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1 Introduction.

Let T be a bounded linear operator on a complex Hilbert space H with norm ||.|| and
inner product (.). The numerical range and numerical radius of T is defined by

W(T)={<Tz,z >z € H, ||z|| =1}

and
w(T)=sup{| A | : Ae W(T)}.

The following properties of w(7') are immediate:
1. w(aT) = |a|w(T) , for any a € C,
2. w(U*TU) = w(T) , for any unitary operator U on H.

It is well-known that w(.) defines a norm on B(H) , where B(H) is the space of all bounded
linear operators on H. Also this norm is equivalent to the operator norm by the following
inequality

1
ST = w(@) < |-

The lower bound of this inequality is attained if T is 2-nilpotent operator and the upper
bound is attained if T is a normal operator [4]. This classical upper bound of numerical
radius was substantially improved by Kittaneh [5] as he proved

1 1ol
w(T) < ST+ 517711

Though the inequality of Kittaneh is a landmark in the study of numerical radius inequal-
ities, the term ||7° 2H% is very hard to compute even for matrices of order more than 4.

For this reason many mathematician over the years tried to find the bounds for numerical
radius of an operator using its matrix representation. Some of them are mentioned below:

e Furuta in [3] proved that if a, b, ¢, d € RT and T € M,,(C) is of the form
al cA
r= ( dA* b1 ) ’

w(T) = S(a+b+a b2+t DFTAP).

e Paul and Bag [6] proved that if a, d € R and T' € M,(C) is of the form
al, B
r= ( Onrr dl, ) ’

w(T) = S(la+d +v/a—dp + [BIP)

then

then
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Also one can go through the papers of Bani-Domi [2, 1] in this context.
Here we give some new numerical radius inequalities for certain 3 x 3 operator matrices.
A 3 x 3 operator matrix T on H & H & H is of the form

Ty T Tis
To1 Ty Tas
T3 T3 Ti3

where each T;; € B(H). We denote this operator by
M<T117 T227 T33; T127 T217 T137 T317 T23a T32)'

If some of these 9 entries are zero operator on H then we simply omit that position.
As an example

A O B

O C A

B A O

will be denoted by
M<A117 0227 B137 B317 A23; A32)'

As the operator matrices we are dealing with has most of the entries zero this will be a
convenient way to write the operator matrices.

2 BOUNDS FOR NUMERICAL RADIUS OF CER-
TAIN 3 x 3 OPERATOR MATRIX

Our desired form of 3 x 3 operator matrix is

O 0 A
B O O
O C O

i.e. M(A3, Byy,C3s) , defined on H® H @ H, where A, B,C' € B(H). Here we state two
basic lemmas :

Lemma 2.1. If A, B,C € B(H), then
(a) w(M(A11, Bag, C33)) = max(w(A),w(B),w(C))
and

(b> w(M(A11,A22,A33, Bis, Ca1, Ci3, Bs1, B3, 032)) =
max(w(A+ B + C),w(A+ aB + a*C),w(A+ a?B + aC)),

where a is cubic root of unity.
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Proof. 1t follows from Lemma 1 of [1]. H
Lemma 2.2. If A)B,C € B(H), then

(a) (M(Al Boy, 032)) = w( (3137021,/132))
= w(M(Cls,Azl,B:«; )) = ( (A1270237B31))
= w(M(B12,A23,C31)) ( (012732371431))
= UJ(M(OéAlg,CV 3217032)) = ( (042A13,04B21,C32))
= w(M(OfAu,Cz:a,OZ 331)) ( (04214127023,04331)),

()  w(M(A3, As, Asz)) = w(A),

where « is a cubic root of unity.
Proof. To prove part (a), let

Uy = ML, Iss, I31), U= M(l13, 151, 132),Us = M(I11, o3, I32),
Uy, = M(]127I217]33)7 Us = M(I1371227]31), Us = M(I1170421227062133)7
U, = M(Illa aly, CYI33)7 Us = M([lla 042[23, 042[32)7 Uy = M([lla alas, 04[32)-

Then Uy, Us,,--- ,Uy are unitary operator matrices, where I is the identity operator in
B(H). Consider M = M (A3, B21,Cs2). Now it is easy to prove the following identities:

U MU} = M(Bys,Co1, Asy),  UyMU; = M(Chs, Agy, Bsy),

UsMU; = M(Aiz,Ca3,Bs1),  UMU; = M(Biz, Ass, Ca1),

UsMU; = M(Cla, Bos, A1),  UsMU; = M(aA3,0* By, Csz),
U;MUZ = M(a®Ais, By, Csy),  UsMU; = M(aAys, Cos, a*Bsy),
UsMU; = M(a®Aia, Cy3, aBsy).

Hence from the property of unitarily invariance, we obtain the required results.

Now to prove (b), we take
1

U= EM(IHa aloy, alss, g, Int, iz, I3, 02 Iys, 0% Isy).

Then U is an unitary operator matrix. Thus
UM (Ayz, Agy, Ago)U* = M (A1, Agg, a®Asz)

as 1,a, @ are cubic root of unity and 1 + a + o? = 0 . Consequently by Lemma 2.1(a)
w(M(Ayz, Ag1, Azg)) = w(UM (A, Ay, Aso)U*) = w(M (A1, Ay, o’ Asz)) = w(A).
This completes the proof. O]

We prove our first result as follows:

Theorem 2.1. Let A,B,C € B(H) and M = M(Ay3, Ba1,Css), then forn =1,2,3,...
we have

¥/ maz(w((ACB)"), w((BAC)"), w((CBA)") < w(M) < o (|A]l +[|B] +[IC])).

l\3|>—t
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Proof. To prove the left hand inequality mentioned above, let M = M (A3, By, Cs2),
then
M*" = M((ACB)},, (BAC)S,, (CBA)4), for n=1,2,3,....

So by using by Lemma 2.1(a) we get
w(M*) = max(w((ACB)"), w((BAC)"), w((CBA)")).
Also w(M?®*") < (w(M))*", by power inequality. Thus

/max(w((ACB)"), w((BAC)"), w((CBA)")) < w(M) forn=1,2,3,....

This completes the proof of the left hand inequality.
We next prove the right hand inequality. Since

(M(As3))? = (M(B2))? = (M(Cs))* = O,

so these three operators are 2-nilpotent and hence

w(M(Aw)) = SIM(A], w(M(Bx)) = 3| M(Bo)

and
w(M(C)) = IM(C)l|
Therefore
w(M) < @f(M(AB))+w(M(le))+w(M(C32))
= UMW)+ IMBa) + [MCs)l)
= SUAL+ 1B+ O,
This completes the proof. 0

Now we give some bounds for w(M) i.e. w(M (A3, By, Cs2)).
Theorem 2.2. Let A, B,C € B(H), then

1
3 max(w(A+ B + C),w(A+ aB + o*C),w(A + o*B + aC)) < w(M)

1
< g(w(A—l— B+C)+w(A+aB+a’C) +w(A+a’B + aC)).
Proof. By Lemma 2.2, we have

w(A+B+C) = wM((A+B+C)i3,(A+ B+ C)a, (A+ B+ C)3))
(M(Ais, Ba1, Csp) + M (B3, Car, Asz) + M(Cis, Agy, Bsy))
< w(M (A3, By, Cs2)) + w(M(Bys, Ca1, Asz))
+ w(M (Chs, As1, Bs2))
= 3w(M (A3, B2, Cs2))
(M)

= 3w(M

w
w
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Therefore,

1

gw(A +B+C) <wM).
Similarly, by using lemma 2.2(a)

w(A + aB + o*C)
= w(M((aA+ a?B+ C)3, (A+ aB + a*C)ay, (0* A+ B+ aC)s,)).
= w(M(aAs,aBy, aCs) + M(a?Bis, o Cyp, o Asy)
+ M(Ci3, Az, Bs))
w(M (A3, aBay, aCsy)) 4+ w(M (o’ Bz, *Cay, o Asp))
+ w(M(Ch3, Ag1, Bsz))
3w(M(A13, By, 032))
w(M).

IN

w

Therefore .
gw(A +aB + a*C) < w(M).
Similarly we can prove that
%w(A +a’B + aC) < w(M).
Therefore
% max(w(A + B + C),w(A + aB + o*C),w(A+ a*B + aC)) < w(M).

Now to prove the other side of the inequality suppose
1

U= EM(IM,04[22,04[33,1—127121>1137[31,042[2370421.32) and M = M(A137321,C32)-
Then U is unitary and so
w(M)
= w(UMU*)

1
- gw(M((A + B+ )11, a(A+ B+ C)y, (A4 B+ )z, (A + B + a?C)1a,

)
(A + aB + 0120)21, (CYQA + B + 010)13, (A + OéQB + OéC)gl,
(@®A+aB + C)a3, (A + B + C)33))
)

1
= gW(M(<A+B+C 11,O6<A+B—|—C>227062<A+B+0)33)

+ M((a?A + B+ aC)y3, (A + aB + o*C)yy, (@A + a*B + O)3y)
+ M((aA + B+ a*0) 12, (@?A+ aB + C)ay3, (A + a*B + aC)s1))

1
gU)(M((A + B + 0)11, Oé(A + B + 0)22, OZ2<A + B + O)gg))

1
+§'LU(M((062A + B+ CKC)13, (A +aB + CYZC)Ql, (C(A + C(2B + 0)32))

1
+§w(M((OéA + B+ a*C)is, (0’ A+ aB + O)as, (A + a* B + aC)z)).

IN
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Therefore using Lemma 2.1(a), 2.2(a) and 2.2(b) we get

w(M) < = (w(A+ B+ C)+w(A+aB+a’C) +w(A+a’B+aC)).

W

Remark 2.1. If A = B = C, then the inequalities in Theorem 2.2 become equalities.

Before stating the next theorem, we shall go through an observation.
Suppose X € B(H). Then define

R = M(X11,aXa,0* X33, X19, aXo1, X13, 0> X31, @ X3, a* X35)

and
1

Clearly R? = O and U is an unitary operator. Therefore
1
w(it) = SlIR].
Since operator norm is invariant under unitary transformation, we have
IR = IURU™|| = [[M((3X)s1)|| = 3[|X]]-

Therefore . 3
= — = —||X].
w(R) = 5|R] = 5IIX|

Theorem 2.3. Let A,B,C € B(H), then for M = M(A;3, Bs,Cs2) and P, Q €
{A, B, C} with P # @ we have

w(M) < min{dy, b2, 03},

where
5 = %||A+B+C||
+ %min{w((az +2)P+ (a +2)Q) + w((a + 2)P + (a® +2)Q)},
5 = %||04A+0423+C’H
+ %min{w((az +2)aP + (a+2)Q) + w((a + 2)aP + (o +2)Q)}
and
53 = = |[@®A+aB+C|

+ ol

% min{w((a? + 2)a?P + (a +2)Q) + w((a + 2)a?*P + (o® +2)Q)}.
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Proof. First we prove that w(M) < d§;. As we discussed earlier U is an unitary operator
on H® H® H. and numerical radius is invariant under unitary transformation. Therefore

w(M) = wUMU")
1
= —U)(M((A+B+C)H,Oé<A+B+C)22,O&2<A+B+C>33,

3
(OéA -+ B —+ 0620)12, (A -+ aB -+ 0420)21, (OJQA + B + OéC)lg,

(A + 012B + (10)31, (CYQA + aB + 0)23, (O./A + (1/2B + C)gg))
(Rearranging the elements, we get)

w(R+ M((—(a* +2)A — (a+2)C )12, (—(2a+1)A — (a® +2a)C' )a3,

—(20% +)A — (142230 a1 )+ M(( — (a+2)A — (a® +2)C )13,

1
3
(
( —(2a+a*)A—(1422)C o, ( — (1 +2aHA — (a+222)C )s2)),

where R is as in the previous discussion with X = A+ B+ C . Let us denote
M, = M({(—(®4+2)A—(a+2)C )2, (—2a+ 1A — (a® +2a)C )as,
(—(202 +a)A — (1 +2a*)C )31 )
and
My, = M((—(a+2)A—(a®+2)C )3, (—(2a+a®)A — (1 +2a)C a1,
(—(1 + 20[2)14 — (Oé + 20[2)0 )32).
Therefore i )
wMQ:§wm+Aﬁ+M@§gmga+MMﬂ+wwmy
Now using the above observation and Lemma 2.2 we get,
3
w(R) = S|4+ B+C|, w(My) = w((o® +2)A + (a +2)C)
and

w(Msy) = w((a+ 2)A + (o +2)0).
So

1.3
(M (A B, C)) < 5GIA+B+CI + wl(@? + 24+ (@ +2)0)
+  w((a+2)A+ (o +2)0)).
Similarly

1.3
§?M+B+Cu+wmf+mA+m+mm

w((a+2)A+ (o® +2)B))
g;m+3+cu+wwf+m3+@+”m

w((a+2)B + (o? +2)0)).

w(M (B3, Car, As2))

IN 4+ A

w(M(Ci3, Az, Bss))

+
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Now from unitarily invariance property of w we get

To prove w(M) < §y, using similar procedure we get

w(M (A3, 0By, Cs)) < %(%HOA +a?’B+C| + w((a® +2)C + (a +2)ad)
+ w((a+2)C + (a® + 2)aA))

w(M(aBig, 02Cor, Apy)) < %(%HQA +a?B+0 + w((0®+2)A+ (a+2)aB)
+ w((a+2)A + (a? +2)aB))

w(M(aCys, a®Asy, Bay)) < %(;HaA + @B 10| + w((@®+2)B+ (a +2)aC)
+ w((a+2)B + (a® + 2)a0)).

Now from unitarily invariance property of w we get

Lastly to prove w(M) < d3, using similar procedure we get
1,3
w(M(a?As,aBy,Cs)) < §(§||oz2A +aB+C| + w((a®+2)C + (a+2)a*A)

+ w((a+2)C + (a® +2)a’A))
w(M(a?Byz, aCay, Azy) < %(2”0&4 +aB+C| + w((a®+2)A+ (a+2)a’B)
+ w((a+2)A+ (a® +2)a*B))

13
5(5]\04214 +aB+C| + w((a2 +2)B + (o + 2)0420)

+ w((a+2)B 4+ (a® +2)a*C)).

w(M(a?Cy3, gy, Bs) <

Again from unitarily invariance property of w we get

Therefore

U}(M) S min{51, 52, 53}
This completes the proof. m
Remark 2.2. If A= B = (|, then the inequalities in Theorem 2.3 become equalities.

3 Upper Bounds for the Numerical Radius of a Gen-
eral 3 x 3 Operator Matrix
In this section we shall discuss about the upper bounds of a general 3 x 3 operator

matrix. Before stating our main theorems we prove a lemma which will be useful to get
these results.
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Lemma 3.1. Suppose A, B, C € B(H). Then
w(M (A, adps, a® Ass, aBia, Cor, o’ Chs, By1, o Bas, aC)) < w(A) + w(B) + w(C).
Proof. We have

M(An, Ao, oz2A33, aBy, Cy, a2C’13, By, 012323, 04032) )

< w( M(Ap,aAg, a?Asz ) + w( M(aBa, o®Bss, B ))
w( M( a*Ciz, Cor, aCsy ) )

< w(A) +w(B) +w(C),

by Lemma 2.1(a), 2.2(a) and 2.2(b). O
Before we prove our next theorem we introduce a notation. By M (A; ki, Apgers) We

mean a 3 X 3 operator matrix whose (k,1)-th entry is A;;, (r,s)-th entry is A,, and all
other entries are zero.

R
Theorem 3.1. Let A;; € B(H), Vi,j=1,2,3. Then

w([A;]) < max(w(Ag), w(Axw), w(Ass)) + % [w(A2 + Az + Ags)

+w (A2 + aAs + 042A23) + w(A2 + o Az + aAsg)
+w( Az + Ao + Asz) + w(Arz + ada + 0621432) + w(A3 + oAy + aAss)l.

Proof. Suppose [A;;|sxs € B(H®H & H) where each A;; € B(H). Let us denote this oper-

ator [Aij]3><3 by M(An*n, Adosoo, Assizs, Aiaiiz, Asisar, Aizas, Az, Azsios, A32*32)-
Therefore

w([Ai])

= w( <A11*117 A22*227 A33*337 A12>k127 A21*217 A13*137 A31*317 A23*237 A32*32))
w( M(Arvar, Az, Assas ) ) +w( M( Aizaz, Assies, Asist ) )

+ w( M( Aizas, Asisor, Aszza ) )

w( M(Atrar, Az, Assiss ) ) +w( M( Arzas, Assise, Aziiar ) )

+ w( M( Aizas, Aser, Aszse ) ),

M
M

IN

by Lemma 2.2(a).

1
< max(w(An), w(As), w(Aszs)) + 3 [w(Az + Az + Agg) + w(Arz + s + a®Ags)
+ w(Ap + a? Az + aAsz) + w(Ars + Ao + Asg) + w(Az + ady + a2A32)
+ w(Ajz+ a? Ay + aAss)l,

by Lemma 2.1(a) and Theorem 2.2.
This completes the proof. n



239

Theorem 3.2. Let A;; € B(H), Vi,j=1,2,3. Then

w([A;]) < max(w(Ay), w(Ag), w(Ass)) + min{A;, Ay, Ag}
+ min{®;, Py, 3},

where
Ar = 1lAn] + 3(w(As + Ax) + w(ds + ady) + w(ds + o?Az))
Ay = %||A23|| + %( w(Ap + Asz1) + w(Ae + aAs) + w(Ap + a2A31))
As :%HA?J” + %( w(Ay + Ags) + w(Ap + adys) + w(Ap + a?Ay))

+ As) + w(Aa + ads) + w(Ay + a?Asz))
+ As) + w(Aiz + ads) + w(Az + a?Asz))
(w(Ais + As) + w(Ais + ady) +

Dy =3[ Aull +
Py = 3||An| +
Dy = ;|| Azl +

g8
F

Wl ol wim

Proof. We have

(A11s11, A2ou02, Assess, Aiosi2, Aoteor, Aizas, Asiest, Aogees, Aszes2) )
A11*117 A22*227 A33*33 ) )+w( M( A12*127 A23*237 A31*31 ) )
( M( Aizas, Aoror, Aszzes2 ) ).

A
=4
s £ 5

Now

w( M( A2, Aogiz, Asiust ) )
w( M(Ai2a2) ) + w( M(Aagies, Asies1))
= w( M(Ai2a2) ) + w( M(As11, Aazesz)),

IA

by Lemma 2.2(a).
Here M (Ajs.12) is a 2-nilpotent operator and from Theorem 2.2 we get

w( M( Aiguz, Azsers, Azies ) )

1 1
< §||A12” + g( w(Az; + Agz) +w(Az + adas) +w(Az + a®Ag))
- Al.

Similarly it is easy to see that

w( M( A12*12, A23*23, Asiia1 ) ) < U)( M(A23*23) ) + w( M(A12*127 A31*31))

1 1
< §||A23|| + 5( w(Ap + As) +w(Aie + ads) +w(Apn + 0421431) )= Ay

and

w( M( A12*12> A23*237 Asiia1 ) ) < w( M(A31*31) ) + w( M(A12*12, A23*23))
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1

1
S _HA31H + g( UJ(AlZ + A23) + w(A12 -+ OéAgg) + w(A12 + CY2A23> ) — Ag.

Therefore
w( M( Ar2s2, Aogios, Azt ) ) <min{ Ay, Ay, Az}

From this deduction, it is also evident that

w( M( Ayzaz, Agisa1, Aszez2 ) ) < min{ Qq, Do, (I>3}-
This completes the proof. O
Theorem 3.3. Let A;; € B(H), Vi,7=1,2,3. Then for0 <p <1

w([Ay]) < max(w(An), w(Az), w(As)) + min{ A}, Ay, Ag}
+ min{ ¢}, Py, <I>;)},

where
Ay = é(w(pAm + Ags) 4+ w(pAiz + adys) + w(pAia + a®Azs))

—|—%(w((1 —p) A+ Az1) + w((l —p)Az +ads) + w((1—p)An + aAs)),
Ay = %(W(PAQ?, + Ap) + w(pAas + adiz) + w(pAas + a’Ap))

+%(w((1 —p)Ass + Az1) + w((1—p)Ass + adz) + w((l —p)Ay + a’As)),
Ay = %(11)(]91431 + A) + w(pAs + ady) + w(pAs + a’Ar))

—|—é(w((1 —p) Az + Az) + w((1—p)As + adas) + w((1 —p)As + a®As))
and
P, = %(M(PAB + Az1) + w(pAis + ady) + w(pAiz + a®Ay))

+%(w((1 —p)Aiz + Ag) + w((1—p)Aiz+ads) + w((l-p)A; +aAs)),
oy = %(w(pAzl + A1) + wpAa +adp) + w(pAa +a’Au))

+%(w((1 —p)Ag + Az) + w((1—p)Ay + ads) + w((1—p)As +a’As)),
P, = %(w(pAg»,Q + Ais) + w(pAsy + adiz) + w(pAsy + a’Ags))

+é(w((1—p)A32+A21) + w((l—p)A32+aA21) + w((l—p)A32+a2Agl)).

Proof. We have
[Aij]

(All*lla A22*22a A33*33, A12*127 A21*217 A13*137 A31*317 A23*237 A32*32) )

(An*n, Agguna, Aszziss ) )+ w( M( Avgi12, Agsioz, Asiian ) )
w( M( Avzas, Asisor, Az ) )

g

Il
g

(
(M
(M

IN
+ £
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Now for 0 < p < 1, using Lemma 2.2(a) and Theorem 2.2 we get

w( M( Aiza2, Aosios, Asiist ) )
= w(M((p+ (1—p))Aizaz, Az, Azt ))
= w( M(pAizaz, Az )+ M((1—p)Aizaz, Asisr ) )
< w( M(pA12*12, Ajzia3 ) ) + w( M((l _p)A12*127 As1a31 ) )
= w( M(pA12*13, Agsia2 ) ) + ’lU( M((1 —p)A12*13, Az ) )

1
< g( w(pAig + Asz) + w(pAiz + aAsz) + w(pAis + aAgs) )

1

+§( w((1 —p)Aia+ Az1) + w((1 — p)Ain + ads) + w((1 — p)Ass + 0421431) )

- A/l

In a similar way we can prove the following inequalities

w( M( Aizar2, Asseaz, Asiezr ) )

(
( M( Argiaz, (p+ (1 —p))Assioz, Asiar ) )
(w(pAasz + A12) + w(pAas + aAiz) + w(pAass + 0421412) )

IN

>+ wie s

é( w((1 = p)Ags + Asz1) + w((1 — p)Ass + aAszr) + w((1 — p)Ass + 0421431) )

and

( M( Ai2a2, Assia3, Asiist ) )
w( M( Aizaz2, Assias, (p+ (1 —p))Asiast ) )
1

=(w(pAsi + A1) + w(pAs1 + aArz) + w(pAs + 0621412) )

g

IA
w

+
W =
Yy

w((1 —p)Ass + Ags) + w((1 — p) Az + aAgs) +w((1 — p)As + 0421423) )
= A

Again if we consider M( A13*13, A21*21, A32*32)7 then for 0 < P < 1

w( M( Aiziasz, Asrior, Aszs2 ) )
= w( M((p+ (1 —p))Aizas, Aswo1, Aszuzz ) )

w( M(pAizas, Asiwor ) + M((1 —p)Aigas, Aszs ) )
< w( M(pAizas, Asiar ) ) +w( M((1—p)Aizas, Assesz ) )
< —(w(pAiz + Asr) + w(pAis + aAsn) + w(pAiz + a®As) )
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Similarly

and

S

M( Aizas, Asiaor, Asssa ) )
M( Aizas, (p+ (1 —p))Asior, Aszeze ) )

w(pAar + A13) + w(pAa + aAiz) + w(pAa + 0621413) )

(
(
(

IA

S 4+ w8

%( w((1 = p)Ag + Asz) + w((1 — p)Aar + aAss) + w((1 — p)As + 0621432) )

2

g

M( Az, Aoreor, Aszusa ) )
M( Aizas, Asisor, (P+ (1 —p))As432 ) )

w(pAss + A1s) + w(pAss + aAys) + w(pAss + 0421413) )

K+ wl— g

(
(
(

IN

é( w((1 = p)Asz + An1) + w((1 — p)Asz + aAar) + w((1 — p)Asy + a?Ayy) )

3

Therefore

w([Ay]) < max(w(An), w(Ag), w(Ass)) + min{A}, Ay, Ay} + min{d,, &,, d,}.

This completes the proof. O]
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