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1 Introduction

Our purpose is to study chemotaxis systems with source terms. Such models have
been proposed in the field of mathematical biology (see, for example [13] concerning the
growth case) provided with diffusion, chemotaxis, and self-dissipation or growth. Several
transient patterns are observed both numerically and theoretically.

A typical example is

w = dAu — xV -uVu+af(u), inQx(0,7),

ou ov
d% — xua " =0, ul,_o=uo(z)>0, (1)
with
. _ ov
—Av=u—u inQx(0,7), v=0 —=—| =0, (2)
o | 50

where () C R" is a bounded domain with smooth boundary 0f2, v is the outer unit normal
vector, d, x,« > 0 are constants, ug = ug(x) is a sufficiently regular function on €2, and

_ 1/
W=— [ w
2] Ja

for w = w(x). Here, u = u(z,t) stands for the density of some biological species. The
nonlinearity f = f(u) is a smooth function of u > 0 satisfying f(0) > 0 which guarantees
u = u(x,t) > 0. The second equation (2) may be replaced by

—Av=1u, vlyo=0 (3)
or 5
TUp — Av = u — 1, 2 = 0, v|,_g=vo(x) (4)
o |50

where 7 > 0 is a constant and vy = vg(x) is a smooth function.

Known results

In a series of papers, J.I. Tello and M. Winkler [20, 21, 22, 23] studied the global-in-
time existence of the solution to such models. For example, if (2) is replaced by

—Av+v=u inQx(0,7), ? =0, (5)
Vlea

the global-in-time solution exists and is uniformly bounded, provided that
af(u) <a—pu®, u>0 (6)

with @ > 0, > 0, and g > (1 — 2)x (see [20]). If p = (1 — 2)y, the solution to (1)
with (5) for (6) is still global-in-time, but may not be uniformly bounded (see the proof
of Theorem 3 of [9], dealing with the case of af (u) = ru — pu? for r > 0). More recently,

M.A.J. Chaplain and J.I. Tello in [4] studied a model where (2) is replaced by (5) but



209

instead of the linear reaction term v they have a more general term h(v) which is a locally
Lipschitz function and its derivative is bounded. They proved the existence of a unique
solution and the asymptotic convergence to the steady states. Also recently, X. He and S.
Zheng in [7] proved for the parabolic-elliptic model (that is (1) coupled with (5)), under
some assumptions, that the positive constant equilibrium is a global attractor. They also
proved for the parabolic-parabolic system, again under some assumptions on g and a,
that it admits the non-trivial positive constant equilibrium as a global attractor.
Concerning the system composed of (1) and

0
TV — Av 4+ v = u, e =0, v|_o="v(x), (7)
g0

furthermore, any a > 0 admits py > 0 such that the solution exists global-in-time and is
bounded if p > pp and 2 is convex, where 7 > 0 is a constant (see [21]). On the other
hand, parabolic-parabolic models with general sources and general sensitivity functions
are studied by [16, 17]. Namely, in the case of n < 2, the global-in-time solution to (1)
with (7) exists if f(0) =0 and f(u) = (—pu+ B)u, u > 1, for some constants yu, 3 > 0.
Here, the sensitivity function y = x(u) can be nonlinear, as far as its derivatives up to
the third order are bounded. This solution, however, may not be uniformly bounded as
t T +oo. Recently, Lin and Mu in [12] also considered the parabolic-parabolic system
with homogeneous Neumann conditions and for the dimensions N = 2, 3, the proved the
global existence and boundedness of classical solutions, provided that p and a satisfy some
explicit conditions.

It seems that the existence of any uniformly bounded global-in-time solution has not
yet been confirmed to (1)-(2) for the above profile of f(u), that is, the Fisher type non-
linearity. On the contrary, we have radially symmetric blowup solutions in the case that
flu) =X — pu with A >0, p>0,1 <k <2+ 51, and n >5 (see [22]).

Main results

In this paper, we are mostly concerned with the quadratic dissipation f(u) = —u? and
the logistic source f(u) = u — u?. For these nonlinearities we can show that the solution
is global-in-time and uniformly bounded if either n < 2 or a > . Both parabolic-elliptic
and parabolic-parabolic chemotaxis systems with the above reaction terms were studied.
The main novelty of this work is the proof of the global existence and the study of the
asymptotic behavior of the solution which is clarified in several cases.

Quadratic dissipation

First, for the quadratic dissipation, this system takes the form
u = dAu — xV - uVo — au?, —Av=u—T, /U:() in Q x (0,7),
Q

g(u, v)| =0, u|_y=mu(z)>0, (8)
o0
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which implies

uy = dAu — xVu - Vv — xuu + (x — a)u?, % =0, ul,_g=uo(z)>0. (9
o9

Then the standard comparison theorem guarantees
U_(t) < ulz,t) < U (t) (10)
where U = UL (t) are spatially homogeneous solutions to (9), that is,

dU
o —Xu(t)U + (x — a)U?, (11)
satisfying U_|,_, = minguo and Uy|,_, = maxguo. If § = a—x > 0 is the case, therefore,
we have T' = +o00. This solution satisfies
lu-, oo < (uoll +6)7". (12)
In fact we obtain
AU,
b
dt —
by (11), and then (12) follows from U, (t) < (|lugl|zt! + 6t) L.
The first theorem, however, assures global-in-time existence of the solution and its

uniform convergence to 0 as t T +oo for any parameter region of d, y,« > 0, in the case
of n <2.

SUF,  Utlig = lluollss

Theorem 1. Ifn <2, it holds that T' = +00 and limu o ||u(-, )|l = 0 in (8).

From the proof, we see that the comparison function U_(¢) in (10) must remain
bounded for any dimension n (see Remark 2 below). Actually we do not expect blowup
of the solution to (8) even if n > 3.

Theorem 1 is valid to the other models, that is (1) coupled with either (3) or (4)
(see Remark 1 and Theorem 5 below). Even in higher space dimensions, the condition
d = a— x > 0 is not essential for 7" = 400 and limy; o |u(-, )]s = 0 to hold. The
second theorem is an extension of a > x for T' = 400 or lim i [|u(-,t)||ec = 0 to hold.
This theorem also contains Theorem 1 concerning n < 2.

Theorem 2. The same conclusion as in Theorem 1 holds to (8) even for n > 3, provided
that o > (1 — 2)y.

An analogous result to Theorem 2 is known for (1) with (5) (see Theorem 2.5 of [20]).
It is also valid to (1) with either (2) or (3) (see Remark 3 below).

Logistic source
If f(u) stands for the logistic source in (1)-(2), we have
uy = dAu — xV - uVo+a(u —u®), —Av=u—-u, v=0 inQx (0,7),

0
5(% v)] =0, ul_q=muo(x)>0, (13)
o0
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which implies

0
uy = dAu — xVu - Vv — xuu + au + (x — a)u?, a_u =0, ul,_o=uo(zr)>0.(14)
Vlea
From the classical comparison theorem, therefore, we have 0 < u(x,t) < U(t) for U = U(t)

satisfying ar
E =alU + (X - CV)U2> U|t:0 = ||u0||oo> (15>

and therefore, a > y implies
X
T'=+4oo, u(t)loo = max{l ==, Jluolloc}

similarly to (12).
The spatially homogeneous part of (13),

% = a(u —u?), (16)
is nothing but the logistic ODE. It is well-known that any positive solution to (16) con-
verges to 1 as t T 4+00. The following theorems provide with some criteria for this property
to (13). However, we cannot apply any comparison theorems between (16) and (1) with
(2) (or (1) with any one of (3), (4), and (5)).

The first theorem on (13), Theorem 3 below, is concerned with the case a@ > .
As we have seen above, in this case any solution to (13) is always global-in-time and
uniformly bounded. The point in this theorem, therefore, is its uniform convergence to 1.
Henceforth, C;, i = 1,2, --- ,40, denote positive constants independent of ¢.

Theorem 3. If a > x, it holds that
-, 8) — 1l < Cre~ a7
in (13), where 6 > 0 is a constant.

The proof of Theorem 3 is valid to (1) with (3) or (5) (see Remark 4 below). In
particular, the criterion o > 2y for limy ;oo ||u(-, %) — 1||cc = 0 to occur in (1) with (5) is
relaxed as a > y (see Theorem 5.1 of [20] for a proof of the former case).

Theorem 4 below, may be compared with Theorem 2 for the quadratic dissipation
case.

Theorem 4. If a > (1 — 2)y, it holds that T = +oo and |[u(-,1)]|e < Cy in (13). If
n < 2, there is dy = do(x, @) > 0, such that d > dy implies (17) with 6 > 0.

Concerning (1) with (4), if n = 1 we have the same property. Thus, the solution is
global-in-time. If d > 1, furthermore, then (17) holds (see Theorem 6 below). The above
Theorems 3 and 4, however, do not cover all the cases, and there may be blowup of the
solution to (13), if either x > o, orn >3, or 0 < d < 1.

This paper is composed of four sections. Section 2 is focused on problem (8) and
Theorems 1 and 2 are proven. Section 3 deals with problem (13). Theorems 3 and 4 are
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proven there. The last section, §4, is devoted to a remark on the blowup or quenching of
the solution. In the following we use

1 . 1/q
||f\|q:(@/glf|> Cl<ges

1
(f.9) = @/Qfg.

2 Quadratic Dissipation Case

and

This section is devoted to the case f(u) = —u?. First, we show the following proof.

Proof of Theorem 1. We multiply the first equation of (1) with logu, integrate over €2
and use Green’s identity to derive:

d 1
] u(logu — 1) dz + 4d||Vu'/?||% + a(u?, logu) = x(Vu, Vo)
Q
= X(=Av,u) = x (|Jull; - 7). (18)
By integrating the first equation of (1) over €2, on the other hand, we have
Ju
— = —allul} < —o7
and hence T
a0 < (@' o [t ol <o (19)
0
Noticing
au®logu > u(logu — 1) — C3,  Vu > 0, (20)
we put

H(t)= ﬁ/ﬁu(logu— 1) — Cs dux.

Then it holds that JH
ot H < |ul3,

which implies
t t
HE) < HO)+ [ e ules) s < e HO)+ [l 9)lfds < o
0 0

Thus we obtain
/ u(logu — 1) + 1 dz < Cs. (21)
Q

By (21) we can argue similarly to the chemotaxis systems without source terms [2, 5, 15]
(see also Chapter 4 of [18]). Below we describe the proof for n = 2, because the case
n = 1 is simpler.
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First, we multiply u?, p > 0, to (8) and obtain

4dpd +1
P4 Vu'z /w VPt
H Hp-‘rl ( ) H ”2 — p+1 ‘Q‘

p+1ﬁ
px 1
= 1] Q(_A@) Pt < mymgig, (22)

For p = 1, this inequality means
d 2 2 3
Jpllullz +2d[Vullz < xulis. (23)

Taking s > 1, we apply the other form of the Gagliardo-Nirenberg inequality

—a a 4q
Izllp < Co(p, @, Dllzll; 2152y 1<g<p<oo, a=1-= (24)

p

for z = xu>su and ¢ = 1, p = 3, where y,>; denotes the indicator of the set {z € Q |
u(z) > s}. Thus, it holds that

lulls = Ixussulls + [Ixuzstull3 < CrlixussullinllXussull + 5%
C7
log 5 ——|lullip (@ llulog ully + s*|9Y]. (25)

We also use Poincaré-Wirtinger’s inequality

wllz =32 < V]2 (26)
to deduce
sl <l = [Vl + [l < [Vl + 20 — a3 + [al?)
2
< (”E) IVl + Jlul?. (27)

Here, p5 > 0 denotes the first positive eigenvalue of —A on €2 provided with the Neumann
boundary condition.

By (25)-(27), it holds that
lulls < Cs (IVull; + [[ullf) —Hulogulh +5%0.
Using (19) and (21), therefore, we obtain
d, o 2
S llullz +dl[Vullz < G
with s > 1, and then it follows that

d
EH“H% + u2d||u||§ < Ch
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from (26) and (19). Thus we obtain

Jull2 < Cuy (28)
Inequality (28) implies [lw|s/3 < Ciz for w = u/?2, and then we can argue similarly,
using (22) for p = 2. Here, we use ||ul|s < ||w]|s in (34), and then it follows that

|ull3 < Cis. (29)

Inequality (29) implies ||v||y2s(0) < Cia by the elliptic estimate for the Poisson equation
(2), and then
[Vv]leo < Cis (30)

by Morrey’s inequality, which reduces (22) to

N
> (p+1)2
p+1

by Vur™t = 2u" V't . From (31) it follows that

p+1 || 2pxC16 H p+1 p+1
2 =

1
7 IV P 2 2l Vel (31)

ptl

HUTH2+2dHVU I3 < Cap’le T3 p =1

Then we obtain ||u(, t)]lo < C1g with T' = 400 by the iteration scheme (see [1]).
Therefore, the orbit O = {u(-,t) };>0 is compact in C'(€2), and hence limyy o [|u(-, )]0 =
0 follows from limy4 o u(t) = 0. O

0
Remark 1. Even in (1) with (3), inequality (22) is valid by a_v < 0. Then the same
v

conclusion arises as in Theorem 1 for this system. In the Debye system [3] (or DD (drift-
diffusion) model [8]), the second equation (3) is replaced by

Av=1u, vy, =0. (32)

In this case the above calculation is invalid because of 22 > 0. Here we use

5 o0
1 2 p+1

—/Vv-VupJrl = —/u T Vu'T Vo < 2||Vu'7T b H |u"z B || INEUIE
9] Jo €2

n (22). Regarding n = 2, we apply the Gagliardo-Nirenberg inequality in the form of
IVulls < Cuall Vol IVolly”, (33)
and also the standard L?® estimate on the Poisson equation (2),
[ollw2si2) < Caollulls. (34)
Then we use the elliptic estimate to (2) in the form of

IVolly < Cor[lullp g1 (35)
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valid to n = 2, where || - ||L10gz denotes the Zygmund norm (see [19]). This inequality
implies || Vv|la < Cyg by (21), and hence

d
—lullz + dl[Vullz < Coslull3

for p = 1. Then we can argue similarly, although inequalities (33) and (35) are restricted
ton < 2. Thus, if n <2 and f(u) = —u? any solution to (1) with (32) is global-in-time,
and converges to 0 uniformly as t 1 4oc0.

Remark 2. Inequality (21) holds in any space dimension and for any parameters d, x, a >
0. Therefore, it holds that U_(t) < Cyy in (10).

Now we show the following proof.

Proof of Theorem 2. We may assume n > 3, regarding Theorem 1. Taking into account
the dissipative term, inequality (22) becomes

dpd il
gl + IV [+ el = L [ 9o v
PX X
_p+1( Av, uPt) gm“““ﬁig (36)

by —Av = u —u. From the assumption, there is p > 7 — 1 such that
PX
o=p+1)|la——=)>0.
(1) ( P+ 1)

Hence it follows that iX
— 45X <0
a

for X = HuHﬁﬁ and v = which implies

+1’
X(t) = Jlul )llpsr < [X77(0) + 6" = (|fuoll, 1 +0t)

Now we use the Gagliardo-Nirenberg inequality in the form of

lwlls < Cos(IVwllz + llwllzj2) 1wl (37)

and then obtain (28) similarly. Continuing the process as in the proof of the previous
theorem, we reach (30) and then the conclusion follows. O]

Remark 3. The above proof of Theorem 2 is valid also to (1) with (5), that is, the model
studied by [20]. Here, the second equation (5) may be replaced by (2) or (3). In fact,
assuming (6)7 we put @ = p = 1 for simplicity. Then it holds that

T
p+1 ( +1)2

for (36). Assuming o > (1 — 2)x also, we take p > % — 1 and & > 0 such that

5E(p+1)(oz—&— ap5)>0‘

el +2 pX +2
g IV I+ alull 3 < Pl + ol (38)
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Then Young’s inequality implies

D 12 i)/
JulP < flullp, o < ST elullB + P, . e—PP+2)/
+1 +1 p +1 +2 1
lullpss < Nullpre S ol + )
and hence iy ,
’ + p_—|— (5X < Oy (39)

for X = ||u|2f}. Inequality (39) implies HUHpH < Cy7, p+1 > 2. Then we obtain the
result similarly to the proof of Theorem 1, using (37).

The proof of Theorem 2, using the quadratic dissipation, provides with an alternative
proof of Theorem 1. The original proof of Theorem 1, however, is applicable to the
parabolic-parabolic system. We conclude this section with the following theorem.

Theorem 5. If n <2, it holds that T = 400 and limy o ||u(-,1)||cc = 0 in (1) with (4).

Proof. Similarly to the previous proof, we multiply the first equation of (1) with logu,
integrate over () and use Green’s identity. It holds that

d 1
dt Q]
= (A0, u) = (Ao = T) = x(~Av, 70— ) = XL 4 Ao

u(logu — 1) + 4d||Vu’?||% + a(u? logu) = x(Vu, Vo)

X X
< xllAv]bllulla < SllAv]; + Sllul; (40)
by (Av,u) =u- (Av,1) = 0. Thus we obtain

d
T IVolls + [1Av]l3 < Jlulls,

or

(—Av,u) = 2dtIIV ol + NAv]E < flully = 2 ol

2 dt
Therefore, (40) becomes,

d 1

= [ u(logu — 1) + ZXV0)? do + 4d|| V2|2 + a(u?, log u) < x|lul)2.
a1 J, )

By (20) it holds that

dH
S H <l + 29l (41)

where

|Q] / (logu —1) — Cas + —]Vv|2 dx. (42)
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Equation (4) implies

dv
=0, (43)
while it follows (u,v) = (u,v) and hence
Sl +IVullz = (u—a,v) = (u,v =) < iy [ Vollaflullz < 5[ Vollz + 2—@““”2

from (26). Since inequality (19) readily holds, we obtain

T
/ lul2 4+ 1V0]12 de < Coo, (44)
0

which implies
H(t) < Cs (45)
by (41).
We have also
1d

_ T 1
ol + 5 ZIV0lE = (u =B 00) = (,00) < el + 5l

because (43) implies (@, v:) =w - (1,v;) = 0, and hence

T
/ o3 dt < Cay. (46)
0
Since n = 2, these inequalities (44), (45) with (42), and (46) imply 7' = +oo with

[, ) lloo + lv(; 8]l < C (47)

by Gagliardo-Nirenberg’s inequality, Moser’s iteration scheme, and the semi-group esti-
mate. The proof is similar to the case without the dissipative term (see [15]) and is
omitted.

Inequality (47) implies the compactness of the orbit {(u(-,t),v(-,t) }s>0 in C(Q)?, and
then limy oo [[u(+, )] = 0 follows similarly to Theorem 1. O

3 Logistic Source Case

This section is devoted to the logistic source, f(u) = u — u?. First, we show the following
proof.

Proof of Theorem 3. We have readily shown the existence of uniformly bounded, global-
in-time solutions in the case of a > . Since

du

E < Oé(ﬂ - ﬂ2)7

it holds that limsupu(t) < 1. Therefore, we may assume a > x - ¢y for ¢y = max{1,ug},
tT+oo
in the case of a > .
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We have also u(t) < max{1,ug} = ¢y, which implies

0
uy > dAu — xVu - Vv — xcou + au + (x — a)u?, 8_1: ; =0, ul,_g=1uo(zr)>0
0
by (14). Therefore, it holds that
ulzt) > U_(1)

for U = U_(t) satisfying

dU :

’ = (a—cox)U + (x —a)U?, Ul,_, = min up. (48)

Using the assumption a > ¢y, therefore, we have U_(t) > 4, and hence

T =+o00, d<ufz,t)<Cs (49)

for 0 = min{*=X, mingue} > 0 and C33 > 0 independent of (z,?).

Let w=u—12> —1. Since
0, /Uz | (50)
Q Q

w; = dAw — XV - (w + 1)Vu + a(w + 1) — (w + 1)?)

= dAw — xV - wVv + (x — a)w — X0 — aw?,

@
|,

—Av =w —w,

it follows that

—=0. (51
o0

—(w, )

Letting wy = max{w, 0}, we multiply w’, p > 0, to (51). Then it follows that

L d 4pd XP 2
s+ Vel B (- 22 el + (0 - ol

— [ XP
# (s + sl ) =0
by
1 1 _ 1 _
—(V- Vo, we) = (wVv, Voi) = (Vo, Voi) = S(w = ,w}) = S([[we]l; - @lwe ).
Therefore, it holds that
1 XP X
ol (o 2 i+ (a -k 2 i
v} < 0. (52)

Now we show

lim @(t) = 0. 53
Jim w() (53)



219

In fact, first, we have

o +aw = —a|wl|; <0
and hence
limsupw(t) < 0. (54)
tT+oo
Then we write (51) as
. ow
wy =dAw — xVv-Vw — (w+1) ((« — x)w+xw), —| =0,
oV | yq

using (50).
Since 6 < w+1 < Cs3 and (54), any € > 0 admits 7> 0 and W = W (t), t > T, such
that
w(t) >W(t)>6-1, t>T
and oW
Recalling o > x, we obtain
litrgrinfw(t) > ale)

for 0 < ¢ < 1, where W = a(e) denotes the larger zero of
(o —x)W(W +1) = —¢.

It follows that

liminfw(t) >0 95
i in w(t) > (55)
with € | 0, and then inequalities (54) and (55) imply (53).

Here we put X = Hw||£ﬁ, v = ﬁ, and § = 5% > 0, noting |lw|b < |lw|},,. By

(52)-(53), any € > 0 admits T > 0 such that
dX
Yo T SX <eX'™ t>T (56)

for any p > 1. Inequality (56) means

dY
— 4+ eY?2>6Y, t>T
dt
or 1
dy ~
Y 1< t>T
dt + =& -

for Y = X7 = [Jwl||};, which implies

€ (1 B 6—5(t—T)) ‘

YHt) < e?EDy =T + 5
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Thus we end up with

—5(t— € —5(t—
leoCDllpsr < DNl Tlpa + 5 (1= D), > T,

Sending p 1 400, t T +00, and ¢ | 0, we obtain limsup, ., ||w(-,t)|[s < 0, and hence

li 1) — 1| = 0. 57
Jim lu(-, ) — 1] (57)

Once (57) is established, the linearization theory assures the exponential decay. Here
we rewrite (51) as

ow

wy = dAw — (a — x)w — xw — F(w), 5

=0 (58)
[2)9]

for F(w) = xV - wV(=A)"'w + aw?, where v = (—A)~!w denotes that v is the solution
to (50). Its linear part takes the form

ow

wy = dAw — (0 — Y)w — XW, ™

= 0, w]tzo = Wy (59)
o0

and the solution to (59) is written as w(-,t) = e'lwy, where L is a self-adjoint operator

in L?(Q) with compact resolvent. Since [w(t)| < |wgle™* holds in (59) by
dw
dt
the operator L is negative definite.

From the elliptic and parabolic regularity [6, 11], the convergence (57) implies that of
w(-,t) = 0 in C* topology. Then we have

= —ow, W|,_,=Wo

F(w) = V(=A) 'w - Vw + (a — x)w?

which implies

ow
W g
for L(t) = L+a(z,t)-V+(a—x)w(-, t), where a(-, ) = V(—A)'w(-,t) and w(-, t) converge
to zero in C™ topology as t T +o0o. Hence there is § > 0 such that ||w(-,t)|lec < Cs4e™,

Wt = L(t)w’ = 0

or (17), from the perturbation theory of spectrum of operators and the theory of evolution
equations (see [10, 24]). O

Remark 4. The above proof is valid even to (1) with either (3) or (5). Hence we obtain
(17), provided that a > .

If x > «, conversely, blowup of the solution U = U(t) occurs in (48), if
CoX —

U()> .
X —«

(60)

Any ug = ug(z) > 0, however, does not satisfy (60) for Uy = ming ug and ¢y = max{1,%g}.
In fact we have the following proof.
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Proof of Theorem 4. In (13), equality (38) is replaced by

4dpd
1 Pl 2 2 1
gl IV B alull < Pl alult 61
We use Do
pH p+1p+ 1 pr2 L e~ (P+1)(p+2)
Jullpiy < lu ||p+2 e - [ullz + —p+2
for p > 5 — 1, € > 0 satisfying
1
o pHl
p+1 p+2

to obtain [|u(-,t)||p+1 < Cs5. Then T = +oo with ||u(-,t)]|ec < Cs6 follows as in Remark
3.

We turn to the asymptotic behavior of the solution. We assure dy = dy(x,a) > 0
independent of the initial value such that 0 < d < dy implies (17), assuming n < 2.

Since
du

dt

two cases arise, that is, w(t) > 1 for t € [0,7) and u(t) < 1 for ¢t € (¢;,7) with some
t1 € [0,7). In the first case, it holds that

= o(@ — [[ull3) = a@ -7 — |u—7l}) < a(@—a) (62)

lim u(t) =1 63
Jim (1) (63)

and then, we obtain (57) by the compactness of the orbit. This property implies (17)
similarly to the previous theorem.
In the second case of u(t) < 1, t € (t1,7), we use w = u — u to get

—Av = w, %(v,w) =0

0 )
and .
U —
W= a7~ ul})

by (62). Then it follows that

_ . du _ 2 — 2 2

we = U =dAu—xV - uVv+alu—u’) —a(u —u°) + af|w||;
= dAw—xV - (w+0)Vv+a[(w+7) — (w+7)*] — a(@—u°) + a|w|
dAw — xV - wVv +u(x — 20)w + a(w — w?) + alwl3. (64)

Multiplying by w4, we obtain

1d

X _
sl +diVesls = Sllwels + a0 = 20)llwe 3 + allfws 3 = [[wells) + allws 5llws |

IN

X _
Sllwslls + @0 = 20)[fwlls + 20w |3
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by
1

1 1
~(V-wVo,wg) = o (Vo, Vi) = S (-Av,ud) = o fwsl3 (65)

and [Jwy|; < 2u < 2. Therefore, it holds that

Ld

X _
S lwlB+ Vel < Sl + @0 20) +20) [l

EX|[Vwlf3 + (@(x - 2a) + 2a) [Jw]/3 (66)

N

recalling n < 2, where K > 0 is the constant arising in the Gagliardo-Nirenberg inequality
(24), that is, K = C4(p,q,Q)3 for p=3, g = 1.
If (d— Kx)u2 > (x — 2a)4 + 2a, therefore, we obtain
d 2 2
vl +ofwllz <0, t>4

with 6 > 0 by w = 0, recalling that pus > 0 denotes the first positive eigenvalue of —A
provided with the Neumann boundary condition. Hence it follows that

T
(-, )3 < Care™, / w2 dt < Cas.
0

By (62), therefore, any € > 0 admits 7" > 0 such that

Ji
d—?Za(ﬂ—ﬂZ)—g, t>T
which implies either
lim u(t) =0 67
Jim %(2) (67)

or (63). In the latter case we obtain (57) from the compactness of the orbit.
We shall show that (67) does not arise for x > «. In fact, in the reverse case of a > x
Theorem 3 implies (17) concluding to a contradiction. Specifically, at first (13) implies

uy = dAu — xVov - Vu+ xu(u — 1) + a(u — u?), ou =0,
oV |50

and therefore, it holds that u(-,t) > U(t) for U = U(t), satisfying

au

%sz(U—H)+0z(U—U2):U(a—xﬂ+(x—a)U) (68)
with Ul|,_, = minuy > 0. The right-hand side on (68), however, is estimated below by
aU/2 in t > 1 because of (63) and x > «. Then we obtain lim, . U(t) = 400, and
hence limy; o U(t) = 400 by w > U, a contradiction. O

Remark 5. The first part of the above proof shows that if n = 2, the global-in-time
classical solution exists without any restrictions on d, x, and «. For this part, we may
apply the method used for the proof of Theorem 1. In particular, inequality (21) holds for
any n, and therefore, any spatially homogeneous sub-solution of u = u(x,t) is bounded.
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We conclude this section with the following theorem concerning the system (1) with
(4), that is,

uy = Au—xV-uVo+alu—1u®), 7v—Av=u—u inQx (0,T)

0
5(1@1}) =0, ul,_qg=uo(r)>0, v[,_,=0. (69)
o0

Theorem 6. If n = 1, any solution to (69) is global-in-time and uniformly bounded.
Furthermore, there is dy = do(x, @) > 0 such that d > dy implies (17) with 6 > 0.

Proof. We modify the proof of Theroem 5, using

d _ _ _
T IVolls + Al < flu—allz,  (—Av,u—7) < [lu—7l; IVll3

derived from
T d

_A )
(—Av,u — 1) 5

1 1,
IVoll; + 1Av]5 < Sl1Av]5 + Sllu—al.

Then inequality (41) takes the form

dH _ TX
W < a3+ 2wl
for H = H(t) defined by (42).
We have
Td _ _ 1 1 _
37l +1Vels = (u—=2,0) < [lu=allallv]l < SIVoll; + 2—M%|lu —al3
1d _ T 1 _
Tllullz + 52 1Vells = (u =2 v) < Sz + 5 llu =l

which implies

T T
/ IVl d < 1152 / lu — a2 dt + 7lloo 2
0 0

T T
| el e <72 [ =l de s v (70)
0 0
If
T
| -l di < Can @
0
we can argue similarly, and it holds that 7' = 400 with ||u(-,t)||ec < Cyo. If
lim w(t) =1 2
Jim w(t) =1, (72)

furthermore, then (17) follows.
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To establish (71)-(72), we have only to take the case u(t) < 1, t € (t1,7T) for some
ty € (0,7, and to derive (71). Then we use (64) with w = u — u. Equality (65) then
becomes

(—Av,wl) = (w— 7o, wh) < w3 + 7lloell2 w3 (73)
Thus we obtain

Ld 2 2 _ X 3 2 2 72
s g lwllz +dlIVell; < Sllwlls + ((x = 2a)+ +2a) fJwllz + llvellz +

4

for (66). Then Gagliardo-Nirenberg inequality valid to n = 1,
lwllg < K|[Vwl3llwl{™ 2<q<4,
implies

1d X
5 vz + dIVells < SK[Volzlwlh + ((x = 2a)+ + 2a) [lwll;

2

.
ol + ElIVwls]wl

Since [|wl|; < 2||lu||; = 2u < 2, it holds that

1d

5 gl + (d = XK = T K)[[Vwll; < ((c = 20)4 + 20) [|w]l3 + [Ju]2

and hence
T T
{(d=7T°K — xK) pz — (x — 20) 4 — a} / lu — |3 dt < / lvel3 dt
0 0

for d > (72 + x)K, recalling (26). Then (71) follows from (70), provided that d is
sufficiently large as

(d— (TP +X)K) po > (x —2a)4 + 20+ 772

The proof is complete. O

4 A Remark

Here we show the following theorem.

Theorem 7. If f = f(s), s > 0, is concave, f(0) < —%n(n — 1), and f'(0) > 0, then
there is a solution which is not global-in-time to (1)-(2).

We use the following lemma.
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Lemma 1. Letn > 2, Q= B = B(0,1), and up = uo(r), r = |z|, orn =1, Q@ = (—1,1),
n =1, and ug(—z) = up(x), in (1)-(2). Assume, furthermore, that f = f(u) is concave.
Then it holds that

‘il—)f < ddn(n — 1)u+ xyuX — xu* + af(X) (74)

in (1)-(2), where
X = er u. (75)

fQ T

Proof. First, we have

—r" . (r,t) = /OT " u(s,t) —u(t))ds = /OT s" (s, t)ds — ﬁﬂ(t)

n

by (2), which implies

1 _ a1 1 r
U
/TQ("_l)uvrdT:—/ r2"_1udr—/ r"_lu(r,t)dr-/ s" (s, t)ds
0 n Jo 0 0

_ 1 1 1 2
= E/ r2 oy dr — = (/ " tu(r,t) dr) :
nJo 2 \Jo

Then it follows that
d
pm ru = / |z]" (V- (dVu — xuVv) + af(u)) = / =Vlz[" - (dVu — xuVv) + ar” f(u) dx
Q 0 Q

= / —dnr" 2z - Vu + xnr" tuv, + ar” f(u) dx = / —dnr"*(x - v)u
Q o0

— 1 1 1 2
—l—/ dnuV - "%z + ar™ f(u) dx + xnw,_ E/ "y dr — = </ r"lu dr) ,
Q nJo 2 \Jo

where w,,_; denotes the (n — 1)-dimensional volume of 9Q. By V - r" 2z = 2(n — 1)r" 2
and |Q] = “==  we obtain

n

d 1 dn? 1 /
—— [ "u=——— [ u+— [ dn(n—1)r"2u+ ar"f(u) dz
dt [ Jo 09 Joo 19 Jo
- =2
Xu Xu
+= [ "u— =—. 76
" o
Here we multiply both sides by 2, regarding / P = 07l Then (74) follows from the
Q n
concavity of f = f(u). O

Now we give the following proof.
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Proof of Theorem 7. By (74) we have

X X\, X 4
Y = 5{‘(“5) +I+_”<”_”}+f(X)

X
X {XTZ n %n(n _ 1)} +F(X) = g(X).

«

From the assumption, we have ¢g(0) < 0 < ¢’(0). Hence T' < +o0 arises if X(0) < 1. O

Remark 6. Since the symmetry and the decreasing property of ug = ug(z) is kept for
u = u(-, t), there may arise two cases if limy7 X (¢) = 0, that is, either limyp ||u(-,t)]|oc = 0
or limyr ||u(-, )|l = +00. In the latter case the blowup set is composed of the origin,
and a sufficient condition for this property is lim sup,, u(t) > 0.
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