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Abstract. We consider optimal control problems for one-dimensional phase field sys-
tem with the singular diffusivity and the constraint. Our system consists of two parabolic
PDEs: a heat equation and a singular kinetic equation for a nonconserved order pa-
rameter. Recently, we showed the necessary condition of the optimal pair by using the
approximating optimal control problem. Due to the singular diffusivity and the con-
straint we observe that it is very hard to study the original control problem numerically.
Therefore, in this paper we study the approximating optimal control problem from the
view-point of numerical analysis. Then, we propose the numerical scheme to find the op-
timal control of the approximating problem, and show the convergence of the numerical
algorithm proposed in this paper.
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1 Introduction

We consider the following phase field system with the singular diffusivity and the con-
straint:

[u+wly — Uze = aof(t,z) in@Q:=(0,T7) x (0,L), (1.1)
wt—ﬁ<|zx|>x—|—8f[_1,1](w)+Vw3—wBu in Q, (1.2)

—u,(t,0) + no(u(t,0) — by) = arh(t), te(0,7), (
ug(t, L) +no(u(t,L) — by) = agf( ), te(0,7), (

wy(t,0) = wy(t, L) = t e (0,7), (
u(0,2) = up(x), w(0,z)= wo(x), z € (0,L), (

where 0 <T' < oo and 0 < L < oo are fixed positive constants, k > 0, ng > 0, v > 0, ag,
ai, as, by, by are given constants, f, h, ¢ are given functions, and ug, wy are given initial
data. Also, OIj_111(-) is the subdifferential of the indicator function I[_q ;(-) on the closed
interval [—1, 1] defined by

[0, ifze-1,1],
Iiy(2) = { 00, otherwise. D

The system (P):={(1.1), (1.2), (1.3), (1.4), (1.5), (1.6)} is based on a mathematical
model of solid-liquid phase transitions in a mesoscopic length scale proposed by Visintin
[33]. In the physical context, the unknown function u = u(t, x) is the relative temperature,
and w = w(t,z) is the nonconserved order parameter that indicates the physical phase
of material. Note that the equation (1.2) is derived as the L?-gradient flow of the free
energy functional as follows:

L L ot w?
Fu(w) = ﬁ/ | Dw| —I—/ {I[_Ll}( )+ 4 "5 wu}dx w e L*0,L),
0 0
where fOL | Dw| is the total variation of a function w € L?(0,L). So, we can regard (1.2)
as one kind of mathematical formulation of Gibbs-Thomson law.

Many mathematicians studied the singular diffusion equation (1.2) with or without
constraint Iy 1) (w) (cf. [3, 4, 5, 12, 13, 17, 18, 20, 23, 24, 28, 30, 33]). For instance,
Kenmochi-Shirakawa [17, 18] studied the detailed structure of steady-state solution and
the characterization of asymptotics of solutions to (1.2) in one dimensional case of the
spatial domain. For higher dimensional case, we refer to Shirakawa—Kimura [30]. Recently,
Ohtsuka—Shirakawa—Yamazaki [23, 24, 25] considered the optimal control problem of (1.2)
with respect to the temperature control w.

The system (P) was considered by Kenmochi-Shirakawa [19] and Shirakawa [29]. In
particular, Kenmochi-Shirakawa [19] dealt with the structural and stability analysis for
the steady-state solutions to (P).

Also, there is a vast amount of literature on optimal control problems to phase tran-
sitions. For instance, we refer to [1, 8, 10, 14, 26, 27, 32]. In particular, the authors
[31] investigated optimal control problems of phase field system (P) with the singular
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diffusivity arising from the total variation fOL |Dw|. In fact, the following optimal control
problem (OP) was considered in [31]:

Problem (OP). Find a pair of functions (optimal control) (fs, b, £y) € Uyq such that

*7h*7 x) — inf ,h, .
J(fi; By ) (f,h%euadﬂf f)

Here, Uy,q := L*(0,T; L*(0, L)) x L?(0,T) x L*(0,T) is the control space, and J(f, h, ) is
the cost functional defined by

c T c T
I =5 [ =) Ot + G [ 10— w0

ma

mo [T, 2 o 2 my [T, 2
"‘7 ; agl f()|72(0,)dt + A at|h(t)|"dt + 2/, a|C(t)[*dt,  (1.8)

where (f,h,¢) € Uy, is the control, a couple of functions (u,w) is a unique solution to
the state problem (P) with the source term (f, h,?), ¢, c1, mg, my, my are nonnegative
constants, and ug, wy are the given desired target profiles in L?(0,T; L*(0, L)).

Note that if ag = 0, then (OP) is the boundary valued control problem. Similarly, if
the constant a; = as = 0, then (OP) is the heat source control problem. Also, note that
by (resp., be) denotes the outside temperature at = 0 (resp. = = L).

From the singular diffusion term and the constraint d/j_;;j(w) in (1.2), we observe
that it is very hard to show the necessary condition of (OP). Therefore, considering
approximating problems of (P) and (OP), the necessary condition of (OP) was proved in
[31, Theorem 3.5]. Indeed, for each £ € (0, 1], the following approximating problem of
(OP), denoted by (OP)%, was considered (cf. [31, Theorem 3.2]):

Problem (OP)c. Find a pair of functions (optimal control) (f¢, he, (5) € U,q such that

E3 * 9

€ 15 IS 5 — : f € .
JE(f, b, 65) (f,h%euad‘] (f,h,0)

Here, J¢(f, h,¢) is the cost functional defined by

T

C1
— [ 1w = wa)(®)[720 1 dt

T
€ C 3
JE(f,hy0) ;:50/0 (0 — ) Oyt + 5 [

mo [T my [T my [T
=50 [ O o+ G [ atinoP e [ deora. 19

where a couple of functions (u®,w) is a unique solution to the following approximating
state problem, denoted by (P)?, with the source control term (f, h,£) € Uyq:

Problem (P)e.

[ue + wa]t - uiw = aOf(ta ZL‘) n Qa (110)
w; — K S ews | + K (w) + v(w)® —w® = v in Q, (1.11)
Vierre )

—u(t,0) + no(u®(t,0) — by) = a1h(t), te(0,7T), (1.12)
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ul(t, L) + no(u(t, L) — by) = axl(t), te€(0,T), (1.13)
wi(t,0) =w(t,L) =0, te(0,T), (1.14)
u?(0,2) = ug(x), w(0,2) =wy(x), =€ (0,L). (1.15)

Here, K*(-) is a nondecreasing function on R defined by

K&(r) := sign(r) /OT| min {1, ls — 1" } ds forr €R, (1.16)

€ g2

where [-]7 denotes the positive part of functions and sign(-) is a signum function so that
sign(0) = 0.

The aim of the present paper is to study (OP)® from the view-point of numerical
analysis, since the numerical study of (OP) is very hard because of the singular diffusivity
and the constraint in (1.2). The main novelties are the following:

(i) Taking into account the necessary condition of (OP)%, we propose the numerical
scheme to find the optimal control of (OP)e.

(ii) We show the convergence of the numerical algorithm proposed in (i).

The plan of this paper is as follows. In Section 2, we briefly recall the fundamentals of
the theory of BV-functions. In Section 3, we recall the known results of (OP) obtained in
[31]. In Section 4, we propose the numerical scheme to find the optimal control of (OP)?,
which corresponds to the item (i) listed in the above. Moreover, we mention the main
theorem, denoted by Theorem 4.1, which corresponds to the item (ii) listed in the above.
In Section 5, we prove Theorem 4.1.

1.1 Notations and basic assumptions

First, we mention the notations that are used throughout this paper.

For each dimension n € N, we denote by .£" the n-dimensional Lebesgue measure,
and we use this measure unless otherwise specified.

For any reflexive Banach space B, we denote by |- |p the norm of B, and denote by
B’ the dual space of B. Additionally, we denote by (-,-)p p the duality pairing between
B’ and B.

In particular, we put H := L?(0, L) with the usual real Hilbert structure, and denote
by (-, -) the inner product in H, for simplicity. Also, let X be the Sobolev space H'(0, L)
with the norm

2] x = {|za]5 + 1o (J2(0) ] + |2(L)°) } Y2 for any z € X,

which is equivalent to the standard norm of H'(0, L). We denote by X’ the dual space of
X. Also, (-,-) denotes the duality pairing between X’ and X. As usual, we have

XCcHcCX (1.17)
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with dense and compact imbeddings, and (v, z) = (v,2) for v € H and z € X. Further-
more, let F': X — X’ be the duality mapping defined by

(Fv,z) = (g, 2z) + 1o (v(0)2(0) + v(L)z(L)) forall v,z € X. (1.18)
Also, for given f € H,h e R, L €R, a9 €R, a; €R, a; €R, b € R, b € R and ng € R,

an element f € X’ is uniquely determined by
(f,2) = (aof, z) + (ath + ngby)z(0) + (asl + neby)z(L)  for all z € X,
For this ﬁ it is easy to check that F'v = fin X' is formally equivalent to
—Vze = apf in (0, L),
{ —v;(0) + no(v(0) — by) = arh, v.(L) + no(v(L) — by) = asl.
Note that X’ becomes a Hilbert space with inner product (-, -)xs given by
(v,2)x = (v, F7'2z)  forallv,z€ X'

(1.19)

Next, let us prepare some notations and definitions. For a proper (i.e., not identically
equal to infinity), l.s.c. (lower semi-continuous) and convex function ¢ : H — R U {0},
the effective domain D(¢)) of ¢ is defined by D(¢) := {z € H; ¥(2) < oo}. We denote
by 0v the subdifferential of v in the topology of H. In general, the subdifferential is a
possibly multi-valued operator from H into itself, and for any z € H, the value 0v¢(z) is
defined as:

Op(z) :={z" € H; (z",y —2) <(y) —¢(z) forall ye H}.
Then, a set D(0y) := {z € H ; 0(z) # 0} is called the domain of dv. We refer to the
monograph by Brézis [9], for detailed properties and related notions of convex functions
and their subdifferentials.
Also, we recall a notion of convergence for convex functions, developed by Mosco [22].

Definition 1.1 (cf. [22]). Let v, ¢, (n € N) be proper, l.s.c. and convex functions on
H. Then, we say that 1, converges to ¢» on H in the sense of Mosco [22] as n — oo, if
the following two conditions are satisfied:

(i) for any subsequence {¢,, } C {¢n}, if zp — z weakly in H as k — oo, then

lim inf o, (24) > ¢(2);

(ii) for any z € D(¢), there is a sequence {z,} in H such that

zn = zin Hasn—oo and  lim 9,(2,) = ¥(2).
n—oo

Now, let us give some assumptions on data. Throughout this paper, we assume the
following conditions (A1)—(A2).

(A)) T>0,L>0,k>0,n9>0,v>0,¢0>0,¢1 >0, mg>0,my >0, mg >0 are
fixed constants. Also, ag, a1, as, by, by are fixed real numbers.

(A2) uy and wy are the given desired target profiles in L*(0,T; H).

Finally, throughout this paper, N;, i = 1,2,3,---, denotes positive (or nonnegative)
constants depending only on its argument(s).



248

2 Preliminary

In this section, we recall the fundamentals concerned with the total variation and functions
of bounded variation. These notions are rigorously defined as follows.

Definition 2.1. (I) Let f € L'(0,L). Then, f is called a function of bounded variation,
or simply a BV-function, on (0, L), if and only if:
L 1 j
p € 0, L] with a compact support on (0, L),
Vo(f)iZSUP{/ feoda; 04 0.L) < o0.
0

ol < Ton [0, L]

Here, we call Vi(f) the total variation of f.
(IT) We denote by BV (0, L) the space of all BV-functions on (0, L).

Here are listed usual properties of BV-functions and the space BV (0, L), in forms of
some propositions and remarks.

Proposition 2.1 (cf. [11, Chapter 5]). Let f € BV(0,L). Then, there exist a Radon
measure |Df| on (0, L), and |D f|-measurable function oy : (0,L) — R such that

L
©) Vo(f) = [ IDfl, and |oj| =1, Dfl-a.e. on (0, L);
0
L L
(ii) / fozdr = —/ o of|Df| for any ¢ € C0, L] with a compact support on (0, L).
0 0

Proposition 2.2 (cf. [7, Chapter 10|, [11, Chapter 5]). (I) The functional z € L*(0, L)
Vo(z) forms a proper, l.s.c. and convex function on L*(0,L).
(II) The space BV (0, L) is a Banach space with the norm:

\zlBv(o,0) = |2|L1(0,0) + Vo(2)  for all z € BV (0, L).

Proposition 2.3 (cf. [2, Corollary 3.49], [7, Chapter 10]). BV (0, L) is continuously em-
bedded in L>°(0, L), and compactly embedded in LP(0, L) for any 1 < p < oc.

Next, let us set a proper, l.s.c. and convex functional Z;_; ;; on H, by putting:

L
T1(2) = / I_11)(2(z))dz  for all z € H.
0

Then, we define the following total variation functional V' with a constraint by the indi-
cator function Ij_; yj:
V(z) =Vo(2) + Zj-11y(2) forall z € H. (2.1)
Clearly, V' is proper, l.s.c. and convex on H, and its effective domain is formulated by:
D(V)={z€ BV(0,L); |2| <1, ae. on (0,L)}.

Finally, we recall the decomposition result of the subdifferential OV of V. For the
detailed proof, we refer to [30, Theorem 3.1].
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Proposition 2.4 (cf. [30, Theorem 3.1]). The subdifferential OV of V is decomposed into
the following form.:

oV (z) =0 (Voly) (2) + 0Lj—11)(2) in H  for all z € H,

where Vol denotes the restriction of Vo onto H.

3 Known results

We begin by defining the notion of solutions to (P). To do so, for given f € L?(0,T; H),
h € L?(0,T) and ¢ € L*(0,T), we define f € L*(0,T; X’) by putting

(F(8), 2) == (aof(t), 2) + (arh(t) + noby)z(0) + (azl(t) + nobs)z(L)

(3.1)
for all z € X and a.e. t € (0,7).

Definition 3.1. Let ug € X’ and wy € H. Then, a couple of functions (u,w) is called a
solution to (P), or (P;ug, wo, f, h, £) when the data are specified, on [0, T, if the following
conditions are satisfied:

(S1) w e W2(0,T; X) N L2(0,T; X) C C([0,T]; H).
(S2) w € W2(0,T; H) with V (w) € L=(0,T).
(S3) For all z € X and a.e. t € (0,T),
(W'(t), 2) + (w'(t), 2) + (Fu(t), z) = (f(t), ).
(S4) There is a function w* € L2(0,T; H) such that w*(t) € OV (w(t)) and

w' () + kw* (t) + vw?(t) —w(t) = u(t) in H ae. te(0,T).

(S5) u(0) = up in X’ and w(0) = wp in H.

Remark 3.1. By Proposition 2.4, the condition (S4) of Definition 3.1 is equivalent to the
following condition (S4)":

(S4)" There are a function w§ € L*(0,T; H) and a function ¢ € L*(0,T; H) such that

wi(t) €0 (Vily) (w(t)) i H, (1) € 0Ty y(wl®) in I,
w'(t) + rwy(t) + £(t) + vwd(t) —w(t) = u(t) in H

for a.e. t € (0,7).
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Remark 3.2. It follows from (S4) of Definition 3.1 that the equation (1.2) is equivalent
to the following variational inequality:

(w'(t) + vw?(t) — w(t) — u(t),w(t) — 2) + KV (w(t)) — sV (z) <0

3.2
for any z € D(V') and a.e. t € (0,7). (3:2)

Remark 3.3. Usually, the expressions of subdifferentials are obtained by computing
the first variations of corresponding convex functions. In this light, the function wf €
L*(0,T; H) as in (S4)" of Remark 3.1 somehow links to the first variation of the total
variation functional Vj|,. Also, as is well-known (cf. [9, Proposition 2.16]),

OLi_11)(z) = {€ € H;§ € OI1_11)(2), a.e. on (0,L)}

for any z € D(0Z;_1,1)). Hence, taking account of Remark 3.1, we see that the subdifferen-
tial OV corresponds to the rigorous expression of the singular term —(‘g—z')x + 01j—1,1)(w)
as in (1.2), and the variational inequality (3.2) implicitly includes the homogeneous Neu-
mann type boundary condition.

Here, we recall the known results of the existence-uniqueness of solutions to (P) and
the existence of optimal control to (OP).

Proposition 3.1 (cf. [19, Section 2|, [31, Theorem 3.1]). Assume (Al). Let uy € H and
Wy € D(V)

(I) For each f € L*(0,T;H), h € L*(0,T) and ¢ € L*(0,T), there is a unique solution
(u,w) to (P;ug,wo, f,h,£) on [0,T].

(IT) Furthermore, assume (A2). Then, the problem (OP) has at least one optimal control
(fey sy Ui) € Uypq s0 that

J(fe he, b)) = inf  J(f, h,0).
(ool ) = 380 7O

Remark 3.4. Note that (IT) of Proposition 3.1 does not cover the uniqueness of optimal
controls. Although Hoffmann-Jiang [14] reported the uniqueness of optimal controls for
a regular Fix—Caginalp system, their technique is not applicable to the problem (OP)
because of the singular diffusivity and the constraint in (P). Therefore, the uniqueness
question of optimal controls to (OP) is still open.

Next, we recall the known results of the existence-uniqueness of solutions to (P)® for
each ¢ € (0, 1].

Proposition 3.2 (cf. [31, Proposition 3.2]). Assume (Al). Let e € (0,1], u§ € H and
wi € X. Then, for each f € L*(0,T;H), h € L*(0,T), ¢ € L*(0,T), there is a unique
pair of functions (u, w®), called a solution to (P;uf, w§, f,h, ) on [0, T], which solves the
equations (1.10)—(1.15) in the following sense:

(AS1) wf € WL2(0,T; X") N L*(0,T; X) C C([0,T); H);
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(AS2) w® e WH(0,T; H) N L>=(0,T; X);
(AS3) Forall z € X and a.e. t € (0,T),
((W)'(1), 2) + (W) (1), 2) + (Fu(t), 2) = (f(t), 2),
where f is the function in L*(0,T; X') defined by (3.1);
(AS4) (1.11) holds in the variational sense, i.e.,

e\/ w;(t) £ g >
((wf) (1), 2) +m< —— ewxu),zx) T (K (we(1)), 2)
(1) — (1), 2) = (u5(1), 2)

for all z € X and a.e. t € (0,T);

(AS5) wf(0) = uf in X' and w*(0) = w§ in H.

Next, we recall the known results of the existence and necessary condition of optimal
control to (OP) for each ¢ € (0, 1].

Proposition 3.3 (cf. [31, Theorems 3.2 and 3.4]). Assume (A1)—(A2). Let ¢ € (0,1],
uy € H and wg € X. Then:

(I) The approzimating problem (OP)¢ has at least one optimal control (fS,hS,05) € Una
so that

JE(fS R, ) = inf JE(f, kL),
( * ) * 9 *) (f,h}l%euad (f7 ) )
(IT) Let (f2, hs,l5) € Una be the optimal control of (OP)® obtained in (I). Also, let (us, ws)

be the unique solution to (Pyuf, w§, f2,hs, (5)° on [0, T]. Then, there exists a unique solu-

* ) * ) Uk

tion (p%, ¢%) to the adjoint equation on [0,T] as follows:

p° € WH(0,T; H)N L™(0,T; X); (3.3)
¢ € WH(0,T; X")Nn L*(0,T; X) c C([0,T]; H); (3.4)
— () =05, — ¢ = co(ul —ug) in Q; (3.5

[ oo o+ [ @y
b [ (@ @0, )
v [ . i (3
+ [ (@t - 16 6. cm) ar

= ¢ /O(wi(r) —wy(7),C(7))dr  for all ¢ € L*(0,T; X);
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—pa(t,0) +nop™(t,0) = p3 (¢, L) + nop*(¢, L) = 0, ¢ € (0,7), (3.7)
PF(T,2) = ¢(T,2) =0, € (0,L), (35)
where (a®)'(+) is the derivative of a°(-) defined by

a®(r) = — ter for any r € R. (3.9)

Moreover, p* satisfies the following equations:

ao(p® + moaofe) =0 in L*(0,T; H), (3.10)
ay(p°(-,0) + myahe) =0 in L*(0,T), (3.11)
as(p°(+, L) + maagls) =0 in L*(0,T). (3.12)

Here, for any ¢ € (0, 1], let us set:

L et A
V0z? +e2de + = de+— [ K°(z)dx, ifze€ X,
Ve(s) /0 |22|2 + € x+2/0 | 22| x+/{/0 (z)dx, ifze (3.13)
OO’

otherwise,

where K¢ is a primitive of K¢ such that
K°(0)=0 and K°(r)>0 forallreR.

Clearly, each functional V= (e € (0, 1]) forms a proper, l.s.c. and convex functional on H.
Moreover, we observe that (cf. [31, Lemma 5.1])

VE(-) = V() on H in the sense of Mosco [22] as ¢ — 0. (3.14)

Now, we recall the following result of continuous dependence between (P) and (P)¢ as
e — 0.

Proposition 3.4 (cf. [31, Proposition 5.1]). Assume (Al). Let (f,h,{) € Uya, up € H
and wg € D(V). Also, let € € (0,1], {(f¢,h, %)} C Upq, {ui} € H and {wj} C X.
Furthermore, suppose that

fe — f weakly in L*(0,T; H),
he — h weakly in L*(0,T),
(= — ( weakly in L*(0,T),
ug — ug in H, w§—wein H and VE(w§) — V(w)

as ¢ — 0. Then, the unique solution (u®,w®) to (Pyuf,w§, f<,h®,(5)° converges to the
solution (u,w) to (P;ug,wo, f, h,€) in the following sense:

(uf,w®) = (u,w) in L*(0,T; H) x C([0,T]; H) as ¢ — 0.
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Also, we recall the result of the relationship between (OP) and (OP)° (e € (0, 1]).

Proposition 3.5 (cf. [31, Theorem 3.3]). Assume (A1)—(A2), up € H, {uj} C H, wy €
D), {wj} C X,

ug — ug in H, w§ — wo in H and V(wg) = V(wg) as e — 0.
Let (fe,he, l2) € Uyg be the optimal control of approximating problem (OP)c. Also, let

(us, ws) be the unique solution to (P;uf,w§, f£,hs, €5)° on [0,T]. Then, there exist a sub-

* ) *9) Vx

sequence {ex} C {e}, the pair of functions (fie, Nax, lax) € Uaq and the unique solution
(U, W) T (Pitg, Wo, frsy Py Cax) 0m [0, T such that (fue, Pas, Cix) is the optimal control
of (OP), ex — 0,
fer — fun  weakly in L*(0,T; H),
hek — hy.  weakly in L*(0,T),
¢k — 0.,  weakly in L*(0,T),
(uk, W) = (U, War)  in L2(0,T; H) x C([0,T); H)
as k — oo.
Taking into account the approximating problems (OP)®, we get the optimality con-

dition to (OP). Now, let us recall the result concerning the necessary condition of the
optimal control to (OP).

Proposition 3.6 (cf. [31, Theorem 3.5]). Suppose (A1)—(A2), uyg € H and wy € D(V).
Let (fuey Pas, Uas) be the optimal control to (OP) obtained in Proposition 3.5. Let (U, Wi )
be the unique solution to (P;ug, wo, fex, Rux, lax) on [0, T]. Additionally, let us set:

W :={ze€ H(Q); 2(0,7) =0, a.e. z € (0,L)}.

Then, there are the functions p € W12(0,T; H) N L>=(0,T; X), ¢ € L>=(0,T; H) and an
element p € W' satisfying the following:

/

—P —Pzz — 4= CO(U** - Ud) n Q>
/0 (—p/(r), 2(r)) dr + / (g7, 2(7))dr + {1, 2oy
+/O ([3wa*(7) —1q(7), 2(7)) dr (3.15)

= ¢ /T(w**(T) —wy(T),2(1))dr  for all z € W,
—Pa(t,0) i nop(t, 0) = p(t, L) +nop(t, L) =0, t € (0,T),
p(T,x) =0, z€(0,L).
Moreover, p satisfies the following equations:
ao(p + moaofie) =0 in L*(0,T; H),
a1 (p(-,0) + myayh.,) =0 in L*(0,T),
as(p(-, L) + maagls.) = 0 in L*(0,T).
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Remark 3.5. Proposition 3.6 was proved through the limiting observation of the approx-
imating situations shown in (II) of Proposition 3.3. Also, the identities (3.6) and (3.15)
can be regarded as some variational forms of

=9 — a5 — £ ((a7) (wl)a)az), + (K°)'(wd)g® + [3v(w?)* — 1] = 1 (wf — wa)

and
—Pt — Qe+ QA [31/103* —1]g = 1 (Wi — wy)

in the distribution sense, respectively.

4 Main Result

We observe from the singular diffusivity and the constraint in (P) and Proposition 3.6 that
it is very hard to study (P) and (OP) numerically. However, we note from Propositions 3.4
and 3.5 that (P)® and (OP)* (¢ € (0, 1]) are the approximating problems of (P) and (OP),
respectively. Therefore, it is worthy considering (OP)¢ from the view-point of numerical
analysis.

Now, we fix the constant ¢ € (0,1] and the initial data (uf,w§) € H x X. Then,
throughout this paper, we use the following notations.

Definition 4.1. (I) We denote by A® : U,q — L*(0,T; H)x L?(0,T; H) a solution operator
to (P)¢ that assigns to any control (f, h, ) € Uyq the unique solution (u®, w®) := A*(f, h, )
to the state system (P;u§, w§, f, h, £)° on [0, 7.

(IT) We denote by AS, : U,g — L*(0,T;H) x L*(0,T; H) a solution operator to the
adjoint system {(3.5)—(3.8)} that assigns to any control (f, h, ) € Uy,q the unique solution
(p%,q%) = A, (f,h,{) to the adjoint system {(3.5)—(3.8)} on [0,7] under (u®,w®) :=
AS(f, b, ).

Note that the control space Uyq := L*(0,T; H) x L*(0,T) x L*(0,T) is a Hilbert space
with the inner product
((z,90,yz), (2,90, Y1)y, = (2, Z) 200y + (Y0, Yo)r2(0,7) + (Y, Uz) £2(0,7)
for all (27 Yo, yL)? (27 Yo, gL) € z/{ada

and the norm

(2, Yo, w)llf,ad = |Z’2L2(O,T;H) + ’310|%2(0,T) + |3/L|%2(0,T) for all (2,y0,yr) € Uag-

Now, we study the problem (OP)® from the view-point of numerical analysis.

For a moment, we often omit the subscript € € (0, 1]. Then, taking into account the
necessary conditions (3.10)—(3.12) of (OP)® mentioned in (II) of Proposition 3.3 (cf. [31,
Theorem 3.4]), we propose the numerical algorithm, denoted by (NA), to find the optimal
control of (OP)® numerically, as follows.

Numerical Algorithm (INA) of (OP)®
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(Step 0) Give the stop parameter p € (0,1);

(Step 1) Choose the initial function (f, h,¢) € Uq, and put f, = f, h, = h and ¢, = ¢;
(Step 2) Solve the problem (P;uf, w§, fi, hn, €)%, and let (u,, wy,) == A°(fo, hn, 0n);
(Step 3) Solve the adjoint equation {(3.5)—(3.8)} for n, and let (p,, gn) := AS,(fn, hn, €n);

(Step 4) Test: Put fP» := ag(p, + moaofn), b = a1(pn(-,0) + myarhy,) and £ =
az(pn(+, L) + moasly). If
G B s ) g, <

n r»'n rvn

then, STOP; Otherwise, go to (Step 5);

(Step 5) Put fro11 = fo — pufP", hnyr = hy — pph®r and £, = {,, — p, 0P, where p,
is some appropriate constant found by using a line search. More precisely, given
B €(0,1) and p € (0,1), find the minimal constant j, € NU {0} such that
Je (fn - Bjnfﬁna hn - Bjnhfl"agn - 5”@") - Js(fnv hm gn)
< —pfin | (f2n, B gpn)HZad :

n ' ’vn

and put the constant p, = 3%";
(Step 6) Set n=n -+ 1, and go to (Step 2).

Now, we mention the main result in this paper, which is concerned with the conver-
gence of the numerical algorithm (NA).

Theorem 4.1. Assume (A1)—(A2), € € (0,1] and (u§,w§) € H x X. Let {(fn,hn,ln)
be a sequence in U, defined by the numerical algorithm (NA). Also, let (pn,qn) =
A (fry by £). Then:

(I) lim J°(fn, hn,l,) exists.
n—oo

(IT)

lim ag(p, + moaofyn) =0 in L*(0,T; H), (4.1)
n—oo

lim a;(p,(-,0) +myarh,) =0 n L*(0,T), (4.2)
n—oo

lim as(pn(-, L) + maagl,) =0 in L*(0,T). (4.3)
n—oo

(III) There are functions (f<,, he,, (2,) € Uaq and (p,, ¢5,) € L*(0,T; X) x L*(0,T; H),
and a subsequence {n} C {n} such that (p5,,q,) = N (f,, he,, 05,), de., (D5, 45)

k3% ) k) kk

is a unique solution to the adjoint equation for (Pyu§, w§, f<,, he,, (5,)°,

khm (fnka hnka fnk) - ( 5*7 hiw ei*) ZTL udd? (44)
—00

ao(pl +moaofs,) =0 in L*(0,T; H), (4.5)
a1 (pl,(-,0) + mya1hS,) =0 in L*(0,T), (4.6)
Clg(pi*(-, L) + m2a2£i*) =0 L2(07 T) (47>

Hence, D jj, 5" (fies hi 05,) = 0 for any direction (f 1, 0) € Upg.

k3 ) kk ) kk

In the next Section 5, we show Theorem 4.1.
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5 Proof of Theorem 4.1

In this section, we prove the main Theorem 4.1. To this end, we need some lemmas.

Now, we suppose that all the assumptions of Theorem 4.1 hold. We also fix the
constant € € (0,1]. Then, the following first lemma is concerned with the continuous
dependence of solutions to (P)c.

Lemma 5.1 (cf. [31, Proposition 5.1]). Suppose that all the assumptions of Theorem 4.1
hold. Let (ug,wy) € H X X, (f, h,0) € Upa, and let (u,w) = A°(f, h, L), namely, let (u,w)
be a unique solution to (P;ug, wo, f,h,€)* on [0,T]. Then, there is a positive constant Ny,
dependent only on T, ng and independent of €, such that the following bounded estimate
holds:

’u/ﬁ?(o,T;X’) + |u’20([o,T};H) + |u|%2(0,T;X) + |wI’%Q(O,T;H) + ’w’%([O,T};H)

+r sup VE(w(t)) + sup /0 g(w(t,z))dz

0<t<T 0<t<T
L
< i (Juolh -+ oy +6V=(an) + [ ) o+ a1 o
0
0|l + a3y + U+ B3)

where V¢ is a functional defined in (3.13), and g is a non-negative primitive of g(w) =
3
vws — w.

Furthermore, assume {(fn, hp,n)} C Una, (f, h, ) € Uyq and
fn — f weakly in L*(0,T; H),

hn, — h weakly in L*(0,T),
n — € weakly in L*(0,T)

asn — 0o. Then, (up, w,) = AN (fp, hn, ly) converges to (u,w) = A°(f, h,{) in the sense
that
(U, wy) — (u,w) in L*(0,T; H) x C([0,T]; H) as n — . (5.2)

The proof of Lemma 5.1 is a slight modification of that as in [31, Proposition 5.1].
Therefore, we omit the detailed proof.

The next lemma is concerned with the Gateaux differentiability of A and J¢, which
was already proved by [31, Proposition 6.1]. Therefore, we omit the detailed proof of the
following lemma.

Lemma 5.2 (cf [31, Proposition 6.1]). Assume the same conditions in Theorem 4.1.
Then, the following two statements hold.

(I) The solution operator A® admits the Gateaux derivative at any (f,h,l) € Uyq. More
precisely, for arbitrary (f,h,{) € Uuqg, there exists a pair of functions (0,x) €
L2(0,T;H) x L*(0,T; H) such that:

e . As(f+)\f7h+)\ﬁ’£+)\g)—As(f’h’g)
Dz pA(f,h, ) = lim !
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=(0,x) in L*(0,T; H) x L*(0,T; H) (5.3)
for all direction (f, h,0) € Upa,
6 c WH(0,T; X')N L*(0,T; X) c C([0,T); H), (5.4)
x € WH(0,T; X')n L*(0,T; X) c C([0,T); H) (5.5)
and (0, ) solves the following linear system:
(0'(1), 2) + (X'(1), 2) + (02(2), 22) + 10 (0(2,0)2(0) + 6(¢, L)z(L))

= (aof (), 2) + arh(t)2(0) + axl(t)=(L), (5.6)
a.e. t € (0,T), forallze X;

(X'(8), 2) 4+ £ ((a%) (wa () Xa (1), 22) + (K°) (w(?))x(t), 2)
+([Brw?(t) — 1x(t), z) = (0(), 2), (5.7)
a.e. t € (0,T), forall z € X;

0(0,2) = x(0,2) =0, a.e. x € (0,L). (5.8)

(II) The cost function J° admits the Gateauz derivative at any (f,h,l) € Uyq. More
precisely,

- JE(f + M b4 Ah, £+ XO) — JE(f, h, 0)

Digrpd™ (£, 0) := limy )

= Co/o ((u = uqg)(t),0(t))dt + ¢y /0 ((w = wa)(t), x(¢))dt 59)

Fmgal / . F)dt + m / " ()t + maa / " i)

for any (f, h,€) € Upq and any direction (f,h, ) € Upa, where (u,w)= A*(f, h, L) is
the solution to (P;uf, w§, f, h,0)* on [0,T], uq and wy are the given target profiles in
L*(0,T; H), and (6, x)(= D5 rpA°(f, 1, 0)) is the pair of functions oblained in the
assertion (I).

Now we show the continuity of the Gateaux derivative of the solution operator A®
(e € (0,1]).

Lemma 5.3. Assume the same conditions as in Theorem 4.1. Let £ € [—1,1]\{0}. Then,
the Gateaux derivative of the solution operator A® is continuous in the following sense:

(Oe, xe) = DA (f +E2,h+ Eyo, €+ Eyr)
= (0,x) = DA (f,h,0)  in L*(0,T; H) x L*(0,T; H) (5.10)

for all (f,h,0) € Una, (2,Y0,Yr) € Usa and any direction (f, h, ) € Upg
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as & — 0, where

D(f,B,Z)Aa(f + &z, h + Eyo, L+ EyL)

o AT+ €2+ A b+ o+ M, £+ Eyn + M) — A(f + €2, h + Eyo, €+ Eyr)
A—0 A
in L*(0,T; H) x L*(0,T; H)

and

€ . Aa(f+>\f,h+)\il7€+)\g)_Aa(f7h’€>
Dz, A (f,h, () = lim !
m L2<O’T; H) % L2(0,T,H)

Proof. For any (f,h,0) € Uaa, (2,Y0,yr) € Uaq and & € [—1,1] \ {0}, we put (ug,we) =
A(f 4+ &2, h + Eyo, £+ Eyr) and (u,w) := A°(f, h,¢). Then, from the convergence result
of solutions to (P)¢ (cf. (5.2)), we observe that

(ue, we) — (u,w) in L*(0,T; H) x C([0,T); H) as & — 0. (5.11)

Also, by the second equation (1.11) in (P)® and the quite standard calculation, we get
the following estimate:

T
sup [we(t) — w(t)|7; + 26%/ [(we — w)o (1)t < € Jue — ulLoo .m0 (5.12)
tel0, 0

Thus, we infer from (5.11) and (5.12) that
we — w strongly in L*(0,T; X) as € — 0. (5.13)

Now, we show (5.10). Note from the definitions a°(-) and K*(-) (cf. (3.9) and (1.16))
that a°(-) € C*(R), K*(-) € CY(R),

1
e < (a®)(r) < B +e foranyr € R (5.14)
and .
0<(K%)'(r) <= foranyreR. (5.15)
£

Now, we give the uniform estimate of (0¢, x¢) = D7 j, 5 A°(f +&2, h+E&yo, £ +E&yr) with
respect to { € [—1,1]\ {0}. Note from (I) of Lemma 5.2 that (6, x¢) = D 5A°(f +
£z, h + Eyo, € + Eyp) satisfies the following linear system:

(0¢(1), 2) + (Xe(7), 2) + ((0)2(7), 22) + o (0(7,0)2(0) + b (7, L)2(L))
= (aof (1), 2) + a1h(7)2(0) + asl(7)=(L), (5.16)
a.e. 7€ (0,7), forall z € X;
(Xe(7), 2) + £ ((a7) ((we)o (7)) (Xe)2(T), 22) + (KF) (we (7)) xe(T), 2)

+H([Brwg(r) — 1xe(r), 2) = (0e(7), 2), (5.17)
a.e. 7€ (0,T), forall z € X;
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0¢(0,2) = x¢(0,2) =0, a.e. z e (0,L). (5.18)

Assigning 0¢(7) to z in (5.16), applying the Schwarz inequality and integrating in 7
over [0,t], we get:

1 t , t
300 + [ et + [ 10027
t t
o )2 o )2
/ |0¢(7,0)|“dr + / CAGY AN (5.19)

/|9g |Hd7+—/|f 2 dr +—/|h P + 2 /w ) 2dr

for all ¢ € [0,T].

Next, assigning x¢(7) to z in (5.17), we have:

e (@) (0 () (1)), (1) (7))
Y (we(r)xe (), xe(7)) 520
F(Brad(n) — xe(r), xe(r) = (B(r). xe(r),
a.e. 7€ (0,7).

Note that:

([3vwg (1) = 1xe(r), xe(7)) = =Ixe()lf;  for all 7 € [0, 7.

Therefore, taking into account (5.14), (5.15) and the inequality as above, applying the
Schwarz inequality and integrating in 7 over [0, ¢], it follows from (5.20) that:

1 ! 3 [ 1
e+ e [ 10elhr <3 [ Ixetolar+5 [0l o
for all ¢ € [0, T7.

Note from (5.1) and (IT) of Proposition 2.2 that

sup |we(t)|sv (o,
t€[0,T]

L
< N (|u3|%1+|ws|é+mvg<ws>+ | i) do+ 15 + €5
0

+ailh + £y0‘%2(0,T) + a5l + fyLﬁ?(o,T) +0] + b%) )

where N > 0 is some positive constant independent of £ € [—1, 1]\ {0}. Therefore, from
the continuous imbedding BV (0, L) < L*>(0, L) (cf. Proposition 2.3), we observe that

sup |we(t)|re(,2) < N, (5.22)
t€[0,T

where N3 > 0 is some positive constant independent of £ € [—1, 1]\ {0}.
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Now, assigning 6¢(7) to z in (5.17), and integrating in 7 over [0,t], we observe from
(5.14)—(5.15) that

t

(), Bl
< ( +e) / P8+ [ et

n / Bvw?(r) — 1xe(r)]l0e(r) sl + / 10c() s
for all ¢ € [0,T].

(5.23)

Applying the Schwarz inequality and using the bounded estimate (5.22), it follows from
(5.23) that

t

Xe(7), Oc(7))dT

o )

31/]\72 — 1
e -1y / i+ / et

for all t € [O, 7).

Therefore, adding (5.19) to (5.21)xx (1/e 4 ¢)* /e, and using (5.24), we get:

1 1 1 t
§|eg<t>|%1 o (Lre) ol + / N IR
/|9§7'L)| dr + - K( ~|—5) /|X§ ) |5 dr
5 1 (1 \°
< <§+2—6F0 <g+5) )/ﬂ |0 (7)|FrdT (5.25)
1 (3uN2—1)? 3
(i B L 0 [
—/\f \HdT—i-—/\h 2d7’—i— /|€ )dr

for all t € [0,T]. Hence, applying the Gronwall lemma to (5.25), we observe that the
following inequality holds:

t ) 1 (1 2ot )
[ ocoar+ 2 (2 4¢) [ ixouar
0 0 9 (526)

~ 0/2 ~ a ~
< 0 (@B + Lo + Wl ) forall € 0.7

where N is some positive constant independent of £ € [—1, 1]\ {0}. Thus, it follows from
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(5.25) and (5.26) that

1 /1 2 t t
e+ 2 (2 +e) ol + / (6u( i+ [ om0
t
+n0/ |0 (7, L)|2d7'+/<2( +5) / |(xe)x(T)|3dT (5.27)
0
< Ns <a3|f|%2(0,TH ’h|L2 (0,T) + |€|L2 OT)> for all ¢ € [0, 77,

where Nj is some positive constant independent of € € [—1,1] \ {0}.
Note from (5.14), (5.15) and (5.17) that the following inequality holds (cf. (5.23)):

T

/ ({7, 2(r))dr

0

< kK (é + 8) |(X5)x|L2(O,T;H)|Zac|L2(0,T;H) + é|X£|L2(O,T;H)|Z’L2(0,T;H) (5.28)
+‘3VN§ - 1|’X§|L2(O,T;H)|Z’L2(O,T;H) + ’9§|L2(O,T;H)|Z’L2(O,T;H)
for all z € L*(0,T; X).
Therefore, we observe from (5.22), (5.27) and (5.28) that

|X/§|L2(O,T;X’) < Ns (‘QOHﬂL?(O,T;H) + \|/_||h| r20,1) + \|;LQ—|’€|L2 0T)> (5.29)
for some positive constant Ng > 0, dependent on ¢,7, k,ny and independent of ¢ €
[—1,1]\ {0}

Similarly, we infer from (5.16), (5.27) and (5.29) that

s < N (ol foman + 2 lilan + 2 o ) (G30)

for some positive constant N; > 0, dependent on ¢,7T,k,ny and independent of & €

[—1, 1]\ {0}.

By the uniform estimates (5.27), (5.29) and (5.30), there are a subsequence {§,} C {{}
and functions § € W12(0,T; X’) N L*(0,T; X) N L*>(0,T; H) and Y € W2(0,T; X") N
L*(0,T; X)N L>(0,T; H) such that &, — 0,

0c, — 0 weakly in W12(0,T; X"),
weakly in L(0,T; X),
in C([0,T]; X'), (5.31)
in L2(0,T; H),
weakly-* in L>°(0,7T; H)

and
Xe, — X weakly in W20, T; X'),
weakly in L?(0,T; X),
in C([0,T]; X"), (5.32)
in L2(0,T; H),
weakly-+ in L>(0,7; H)
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as n — 0.
Here, from (5.13)—(5.15), (5.22), Lipschitz continuity of functions (a°)" and (K¢)’, and
Lebesgue’s dominated convergence theorem, we note that:

(0%) ((we, )2) = (a%) (ws),
(Ka)’(wgn) (K¢)(w),  strongly in L*(0,T; H), asn — oo. (5.33)
3Vw§n —1 = 3vw? —1,

Thus, taking a subsequence if necessary, we see from (5.13), (5.14) and (5.31)—(5.33) that:

(a%) ((we, )z) (Xe ) = (a°) (wa) X
(K®) (we,)Xe, — (K°) (w)xX, weakly in L2(0,T; H), as n — oo. (5.34)
[3uw§n — 1]xe, — [3vw? — 1],

Assigning z(7) to 2z in (5.16) and (5.17), integrating in 7 over [0,7] and taking the
limits as n — 0o, we observe from (5.31)—(5.34) that (6, %) satisfies the following system:

/ @) =)y + / LR, 2+ / (B 2a(7)) dr
g /0 B 0)2(r. 0)dr + g /0 B L)2(r. 1)

T T T
= / (apf(7), z(7))dT + ay / h(7)z(7,0)dT + as
0 0
for all z € L*(0,T; X) and any direction (f,

(5.35)

( dr
Z(T)Z(T, L)dr
0
h, 5) - Z/[ad;

/0 (X (1), 2(r))dr + & / (@) (w0 ()R (), 2 (7))
+ [y @), )i 5.36)

n / (Brw(r) — 1X(r), 2(r))dr = / @(r), 2(r))dr

for all z € L2(0,T; X) and any direction (f,h, £) € Upa;
0(0,") = lim 0¢,(0,-) =0 (€ H) in X, (5.37)
X(0,) = Tim e, (0,) =0 (€ H) in X" (5.38)

Since the solutions to the Cauchy problem {(5.35)-(5.38)} are uniquely determined,
we observe that the convergence (5.10) holds by putting § = 6 and xy = X. Thus, the
proof of this lemma has been completed. O

Corollary 5.1. Assume the same conditions as in Theorem 4.1. Let £ € [—1,1] \ {0}.
Then, the Gateauz derivative of the cost functional J¢ is continuous in the following sense:
Dot (f + 82 b+ 8o, €+ &yr) — D0 (f s 0)

e - 5.39
for all (f,h,0) € Uua, (2,Y0,Yr) € Usa and any direction (f,h,l) € Uuq (5:59)
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as & — 0, where

Dnpd (f +&2h+ Eyo, L + Eyr)

. JE(f + &2+ N b+ Eyo + Moy 0+ Eyp + M) — Jo(f + €2, h + Eyo, £+ Eyr)
T A—0 /\

and . ~ ~
JE(f + Af,h+ Ah, £+ X)) — Jo(f, h,0)

D(fﬁj){]s(f, h,g) = m )\

Proof. Note from (5.9) that
D rpyd (f + 82 h+ Eyo, £+ Eyr)
= " (g — wa) (1), Be(0))dt + / " (e — wa) (), xel0)) e
s, [ N+ €20, F))dt + e / () O
vt [ (¢ oo

(5.40)

for any (f, h,0) € Usa, any (z,90,yr) € Usq and any direction (f,h,0) € Uuq, where
(ue, we)= A°(f+E2, h+Eyo, (+Eyyr) is the solution to (Piuf, w§, f+£2, h+Eyo, £+EyL)° on
[0, 7], uq and wq are the given target profiles in L*(0, T H), and (6, x¢)(= D7 55A (f +
€z, h + &yo, L + Eyr)) is the pair of functions obtained in (I) of Lemma 5.2.

Therefore, taking into account (5.10), (5.11) and (5.40), we easily see that the conver-
gence (5.39) holds. O

Lemma 5.4. Suppose the same conditions in Theorem 4.1. For any § € [—1,1] \ {0},

(f,h,0) € Uaa, (2,90,yL) € Usq and any direction (f h 6) € Uaa, let (pe,qe) = N,(f +
Ez,h + Eyo, L + Eyr). Then, (pe,qe) converges to (p,q) = A, (f,h,£) in L*(0,T; X) x
L*(0,T; H) as £ — 0.

Proof. For any & € [—1,1]\ {0}, (f,h,£) € Uaa, (2,90,y) € Usa and any direction

(f,h,0) € Uyg, let (u§,w5) AN(f + &z h+ Eyo, 0+ Eyr) and (u,w) := A°(f, h,£). Then,
from the convergence result of solutions to (P)° (cf. (5.2)), we have (cf. (5.11)):

(ue, we) — (u,w) in L*(0,T; H) x C([0,T); H) as & — 0.

Also, note from (II) of Proposition 3.3 that (pe, ge) = A5, (f +&2, h+Eyo, £ +Eyy) satisfies
the following adjoint system on [0, T:

pe € W0, T H) N L=(0,T; X );
ge € WH(0,T; X") N L*(0,T; X) € C([0,T}; H);

—Pe — (Pe)ze — qc = colue — ug) in Q; (5.41)
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| s+ [ =) amnar
+"”"/t ((a%) ((we) (7)) (ge)2(7), 2:(7)) dT
b Y e, ) ar (5.42)
+/t ([Bv(we(r))?* = Uge(7), 2(7)) dr

T
= e [[(welr) = walr). (7)) dr
¢
for all t € [0,T] and z € L*(0,T; X);

—(pe)u(t,0) + nope(0) = (pe)u(t I) +nope(t, ) =0, € (O,T),  (5.43)
pe(T,x) = qe(T,x) =0, z€(0,L). (5.44)
Multiplying (5.41) by pe(7), and applying the Schwarz inequality, we get:
1d

—5 7 Pe(T)i + 1(pe)a ()17 + nolpe (7, 0)* + nolpe (7, L)
2

1 C
< Ipe()lfy + 5lae(M)h + Dlue —ua)(r)ffy  for ae. 7€ (0,7).

Then, applying the Gronwall lemma to the above inequality, we get the following estimate:
1 2 ’ 2
e+ [ 104 o |

< 162T

- 2

Next, multiplying (5.41) by —p;(7) and applying the Schwarz inequality, we get:

T T
|pe (T, O)\2d7 + no/ |pe(T, L)|2d7
¢

(5.45)
(1gef32(r,m) + CRlute = wal3aqerny) — for all t € [0,7].

Loy e d 1 2 o 2, o 2

§|P5(T)|H I 5\(p§)x(7)|HdT + 7|p£(77 0)]" + 7\195(77 L) (5.46)
< (M) + col(ue —ua)(7)[f;  for ace. 7€ (0,7).

Therefore, integrating (5.46) in 7 over [t, T, we get:

e / 2 1 2 L 2, o 2
| 1Pe(D)mdr + 51(Pe)e ()7 + - [pe(t,0) 7 + —-|pe(t, L)
2 )i 2 2 2

(5.47)
< / ‘C]g(T)‘%IdT + c(%]ug — ud|%2(0’T;H) for all ¢ € [0, 7.
t

Next, assigning g¢(7) to z in (5.42) and applying the Schwarz inequality, we observe
from (5.14) and (5.15) that:

1 T
el + = [ 1(ae)a(P)ar
t
C

T 1 T % T )
< 2 e+ g [ o+ S [ e - wa)
t t t
for all ¢ € [0, T7.

(5.48)
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Then, taking into account (5.11) and (5.47) and applying the Gronwall lemma to (5.48),
we get the following estimate:

G ()% + en / (qe)o ()l

(5.49)
< Ns (e — B + o — waliarm +1)  forall t e [0,7],

where Ng > 0 is some constant independent of £ € [—1, 1]\ {0}. Therefore it follows from
(5.45), (5.47) with (5.49) that:

T T T
pe®) + / ((pe)a(r)ydr + 1o / Ipe(r, 0)dr + o / pe(r, L)
t t t

(5.50)
< Ny <Cg|u — udﬁ?(O,T;H) + A w — wd|%2(0’T;H) + 1) for all ¢t € [0, T
and
T
[ OB + 1000 + nalpe O + e, P -
< Ny (cg|u — Ud|2L2(0’T;H) + A |w — wd&g(ojﬂ) + 1) for all t € [0, T,
where Ny > 0 and Ny > 0 are positive constants independent of £ € [—1, 1]\ {0}.
Also, we observe from (5.42) with (5.22) and (5.49)—(5.51) that
|Qé|L2(O,T;X’) S Nn (CS|U — ud|%2(0,T;H) + cf|w — wd|%2(07T;H) + ].) (552)

for some positive constant Ni; > 0 independent of £ € [—1,1] \ {0}.

Therefore, by (5.33), (5.49)—(5.52), the uniqueness of solutions to the adjoint system
{(3.5)—(3.8)} and the arguments similar to the proof of Lemma 5.3 (cf. (5.35)—(5.38)),
namely, taking the limits in (5.41)—(5.44) as £ — 0, we observe that

(Pesqe) = Aoy (f + &2, h + Eyo, €+ Eyr) — (p,q) = A5y (f, h, €)

in L?(0,T; H) x L*(0,T; H) as £ — 0. (5.53)
Note that (p,q) = AS,(f, h, () satisfies the following system:
—p = Pre — ¢ = co(u —ug) in Q; (5.54)
—pa(t,0) +nop(t, 0) = pu(t, L) + nop(t,L) =0, t€(0,T), (5.55)
p(T,2) =0, z¢€(0,L). (5.56)

Subtract (5.54) from (5.41), and multiply it by pe — p. Then, applying the Schwarz
inequality, we get:

1d

=5 77 1(pe = P) (7l + (e = P)a (T3 + 10l (g = P)(7, 0)* + o (pe — p) (7, L)

< e =PI + 5llac — )@+ Dlwg — WDy forae. 7€ (0,T).
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Then, applying the Gronwall lemma to the above inequality, we get the following estimate:

310 = PO+ [ e =0+ 0 [ e =) 0)Par

b [ ltpe )7, D
< %eﬂ (‘% - Q|%2(t,T;H) + cplug — u|%2(t,T;H)) for all ¢ € [0, 77,
which implies from (5.53) and the convergence result of solutions to (P)® (cf. (5.11)) that
pe = pin L*(0,T;X) as £ — 0.

Thus, the proof of this lemma has been completed. O

The following function acts a key-role in the proof of Theorem 4.1.

Definition 5.1. We define the function v : [0, 00) — [0, 00) by

Y(8) = inf {[|1€(2, yo, yr) et 5 (5.57)
1(€2 + aope — aop, Eyo + arpe — arp, Eyr, + azpe — azp)llu, = 1}

where (p, q) = Ag,(f, h, €) and (pe, ge) = Agy(f + &2, b+ Eyo, £+ Eyu) for € € [=1, 1]\ {0},
(fyh,0) € Upg and (2,90, yr) € Uaq. Clearly, v(-) is a well-defined increasing function with

7(0) = 0 (cf. Lemma 5.4).

Lemma 5.5. Assume the same conditions as in Theorem 4.1. Let {(fx, i, lr); k =
1,2,--- ,n} be a sequence in Uyq defined by the numerical algorithm (NA). Let (pn, qn) =
Asa(fas by ), B € (0,1) and p € (0,1). Put fi" := ao(pn +moaofn), Wb == a1(pa(-,0) +
myaihy) and (P = ay(pp(-, L) + measly,). Assume that

G s 6 ) e 7 0 (5.58)

Then, there is a minimal constant j, € NU{0} such that

T (foo = B 20 gy — B RE Uy — B0 ) — T (fy P, )
< =B (R ) g,

n ’'n ’vn

(5.59)
Proof. By (5.58) and the definition of the Gateaux derivative of J=(-), there is a constant
dun > 0 such that

Je (fn - )‘frlzna hn - )\hﬁ",fn - )‘gﬁn) - Js(fna hnagn)
A

o D(_fgn,—hﬁn,—fﬁ")J€<fna hn7 gn)

< (L= )| (fEr, kb )12, for any A € (—8un, ) \ {0} (5.60)

n ' oTn

Note from [31, Proof of Theorem 3.4] that

D gpn —pzn ey I (fos lons €n) = =[5 22000y — BB 2200y — Mﬁn‘%?(o,:r)
= e B

n ' rvn
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Therefore, it follows from (5.60) that

Je (fn - )‘fgna hn - )\hqp;nagn - /\Eﬁn) - Jg(f’m hnagn)
< =Apl|(fpr, Wb )17, for any A € (0,0,,).

n ’''n ’vn

Therefore, we have only to take a minimal constant j, € NU {0} such that

0< B < 8n

U

Thus, the proof of this lemma has been completed.

Lemma 5.6. Assume the same conditions as in Theorem J.1. Let {(fi, i, lr);k =
1,2,--+ ,n} be a sequence in Uy defined by the numerical algorithm (NA). Let (pn, qn) =
Asa(fos by £0), B € (0,1) and p € (0,1). Put fi* := ao(pn +moaofn), Mh" == a1(pa(-,0) +
myaihy) and (P = ay(pp(-, L) + measly,). Assume that

I b s 6 Medea 7 0- (5.61)
Also, let j, be the constant obtained in Lemma 5.5. Then, we have

By (U= I b 7))

) 5.62
< i ms{moad, myad maaS | (£2, B2, ) g >0
where y(+) is the function defined by (5.57) in Definition 5.1.
Proof. From the definition of j, obtained in Lemma 5.5, we see that
i g i
5 (o= g = S b = ) < o)
S B B B (5.63)
> g ICF B )l

Here, by the mean-value theorem and the continuity of D(_ gpn _pen _gpny J*(frot-E2, hn+
Eho, £, + Ehyp) with respect to &, we observe that there is a constant 6 € (0, 1) satisfying

g g )
J€ n - £”7hn——hﬁ"7£n——€£” _JE n»h’mgn
(7= 5 : 5 (sl )
%'n
B / D(*ﬁznﬁhﬂ"ﬁfﬂ")‘ja (fn - €f£n> hn, — fhnnv by — gggn) dg§
0
— Doy T S — 0y — 9 e g, — g g
g Doy \ =07 g 5 (5.64)

Jn T Jn
_ £ / (a0p9<t>+m0a3 (fn—ﬁﬁ f,’i") (t),—fﬁ"(t)) i

5 <a1p9(t) + mla% (hn —0 5 hﬁ”) (t), —hPr (t)) dt
0

ey (a2p9<t>+m2a3 (en—eﬁg ez") <t>,—fzn<t>) i,
0

+
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where (pg, gs) = AZ, (fn — 92 oy — 02 e 0, — 0%@5;).
It follows from (5.63) and (5.64) that

(1= p) [[(f2n her, 2|17,
S H( Pn hpn gpn

n ''n n)”[,{ad

(aopg + moad (fn Bjn fp”> (1), —fﬁ"(t)) dt

+ /0 '
; /OT (aupn(t) + mat (1 - Bj"hpn) (0.~ (0))
+ / '

(ang + maal (z g zpn) (t), — oo (t)) dt
0

= /OT (aopg(t) + moag (—9

) () a0, (0)) a

# [ (umatty - mua (~02 002 (0 - ). i)
+ /0 ' (agpg(t) + maa? ( e%ﬁpn) () — ast(t), —egn(t)) dt

| fin |L2(0,T;H)
L2(0,T;H)

jn
aopo(t) + moag (—Q%fg") — aoPn

+ W |2 0m)

L2(0,T)

arpy(t) +mya? (— 56 hp") —arhy,

Jn
+ |agpy(t) + mad) (— e ép") — agly 10 20, -
B L2(0,T)
Hence, we have
(L= ) 1O e ) g,
2 B]” Pn ﬁ Pn
aoppg + moag ﬁ —— fPr ) — aopp, arpe + mial | —0—ht | — arhy,

S ’

Bjn
aspy + m2a2 (— 5 ép") — agﬁn)

By the definition of the function 7, we observe from (5.65) and 6 € (0, 1) that

(( - )”( gnahﬁnagﬁn)nuad)

9% | (moa f27 myakhzr mya3ere)

uad

IA

.
Bin

< 40

- p

which implies that the inequality (5.62) holds.

max{moag, myaz, maa} [|(F7, By 0 )l

n ’'n’vn

(5.65)
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Now, we show the main Theorem 4.1 in this paper, which is concerned with the
convergence for numerical algorithm (NA).

[Proof of Theorem 4.1] We show (I). By (Step 5) in the numerical algorithm (NA)(cf.
(5.59) or (5.68) below), we observe that J(f,,h,,?,) is the non-increasing sequence
with respect to n. Thus, from the non-negativity of Je(-,-,-) (cf. (1.8)), we infer that
lim J*(fp, hn, £,) exists.
n—oo

Now, we show (II) by contradiction. Therefore, we assume that (4.1) does not hold.
Then, there are a constant § > 0 and a sequence {k} C N such that

\ao(pr + moao fi)| 20,y = 0 for any k € N. (5.66)

For simplicity, put f* := ao(pr + moaofi), by = a1(px(-,0) + miarhy) and 8% =
as(pg(-, L) + moagly) for k € N. Then, note from (5.66) and the definition of norm
H(? ) ')Huad that

GRS P Gy, = lao(pr + moaofi)lL2orsmy = 6 for any k € N.

Therefore, from (5.66) and the definition of (+) in (5.57), it follows that

V(1= w8) <7 (1= WP E)y,,)  forany kEN,  (567)

where p € (0,1) is the stop parameter in (Step 0) of (NA). Then, we observe from
(5.59) and (5.62) that

Jg(fk—i-la hk-‘rb gk—i—l) - Je(f/m hk7 gk)

i 2
< =B CRE E G),

13
< _ 1— Pk [Pk pPk Pk [Pk pPk
S e ey (= B IGE B G, ) 12 6,
ph
< — 1—p)d)d
- max{moa%,mla%,mgag}fy(( )9)
< 0 for any k£ € N.
(5.68)
By repeating the procedure (5.68), we get:
b fin) < i) - no 1 (L= )5
’ ’ - T max{moag, mia?, moa3}
2up
< J(fr_1, he_1,061) — 1—p)d)d
< (fo—1, i1, lr—1) nlax{mga%,mla%,mw%}fy(( 11)0)
<
k
< F(fuht) - n (1 - 13)5

2 2 2/
max{moa3, myai, meaj}

for any k € N.
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Thus, the above inequality implies that
J*(frea1, hreyr, bryr) — —00 as k — oo. (5.69)

This contradicts the non-negativity of J¢(-,-,-) (cf. (1.8)). Hence, (4.1) holds. Similarly,
we observe that (4.2) and (4.3) hold.

Finally, we show (III). By (I) of Theorem 4.1 and the definition of J¢(-, -, ) (cf. (1.8)),
we observe that {f,, h,, ¢y} is bounded in U,y. Therefore, there are a subsequence {ny}
of {n} and a function (fs,, hS,,5,) € Uaq such that ny — oo,

fo, = f5, weakly in L*(0,T; H),

B, — hS,  weakly in L*(0,T),
ln, — 2, weakly in L*(0,T)

as k — oo. Then, from the convergence result of solutions to (P)° in Lemma 5.1, we
observe that (cf. (5.2))

A (frier gy ) = (U, Wiy ) = (s wl) = AS(f5, hi, £2))

*3k ) k3 ) k) kk

(5.70)
in L?(0,T; H) x C([0,T); H) as k — oo.

Also, from (5.70) and the slight modification of the proof of Lemma 5.4, we infer
that there are a function (p,, ¢¢,) € L*(0,T; X) x L*(0,T; H) and a subsequence of {ny}
(which we also denote {n;} for simplicity) satisfying

AZd(fnky hnkagnk) = (pnkaan) — (pi*vqii*) = AZd( f*) hi*vgi*)

5.71
in L2(0,T; X) x L*(0,T; H) as k — oc. (5.71)

Therefore we infer (4.1)—(4.3), (5.70) and (5.71) that the assertion (III) of Theorem
4.1 holds. Thus, the proof of Theorem 4.1 has been completed. 0
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