper we study the approximating optimal control problem from the
view-point of numerical analysis. Then, we propose the numerical scheme to find the op-
timal control of the approximating problem, and show the convergence of the numerical
algorithm proposed in this paper.
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1 Introduction

We consider the following phase field system with the singular diffusivity and the con-
straint:

[u+ w]t − uxx = a0f(t, x) in Q := (0, T ) × (0, L), (1.1)

wt − κ
( wx

|wx|

)
x

+ ∂I[−1,1](w) + νw3 − w ∋ u in Q, (1.2)

−ux(t, 0) + n0(u(t, 0) − b1) = a1h(t), t ∈ (0, T ), (1.3)

ux(t, L) + n0(u(t, L) − b2) = a2ℓ(t), t ∈ (0, T ), (1.4)

wx(t, 0) = wx(t, L) = 0, t ∈ (0, T ), (1.5)

u(0, x) = u0(x), w(0, x) = w0(x), x ∈ (0, L), (1.6)

where 0 < T < ∞ and 0 < L < ∞ are fixed positive constants, κ > 0, n0 > 0, ν ≥ 0, a0,
a1, a2, b1, b2 are given constants, f , h, ℓ are given functions, and u0, w0 are given initial
data. Also, ∂I[−1,1](·) is the subdifferential of the indicator function I[−1,1](·) on the closed
interval [−1, 1] defined by

I[−1,1](z) :=

{
0, if z ∈ [−1, 1],
∞, otherwise.

(1.7)

The system (P):={(1.1), (1.2), (1.3), (1.4), (1.5), (1.6)} is based on a mathematical
model of solid-liquid phase transitions in a mesoscopic length scale proposed by Visintin
[33]. In the physical context, the unknown function u = u(t, x) is the relative temperature,
and w = w(t, x) is the nonconserved order parameter that indicates the physical phase
of material. Note that the equation (1.2) is derived as the L2-gradient flow of the free
energy functional as follows:

Fu(w) := κ

∫ L

0

|Dw| +

∫ L

0

{
I[−1,1](w) +

νw4

4
− w2

2
− wu

}
dx, w ∈ L2(0, L),

where
∫ L

0
|Dw| is the total variation of a function w ∈ L2(0, L). So, we can regard (1.2)

as one kind of mathematical formulation of Gibbs-Thomson law.
Many mathematicians studied the singular diffusion equation (1.2) with or without

constraint ∂I[−1,1](w) (cf. [3, 4, 5, 12, 13, 17, 18, 20, 23, 24, 28, 30, 33]). For instance,
Kenmochi–Shirakawa [17, 18] studied the detailed structure of steady-state solution and
the characterization of asymptotics of solutions to (1.2) in one dimensional case of the
spatial domain. For higher dimensional case, we refer to Shirakawa–Kimura [30]. Recently,
Ohtsuka–Shirakawa–Yamazaki [23, 24, 25] considered the optimal control problem of (1.2)
with respect to the temperature control u.

The system (P) was considered by Kenmochi–Shirakawa [19] and Shirakawa [29]. In
particular, Kenmochi–Shirakawa [19] dealt with the structural and stability analysis for
the steady-state solutions to (P).

Also, there is a vast amount of literature on optimal control problems to phase tran-
sitions. For instance, we refer to [1, 8, 10, 14, 26, 27, 32]. In particular, the authors
[31] investigated optimal control problems of phase field system (P) with the singular
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diffusivity arising from the total variation
∫ L

0
|Dw|. In fact, the following optimal control

problem (OP) was considered in [31]:

Problem (OP). Find a pair of functions (optimal control) (f∗, h∗, ℓ∗) ∈ Uad such that

J(f∗, h∗, ℓ∗) = inf
(f,h,ℓ)∈Uad

J(f, h, ℓ).

Here, Uad := L2(0, T ;L2(0, L)) ×L2(0, T ) ×L2(0, T ) is the control space, and J(f, h, ℓ) is
the cost functional defined by

J(f, h, ℓ) :=
c0
2

∫ T

0

|(u− ud)(t)|2L2(0,L)dt+
c1
2

∫ T

0

|(w − wd)(t)|2L2(0,L)dt

+
m0

2

∫ T

0

a20|f(t)|2L2(0,L)dt+
m1

2

∫ T

0

a21|h(t)|2dt+
m2

2

∫ T

0

a22|ℓ(t)|2dt, (1.8)

where (f, h, ℓ) ∈ Uad is the control, a couple of functions (u,w) is a unique solution to
the state problem (P) with the source term (f, h, ℓ), c0, c1, m0, m1, m2 are nonnegative
constants, and ud, wd are the given desired target profiles in L2(0, T ;L2(0, L)).

Note that if a0 = 0, then (OP) is the boundary valued control problem. Similarly, if
the constant a1 = a2 = 0, then (OP) is the heat source control problem. Also, note that
b1 (resp., b2) denotes the outside temperature at x = 0 (resp. x = L).

From the singular diffusion term and the constraint ∂I[−1,1](w) in (1.2), we observe
that it is very hard to show the necessary condition of (OP). Therefore, considering
approximating problems of (P) and (OP), the necessary condition of (OP) was proved in
[31, Theorem 3.5]. Indeed, for each ε ∈ (0, 1], the following approximating problem of
(OP), denoted by (OP)ε, was considered (cf. [31, Theorem 3.2]):

Problem (OP)ε. Find a pair of functions (optimal control) (f ε
∗ , h

ε
∗, ℓ

ε
∗) ∈ Uad such that

Jε(f ε
∗ , h

ε
∗, ℓ

ε
∗) = inf

(f,h,ℓ)∈Uad

Jε(f, h, ℓ).

Here, Jε(f, h, ℓ) is the cost functional defined by

Jε(f, h, ℓ) :=
c0
2

∫ T

0

|(uε − ud)(t)|2L2(0,L) dt+
c1
2

∫ T

0

|(wε − wd)(t)|2L2(0,L) dt

+
m0

2

∫ T

0

a20|f(t)|2L2(0,L) dt+
m1

2

∫ T

0

a21|h(t)|2 dt+
m2

2

∫ T

0

a22|ℓ(t)|2 dt, (1.9)

where a couple of functions (uε, wε) is a unique solution to the following approximating
state problem, denoted by (P)ε, with the source control term (f, h, ℓ) ∈ Uad:

Problem (P)ε.
[uε + wε]t − uεxx = a0f(t, x) in Q, (1.10)

wε
t − κ

(
wε

x√
|wε

x|2 + ε2
+ εwε

x

)
x

+Kε(wε) + ν(wε)3 − wε = uε in Q, (1.11)

−uεx(t, 0) + n0(u
ε(t, 0) − b1) = a1h(t), t ∈ (0, T ), (1.12)
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uεx(t, L) + n0(u
ε(t, L) − b2) = a2ℓ(t), t ∈ (0, T ), (1.13)

wε
x(t, 0) = wε

x(t, L) = 0, t ∈ (0, T ), (1.14)

uε(0, x) = uε0(x), wε(0, x) = wε
0(x), x ∈ (0, L). (1.15)

Here, Kε(·) is a nondecreasing function on R defined by

Kε(r) := sign(r)

∫ |r|

0

min

{
1

ε
,
[s− 1]+

ε2

}
ds for r ∈ R, (1.16)

where [ · ]+ denotes the positive part of functions and sign(·) is a signum function so that
sign(0) = 0.

The aim of the present paper is to study (OP)ε from the view-point of numerical
analysis, since the numerical study of (OP) is very hard because of the singular diffusivity
and the constraint in (1.2). The main novelties are the following:

(i) Taking into account the necessary condition of (OP)ε, we propose the numerical
scheme to find the optimal control of (OP)ε.

(ii) We show the convergence of the numerical algorithm proposed in (i).

The plan of this paper is as follows. In Section 2, we briefly recall the fundamentals of
the theory of BV-functions. In Section 3, we recall the known results of (OP) obtained in
[31]. In Section 4, we propose the numerical scheme to find the optimal control of (OP)ε,
which corresponds to the item (i) listed in the above. Moreover, we mention the main
theorem, denoted by Theorem 4.1, which corresponds to the item (ii) listed in the above.
In Section 5, we prove Theorem 4.1.

1.1 Notations and basic assumptions

First, we mention the notations that are used throughout this paper.
For each dimension n ∈ N, we denote by L n the n-dimensional Lebesgue measure,

and we use this measure unless otherwise specified.
For any reflexive Banach space B, we denote by | · |B the norm of B, and denote by

B′ the dual space of B. Additionally, we denote by ⟨·, ·⟩B′,B the duality pairing between
B′ and B.

In particular, we put H := L2(0, L) with the usual real Hilbert structure, and denote
by (·, ·) the inner product in H, for simplicity. Also, let X be the Sobolev space H1(0, L)
with the norm

|z|X :=
{
|zx|2H + n0

(
|z(0)|2 + |z(L)|2

)}1/2
for any z ∈ X,

which is equivalent to the standard norm of H1(0, L). We denote by X ′ the dual space of
X. Also, ⟨·, ·⟩ denotes the duality pairing between X ′ and X. As usual, we have

X ⊂ H ⊂ X ′ (1.17)
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with dense and compact imbeddings, and ⟨v, z⟩ = (v, z) for v ∈ H and z ∈ X. Further-
more, let F : X → X ′ be the duality mapping defined by

⟨Fv, z⟩ := (vx, zx) + n0 (v(0)z(0) + v(L)z(L)) for all v, z ∈ X. (1.18)

Also, for given f ∈ H, h ∈ R, ℓ ∈ R, a0 ∈ R, a1 ∈ R, a2 ∈ R, b1 ∈ R, b2 ∈ R and n0 ∈ R,
an element f̃ ∈ X ′ is uniquely determined by

⟨f̃ , z⟩ := (a0f, z) + (a1h+ n0b1)z(0) + (a2ℓ+ n0b2)z(L) for all z ∈ X.

For this f̃ , it is easy to check that Fv = f̃ in X ′ is formally equivalent to{ −vxx = a0f in (0, L),

−vx(0) + n0(v(0) − b1) = a1h, vx(L) + n0(v(L) − b2) = a2ℓ.
(1.19)

Note that X ′ becomes a Hilbert space with inner product (·, ·)X′ given by

(v, z)X′ := ⟨v, F−1z⟩ for all v, z ∈ X ′.

Next, let us prepare some notations and definitions. For a proper (i.e., not identically
equal to infinity), l.s.c. (lower semi-continuous) and convex function ψ : H → R ∪ {∞},
the effective domain D(ψ) of ψ is defined by D(ψ) := {z ∈ H; ψ(z) < ∞}. We denote
by ∂ψ the subdifferential of ψ in the topology of H. In general, the subdifferential is a
possibly multi-valued operator from H into itself, and for any z ∈ H, the value ∂ψ(z) is
defined as:

∂ψ(z) := {z∗ ∈ H ; (z∗, y − z) ≤ ψ(y) − ψ(z) for all y ∈ H} .
Then, a set D(∂ψ) := {z ∈ H ; ∂ψ(z) ̸= ∅} is called the domain of ∂ψ. We refer to the
monograph by Brézis [9], for detailed properties and related notions of convex functions
and their subdifferentials.

Also, we recall a notion of convergence for convex functions, developed by Mosco [22].

Definition 1.1 (cf. [22]). Let ψ, ψn (n ∈ N) be proper, l.s.c. and convex functions on
H. Then, we say that ψn converges to ψ on H in the sense of Mosco [22] as n → ∞, if
the following two conditions are satisfied:

(i) for any subsequence {ψnk
} ⊂ {ψn}, if zk → z weakly in H as k → ∞, then

lim inf
k→∞

ψnk
(zk) ≥ ψ(z);

(ii) for any z ∈ D(ψ), there is a sequence {zn} in H such that

zn → z in H as n→ ∞ and lim
n→∞

ψn(zn) = ψ(z).

Now, let us give some assumptions on data. Throughout this paper, we assume the
following conditions (A1)–(A2).

(A1) T > 0, L > 0, κ > 0, n0 > 0, ν ≥ 0, c0 ≥ 0, c1 ≥ 0, m0 ≥ 0, m1 ≥ 0, m2 ≥ 0 are
fixed constants. Also, a0, a1, a2, b1, b2 are fixed real numbers.

(A2) ud and wd are the given desired target profiles in L2(0, T ;H).

Finally, throughout this paper, Ni, i = 1, 2, 3, · · · , denotes positive (or nonnegative)
constants depending only on its argument(s).
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2 Preliminary

In this section, we recall the fundamentals concerned with the total variation and functions
of bounded variation. These notions are rigorously defined as follows.

Definition 2.1. (I) Let f ∈ L1(0, L). Then, f is called a function of bounded variation,
or simply a BV-function, on (0, L), if and only if:

V0(f) : =sup

{∫ L

0

fφxdx;
φ ∈ C1[0, L] with a compact support on (0, L),

|φ| ≤ 1 on [0, L]

}
<∞.

Here, we call V0(f) the total variation of f .
(II) We denote by BV (0, L) the space of all BV-functions on (0, L).

Here are listed usual properties of BV-functions and the space BV (0, L), in forms of
some propositions and remarks.

Proposition 2.1 (cf. [11, Chapter 5]). Let f ∈ BV (0, L). Then, there exist a Radon
measure |Df | on (0, L), and |Df |-measurable function σf : (0, L) → R such that

(i) V0(f) =

∫ L

0

|Df |, and |σf | = 1, |Df |-a.e. on (0, L);

(ii)

∫ L

0

fφxdx = −
∫ L

0

φ σf |Df | for any φ ∈ C1[0, L] with a compact support on (0, L).

Proposition 2.2 (cf. [7, Chapter 10], [11, Chapter 5]). (I) The functional z ∈ L1(0, L) 7→
V0(z) forms a proper, l.s.c. and convex function on L1(0, L).
(II) The space BV (0, L) is a Banach space with the norm:

|z|BV (0,L) := |z|L1(0,L) + V0(z) for all z ∈ BV (0, L).

Proposition 2.3 (cf. [2, Corollary 3.49], [7, Chapter 10]). BV (0, L) is continuously em-
bedded in L∞(0, L), and compactly embedded in Lp(0, L) for any 1 ≤ p <∞.

Next, let us set a proper, l.s.c. and convex functional I[−1,1] on H, by putting:

I[−1,1](z) :=

∫ L

0

I[−1,1](z(x))dx for all z ∈ H.

Then, we define the following total variation functional V with a constraint by the indi-
cator function I[−1,1]:

V (z) = V0(z) + I[−1,1](z) for all z ∈ H. (2.1)

Clearly, V is proper, l.s.c. and convex on H, and its effective domain is formulated by:

D(V ) = {z ∈ BV (0, L) ; |z| ≤ 1, a.e. on (0, L)} .

Finally, we recall the decomposition result of the subdifferential ∂V of V . For the
detailed proof, we refer to [30, Theorem 3.1].
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Proposition 2.4 (cf. [30, Theorem 3.1]). The subdifferential ∂V of V is decomposed into
the following form:

∂V (z) = ∂ (V0|H) (z) + ∂I[−1,1](z) in H for all z ∈ H,

where V0|H denotes the restriction of V0 onto H.

3 Known results

We begin by defining the notion of solutions to (P). To do so, for given f ∈ L2(0, T ;H),

h ∈ L2(0, T ) and ℓ ∈ L2(0, T ), we define f̃ ∈ L2(0, T ;X ′) by putting

⟨f̃(t), z⟩ := (a0f(t), z) + (a1h(t) + n0b1)z(0) + (a2ℓ(t) + n0b2)z(L)

for all z ∈ X and a.e. t ∈ (0, T ).
(3.1)

Definition 3.1. Let u0 ∈ X ′ and w0 ∈ H. Then, a couple of functions (u,w) is called a
solution to (P), or (P;u0, w0, f, h, ℓ) when the data are specified, on [0, T ], if the following
conditions are satisfied:

(S1) u ∈ W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ⊂ C([0, T ];H).

(S2) w ∈ W 1,2(0, T ;H) with V (w) ∈ L∞(0, T ).

(S3) For all z ∈ X and a.e. t ∈ (0, T ),

⟨u′(t), z⟩ + (w′(t), z) + ⟨Fu(t), z⟩ = ⟨f̃(t), z⟩.

(S4) There is a function w∗ ∈ L2(0, T ;H) such that w∗(t) ∈ ∂V (w(t)) and

w′(t) + κw∗(t) + νw3(t) − w(t) = u(t) in H a.e. t ∈ (0, T ).

(S5) u(0) = u0 in X ′ and w(0) = w0 in H.

Remark 3.1. By Proposition 2.4, the condition (S4) of Definition 3.1 is equivalent to the
following condition (S4)′:

(S4)′ There are a function w∗
0 ∈ L2(0, T ;H) and a function ξ ∈ L2(0, T ;H) such that

w∗
0(t) ∈ ∂ (V0|H) (w(t)) in H, ξ(t) ∈ ∂I[−1,1](w(t)) in H,

w′(t) + κw∗
0(t) + ξ(t) + νw3(t) − w(t) = u(t) in H

for a.e. t ∈ (0, T ).
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Remark 3.2. It follows from (S4) of Definition 3.1 that the equation (1.2) is equivalent
to the following variational inequality:

(w′(t) + νw3(t) − w(t) − u(t), w(t) − z) + κV (w(t)) − κV (z) ≤ 0

for any z ∈ D(V ) and a.e. t ∈ (0, T ).
(3.2)

Remark 3.3. Usually, the expressions of subdifferentials are obtained by computing
the first variations of corresponding convex functions. In this light, the function w∗

0 ∈
L2(0, T ;H) as in (S4)′ of Remark 3.1 somehow links to the first variation of the total
variation functional V0|H . Also, as is well-known (cf. [9, Proposition 2.16]),

∂I[−1,1](z) =
{
ξ ∈ H; ξ ∈ ∂I[−1,1](z), a.e. on (0, L)

}
for any z ∈ D(∂I[−1,1]). Hence, taking account of Remark 3.1, we see that the subdifferen-
tial ∂V corresponds to the rigorous expression of the singular term −( wx

|wx|)x + ∂I[−1,1](w)

as in (1.2), and the variational inequality (3.2) implicitly includes the homogeneous Neu-
mann type boundary condition.

Here, we recall the known results of the existence-uniqueness of solutions to (P) and
the existence of optimal control to (OP).

Proposition 3.1 (cf. [19, Section 2], [31, Theorem 3.1]). Assume (A1). Let u0 ∈ H and
w0 ∈ D(V ).
(I) For each f ∈ L2(0, T ;H), h ∈ L2(0, T ) and ℓ ∈ L2(0, T ), there is a unique solution
(u,w) to (P;u0, w0, f, h, ℓ) on [0, T ].
(II) Furthermore, assume (A2). Then, the problem (OP) has at least one optimal control
(f∗, h∗, ℓ∗) ∈ Uad so that

J(f∗, h∗, ℓ∗) = inf
(f,h,ℓ)∈Uad

J(f, h, ℓ).

Remark 3.4. Note that (II) of Proposition 3.1 does not cover the uniqueness of optimal
controls. Although Hoffmann–Jiang [14] reported the uniqueness of optimal controls for
a regular Fix–Caginalp system, their technique is not applicable to the problem (OP)
because of the singular diffusivity and the constraint in (P). Therefore, the uniqueness
question of optimal controls to (OP) is still open.

Next, we recall the known results of the existence-uniqueness of solutions to (P)ε for
each ε ∈ (0, 1].

Proposition 3.2 (cf. [31, Proposition 3.2]). Assume (A1). Let ε ∈ (0, 1], uε0 ∈ H and
wε

0 ∈ X. Then, for each f ∈ L2(0, T ;H), h ∈ L2(0, T ), ℓ ∈ L2(0, T ), there is a unique
pair of functions (uε, wε), called a solution to (P;uε0, w

ε
0, f, h, ℓ)

ε on [0, T ], which solves the
equations (1.10)–(1.15) in the following sense:

(AS1) uε ∈ W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ⊂ C([0, T ];H);
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(AS2) wε ∈ W 1,2(0, T ;H) ∩ L∞(0, T ;X);

(AS3) For all z ∈ X and a.e. t ∈ (0, T ),

⟨(uε)′(t), z⟩ + ((wε)′(t), z) + ⟨Fuε(t), z⟩ = ⟨f̃(t), z⟩,

where f̃ is the function in L2(0, T ;X ′) defined by (3.1);

(AS4) (1.11) holds in the variational sense, i.e.,

((wε)′(t), z) + κ

(
wε

x(t)√
|wε

x(t)|2 + ε2
+ εwε

x(t), zx

)
+ (Kε(wε(t)), z)

+
(
ν(wε(t))3 − wε(t), z

)
= (uε(t), z)

for all z ∈ X and a.e. t ∈ (0, T );

(AS5) uε(0) = uε0 in X ′ and wε(0) = wε
0 in H.

Next, we recall the known results of the existence and necessary condition of optimal
control to (OP)ε for each ε ∈ (0, 1].

Proposition 3.3 (cf. [31, Theorems 3.2 and 3.4]). Assume (A1)–(A2). Let ε ∈ (0, 1],
uε0 ∈ H and wε

0 ∈ X. Then:
(I) The approximating problem (OP)ε has at least one optimal control (f ε

∗ , h
ε
∗, ℓ

ε
∗) ∈ Uad

so that
Jε(f ε

∗ , h
ε
∗, ℓ

ε
∗) = inf

(f,h,ℓ)∈Uad

Jε(f, h, ℓ).

(II) Let (f ε
∗ , h

ε
∗, ℓ

ε
∗) ∈ Uad be the optimal control of (OP)ε obtained in (I). Also, let (uε∗, w

ε
∗)

be the unique solution to (P;uε0, w
ε
0, f

ε
∗ , h

ε
∗, ℓ

ε
∗)

ε on [0, T ]. Then, there exists a unique solu-
tion (pε, qε) to the adjoint equation on [0, T ] as follows:

pε ∈ W 1,2(0, T ;H) ∩ L∞(0, T ;X); (3.3)

qε ∈ W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ⊂ C([0, T ];H); (3.4)

− (pε)′ − pεxx − qε = c0(u
ε
∗ − ud) in Q; (3.5)∫ T

0

(−(pε)′(τ), ζ(τ))dτ +

∫ T

0

⟨−(qε)′(τ), ζ(τ)⟩dτ

+κ

∫ T

0

((aε)′((wε
∗)x(τ))qεx(τ), ζx(τ)) dτ

+

∫ T

0

((Kε)′(wε
∗(τ))qε(τ), ζ(τ)) dτ

+

∫ T

0

(
[3ν(wε

∗(τ))2 − 1]qε(τ), ζ(τ)
)
dτ

= c1

∫ T

0

(wε
∗(τ) − wd(τ), ζ(τ)) dτ for all ζ ∈ L2(0, T ;X);

(3.6)



252

−pεx(t, 0) + n0p
ε(t, 0) = pεx(t, L) + n0p

ε(t, L) = 0, t ∈ (0, T ), (3.7)

pε(T, x) = qε(T, x) = 0, x ∈ (0, L), (3.8)

where (aε)′(·) is the derivative of aε(·) defined by

aε(r) =
r√

|r|2 + ε2
+ εr for any r ∈ R. (3.9)

Moreover, pε satisfies the following equations:

a0(p
ε +m0a0f

ε
∗ ) = 0 in L2(0, T ;H), (3.10)

a1(p
ε(·, 0) +m1a1h

ε
∗) = 0 in L2(0, T ), (3.11)

a2(p
ε(·, L) +m2a2ℓ

ε
∗) = 0 in L2(0, T ). (3.12)

Here, for any ε ∈ (0, 1], let us set:

V ε(z) :=


∫ L

0

√
|zx|2 + ε2 dx+

ε

2

∫ L

0

|zx|2dx+
1

κ

∫ L

0

K̂ε(z) dx, if z ∈ X,

∞, otherwise,

(3.13)

where K̂ε is a primitive of Kε such that

K̂ε(0) = 0 and K̂ε(r) ≥ 0 for all r ∈ R.

Clearly, each functional V ε (ε ∈ (0, 1]) forms a proper, l.s.c. and convex functional on H.
Moreover, we observe that (cf. [31, Lemma 5.1])

V ε(·) → V (·) on H in the sense of Mosco [22] as ε→ 0. (3.14)

Now, we recall the following result of continuous dependence between (P) and (P)ε as
ε→ 0.

Proposition 3.4 (cf. [31, Proposition 5.1]). Assume (A1). Let (f, h, ℓ) ∈ Uad, u0 ∈ H
and w0 ∈ D(V ). Also, let ε ∈ (0, 1], {(f ε, hε, ℓε)} ⊂ Uad, {uε0} ⊂ H and {wε

0} ⊂ X.
Furthermore, suppose that

f ε → f weakly in L2(0, T ;H),

hε → h weakly in L2(0, T ),

ℓε → ℓ weakly in L2(0, T ),

uε0 → u0 in H, wε
0 → w0 in H and V ε(wε

0) → V (w0)

as ε → 0. Then, the unique solution (uε, wε) to (P;uε0, w
ε
0, f

ε, hε, ℓε)ε converges to the
solution (u,w) to (P;u0, w0, f, h, ℓ) in the following sense:

(uε, wε) → (u,w) in L2(0, T ;H) × C([0, T ];H) as ε→ 0.
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Also, we recall the result of the relationship between (OP) and (OP)ε (ε ∈ (0, 1]).

Proposition 3.5 (cf. [31, Theorem 3.3]). Assume (A1)–(A2), u0 ∈ H, {uε0} ⊂ H, w0 ∈
D(V ), {wε

0} ⊂ X,

uε0 → u0 in H, wε
0 → w0 in H and V ε(wε

0) → V (w0) as ε→ 0.

Let (f ε
∗ , h

ε
∗, ℓ

ε
∗) ∈ Uad be the optimal control of approximating problem (OP)ε. Also, let

(uε∗, w
ε
∗) be the unique solution to (P;uε0, w

ε
0, f

ε
∗ , h

ε
∗, ℓ

ε
∗)

ε on [0, T ]. Then, there exist a sub-
sequence {εk} ⊂ {ε}, the pair of functions (f∗∗, h∗∗, ℓ∗∗) ∈ Uad and the unique solution
(u∗∗, w∗∗) to (P;u0, w0, f∗∗, h∗∗, ℓ∗∗) on [0, T ] such that (f∗∗, h∗∗, ℓ∗∗) is the optimal control
of (OP), εk → 0,

f εk
∗ → f∗∗ weakly in L2(0, T ;H),

hεk∗ → h∗∗ weakly in L2(0, T ),

ℓεk∗ → ℓ∗∗ weakly in L2(0, T ),

(uεk∗ , w
εk
∗ ) → (u∗∗, w∗∗) in L2(0, T ;H) × C([0, T ];H)

as k → ∞.

Taking into account the approximating problems (OP)ε, we get the optimality con-
dition to (OP). Now, let us recall the result concerning the necessary condition of the
optimal control to (OP).

Proposition 3.6 (cf. [31, Theorem 3.5]). Suppose (A1)–(A2), u0 ∈ H and w0 ∈ D(V ).
Let (f∗∗, h∗∗, ℓ∗∗) be the optimal control to (OP) obtained in Proposition 3.5. Let (u∗∗, w∗∗)
be the unique solution to (P;u0, w0, f∗∗, h∗∗, ℓ∗∗) on [0, T ]. Additionally, let us set:

W := {z ∈ H1(Q) ; z(0, x) = 0, a.e. x ∈ (0, L)}.

Then, there are the functions p ∈ W 1,2(0, T ;H) ∩ L∞(0, T ;X), q ∈ L∞(0, T ;H) and an
element µ ∈ W ′ satisfying the following:

−p′ − pxx − q = c0(u∗∗ − ud) in Q,∫ T

0

(−p′(τ), z(τ)) dτ +

∫ T

0

(q(τ), z′(τ))dτ + ⟨µ, z⟩W ′,W

+

∫ T

0

([3νw2
∗∗(τ) − 1]q(τ), z(τ)) dτ

= c1

∫ T

0

(w∗∗(τ) − wd(τ), z(τ)) dτ for all z ∈ W,

(3.15)

−px(t, 0) + n0p(t, 0) = px(t, L) + n0p(t, L) = 0, t ∈ (0, T ),

p(T, x) = 0, x ∈ (0, L).

Moreover, p satisfies the following equations:

a0(p+m0a0f∗∗) = 0 in L2(0, T ;H),

a1(p(·, 0) +m1a1h∗∗) = 0 in L2(0, T ),

a2(p(·, L) +m2a2ℓ∗∗) = 0 in L2(0, T ).
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Remark 3.5. Proposition 3.6 was proved through the limiting observation of the approx-
imating situations shown in (II) of Proposition 3.3. Also, the identities (3.6) and (3.15)
can be regarded as some variational forms of

−pεt − qεt − κ ((aε)′((wε
∗)x)qεx)x + (Kε)′(wε

∗)q
ε + [3ν(wε

∗)
2 − 1]qε = c1(w

ε
∗ − wd)

and
−pt − qt + µ+ [3νw2

∗∗ − 1]q = c1(w∗∗ − wd)

in the distribution sense, respectively.

4 Main Result

We observe from the singular diffusivity and the constraint in (P) and Proposition 3.6 that
it is very hard to study (P) and (OP) numerically. However, we note from Propositions 3.4
and 3.5 that (P)ε and (OP)ε (ε ∈ (0, 1]) are the approximating problems of (P) and (OP),
respectively. Therefore, it is worthy considering (OP)ε from the view-point of numerical
analysis.

Now, we fix the constant ε ∈ (0, 1] and the initial data (uε0, w
ε
0) ∈ H × X. Then,

throughout this paper, we use the following notations.

Definition 4.1. (I) We denote by Λε : Uad → L2(0, T ;H)×L2(0, T ;H) a solution operator
to (P)ε that assigns to any control (f, h, ℓ) ∈ Uad the unique solution (uε, wε) := Λε(f, h, ℓ)
to the state system (P;uε0, w

ε
0, f, h, ℓ)

ε on [0, T ].
(II) We denote by Λε

ad : Uad → L2(0, T ;H) × L2(0, T ;H) a solution operator to the
adjoint system {(3.5)–(3.8)} that assigns to any control (f, h, ℓ) ∈ Uad the unique solution
(pε, qε) := Λε

ad(f, h, ℓ) to the adjoint system {(3.5)–(3.8)} on [0, T ] under (uε, wε) :=
Λε(f, h, ℓ).

Note that the control space Uad := L2(0, T ;H)×L2(0, T )×L2(0, T ) is a Hilbert space
with the inner product

((z, y0, yL), (z̄, ȳ0, ȳL))Uad
:= (z, z̄)L2(0,T ;H) + (y0, ȳ0)L2(0,T ) + (yL, ȳL)L2(0,T )

for all (z, y0, yL), (z̄, ȳ0, ȳL) ∈ Uad,

and the norm

∥(z, y0, yL)∥2Uad
:= |z|2L2(0,T ;H) + |y0|2L2(0,T ) + |yL|2L2(0,T ) for all (z, y0, yL) ∈ Uad.

Now, we study the problem (OP)ε from the view-point of numerical analysis.
For a moment, we often omit the subscript ε ∈ (0, 1]. Then, taking into account the

necessary conditions (3.10)–(3.12) of (OP)ε mentioned in (II) of Proposition 3.3 (cf. [31,
Theorem 3.4]), we propose the numerical algorithm, denoted by (NA), to find the optimal
control of (OP)ε numerically, as follows.

Numerical Algorithm (NA) of (OP)ε
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(Step 0) Give the stop parameter µ ∈ (0, 1);

(Step 1) Choose the initial function (f, h, ℓ) ∈ Uad, and put fn = f , hn = h and ℓn = ℓ;

(Step 2) Solve the problem (P;uε0, w
ε
0, fn, hn, ℓn)ε, and let (un, wn) := Λε(fn, hn, ℓn);

(Step 3) Solve the adjoint equation {(3.5)–(3.8)} for n, and let (pn, qn) := Λε
ad(fn, hn, ℓn);

(Step 4) Test: Put f pn
n := a0(pn + m0a0fn), hpnn := a1(pn(·, 0) + m1a1hn) and ℓpnn :=

a2(pn(·, L) +m2a2ℓn). If
∥(f pn

n , hpnn , ℓ
pn
n )∥Uad

< µ,

then, STOP; Otherwise, go to (Step 5);

(Step 5) Put fn+1 = fn − ρnf
pn
n , hn+1 := hn − ρnh

pn
n and ℓn+1 := ℓn − ρnℓ

pn
n , where ρn

is some appropriate constant found by using a line search. More precisely, given
β ∈ (0, 1) and µ ∈ (0, 1), find the minimal constant jn ∈ N ∪ {0} such that

Jε (fn − βjnf pn
n , hn − βjnhpnn , ℓn − βjnℓpnn ) − Jε(fn, hn, ℓn)

≤ −µβjn ∥(fpn
n , hpnn , ℓ

pn
n )∥2Uad

,

and put the constant ρn := βjn ;

(Step 6) Set n = n+ 1, and go to (Step 2).

Now, we mention the main result in this paper, which is concerned with the conver-
gence of the numerical algorithm (NA).

Theorem 4.1. Assume (A1)–(A2), ε ∈ (0, 1] and (uε0, w
ε
0) ∈ H × X. Let {(fn, hn, ℓn)}

be a sequence in Uad defined by the numerical algorithm (NA). Also, let (pn, qn) :=
Λε

ad(fn, hn, ℓn). Then:

(I) lim
n→∞

Jε(fn, hn, ℓn) exists.

(II)
lim
n→∞

a0(pn +m0a0fn) = 0 in L2(0, T ;H), (4.1)

lim
n→∞

a1(pn(·, 0) +m1a1hn) = 0 in L2(0, T ), (4.2)

lim
n→∞

a2(pn(·, L) +m2a2ℓn) = 0 in L2(0, T ). (4.3)

(III) There are functions (f ε
∗∗, h

ε
∗∗, ℓ

ε
∗∗) ∈ Uad and (pε∗∗, q

ε
∗∗) ∈ L2(0, T ;X) × L2(0, T ;H),

and a subsequence {nk} ⊂ {n} such that (pε∗∗, q
ε
∗∗) = Λε

ad(f
ε
∗∗, h

ε
∗∗, ℓ

ε
∗∗), i.e., (pε∗∗, q

ε
∗∗)

is a unique solution to the adjoint equation for (P;uε0, w
ε
0, f

ε
∗∗, h

ε
∗∗, ℓ

ε
∗∗)

ε,

lim
k→∞

(fnk
, hnk

, ℓnk
) = (f ε

∗∗, h
ε
∗∗, ℓ

ε
∗∗) in Uad, (4.4)

a0(p
ε
∗∗ +m0a0f

ε
∗∗) = 0 in L2(0, T ;H), (4.5)

a1(p
ε
∗∗(·, 0) +m1a1h

ε
∗∗) = 0 in L2(0, T ), (4.6)

a2(p
ε
∗∗(·, L) +m2a2ℓ

ε
∗∗) = 0 in L2(0, T ). (4.7)

Hence, D(f̃ ,h̃,ℓ̃)J
ε(f ε

∗∗, h
ε
∗∗, ℓ

ε
∗∗) = 0 for any direction (f̃ , h̃, ℓ̃) ∈ Uad.

In the next Section 5, we show Theorem 4.1.
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5 Proof of Theorem 4.1

In this section, we prove the main Theorem 4.1. To this end, we need some lemmas.
Now, we suppose that all the assumptions of Theorem 4.1 hold. We also fix the

constant ε ∈ (0, 1]. Then, the following first lemma is concerned with the continuous
dependence of solutions to (P)ε.

Lemma 5.1 (cf. [31, Proposition 5.1]). Suppose that all the assumptions of Theorem 4.1
hold. Let (u0, w0) ∈ H ×X, (f, h, ℓ) ∈ Uad, and let (u,w) = Λε(f, h, ℓ), namely, let (u,w)
be a unique solution to (P;u0, w0, f, h, ℓ)

ε on [0, T ]. Then, there is a positive constant N1,
dependent only on T , n0 and independent of ε, such that the following bounded estimate
holds:

|u′|2L2(0,T ;X′) + |u|2C([0,T ];H) + |u|2L2(0,T ;X) + |w′|2L2(0,T ;H) + |w|2C([0,T ];H)

+κ sup
0≤t≤T

V ε(w(t)) + sup
0≤t≤T

∫ L

0

ĝ(w(t, x)) dx

≤ N1

(
|u0|2H + |w0|2H + κV ε(w0) +

∫ L

0

ĝ(w0(x)) dx+ a20|f |2L2(0,T ;H)

+a21|h|2L2(0,T ) + a22|ℓ|2L2(0,T ) + b21 + b22

)
,

(5.1)

where V ε is a functional defined in (3.13), and ĝ is a non-negative primitive of g(w) :=
νw3 − w.

Furthermore, assume {(fn, hn, ℓn)} ⊂ Uad, (f, h, ℓ) ∈ Uad and

fn → f weakly in L2(0, T ;H),

hn → h weakly in L2(0, T ),

ℓn → ℓ weakly in L2(0, T )

as n → ∞. Then, (un, wn) = Λε(fn, hn, ℓn) converges to (u,w) = Λε(f, h, ℓ) in the sense
that

(un, wn) → (u,w) in L2(0, T ;H) × C([0, T ];H) as n→ ∞. (5.2)

The proof of Lemma 5.1 is a slight modification of that as in [31, Proposition 5.1].
Therefore, we omit the detailed proof.

The next lemma is concerned with the Gâteaux differentiability of Λε and Jε, which
was already proved by [31, Proposition 6.1]. Therefore, we omit the detailed proof of the
following lemma.

Lemma 5.2 (cf [31, Proposition 6.1]). Assume the same conditions in Theorem 4.1.
Then, the following two statements hold.

(I) The solution operator Λε admits the Gâteaux derivative at any (f, h, ℓ) ∈ Uad. More
precisely, for arbitrary (f, h, ℓ) ∈ Uad, there exists a pair of functions (θ, χ) ∈
L2(0, T ;H) × L2(0, T ;H) such that:

D(f̃ ,h̃,ℓ̃)Λ
ε(f, h, ℓ) := lim

λ→0

Λε(f + λf̃ , h+ λh̃, ℓ+ λℓ̃) − Λε(f, h, ℓ)

λ
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= (θ, χ) in L2(0, T ;H) × L2(0, T ;H) (5.3)

for all direction (f̃ , h̃, ℓ̃) ∈ Uad,

θ ∈ W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ⊂ C([0, T ];H), (5.4)

χ ∈ W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ⊂ C([0, T ];H) (5.5)

and (θ, χ) solves the following linear system:

⟨θ′(t), z⟩ + ⟨χ′(t), z⟩ + (θx(t), zx) + n0 (θ(t, 0)z(0) + θ(t, L)z(L))

= (a0f̃(t), z) + a1h̃(t)z(0) + a2ℓ̃(t)z(L),

a.e. t ∈ (0, T ), for all z ∈ X;

(5.6)

⟨χ′(t), z⟩ + κ ((aε)′(wx(t))χx(t), zx) + ((Kε)′(w(t))χ(t), z)

+([3νw2(t) − 1]χ(t), z) = (θ(t), z),

a.e. t ∈ (0, T ), for all z ∈ X;

(5.7)

θ(0, x) = χ(0, x) = 0, a.e. x ∈ (0, L). (5.8)

(II) The cost function Jε admits the Gâteaux derivative at any (f, h, ℓ) ∈ Uad. More
precisely,

D(f̃ ,h̃,ℓ̃)J
ε(f, h, ℓ) := lim

λ→0

Jε(f + λf̃ , h+ λh̃, ℓ+ λℓ̃) − Jε(f, h, ℓ)

λ

= c0

∫ T

0

((u− ud)(t), θ(t))dt+ c1

∫ T

0

((w − wd)(t), χ(t))dt

+m0a
2
0

∫ T

0

(f(t), f̃(t))dt+m1a
2
1

∫ T

0

h(t)h̃(t)dt+m2a
2
2

∫ T

0

ℓ(t)ℓ̃(t)dt

(5.9)

for any (f, h, ℓ) ∈ Uad and any direction (f̃ , h̃, ℓ̃) ∈ Uad, where (u,w)= Λε(f, h, ℓ) is
the solution to (P;uε0, w

ε
0, f, h, ℓ)

ε on [0, T ], ud and wd are the given target profiles in
L2(0, T ;H), and (θ, χ)(= D(f̃ ,h̃,ℓ̃)Λ

ε(f, h, ℓ)) is the pair of functions obtained in the
assertion (I).

Now we show the continuity of the Gâteaux derivative of the solution operator Λε

(ε ∈ (0, 1]).

Lemma 5.3. Assume the same conditions as in Theorem 4.1. Let ξ ∈ [−1, 1]\{0}. Then,
the Gâteaux derivative of the solution operator Λε is continuous in the following sense:

(θξ, χξ) = D(f̃ ,h̃,ℓ̃)Λ
ε(f + ξz, h+ ξy0, ℓ+ ξyL)

→ (θ, χ) = D(f̃ ,h̃,ℓ̃)Λ
ε(f, h, ℓ) in L2(0, T ;H) × L2(0, T ;H)

for all (f, h, ℓ) ∈ Uad, (z, y0, yL) ∈ Uad and any direction (f̃ , h̃, ℓ̃) ∈ Uad

(5.10)
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as ξ → 0, where

D(f̃ ,h̃,ℓ̃)Λ
ε(f + ξz, h+ ξy0, ℓ+ ξyL)

:= lim
λ→0

Λε(f + ξz + λf̃ , h+ ξy0 + λh̃, ℓ+ ξyL + λℓ̃) − Λε(f + ξz, h+ ξy0, ℓ+ ξyL)

λ
in L2(0, T ;H) × L2(0, T ;H)

and

D(f̃ ,h̃,ℓ̃)Λ
ε(f, h, ℓ) := lim

λ→0

Λε(f + λf̃ , h+ λh̃, ℓ+ λℓ̃) − Λε(f, h, ℓ)

λ

in L2(0, T ;H) × L2(0, T ;H).

Proof. For any (f, h, ℓ) ∈ Uad, (z, y0, yL) ∈ Uad and ξ ∈ [−1, 1] \ {0}, we put (uξ, wξ) :=
Λε(f + ξz, h + ξy0, ℓ + ξyL) and (u,w) := Λε(f, h, ℓ). Then, from the convergence result
of solutions to (P)ε (cf. (5.2)), we observe that

(uξ, wξ) → (u,w) in L2(0, T ;H) × C([0, T ];H) as ξ → 0. (5.11)

Also, by the second equation (1.11) in (P)ε and the quite standard calculation, we get
the following estimate:

sup
t∈[0,T ]

|wξ(t) − w(t)|2H + 2εκ

∫ T

0

|(wξ − w)x(t)|2Hdt ≤ e3T |uξ − u|2L2(0,T ;H). (5.12)

Thus, we infer from (5.11) and (5.12) that

wξ → w strongly in L2(0, T ;X) as ξ → 0. (5.13)

Now, we show (5.10). Note from the definitions aε(·) and Kε(·) (cf. (3.9) and (1.16))
that aε(·) ∈ C2(R), Kε(·) ∈ C1(R),

ε ≤ (aε)′(r) ≤ 1

ε
+ ε for any r ∈ R (5.14)

and

0 ≤ (Kε)′(r) ≤ 1

ε
for any r ∈ R. (5.15)

Now, we give the uniform estimate of (θξ, χξ) = D(f̃ ,h̃,ℓ̃)Λ
ε(f+ξz, h+ξy0, ℓ+ξyL) with

respect to ξ ∈ [−1, 1] \ {0}. Note from (I) of Lemma 5.2 that (θξ, χξ) = D(f̃ ,h̃,ℓ̃)Λ
ε(f +

ξz, h+ ξy0, ℓ+ ξyL) satisfies the following linear system:

⟨θ′ξ(τ), z⟩ + ⟨χ′
ξ(τ), z⟩ + ((θξ)x(τ), zx) + n0 (θξ(τ, 0)z(0) + θξ(τ, L)z(L))

= (a0f̃(τ), z) + a1h̃(τ)z(0) + a2ℓ̃(τ)z(L),

a.e. τ ∈ (0, T ), for all z ∈ X;

(5.16)

⟨χ′
ξ(τ), z⟩ + κ ((aε)′((wξ)x(τ))(χξ)x(τ), zx) + ((Kε)′(wξ(τ))χξ(τ), z)

+([3νw2
ξ(τ) − 1]χξ(τ), z) = (θξ(τ), z),

a.e. τ ∈ (0, T ), for all z ∈ X;

(5.17)
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θξ(0, x) = χξ(0, x) = 0, a.e. x ∈ (0, L). (5.18)

Assigning θξ(τ) to z in (5.16), applying the Schwarz inequality and integrating in τ
over [0, t], we get:

1

2
|θξ(t)|2H +

∫ t

0

⟨χ′
ξ(τ), θξ(τ)⟩dτ +

∫ t

0

|(θξ)x(τ)|2Hdτ

+
n0

2

∫ t

0

|θξ(τ, 0)|2dτ +
n0

2

∫ t

0

|θξ(τ, L)|2dτ

≤ 1

2

∫ t

0

|θξ(τ)|2Hdτ +
a20
2

∫ t

0

|f̃(τ)|2Hdτ +
a21

2n0

∫ t

0

|h̃(τ)|2dτ +
a22

2n0

∫ t

0

|ℓ̃(τ)|2dτ

for all t ∈ [0, T ].

(5.19)

Next, assigning χξ(τ) to z in (5.17), we have:

1

2

d

dτ
|χξ(τ)|2H + κ ((aε)′((wξ)x(τ))(χξ)x(τ), (χξ)x(τ))

+((Kε)′(wξ(τ))χξ(τ), χξ(τ))

+([3νw2
ξ(τ) − 1]χξ(τ), χξ(τ)) = (θξ(τ), χξ(τ)),

a.e. τ ∈ (0, T ).

(5.20)

Note that:

([3νw2
ξ(τ) − 1]χξ(τ), χξ(τ)) ≥ −|χξ(τ)|2H for all τ ∈ [0, T ].

Therefore, taking into account (5.14), (5.15) and the inequality as above, applying the
Schwarz inequality and integrating in τ over [0, t], it follows from (5.20) that:

1

2
|χξ(t)|2H + εκ

∫ t

0

|(χξ)x(τ)|2Hdτ ≤ 3

2

∫ t

0

|χξ(τ)|2Hdτ +
1

2

∫ t

0

|θξ(τ)|2Hdτ

for all t ∈ [0, T ].
(5.21)

Note from (5.1) and (II) of Proposition 2.2 that

sup
t∈[0,T ]

|wξ(t)|BV (0,L)

≤ N2

(
|uε0|2H + |wε

0|2H + κV ε(wε
0) +

∫ L

0

ĝ(wε
0(x)) dx+ a20|f + ξz|2L2(0,T ;H)

+a21|h+ ξy0|2L2(0,T ) + a22|ℓ+ ξyL|2L2(0,T ) + b21 + b22

)
,

where N2 > 0 is some positive constant independent of ξ ∈ [−1, 1] \ {0}. Therefore, from
the continuous imbedding BV (0, L) ↪→ L∞(0, L) (cf. Proposition 2.3), we observe that

sup
t∈[0,T ]

|wξ(t)|L∞(0,L) ≤ N3, (5.22)

where N3 > 0 is some positive constant independent of ξ ∈ [−1, 1] \ {0}.
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Now, assigning θξ(τ) to z in (5.17), and integrating in τ over [0, t], we observe from
(5.14)–(5.15) that∣∣∣∣∫ t

0

⟨χ′
ξ(τ), θξ(τ)⟩dτ

∣∣∣∣
≤ κ

(
1

ε
+ ε

)∫ t

0

|(χξ)x(τ)|H |(θξ)x(τ)|Hdτ +
1

ε

∫ t

0

|χξ(τ)|H |θξ(τ)|Hdτ

+

∫ t

0

|[3νw2
ξ(τ) − 1]χξ(τ)|H |θξ(τ)|Hdτ +

∫ t

0

|θξ(τ)|2Hdτ

for all t ∈ [0, T ].

(5.23)

Applying the Schwarz inequality and using the bounded estimate (5.22), it follows from
(5.23) that∣∣∣∣∫ t

0

⟨χ′
ξ(τ), θξ(τ)⟩dτ

∣∣∣∣
≤ 1

2

∫ t

0

|(θξ)x(τ)|2Hdτ +
1

2
κ2
(

1

ε
+ ε

)2 ∫ t

0

|(χξ)x(τ)|2Hdτ +
1

2ε2

∫ t

0

|χξ(τ)|2Hdτ

+
(3νN2

3 − 1)2

2

∫ t

0

|χξ(τ)|2Hdτ + 2

∫ t

0

|θξ(τ)|2Hdτ

for all t ∈ [0, T ].

(5.24)

Therefore, adding (5.19) to (5.21)×κ (1/ε+ ε)2 /ε, and using (5.24), we get:

1

2
|θξ(t)|2H +

1

2ε
κ

(
1

ε
+ ε

)2

|χξ(t)|2H +
1

2

∫ t

0

|(θξ)x(τ)|2Hdτ +
n0

2

∫ t

0

|θξ(τ, 0)|2dτ

+
n0

2

∫ t

0

|θξ(τ, L)|2dτ +
1

2
κ2
(

1

ε
+ ε

)2 ∫ t

0

|(χξ)x(τ)|2Hdτ

≤

(
5

2
+

1

2ε
κ

(
1

ε
+ ε

)2
)∫ t

0

|θξ(τ)|2Hdτ

+

(
1

2ε2
+

(3νN2
3 − 1)2

2
+

3

2ε
κ

(
1

ε
+ ε

)2
)∫ t

0

|χξ(τ)|2Hdτ

+
a20
2

∫ t

0

|f̃(τ)|2Hdτ +
a21

2n0

∫ t

0

|h̃(τ)|2dτ +
a22

2n0

∫ t

0

|ℓ̃(τ)|2dτ

(5.25)

for all t ∈ [0, T ]. Hence, applying the Gronwall lemma to (5.25), we observe that the
following inequality holds:∫ t

0

|θξ(τ)|2Hdτ +
1

ε
κ

(
1

ε
+ ε

)2 ∫ t

0

|χξ(τ)|2Hdτ

≤ N4

(
a20|f̃ |2L2(0,T ;H) +

a21
n0

|h̃|2L2(0,T ) +
a22
n0

|ℓ̃|2L2(0,T )

)
for all t ∈ [0, T ],

(5.26)

where N4 is some positive constant independent of ξ ∈ [−1, 1]\{0}. Thus, it follows from
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(5.25) and (5.26) that

|θξ(t)|2H +
1

ε
κ

(
1

ε
+ ε

)2

|χξ(t)|2H +

∫ t

0

|(θξ)x(τ)|2Hdτ + n0

∫ t

0

|θξ(τ, 0)|2dτ

+n0

∫ t

0

|θξ(τ, L)|2dτ + κ2
(

1

ε
+ ε

)2 ∫ t

0

|(χξ)x(τ)|2Hdτ

≤ N5

(
a20|f̃ |2L2(0,T ;H) +

a21
n0

|h̃|2L2(0,T ) +
a22
n0

|ℓ̃|2L2(0,T )

)
for all t ∈ [0, T ],

(5.27)

where N5 is some positive constant independent of ξ ∈ [−1, 1] \ {0}.
Note from (5.14), (5.15) and (5.17) that the following inequality holds (cf. (5.23)):∣∣∣∣∫ T

0

⟨χ′
ξ(τ), z(τ)⟩dτ

∣∣∣∣
≤ κ

(
1

ε
+ ε

)
|(χξ)x|L2(0,T ;H)|zx|L2(0,T ;H) +

1

ε
|χξ|L2(0,T ;H)|z|L2(0,T ;H)

+|3νN2
3 − 1||χξ|L2(0,T ;H)|z|L2(0,T ;H) + |θξ|L2(0,T ;H)|z|L2(0,T ;H)

for all z ∈ L2(0, T ;X).

(5.28)

Therefore, we observe from (5.22), (5.27) and (5.28) that

|χ′
ξ|L2(0,T ;X′) ≤ N6

(
|a0||f̃ |L2(0,T ;H) +

|a1|√
n0

|h̃|L2(0,T ) +
|a2|√
n0

|ℓ̃|L2(0,T )

)
(5.29)

for some positive constant N6 > 0, dependent on ε, T, κ, n0 and independent of ξ ∈
[−1, 1] \ {0}.

Similarly, we infer from (5.16), (5.27) and (5.29) that

|θ′ξ|L2(0,T ;X′) ≤ N7

(
|a0||f̃ |L2(0,T ;H) +

|a1|√
n0

|h̃|L2(0,T ) +
|a2|√
n0

|ℓ̃|L2(0,T )

)
(5.30)

for some positive constant N7 > 0, dependent on ε, T, κ, n0 and independent of ξ ∈
[−1, 1] \ {0}.

By the uniform estimates (5.27), (5.29) and (5.30), there are a subsequence {ξn} ⊂ {ξ}
and functions θ ∈ W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ∩ L∞(0, T ;H) and χ ∈ W 1,2(0, T ;X ′) ∩
L2(0, T ;X) ∩ L∞(0, T ;H) such that ξn → 0,

θξn → θ weakly in W 1,2(0, T ;X ′),
weakly in L2(0, T ;X),
in C([0, T ];X ′),
in L2(0, T ;H),
weakly-∗ in L∞(0, T ;H)

 (5.31)

and
χξn → χ weakly in W 1,2(0, T ;X ′),

weakly in L2(0, T ;X),
in C([0, T ];X ′),
in L2(0, T ;H),
weakly-∗ in L∞(0, T ;H)

 (5.32)
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as n→ ∞.
Here, from (5.13)–(5.15), (5.22), Lipschitz continuity of functions (aε)′ and (Kε)′, and

Lebesgue’s dominated convergence theorem, we note that:
(aε)′((wξn)x) → (aε)′(wx),

(Kε)′(wξn) → (Kε)′(w),

3νw2
ξn

− 1 → 3νw2 − 1,

strongly in L2(0, T ;H), as n→ ∞. (5.33)

Thus, taking a subsequence if necessary, we see from (5.13), (5.14) and (5.31)–(5.33) that:
(aε)′((wξn)x)(χξn)x → (aε)′(wx)χx,

(Kε)′(wξn)χξn → (Kε)′(w)χ,

[3νw2
ξn

− 1]χξn → [3νw2 − 1]χ,

weakly in L2(0, T ;H), as n→ ∞. (5.34)

Assigning z(τ) to z in (5.16) and (5.17), integrating in τ over [0, T ] and taking the
limits as n→ ∞, we observe from (5.31)–(5.34) that (θ, χ) satisfies the following system:∫ T

0

⟨θ′(τ), z(τ)⟩dτ +

∫ T

0

⟨χ′(τ), z(τ)⟩dτ +

∫ T

0

(
θx(τ), zx(τ)

)
dτ

+n0

∫ T

0

θ(τ, 0)z(τ, 0)dτ + n0

∫ T

0

θ(τ, L)z(τ, L)dτ

=

∫ T

0

(a0f̃(τ), z(τ))dτ + a1

∫ T

0

h̃(τ)z(τ, 0)dτ + a2

∫ T

0

ℓ̃(τ)z(τ, L)dτ

for all z ∈ L2(0, T ;X) and any direction (f̃ , h̃, ℓ̃) ∈ Uad;

(5.35)

∫ T

0

⟨χ′(τ), z(τ)⟩dτ + κ

∫ T

0

((aε)′(wx(τ))χx(τ), zx(τ))dτ

+

∫ T

0

((Kε)′(w(τ))χ(τ), z(τ))dτ

+

∫ T

0

([3νw2(τ) − 1]χ(τ), z(τ))dτ =

∫ T

0

(θ(τ), z(τ))dτ

for all z ∈ L2(0, T ;X) and any direction (f̃ , h̃, ℓ̃) ∈ Uad;

(5.36)

θ(0, ·) = lim
n→∞

θξn(0, ·) = 0 (∈ H) in X ′; (5.37)

χ(0, ·) = lim
n→∞

χξn(0, ·) = 0 (∈ H) in X ′. (5.38)

Since the solutions to the Cauchy problem {(5.35)–(5.38)} are uniquely determined,
we observe that the convergence (5.10) holds by putting θ = θ and χ = χ. Thus, the
proof of this lemma has been completed.

Corollary 5.1. Assume the same conditions as in Theorem 4.1. Let ξ ∈ [−1, 1] \ {0}.
Then, the Gâteaux derivative of the cost functional Jε is continuous in the following sense:

D(f̃ ,h̃,ℓ̃)J
ε(f + ξz, h+ ξy0, ℓ+ ξyL) → D(f̃ ,h̃,ℓ̃)J

ε(f, h, ℓ)

for all (f, h, ℓ) ∈ Uad, (z, y0, yL) ∈ Uad and any direction (f̃ , h̃, ℓ̃) ∈ Uad

(5.39)
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as ξ → 0, where

D(f̃ ,h̃,ℓ̃)J
ε(f + ξz, h+ ξy0, ℓ+ ξyL)

:= lim
λ→0

Jε(f + ξz + λf̃ , h+ ξy0 + λh̃, ℓ+ ξyL + λℓ̃) − Jε(f + ξz, h+ ξy0, ℓ+ ξyL)

λ

and

D(f̃ ,h̃,ℓ̃)J
ε(f, h, ℓ) := lim

λ→0

Jε(f + λf̃ , h+ λh̃, ℓ+ λℓ̃) − Jε(f, h, ℓ)

λ
.

Proof. Note from (5.9) that

D(f̃ ,h̃,ℓ̃)J
ε(f + ξz, h+ ξy0, ℓ+ ξyL)

= c0

∫ T

0

((uξ − ud)(t), θξ(t))dt+ c1

∫ T

0

((wξ − wd)(t), χξ(t))dt

+m0a
2
0

∫ T

0

((f + ξz)(t), f̃(t))dt+m1a
2
1

∫ T

0

(h+ ξy0)(t)h̃(t)dt

+m2a
2
2

∫ T

0

(ℓ+ ξyL)(t)ℓ̃(t)dt

(5.40)

for any (f, h, ℓ) ∈ Uad, any (z, y0, yL) ∈ Uad and any direction (f̃ , h̃, ℓ̃) ∈ Uad, where
(uξ, wξ)= Λε(f+ξz, h+ξy0, ℓ+ξyL) is the solution to (P;uε0, w

ε
0, f+ξz, h+ξy0, ℓ+ξyL)ε on

[0, T ], ud and wd are the given target profiles in L2(0, T ;H), and (θξ, χξ)(= D(f̃ ,h̃,ℓ̃)Λ
ε(f +

ξz, h+ ξy0, ℓ+ ξyL)) is the pair of functions obtained in (I) of Lemma 5.2.
Therefore, taking into account (5.10), (5.11) and (5.40), we easily see that the conver-

gence (5.39) holds.

Lemma 5.4. Suppose the same conditions in Theorem 4.1. For any ξ ∈ [−1, 1] \ {0},
(f, h, ℓ) ∈ Uad, (z, y0, yL) ∈ Uad and any direction (f̃ , h̃, ℓ̃) ∈ Uad, let (pξ, qξ) = Λε

ad(f +
ξz, h + ξy0, ℓ + ξyL). Then, (pξ, qξ) converges to (p, q) = Λε

ad(f, h, ℓ) in L2(0, T ;X) ×
L2(0, T ;H) as ξ → 0.

Proof. For any ξ ∈ [−1, 1] \ {0}, (f, h, ℓ) ∈ Uad, (z, y0, yL) ∈ Uad and any direction
(f̃ , h̃, ℓ̃) ∈ Uad, let (uξ, wξ) = Λε(f + ξz, h + ξy0, ℓ + ξyL) and (u,w) := Λε(f, h, ℓ). Then,
from the convergence result of solutions to (P)ε (cf. (5.2)), we have (cf. (5.11)):

(uξ, wξ) → (u,w) in L2(0, T ;H) × C([0, T ];H) as ξ → 0.

Also, note from (II) of Proposition 3.3 that (pξ, qξ) = Λε
ad(f+ξz, h+ξy0, ℓ+ξyL) satisfies

the following adjoint system on [0, T ]:

pξ ∈ W 1,2(0, T ;H) ∩ L∞(0, T ;X);

qξ ∈ W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ⊂ C([0, T ];H);

−p′ξ − (pξ)xx − qξ = c0(uξ − ud) in Q; (5.41)
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∫ T

t

(−p′ξ(τ), z(τ))dτ +

∫ T

t

⟨−q′ξ(τ), z(τ)⟩dτ

+κ

∫ T

t

((aε)′((wξ)x(τ))(qξ)x(τ), zx(τ)) dτ

+

∫ T

t

((Kε)′(wξ(τ))qξ(τ), z(τ)) dτ

+

∫ T

t

(
[3ν(wξ(τ))2 − 1]qξ(τ), z(τ)

)
dτ

= c1

∫ T

t

(wξ(τ) − wd(τ), z(τ)) dτ

for all t ∈ [0, T ] and z ∈ L2(0, T ;X);

(5.42)

−(pξ)x(t, 0) + n0pξ(t, 0) = (pξ)x(t, L) + n0pξ(t, L) = 0, t ∈ (0, T ), (5.43)

pξ(T, x) = qξ(T, x) = 0, x ∈ (0, L). (5.44)

Multiplying (5.41) by pξ(τ), and applying the Schwarz inequality, we get:

−1

2

d

dτ
|pξ(τ)|2H + |(pξ)x(τ)|2H + n0|pξ(τ, 0)|2 + n0|pξ(τ, L)|2

≤ |pξ(τ)|2H +
1

2
|qξ(τ)|2H +

c20
2
|(uξ − ud)(τ)|2H for a.e. τ ∈ (0, T ).

Then, applying the Gronwall lemma to the above inequality, we get the following estimate:

1

2
|pξ(t)|2H +

∫ T

t

|(pξ)x(τ)|2Hdτ + n0

∫ T

t

|pξ(τ, 0)|2dτ + n0

∫ T

t

|pξ(τ, L)|2dτ

≤ 1

2
e2T
(
|qξ|2L2(t,T ;H) + c20|uξ − ud|2L2(t,T ;H)

)
for all t ∈ [0, T ].

(5.45)

Next, multiplying (5.41) by −p′ξ(τ) and applying the Schwarz inequality, we get:

1

2
|p′ξ(τ)|2H − d

dτ

{
1

2
|(pξ)x(τ)|2Hdτ +

n0

2
|pξ(τ, 0)|2 +

n0

2
|pξ(τ, L)|2

}
≤ |qξ(τ)|2H + c20|(uξ − ud)(τ)|2H for a.e. τ ∈ (0, T ).

(5.46)

Therefore, integrating (5.46) in τ over [t, T ], we get:

1

2

∫ T

t

|p′ξ(τ)|2Hdτ +
1

2
|(pξ)x(t)|2H +

n0

2
|pξ(t, 0)|2 +

n0

2
|pξ(t, L)|2

≤
∫ T

t

|qξ(τ)|2Hdτ + c20|uξ − ud|2L2(0,T ;H) for all t ∈ [0, T ].

(5.47)

Next, assigning qξ(τ) to z in (5.42) and applying the Schwarz inequality, we observe
from (5.14) and (5.15) that:

1

2
|qξ(t)|2H + εκ

∫ T

t

|(qξ)x(τ)|2Hdτ

≤ 2

∫ T

t

|qξ(τ)|2Hdτ +
1

2

∫ T

t

|p′ξ(τ)|2Hdτ +
c21
2

∫ T

t

|(wξ − wd)(τ)|2Hdτ

for all t ∈ [0, T ].

(5.48)
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Then, taking into account (5.11) and (5.47) and applying the Gronwall lemma to (5.48),
we get the following estimate:

|qξ(t)|2H + εκ

∫ T

t

|(qξ)x(t)|2Hdt

≤ N8

(
c20|u− ud|2L2(0,T ;H) + c21|w − wd|2L2(0,T ;H) + 1

)
for all t ∈ [0, T ],

(5.49)

where N8 > 0 is some constant independent of ξ ∈ [−1, 1] \ {0}. Therefore it follows from
(5.45), (5.47) with (5.49) that:

|pξ(t)|2H +

∫ T

t

|(pξ)x(τ)|2Hdτ + n0

∫ T

t

|pξ(τ, 0)|2dτ + n0

∫ T

t

|pξ(τ, L)|2τ

≤ N9

(
c20|u− ud|2L2(0,T ;H) + c21|w − wd|2L2(0,T ;H) + 1

)
for all t ∈ [0, T ]

(5.50)

and ∫ T

t

|p′ξ(τ)|2Hdτ + |(pξ)x(t)|2H + n0|pξ(t, 0)|2 + n0|pξ(t, L)|2

≤ N10

(
c20|u− ud|2L2(0,T ;H) + c21|w − wd|2L2(0,T ;H) + 1

)
for all t ∈ [0, T ],

(5.51)

where N9 > 0 and N10 > 0 are positive constants independent of ξ ∈ [−1, 1] \ {0}.
Also, we observe from (5.42) with (5.22) and (5.49)–(5.51) that

|q′ξ|L2(0,T ;X′) ≤ N11

(
c20|u− ud|2L2(0,T ;H) + c21|w − wd|2L2(0,T ;H) + 1

)
(5.52)

for some positive constant N11 > 0 independent of ξ ∈ [−1, 1] \ {0}.
Therefore, by (5.33), (5.49)–(5.52), the uniqueness of solutions to the adjoint system

{(3.5)–(3.8)} and the arguments similar to the proof of Lemma 5.3 (cf. (5.35)–(5.38)),
namely, taking the limits in (5.41)–(5.44) as ξ → 0, we observe that

(pξ, qξ) = Λε
ad(f + ξz, h+ ξy0, ℓ+ ξyL) → (p, q) = Λε

ad(f, h, ℓ)

in L2(0, T ;H) × L2(0, T ;H) as ξ → 0.
(5.53)

Note that (p, q) = Λε
ad(f, h, ℓ) satisfies the following system:

−p′ − pxx − q = c0(u− ud) in Q; (5.54)

−px(t, 0) + n0p(t, 0) = px(t, L) + n0p(t, L) = 0, t ∈ (0, T ), (5.55)

p(T, x) = 0, x ∈ (0, L). (5.56)

Subtract (5.54) from (5.41), and multiply it by pξ − p. Then, applying the Schwarz
inequality, we get:

−1

2

d

dτ
|(pξ − p)(τ)|2H + |(pξ − p)x(τ)|2H + n0|(pξ − p)(τ, 0)|2 + n0|(pξ − p)(τ, L)|2

≤ |(pξ − p)(τ)|2H +
1

2
|(qξ − q)(τ)|2H +

c20
2
|(uξ − u)(τ)|2H for a.e. τ ∈ (0, T ).
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Then, applying the Gronwall lemma to the above inequality, we get the following estimate:

1

2
|(pξ − p)(t)|2H +

∫ T

t

|(pξ − p)x(τ)|2Hdτ + n0

∫ T

t

|(pξ − p)(τ, 0)|2dτ

+n0

∫ T

t

|(pξ − p)(τ, L)|2dτ

≤ 1

2
e2T
(
|qξ − q|2L2(t,T ;H) + c20|uξ − u|2L2(t,T ;H)

)
for all t ∈ [0, T ],

which implies from (5.53) and the convergence result of solutions to (P)ε (cf. (5.11)) that

pξ → p in L2(0, T ;X) as ξ → 0.

Thus, the proof of this lemma has been completed.

The following function acts a key-role in the proof of Theorem 4.1.

Definition 5.1. We define the function γ : [0,∞) → [0,∞) by

γ(t) := inf {∥ξ(z, y0, yL)∥Uad
;

∥(ξz + a0pξ − a0p, ξy0 + a1pξ − a1p, ξyL + a2pξ − a2p)∥Uad
≥ t} , (5.57)

where (p, q) = Λε
ad(f, h, ℓ) and (pξ, qξ) = Λε

ad(f + ξz, h+ ξy0, ℓ+ ξyL) for ξ ∈ [−1, 1] \ {0},
(f, h, ℓ) ∈ Uad and (z, y0, yL) ∈ Uad. Clearly, γ(·) is a well-defined increasing function with
γ(0) = 0 (cf. Lemma 5.4).

Lemma 5.5. Assume the same conditions as in Theorem 4.1. Let {(fk, hk, ℓk); k =
1, 2, · · · , n} be a sequence in Uad defined by the numerical algorithm (NA). Let (pn, qn) =
Λε

ad(fn, hn, ℓn), β ∈ (0, 1) and µ ∈ (0, 1). Put fpn
n := a0(pn +m0a0fn), hpnn := a1(pn(·, 0) +

m1a1hn) and ℓpnn := a2(pn(·, L) +m2a2ℓn). Assume that

∥(fpn
n , hpnn , ℓ

pn
n )∥Uad

̸= 0. (5.58)

Then, there is a minimal constant jn ∈ N ∪ {0} such that

Jε
(
fn − βjnfpn

n , hn − βjnhpnn , ℓn − βjnℓpnn
)
− Jε(fn, hn, ℓn)

≤ −µβjn∥(f pn
n , hpnn , ℓ

pn
n )∥2Uad

.
(5.59)

Proof. By (5.58) and the definition of the Gâteaux derivative of Jε(·), there is a constant
δµ,n > 0 such that∣∣∣∣Jε (fn − λfpn

n , hn − λhpnn , ℓn − λℓpnn ) − Jε(fn, hn, ℓn)

λ
−D(−fpn

n ,−hpn
n ,−ℓpnn )J

ε(fn, hn, ℓn)

∣∣∣∣
< (1 − µ)∥(fpn

n , hpnn , ℓ
pn
n )∥2Uad

for any λ ∈ (−δµ,n, δµ,n) \ {0}. (5.60)

Note from [31, Proof of Theorem 3.4] that

D(−fpn
n ,−hpn

n ,−ℓpnn )J
ε(fn, hn, ℓn) = −|fpn

n |2L2(0,T ;H) − |hpnn |2L2(0,T ) − |ℓpnn |2L2(0,T )

= −∥(fpn
n , hpnn , ℓ

pn
n )∥2Uad

.
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Therefore, it follows from (5.60) that

Jε (fn − λf pn
n , hn − λhpnn , ℓn − λℓpnn ) − Jε(fn, hn, ℓn)

< −λµ∥(fpn
n , hpnn , ℓ

pn
n )∥2Uad

for any λ ∈ (0, δµ,n).

Therefore, we have only to take a minimal constant jn ∈ N ∪ {0} such that

0 < βjn < δµ,n.

Thus, the proof of this lemma has been completed.

Lemma 5.6. Assume the same conditions as in Theorem 4.1. Let {(fk, hk, ℓk); k =
1, 2, · · · , n} be a sequence in Uad defined by the numerical algorithm (NA). Let (pn, qn) =
Λε

ad(fn, hn, ℓn), β ∈ (0, 1) and µ ∈ (0, 1). Put fpn
n := a0(pn +m0a0fn), hpnn := a1(pn(·, 0) +

m1a1hn) and ℓpnn := a2(pn(·, L) +m2a2ℓn). Assume that

∥(fpn
n , hpnn , ℓ

pn
n )∥Uad

̸= 0. (5.61)

Also, let jn be the constant obtained in Lemma 5.5. Then, we have

βγ ((1 − µ)∥(fpn
n , hpnn , ℓ

pn
n )∥Uad

)

≤ βjn max{m0a
2
0,m1a

2
1,m2a

2
2}∥(fpn

n , hpnn , ℓ
pn
n )∥Uad

,
(5.62)

where γ(·) is the function defined by (5.57) in Definition 5.1.

Proof. From the definition of jn obtained in Lemma 5.5, we see that

Jε

(
fn −

βjn

β
fpn
n , hn −

βjn

β
hpnn , ℓn −

βjn

β
ℓpnn

)
− Jε(fn, hn, ℓn)

> −µ βjn

β
∥(f pn

n , hpnn , ℓ
pn
n )∥2Uad

.

(5.63)

Here, by the mean-value theorem and the continuity of D(−fpn
n ,−hpn

n ,−ℓpnn )J
ε(fn+ξz, hn+

ξh0, ℓn + ξhL) with respect to ξ, we observe that there is a constant θ ∈ (0, 1) satisfying

Jε

(
fn −

βjn

β
f pn
n , hn −

βjn

β
hpnn , ℓn −

βjn

β
ℓpnn

)
− Jε(fn, hn, ℓn)

=

∫ βjn

β

0

D(−fpn
n ,−hpn

n ,−ℓpnn )J
ε (fn − ξfpn

n , hn − ξhpnn , ℓn − ξℓpnn ) dξ

=
βjn

β
D(−fpn

n ,−hpn
n ,−ℓpnn )J

ε

(
fn − θ

βjn

β
f pn
n , hn − θ

βjn

β
hpnn , ℓn − θ

βjn

β
ℓpnn

)
=

βjn

β

∫ T

0

(
a0pθ(t) +m0a

2
0

(
fn − θ

βjn

β
f pn
n

)
(t),−fpn

n (t)

)
dt

+
βjn

β

∫ T

0

(
a1pθ(t) +m1a

2
1

(
hn − θ

βjn

β
hpnn

)
(t),−hpnn (t)

)
dt

+
βjn

β

∫ T

0

(
a2pθ(t) +m2a

2
2

(
ℓn − θ

βjn

β
ℓpnn

)
(t),−ℓpnn (t)

)
dt,

(5.64)
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where (pθ, qθ) = Λε
ad

(
fn − θ βjn

β
f pn
n , hn − θ βjn

β
hpnn , ℓn − θ βjn

β
ℓpnn

)
.

It follows from (5.63) and (5.64) that

(1 − µ) ∥(f pn
n , hpnn , ℓ

pn
n )∥2Uad

≤ ∥(fpn
n , hpnn , ℓ

pn
n )∥2Uad

+

∫ T

0

(
a0pθ(t) +m0a

2
0

(
fn − θ

βjn

β
fpn
n

)
(t),−f pn

n (t)

)
dt

+

∫ T

0

(
a1pθ(t) +m1a

2
1

(
hn − θ

βjn

β
hpnn

)
(t),−hpnn (t)

)
dt

+

∫ T

0

(
a2pθ(t) +m2a

2
2

(
ℓn − θ

βjn

β
ℓpnn

)
(t),−ℓpnn (t)

)
dt

=

∫ T

0

(
a0pθ(t) +m0a

2
0

(
−θ β

jn

β
f pn
n

)
(t) − a0pn(t),−f pn

n (t)

)
dt

+

∫ T

0

(
a1pθ(t) +m1a

2
1

(
−θ β

jn

β
hpnn

)
(t) − a1hn(t),−hpnn (t)

)
dt

+

∫ T

0

(
a2pθ(t) +m2a

2
2

(
−θ β

jn

β
ℓpnn

)
(t) − a2ℓn(t),−ℓpnn (t)

)
dt

≤
∣∣∣∣a0pθ(t) +m0a

2
0

(
−θ β

jn

β
fpn
n

)
− a0pn

∣∣∣∣
L2(0,T ;H)

|f pn
n |L2(0,T ;H)

+

∣∣∣∣a1pθ(t) +m1a
2
1

(
−θ β

jn

β
hpnn

)
− a1hn

∣∣∣∣
L2(0,T )

|hpnn |L2(0,T )

+

∣∣∣∣a2pθ(t) +m2a
2
2

(
−θ β

jn

β
ℓpnn

)
− a2ℓn

∣∣∣∣
L2(0,T )

|ℓpnn |L2(0,T ) .

Hence, we have

(1 − µ) ∥(fpn
n , hpnn , ℓ

pn
n )∥Uad

≤
∥∥∥∥(a0pθ +m0a

2
0

(
−θ β

jn

β
fpn
n

)
− a0pn, a1pθ +m1a

2
1

(
−θ β

jn

β
hpnn

)
− a1hn,

a2pθ +m2a
2
2

(
−θ β

jn

β
ℓpnn

)
− a2ℓn

)∥∥∥∥
Uad

.

(5.65)

By the definition of the function γ, we observe from (5.65) and θ ∈ (0, 1) that

γ
(
(1 − µ) ∥(f pn

n , hpnn , ℓ
pn
n )∥Uad

)
≤ θ

βjn

β

∥∥(m0a
2
0f

pn
n ,m1a

2
1h

pn
n ,m2a

2
2ℓ

pn
n

)∥∥
Uad

≤ θ
βjn

β
max{m0a

2
0,m1a

2
1,m2a

2
2} ∥(f pn

n , hpnn , ℓ
pn
n )∥Uad

,

which implies that the inequality (5.62) holds.



269

Now, we show the main Theorem 4.1 in this paper, which is concerned with the
convergence for numerical algorithm (NA).

[Proof of Theorem 4.1] We show (I). By (Step 5) in the numerical algorithm (NA)(cf.
(5.59) or (5.68) below), we observe that Jε(fn, hn, ℓn) is the non-increasing sequence
with respect to n. Thus, from the non-negativity of Jε(·, ·, ·) (cf. (1.8)), we infer that
lim
n→∞

Jε(fn, hn, ℓn) exists.

Now, we show (II) by contradiction. Therefore, we assume that (4.1) does not hold.
Then, there are a constant δ > 0 and a sequence {k} ⊂ N such that

|a0(pk +m0a0fk)|L2(0,T ;H) ≥ δ for any k ∈ N. (5.66)

For simplicity, put fpk
k := a0(pk + m0a0fk), hpkk := a1(pk(·, 0) + m1a1hk) and ℓpkk :=

a2(pk(·, L) + m2a2ℓk) for k ∈ N. Then, note from (5.66) and the definition of norm
∥(·, ·, ·)∥Uad

that

∥(fpk
k , hpkk , ℓ

pk
k )∥Uad

≥ |a0(pk +m0a0fk)|L2(0,T ;H) ≥ δ for any k ∈ N.

Therefore, from (5.66) and the definition of γ(·) in (5.57), it follows that

γ ((1 − µ)δ) ≤ γ
(

(1 − µ) ∥(f pk
k , hpkk , ℓ

pk
k )∥Uad

)
for any k ∈ N, (5.67)

where µ ∈ (0, 1) is the stop parameter in (Step 0) of (NA). Then, we observe from
(5.59) and (5.62) that

Jε(fk+1, hk+1, ℓk+1) − Jε(fk, hk, ℓk)

≤ −µβjk ∥(f pk
k , hpkk , ℓ

pk
k )∥2Uad

≤ − µβ

max{m0a20,m1a21,m2a22}
γ
(

(1 − µ) ∥(f pk
k , hpkk , ℓ

pk
k )∥Uad

)
∥(f pk

k , hpkk , ℓ
pk
k )∥Uad

≤ − µβ

max{m0a20,m1a21,m2a22}
γ ((1 − µ)δ) δ

< 0 for any k ∈ N.
(5.68)

By repeating the procedure (5.68), we get:

Jε(fk+1, hk+1, ℓk+1) ≤ Jε(fk, hk, ℓk) − µβ

max{m0a20,m1a21,m2a22}
γ ((1 − µ)δ) δ

≤ Jε(fk−1, hk−1, ℓk−1) −
2µβ

max{m0a20,m1a21,m2a22}
γ ((1 − µ)δ) δ

≤ · · ·

≤ Jε(f1, h1, ℓ1) −
kµβ

max{m0a20,m1a21,m2a22}
γ ((1 − µ)δ) δ

for any k ∈ N.
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Thus, the above inequality implies that

Jε(fk+1, hk+1, ℓk+1) → −∞ as k → ∞. (5.69)

This contradicts the non-negativity of Jε(·, ·, ·) (cf. (1.8)). Hence, (4.1) holds. Similarly,
we observe that (4.2) and (4.3) hold.

Finally, we show (III). By (I) of Theorem 4.1 and the definition of Jε(·, ·, ·) (cf. (1.8)),
we observe that {fn, hn, ℓn} is bounded in Uad. Therefore, there are a subsequence {nk}
of {n} and a function (f ε

∗∗, h
ε
∗∗, ℓ

ε
∗∗) ∈ Uad such that nk → ∞,

fnk
→ f ε

∗∗ weakly in L2(0, T ;H),

hnk
→ hε∗∗ weakly in L2(0, T ),

ℓnk
→ ℓε∗∗ weakly in L2(0, T )

as k → ∞. Then, from the convergence result of solutions to (P)ε in Lemma 5.1, we
observe that (cf. (5.2))

Λε(fnk
, hnk

, ℓnk
) = (unk

, wnk
) → (uε∗∗, w

ε
∗∗) = Λε(f ε

∗∗, h
ε
∗∗, ℓ

ε
∗∗)

in L2(0, T ;H) × C([0, T ];H) as k → ∞.
(5.70)

Also, from (5.70) and the slight modification of the proof of Lemma 5.4, we infer
that there are a function (pε∗∗, q

ε
∗∗) ∈ L2(0, T ;X)×L2(0, T ;H) and a subsequence of {nk}

(which we also denote {nk} for simplicity) satisfying

Λε
ad(fnk

, hnk
, ℓnk

) = (pnk
, qnk

) → (pε∗∗, q
ε
∗∗) = Λε

ad(f
ε
∗∗, h

ε
∗∗, ℓ

ε
∗∗)

in L2(0, T ;X) × L2(0, T ;H) as k → ∞.
(5.71)

Therefore we infer (4.1)–(4.3), (5.70) and (5.71) that the assertion (III) of Theorem
4.1 holds. Thus, the proof of Theorem 4.1 has been completed. □
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