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Abstract. In their book Chapman and Cowling have motivated a hierarchy of differential
equations which they derived from the Boltzmann equation. I consider now a general
version of this hierarchy and considering it up to a certain order N, which is called N-
moments system. The system for N = 1 is the general Navier-Stokes system. In this
paper I derive for arbitrary N a relativistic version for these partial differential equations.
This is interesting because a covariant version of a time direction is used, which also leads
to a representation of the matrix giving the hyperbolic geometry. This time direction
is needed to derive a reduction of the differential equations, that is, to show that the
N-moment system contains the (N — 1)-moments system as a part.
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1 Introduction

In the book [3] Chapman & Cowling have presented a theory based on Boltzmann’s
equation of monatomic gases. Some of the results one finds in section 2. The Chapman-
Enskog system is a hierarchy of conservation laws for the mass, the momentum, the second
moments, the third moments and so on. The hierarchy of functions is denoted by Fj,..iy .,
and the conservation laws are as one can see in [9, Chap. 2 (3.15)] or in this paper in
equation (10.8)

SO Fai— X ClFy=f, foraefo,... 3" (11)

>0 Be{0,...,33N+1

where 8 = iy ---iny1. We point out to section [8, Chap. 13| where also the entropy
principle is presented. It is important to mention, that in this paper, except section 2, the
higher moments Fj, ..;,_, are defined as independent variables and are denoted by T;,...; .,
so that, for example, the pressure p and the internal energy ¢ are independent from each
other and not as in (2.5), only a constitutive relation between them based on Gibb’s
relation is assumed which would be a conseqgence of the entropy principle. Therefore we
have the general form

Tho = ovy,, Ti = ov, +Ji,

Thio = 00,0 + €y T = ovpvy + Iy,

which includes Navier-Stokes equations. Also the higher equations with terms for N > 2
are in the same way a generalization of the Navier-Stokes equation. Besides this the
(N + 1)-tensor (Til...mﬂ)h i satifies (1.1). The possible symmetry of T; only
refers to the first N indices.

The higher moments 7, ...;,,, here M = N +1, satisfy an identity for different observers
which is crucial for the entire theory. This identity says that 7T} are contravariant M-
tensors (see definition (1.5))

1..A7;N+1

1080

ing i Ty (1.2)

T; T

1“'2'MOY = Z Y;1

11,0507 >0

as in (2.8) and (10.3). This means that one has an observer transformation between two
observers y = Y (y*), where, to have a common description, y € R* are the time and
space coordinates of one observer and y* € R* the coordinates of a second observer, and
finally Y denotes the observer transformation. Here y = (¢, z) € R* in the classical sense.
Now, the moments 7' are the quantities of one observer and the same moments 7™ the
quantities for the other observer. Similar is the notion for other quantities like the forces
f., which are denoted by f, for the other observer. It is important that the differential
equations of the system are the same for all observers, that is, the system (1.1) for T},
CP | £, is the same for T}, C*P, 7 see section 5 and section 10.

The difference between the classical formulation and the relativistic version lies in the
Group of transformations, which in the relativistic case is based on Lorentz matrices (see
section 12). It is also based on a matrix G which occurs in the conservation laws and is
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transformed by the rule GoY = DY G*(DY)", that is, G is a contravariant tensor. There
are special cases

0 0
G=G.= ¢ and G—Goo—{o Id:|a

where Id is the Identity in space and where G, is the limit of G, as ¢ — oo, hence G
is the matrix in the classical limit. Therefore the matrix G, in the relativistic case is
invertible whereas G, is not. This limit is justified although the speed of light in vacuum

¢ = 2.99792458 - 1082
S

is a finite number. The inverse matrix G™1, if it exists, has the transformation rule
G ! = (DY)"' G 'oYDY, that is, G™* is a covariant tensor. And G™! is the commonly
used matrix in relativistic physics.
It is an essential step that in section 3 we introduce a covariant vector e with the

identity

1

c
This vector is the “time direction” and plays an important role. With e = ¢f it is part
of a dual basis {ep, €], e, €5} of {eg,e1,e2,e3}, and the matrix G has the non-unique

representation 3.5(1)
1

n
G= ——2€0€0T + Z €i€iT . (14)
C i=1

Therefore e is strongly connected to the matrix G and because e* = DY T eoY it can
occur in basis physical laws. One fundamental example is the definition of a 4-velocity
v with esv = 1 in (5.10). This definition differs by a scalar multiplication from the
known definition (see 5.4). Our definition of a 4-velocity plays an important role in the
constitutive law 9.1 for fluids.

There is an essential application of the time vector e, it is the reduction principle.
It is obseved in 2.1 that in the classical limit the system of N*-order moments contain
the system for (N — 1)"-order moments. This classical reduction principle is generalized
in this paper to the relativistic case. In section 6 we treat the case N = 1, that is, the
4-momentum equation. Here the simplest case of a reduction occurs, choosing ( = ne
as test function we are able to show that the mass equation is part of the 4-momentum
equation, see 6.5. This prove in the general version is then presented to the equation of
N*"-moments in 10.1. We use as test function Cor-an = €a1Magay and obtain this way a
system of (N —1)®™-moments. Therefore the relativistic version of the N -order moments
is a generalization of the classical case.

One main tool in this paper is the principle of relativity. Its application to basic differ-
ential equations is presented in section 11. The quantities of these conservation laws have
to satisfy certain transformation rules (11.3). This is applied to scalar conservation laws
in (5.4), to the 4-momentum equation in (6.5) and to N*"-moment equations in (10.3) and
(10.4). We mention that for Maxwell’s equation in vacuum in [4, IT Elektrodynamischer
Teil] this method has been applied to Lorentz transformations.
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In section 7 we require that the mass-momentum equation of section 6 should also
describe the law of particles. Thus one has to consider the differential equation divl =r
for distributions, here a one-dimensional curve I" in spacetime R*. So I' := {£(s); s € R}
is the evolving point, by which we mean that s is chosen so that e(£(s))e0,&(s) > 0. Tt
is shown in a rigorous way that the differential equation is equivalent to known ordinary
differential equations.

Notation: The definition of a contravariant m-tensor 7' = (T, ..k, ), . j. 18

m

Tkl"'kmOY = Z Yk1 /]_Cl ce e Ykm "k ]ékl“.];;m ) (15)

k1,....km>0

and the definition of a covariant m-tensor T' = (Ty,..k, )y, . &

m

g = 22 Yok Vi, Dok, 0Y (1.6)
k1o o >0

In this connection a 4-matrix is a 2-tensor and a 4-vector a l-tensor. Besides this we
call a scalar quantity u “objective” if uoY = u* is true. We denote with an underscore
terms in spacetime which are usually meant in space only, so divg =) .. ,0,,¢; which in
coordinates y = (¢,z) means divg = 9yqo + D _;~,0:,¢;- Also v(y) € R? is the spacetime
version of the velocity. We mention that in section 2 the letter “c” denotes a variable
whereas in the rest of the paper “c” is the speed of light.

2 Chapman-Enskog method

The classical Boltzmann equation is a differential equation for the probability (¢, z,c) —
f(t,x,c). For a single species this equation reads

3 3
=1 i=1

with the additional equation ) 0.,g; = 0 for the external acceleration g. The quantity
f is the density of atoms at (¢, z) with velocity ¢, and the acceleration g is a function of
(t,z,c). Moreover, rp is the collision product, which is also a function of (¢,z,c). The
Boltzmann equation is explained in many papers including the collision product, see for
example [8, 5.2.1] and the literature cited there.

According to the probability f the higher moments are defined for kq,... ky €

{0,...,3} by

Py (t2) = | mey, ¢, f(t,7,¢)de, (2.2)
R3

where m is the particle mass and ¢ the extended velocity

1),

that is ¢ = (co,¢) = (co,1,...,¢3), o := 1. We remark that Fj, ., can be the same
function for different indices, for example Fio = F) and Fo, = Fy;.  If f is a solution of
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Boltzmann’s equation and decays fast enough for |¢| — oo then the higher moments satisfy
the following system of partial differential equations in (¢,z): For iy,...,ix € {0,...,3}
there holds

a Fll ZN + Z a-'EzEl ZNl - Rll ZN 9 (23)

R iy (t,x) = / me; -+ ¢, re(t,z,c)dc
(2.4)
+Z mgi(tvx7c)aci<gi1 : "QiN)f(t7xa C) de

i JR3
This has been proved in many books, see for example [8, 5.2.2] and [9, Chap.2 3.1 3.2
(3.15)]. The equations for N < 2 are the classical equations, where p is assumed to be

positive and for N = 2 one uses only the trace:

o= [ mfde=Fy, gvi= [ mfede=(F)_, .,
R3 R3 EARE]
= [ mflc=v)(c—0v)" de, f:= [ mfgde,
R3 R3
0, 5 13 m, o
e=ce+ === F;= [ —|c|*fde, (2.5)
2 2 & s 2
m 13
5':/ §|C—U|2fdcz§k: Uy, ,

q —/ mfle —v*(c—v)de, g= mge(c—v)fde,

R?)

and these quantities satisfy the following classical equations

atQ + le(Q’U) = 07
Iy (ov) + div(ovv® + 1) = £, (2.6)
Oie + div(ev + MM v+ q) = vef +g.

Here the special properties of the collision term are used, that is, rz does not give any
contribution to the mass, momentum, and energy. It is clear that the mass equation,
which means N = 0, is part of the mass-momentum equation, which are the moments
with N = 1. Similarly one can consider the moments for N < 3 with a trace for N = 3.
One obtains Grad’s 13-moment theory, see [5] and [9, Chap.2 (3.16) 3.4]. Then the
equations with NV =1 are contained in the larger system with N = 2.

2.1 Observation. The system of moments (2.3) for i1,...,iy € {0,...,3} contains the
system for (N — 1)-order moments.

We will not discuss this in detail but rather focus on the following fact which makes
this observation obvious. By denoting the time and space coordinates y = (Yo, Y1, Y2, ¥3) =
(t,x1, z2, x3) the differential equation (2.3) reads

3

I;()aykﬂl---mk = Riyiy (2.7)
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for iy,...,iy €40,...,3}. This is the entirety of differential equations for moments less
or equal N. For these moments the following transformation rule holds where the indices
run from 0 to 3 and where M = N + 1.

2.2 Transformation rule. For ky,... k) € {0,...,3}
Fyyokp oY = - Z YkllEl o 'Ykmf’EAI 51"'EJVI : (28)

Proof. For f we have the transformation rule f(¢,z,c) = f*(t*, 2%, ¢*) if

¢ ()
x| = X(t*,l‘*) ,
¢ X(t*,2) + Q(t")¢"

where T'(t*) = t* +a and X (t*,2%) = Q(t*)z* 4+ b(t*). Hence with

o (ED -] o= o)

we obtain the following rule for Fj, .

R3

:/ mey, - Gy (2%, ") de”
R3

3 3
X o x x 1 %
:/ m<7 Ykl’hgkl)”'(fz YkN’kNQEN>-f de
R3 k1=0 En=0

3
= Z Yk Yin 'y mcy, c frdc”
E1,kn=0
3 * * * *
— B Z (Ykllkl YkN,l:?N)(t 73: ) El ’;_ (t ,:U )7
E1, En=0
where
1 1 X
[ Lo o] e
and of course m = m*. O

This transformation rule can look quite complex if written in single terms. On the
other hand, the general description can easily be remembered and is motivated by the
following representation

Fleykenr = 00k, = gy, gy (2.9)

We remark that the transformation rule (2.8) works also for arbitrary transformations Y,
hence its a rule which we will postulate also in the relativistic case, see (10.3).
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Furthermore, the transformation rule (2.8) is important in connection with the general
rule (11.3). We define the physical properties of the quantities in (2.7) by saying that in
the weak formulation

/]R4 (Z 8ka11 AN 11 ink T Cll N 11 2N> dL* =0 (2'1())

the test functions (;,..., € C§(R?) for iy,...,ixy € {0,1,...,3} satisfy the following
transformation rule

CE‘*l---EN = Z Yll’n T YiN ,{Ngil"'iNOY
Z

in=0

foriy,...,iy € {0,1,...,3} This means that (* = Z' (oY where
Z(’L oot ] ) Y 150" Y A

11711 iN"iN

By 11.1 this is satisfied if

Fi1-~~i1\71€OY = _ Z _ Z(zl, Sin) (i, )Yk’k‘FZ ink (211)
115050 N k=0
and .
Ril---iNOY - - 27 (Z(il,...,iN)(gl,. ) )) ‘F;j EN]{
217~~-71N1k:(; (2'12)

+7 Zﬁ Z(’Ll, ,ZN)(Zl, R’Z ZN'

TN
Equation (2.11) is equivalent to (2.8) for M = N + 1 which was proved in 2.2. The proof

of (2.12) you will find in [2, Chap V]|. This presentation will serve us in section 10 as
guide.

3 Time and space

The points in spacetime are denoted by y = (vo,v1,¥2,y3) € R* and in spacetime a
symmetric 4 x 4-matrix y — G(y) is given. This matrix describes the hyperbolic geometry,
that is,

G has a negative eigenvalue: )\ < 0, (3.1)
the remaining eigenvalues of G are positive: A; > 0 for ¢ > 1. .

If follows from the theory of symmetric matrices:

3.1 Theorem. Let Ay, k > 0, be the eigenvalues of G as in (3.1), then there exists a
orthonormal basis {eg, ..., e, } with

G=3 e () = 3 Mef @eir .

k>0 k>0

The eigenfunctions ei depend on y.
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Proof. 1t is Geé = )\keﬁ and e,ﬁ-ef = 0. O

We assume that to every point y € R?* there exists a (dual) direction e(y) # 0, which
we call “direction of time”, such that*

1
esGe=——. (3.2)

c
The “speed of light” ¢ > 0 occurs here in (3.2) for the first time, and is the same for all
observers. This follows from the fact that (3.2) is objective as shown in 4.1. The “space”

which is orthogonal to e we denote by

W(y) = {e(y)} = {z € R*; e(y)+= = 0}. (3-3)
This space W (y) C R* is 3-dimensional, orthogonal to {e(y)}, and e(y) is a point in R*.

It turns out that e has to depend on y (this is related to the theorem on second
derivatives of observer transformations), hence e in general is not constant. Now (e, W)
describe the coordinates of the world for a single observer. In the next section we see
what this description says for another observer. In the special case G = G, we have
the situation of Lorentz observers, and this case serves as an example. It is here and
hereinafter always n = 3.

3.2 Standard example. It is G = G., where

Ge = —epe, + Yee = [_é ’ ] : (34)
¢ i>1 0 Id
We then have as an example
e:=¢, and W :=span{e,,...,e,}.
Here {e,,...,e,} is the standard orthonormal basis of R x R". The classical limit one

obtains for ¢ — oo if the quantities have a certain limit.
About e the following statement is true.

3.3 Lemma. Let ¢, := e and let {e,...,e,} be a basis of W := {e(y)}", then there

exists for (vq,...,1,) one and only one ey and €} for i = 1,...,n with €, + v;e{, € W, so
that {ep,...,e,} and {¢f,..., e, } are dual basis, i.e.

epee; =0, for k,1=0,....n.
Hint: The free parameters (14, ..., v,) correspond to a “velocity” of an observer transfor-

mation, see 3.9.

Proof. Using (3.3) it follows that {ef,e1,...,e,} is a basis of spacetime. Let with certain
coefficients

n
e /
e 1= pey + ) Vje;
j=1

*We denote by “®” the inner product in spacetime.
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be a vector. The property ejeey = 1 of a dual matrix gives

1
1 =epeeo = plep|> hence pu= —=.
|eo|?
Next let with certain coefficients
e, =bieg+ Y. agep fori=1,.... n.
k=1
Then we obtain from the property of a dual basis for 7,5 =1,...,n
51"]' = 6;'€j = : aikekoej = (AE)Z]
=1

where A := (air); 4=y ., and E = (exee;),

n ,Jj=1,...,n "

hence Id = AE, thatis A=FE'. Andfori=1,...,n
0=cleey = <bie{] + > aikek> . (ueg + > yjej)
k=1 j=1

n n
/)2
= biplegl” + > awviepee; =bi+ > 8 v = b + v,
7,k=1 j=1

hence b; = —v;. O

Two every basis there exists one and only one dual basis, this is a simple consequence
of Functional Analysis. Now let {e,...,e,} and {ef,..., e} be any dual basis. If one
defines e := e, and W := span{ey,...,e,} then it follows (3.3), however, the property
(3.2) is still to be satisfied. For given e with (3.2) one can define a dual basis also as
follows.

3.4 Theorem. Let e with (3.2) and let W := {e}". We assume that
(z,w) EW xW +—— 2¢G'weR

is a scalar product, i.e. we Gt w > 0 for w € W\ {0}.

(1) Choose €f, := e and define ey := —c*Gej,.

(2) Choose a basis {ej,...,e,} of W which is G™'-orthogonal, i.e.

6j'G71€i:5i,j fir i,jzl,...,n.

(3) Define €} :=G 'e; fori=1,...,n.

Then {eo,...,e,} and {eg, ..., e} are dual basis and
1 T, T
G= —geoeo + Zl €€ . (35)
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H{z; 2eG 12 =0}
W = {e}"
c
1 {#/; G2/ =0}
c 4
1o e r_— 1
—— N{7'; 2/+Gz =}
C

Proof of the duality. Tt is ejseq = —c2e)eGely = 1. Since e; € W = {e}}" it is e}jee; =0
fori=1,...,n. And e}ee; = ej-G’l e; =0, for 4,7 = 1,...,n by construction. Since
G~ is symmetric it follows

cleeg = epoe, = ege (Gl e;) = (G leg)ee; = —cPefee; =0

fori=1,...,n. n

Proof of the representation of G. Define

~ 1 n
G:= ——2€0€0T + Z eieiT .
c i=1
The dual basis implies Ge}j = —%eg = Gej) and Ge, = e; = Geé, for i = 1,...,n. Hence
G=G. O
If e as in 3.4(1) and {ey,...,e,} as in 3.4(2) are chosen then we can represent e as
in the proof of 3.3
n 1
o = peg + D viej, U=
=1 |

If we define ¢, := G 'e; fori=1,...,n as in 3.4(3) then

/ —1 / —1 —1
0=c¢joeq =eoe G ¢ ey G 6j+ZVZ'€i.G ej
K

€0
1 €/°G_1€' €y e’
= ——ecpeG le;+v;  hence v =—-" = J
leol?
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Consequently, the freedom in the choice of (4, ..., v,) is given by the choice of the basis
{e1,...,e,} in 3.4(1). In 3.4 the following properties of the matrix G are addressed, where
3.5(3) is an essential property, whereas 3.5(1) is important for practical use.

3.5 Properties. For a symmetric matrix G consider the following properties:

(1) It is {eo,...,e,} a basis and

1 n
G = ——260€0T + Z eieiT .
c i=1
(2) It is {eop,...,e,} a basis and {ey,...,e,} the corresponding dual basis and
/ 1 / . .
Geoz—geo, Ge; =e; fire > 1.

(3) Tt is W C R* a subspace of codimension 1 and

(z,w) = z¢ G w on W a scalar produkt.

The connection between these properties is the content of the following lemmata. The
property 3.5(1) implies immediately, if {e, ..., e} is the dual basis,

Gl = 2.1 T N T
= —c’ey e —i—;eiei . (3.6)

Let e = ¢. The property 3.5(2) implies immediately (3.2), since Gej, = —C%eo implies

1
/ / /
eneGey = ——epeeg = —— .
0 0 c2 0 c2

3.6 Lemma. 3.5(1) and 3.5(2) are equivalent.
Remark: That 3.5(2) implies 3.5(1) has been proved in 3.4.

Proof 3.5(1)=3.5(2). With A\g = —% and A; = 1 for i > 1 it follows from 3.5(1), if we
define €, := A\, G ™' ey, that

)\lel = Gé’; = ( Z )\kekekT)eg = Z )\k(ekoe;)ek .

£>0 k>0
Hence it holds for all k,1 > 0
)\kekOGE = )\lék,l = )\kék’l .

Since all Ay # 0 we conclude egee; = 0. This says that {e}; [ > 0} is the dual basis. [

3.7 Lemma. Let 3.5(1) be true where {ef, ..., e} is the dual basis of {e,...,e,}. If
e = ¢} and W = {e}}" then the property 3.5(3) is true.
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Proof. For 2/ and z we have the representation
2 =3 ze, z.=72ee,
k>0
/
Z= > zger, Zp = z%€)
k>0

and we have e = ¢}, and W = {e/,}" = span {e1, ..., e,}. From 3.5(1) it follows

1
Gz’ = ——ze0 + X zieq,
C i>1
1
SeG = — et DI

i>1

If 2/ =G ! 2, that means G2’ = z, then

1
/ !/
—— 2060 + Y Ziei =2 = Y ey,
C i>1 k>0

and therefore |

c2

/

20 = 2o, 2=z fori>1.

Now let z € W, that is zy = zee(, = 0, and then also 2z, = 0. This implies

2o Gl 2= (G)ed =2 eG' = |2 > 0.

i>1

And this is strict positive if z # 0 which is equivalent to 2z’ # 0.

]

The following lemma shows that for all occurring matrices G the property 3.5(3) is

satisfied, and therefore also the construction in 3.4.

3.8 Lemma. Let G be a matrix as in (3.1) and e with (3.2) and W = {e}". Then the

property 3.5(3) is true.

Proof. Let \y < 0 and A\; > 0 for ¢ > 1. For vectors 2z’ one has the identity

r_ r L /A B &
Gz’ = > ezpey s 2, =2 ee;
k>0

and therefore
oG =3 M2?

k>0

And it follows that for vectors z one has the identity

-1 1, L — eel
G 2= > A\ zey, zpi=zee;
k>0

hence 9
zeCGlz=Y 2]
=0 Ak

(3.7)
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Since esGe = —=; by (3.2) and hence

é'Gé:—’)\(]’:)\o, e = c\/|)\0|e.
The first identity (3.7) gives (with 2’ = e)
—|)\0| :é°Gé:—|)\0|' |éo|2+2/\i|éz‘|2, ék = é'@i,
i>1
that is

é2—1—|—— \ile:]? . ,

Therefore &y # 0 and for z € W\ {0} = {&}" \ {0}, that is,
0=zee=z0€)+ »_ 2€ hence —zp=>, zlf ,
i>1 i>1 €0

we get
&

T

Ai i>1 |"30‘2

o < (Slahey) <2

i>1

where from (3.9)

5 lel

1>1 | |
Then from the second identity (3.8)
|2 |2 1 .
z-G_lz:—’z——l— el > = ' (1 >\_> >0
W TE 2 E AU TR E e

which had to be shown. O

That for given e the dual basis has free parameters (v, ...,1,) we have seen in the
proof of 3.3. Therefore the representation 3.5(1) for G is not unique. We see this if we
have a look at the standard matrix G. in (3.4):

3.9 Theorem. Let G = G, and let {eq,...,e,} a (on y depending) basis. Then

1 n
T T
GC = __C2 ep€y + § €;€;
=1

if and only if modulo the sign of each basis vector there exists a Lorentz matrix L.(V, Q)
(here V' and @ depend on y) with

€y = _7V 5 60__C_2GC €0 = _C_T;V , and fOl“ZZl,
_ 7‘/
C—2 eri l —’y‘/;.Qei
€, = QV. , s e;. = Gcf e; = v V'Qei
Qert Tt oV Geit )
L A(y+1) ~

And of course e e¢; = 0y for k,1 > 0.
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Proof. Let us write the vectors ey, in components ey = (Mg, . .., M), so that the matrix
M = (M;;),; satisfies with the canonical basis vectors e; the equation M, = e ee;. Then
er = Me;, and with A\ := —CLQ and \; :=1for¢>1

Ge =3 Merer’ = 3 MMe, (Mey)"

k>0 k>0
- M( > )\kgkng> M = MG, M"
k>0

This says that the Matrix M keeps G, unchanged, and therefore (see 12.1 under the
assumption Mgy > 0 and det M > 0) implies that M is a Lorentz-Matrix. The rows of
this matrix are e, = Me, for & > 0. O

As generalization we give in 4.4 representations of G for different e-vectors.

3.10 Remark (Classical physics). In the classical limit ¢ — oo the basis {eg,...,e,}
and {ej,...,e,} in 3.9 converge to

1 , 1 .
60:{\/}’ eozlo], and for ¢ > 1:
_ 0 o _V°Qei
‘= [Qez}’ “= [ Qe; ] ’

Goo = ZGiGiT .

i>1

and the matrix is

4 Change of observer

Since the vector e will occur in the differential equations we have to guarantee the rule
by which this quantity will change between observers. If e is this vector for one observer
and e* is this vector for another observer, the transformation rule is

e* = (DY) eoY, (4.1)
where Y is the observer transformation. This means that e is a covariant vector.

4.1 Consistence. The transformations rule (4.1) is consistent with the assumption (3.2)
and implies

WoY =DYW™.
Proof. 1t is
(esGe)oY = (eoY)e(DYG*DY ' ecY)
= (DY eoY)eG* DY eoY =e*eG¥e",
hence the condition eeGe = —C% is objective. And for w* with w := DY w* it holds

(esw)oY = (eoY)eDYw* = (DY eoY)ew* = e*ew*,

hence the condition esw = 0, which defines W, is objective. O]
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The transformation rule for e can be generalized to the basis elements, where again
n =3J.

4.2 Consistence with basis (Definition). Let {eq,...,e,} be a basis with dual basis
{e},...,€e,}. Then the transformation rules for k > 0 are
exoY = DYey,

4.2
e = (DY) e} oY . (4.2)

Setting e = ¢, this is in accordance with (4.1). The definition shows: The basis elements
ex, are contravariant vectors and the dual elements e covariant vectors.
Assertion: The transformation rules are compatible with the definition of a dual basis.

Proof of the assertion. If the transformation rules are true for {e,...,e,} and if the dual
basis {ey, ..., e} } for one observer is given, then it holds

Oy = (e0€))0Y = (e, 0Y)e(DYe)) = (DYT oY )eel.

Hence e} := DY "¢} oY is the dual basis of {ef,...,e:}. The other way around, if the
transformation rules are true for {ey,..., e/} and if the dual basis {eq,...,e,} for one
observer is given, then it holds

it = (choer)o = (DY) T ef)ecioY = e o(DY) " oY),

Hence e} := DY ' ¢0Y is the dual basis of {eff,..., e} O

rn

It follows from the transformation rules (4.2) that e} #e; are objective scalars.

4.3 Lemma. Let for the other observer
GQ* .= 1 >)< *T * *T
= + Z e;

and let y* — y = Y (y*) be the observer transformation. Then it holds for the local

observer
1

G = ——26060T -+ Z eieiT ,
¢ i=1
if the basis is transformed according to (4.2).

Proof. Let \g = —Ciz and A\; = 1 for ¢ > 1. Then

GoY =DYG*(DY)' = ¥ A, DY¢je;" (DY)

k>0

— Y A (DYel) (DY e = ( S Aeer ekT>oY,

k>0 k>0

since eoY = DYe; by (4.2). O
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We remark that all observer transformations are allowed which convert the hyper-
bolic geometry again in a geometry of the same type. Since they are connected with
the standard situation it follows from the group property that the general matrix G can
be expressed by G, and general transformations. Therefore we have the following theo-
rem, where we assume that an observer has the matrix G and there exists an observer
transformation Y to the standard observer.

4.4 Theorem. Let {e,...,e,} be an on y depending basis and {ej, ..., e} the corre-
sponding dual basis with ejeGej = —C%. Then there exists modulo the sign of the basis
elements a Lorentz matrix L.(V, @), which depends on y, with

eroY = DYL(V,Q)e,, (DYL.(V,Q)) efoY = ¢;.
Here e, are as in 3.2.

Proof. There exists an observer transformation y = Y (y*) such that y* are the coordinates
of the standard observer. Let e} and e} be the corresponding basis vectors, that is,

eroY =DYel, e = (DY) e, oY .

Then {ef,...,e:} and {ef, ..., e} are dual basis of the standard observer which satisfy

eq e Geey = —C%, hence by 3.9 modulo the sign of the elements there exists a Lorentz
matrix L.(V, Q) with

et =L(V,Q)ey, Le(V,Q) ey =e,.

This implies the assertion. O

5 Scalar conservation laws

We introduce here the simplest example of conservations laws, which is a single equation
divg=r (5.1)

in a domain U« C R*, where ¢ = (Qk)g—o_ 3 1s a 4-vector and r an objective scalar. The
weak version of this law reads

/M (Vneq +nr)dLt =0 (5.2)

for test functions n € Cg°(U;R). The equation (5.1) is called objective scalar equation
if its weak form (5.2) for observer transformations y = Y (y*) obeys the transformation
rule

n" =mnoY (5.3)

for scalar valued test functions n € C3°(U;R). That means that for n* as in (5.3) and
with U = Y (U*)

/ (Vneq+nr)dL* = / (Vn*eq" + n'r*) dL*.
Z/[ *
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This has been proved by a general theorem (see 11.1) and it is true if the quantities ¢ and
r satisfy the transformation rules

qoY =DYq", roY =r*, (5.4)

which written in components are
n
QoY = Ying', roY =r".
1=0

Quantities with this property, that is, ¢ is an contravariant vector and r an objective
scalar, are well-known. Let us now present some special classes of scalar equations.

Distributional form
A more general version is the distributional version

divg=rin 7'(U;R), (5.5)

where ¢ € Z'(U;R") und r € Z'(U;R) are distributions. This definition means for test
functions n € 2(U;R") = C°(U; R)

<ZU7Q>OJ(Z/[)+<T]7I.>@(L{):O7 (5.6)

and for this the transformation rule (5.3) applies. We add this distributional version
because we will use it for mass points in section 7. Similarly the distributional setting for
other differential equations is defined.

Mass equation
The standard example of a scalar equation is the mass equation. In this case the flux ¢
has the form

q=ov+J. (5.7)

We declare the mass equation as an objective scalar equation
div(ov +J) =r, (5.8)

where the type of o and v are defined in 5.1 and 5.2 below so that pv is a contravariant
vector. Also J is assumed to be a contravariant vector and r an objective scalar. Thus
the condition (5.4) is satisfied.

5.1 Mass density (Definition). A quantity ¢ > 0 is called mass density, if it is an
objective scalar, that is, if for different observers poY = p*. A mass density is a density
over space and time (this is essential).

This means that if ¢ is continuous in space and time then

1
= lim — drt, 5
o(y) Uy)—{yy LY(U(y)) /U<y> ° o
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where U(y) is a neighbourhood of the spacetime point y. And for another observer with
an observer transformation y = Y (y*) the mass in U (y) is

/ @dL4:/ ordLt i U(y) =Y (U*(y")) ,
U(y) U*(y*)

where L4(U(y)) = L*(U*(y*)) because we assume that det DY = 1. (If g is only integrable
(5.9) holds only almost everywhere in space and time.)

5.2 Velocity (Definition). A quantity v is called a 4-velocity, if it is an objective 4-
vector, that is, if for different observers voY = DY v*, the rule for a contravariant vector,
and if with the (dual) time vector e in section 3 (see (3.3))

eev=1. (5.10)

This definition is objective, because e is a covariant vector.
Proof of objectivity. It is
(esv)oY =eoY s(DYv*) = (DY eoY)erv* =e*ev”,
since e is a covariant and v a contravariant vector. ]

Here a remark on J and p.

5.3 Lemma. Let ¢ = pv + J. An often used condition is eeJ = 0. This condition is
objective and implies that o = eeq. That is, if the condition on J is satisfied the mass
density o is the e-component of the 4-flux in the mass equation.

Proof. Since (esJ)oY = (eoY)eDYJ* = (DY eoY)eJ* = e*+J*, the condition on esJ is
objective. And eeq = pesv +eJ = p. n

The word “4-velocity” in connection to literature is described in 5.4, where we use the

definition
lwll:= /3o lejewf? forwe R*. (5.11)

5.4 Remark on velocity. In literature a “4-velocity” is a contravariant vector u satis-

fying
ue Gty = —c2. (5.12)

Reference: Usually one has a different coordinate system, but it says that ( %y) .G (%g) =1
with G := —G™' (see for example [7, 1§7]).

(1) Equation (5.12) is objective, that is, is the same for all observers.

(2) If u satisfies (5.12) then eeu # 0 and (if esu > 0)

U

V=
eeu

defines a 4-velocity as in 5.2. It is ||v]| < c.
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(3) Let v be a 4-velocity as in 5.2 with ||v|| < ¢ then

U=, Yy im T e——

satisfies equation (5.12).
(4) The classical formulas follow for G = G, and e = g,

Proof (4). In the special case G = G, and e = ¢, (and hence €}, = ¢, = ¢, for £ > 0 in
the standard case) it follows that v = (1,v) and |Jv|| = |v|. O

Proof (1). That u is contravariant means uoY = DYu*, hence
(ue G 'u)oY = (DYu*)sG ' DYu'
="+ (DYTGT'DY)u" = u'e (GY) T,

since G ! is a covariant tensor. O

Proof (2). It is e = ¢, and

Gl=—ceel + S elel
i>1
Hence
—c? =ue Gl u = —clegeul® + Y |efoul?
i1
or ,
1 U
ol = 1+ & 5 o = 1+ 12

i>1

hence |efeu| > 1 > 0. If efeu > 0 this means

From this it follows immediately that ejev = 1 and

2 [u)f? 2
=T E ¢

lofl* =32 =

U,
i>11Ug
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Proof (3). Let uw = pw. It should be

—c® =ue G u=pP(—yl* + X [v]?)

i>1

where v, := €} *v. Since v, = 1 this means ||v|| < ¢ and

-1
2 _ [Jv[[?

This proves the assertion. O

Diffusion
A mass equation (5.8) with a nonzero 4-flux J is called diffusion. Usually J depends on
the gradient of an objective scalar u, for example, i is the mass density or the chemical
potential.

5.5 Theorem. Let 11 be an objective scalar. Then the following is true.

(1) J:= -GV is a contravariant vector.

(2) J = -GV is a contravariant vector.

(3) J satisfies the objective property esJ = 0.

(4) J satisfies the objective property esJ = —(Ge)s Vi = 50, -

The diffusion equation becomes in the case 5.5(1)
div(ov — GVpu) =r. (5.13)

Before we prove this let us remark the following. In general we have the identities (see

(3.5)) ,
G:——2€060T+Z€i6iT, 6:66.
C i=1
By default G and e belong to those quantities appearing in the description of physical
processes. Now consider the splitting

. . 1
G = th + GSp, th = —C—2€0 €0T = (Ge{)) €0T >

that is, we get the identity
GP=G-G"=G(Id— epe)

and this contains also eyg. On the other hand eeJ = —(Ge)+ Vi only contains Ge = —C%,eo7
which in the classical limit ¢ — 0o goes to zero. But concerning J we also have G — G
in the classical limit. So one has to clarify what in nature the diffusion does.



Proof (1). Since u is an objective scalar, that is poY = p*, we compute

O = 0y(poY') = 3 (9ip)oY Yis

2

for i =0,...,4, hence
* T
V,u"=DY"V, pu,

that is Vu is a covariant vector. Then we obtain

—JoY = (GoY)(YuoY) = DYG*DY"* VoY
=DYG'Vy' = -DYJ",

that is, J is an objective 4-vector or a contravariant vector.
Proof (3). We compute
J —(ehed)eo = =GV + (€*GVp) eg = —GVu + ((Gep)* Vi) e
1 1
= -GV - g(eo‘ZM) €o = —<G + C—260€0T )ZM =-GPVp=1J,
hence esJ = e(o(J — (eyed) eg) = 0.

We shall later in 9.2 have a reason for the following example.

5.6 Example. Let G be symmetric. Define the 4-flux J by

Ji=> wiGy; fori >0,
k

where w is a covariant vector and G a contravariant tensor.

(1) Then J is a contravariant vector.

(2) If ee(Gw) = 0 then esJ = 0.

(3) If G = G® then esJ = 0.

Proof (1). Since G is a contravariant tensor, that is GoY = DY G* DY, we conclude

k

kki
=2 Y Y VigwioY Gy = Y Vi > wiGry = Y. Y7,
da w; =, Y, gwioY.
Proof (2). esJ = e+ (G" w) = e*(Gw) = 0.

Proof (3). esJ =J"e = (G" w)Te =w' Ge = w! G*Pe = 0.

153
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6 Momentum equation

We introduce here the form of a relativistic momentum equation, that is in a domain
U C R* we look at the differential equation

divT=r (6.1)

for a 4-tensor T' = (T};); ;. 5 and a 4-field r = (r;),_, 5 which contain the 4-forces.

Written in coordinates this is
3
> 0, Tiyj=r, fori=0,...,3. (6.2)
=0
It is essential to introduce the weak formulation of this law and it reads for test functions
¢ € C°(U; RY)
3 3
[ (% 0,6-Ty+ 3 Gr)dit =0, (63)
u i=0

i,j=0
The system (6.1) is called 4-momentum equation if under observer transformations Y’
the test functions in (6.3) transform via

¢*=(DY)" (oY . (6.4)

Here we as always assume that det DY = 1. This means with U = Y (")

3 3 3 3
[ (2 0,6 Ty X r)at = [ (3 0,65+ 3 G it
1= * 1=0

i,j=0 i,j=0

Here the test function ¢ is a covariant vector by (6.4). This definition is satisfied (see
11.1) if the quantities T and r satisfy the transformation rules

3
TyoY = 3 YiaV;iT;

= itijo
5 , (6.5)
oY = 3 YT + X Yiar]
for i,7 =0,...,3. We mention that concerning the transformation rule (6.5) it is useful

to make the following definition. Since roY depends linearly on 7™ we can write r as in
(6.7) below. After doing so the 4-momentum equation (6.2) reads

3 3
38, Ty — > CPT,,=f;, fori=0,...3, (6.6)

Jj=0 p,g=0

where now f is the real 4-force besides the fictitious forces containing forces which we
call Coriolis forces (containing acceleration). The Coriolis coefficients C* are defined
in 6.1 and this definition takes care of the terms with second derivatives Yy; in the
transformation rule (6.5).
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6.1 Coriolis Coeflicients. With C; := (C}7), ., let us write
r,=1+ > C"T, fori>0, (6.7)
P,g=>0 ’

where CP* = C. Then the rule (6.5) for r is equivalent to foY = DYf", that is, f is a
contravariant vector, and

> VpipYqrgCltoY = Y YO + Yiogg (6.8)

p,q>0 >0
for all ¢ and (p, ). The matrix version of this transformation rule (6.8) is

T o Wat: 2

>0
Proof. Using the above transformation rule for f the second equation of (6.5) becomes

S CoY TpoY = 3 Yinpg g + X Y 2 ST
b,q p,q [ p,q

Inserting on the left side for T'oY the first equation of (6.5) gives
D4 pyq Psq i P,q
Now compare the coefficients of 77 O

6.2 Remark (Classical physics). In the classical limit ¢ — oo the derivatives Y s
are zero, only the second derivatives

Yiru

for j,k > 1 can be nonzero.
Yk’tmj = Yk’xjt

Or, if we write Y}, = X}, for k& > 1, where X (t*,2%) = Q(t*)2* + b(t*), the nonzero terms
are those depending on X and (). Therefore the Coriolis coefficient C' is of the form
T

Co=0, Ck:{gi dla ] for k>1

with |
Q" di = XiQuid; + (Qus)
ag + 2X'dk = ZEQ’CECLE + Xk .

This gives for the Coriolis terms the well known fictitious forces

(6.10)

> CYTog = arToo + Y dip(Tho + Tow) = aro + > dip(200p + Ji) -

p,g=>0 p=>0 p=>0

In the classical limit this has been computed with different notation in [1, 9 Force].
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Proof. It Y is a Newton transformation, then the inhomogeneous term in the transforma-
tion rule for r is for k > 1

X YT = XaTgy + 3 Qui(Tg; + Ty

,j>0 Jj>1

Here the first term is the k'™-component of the acceleration and the second term the
kth-component of the Coriolis force. The transformation rule for C' is Cy = 0 and for

k>1

1 XT ak dkT 1 0

0 Q"||d 0 ]|X Q
. . T
Xk <ij>j
ij) 0

J

*T
dy

-zau[i G+ (

Y

which is equivalent to (6.10). These are the transformation rules for (a;), and (di),. O

The transformation rule (6.9) applies to C' = (C}?), . and to the negative Christoffel
symbols I' = (F’;q)kpq, see 6.3. Thus By! := C}? + Ik, satisfy the rule

DY" ByoY DY = 3 Y4B
k>0

Therefore if the By, vanish for one observer, it is always true that C}? = =T .

6.3 Christoffel symbols. They are

ko._
FZ‘] o

N[ —

;gkl (gjm + Girrj — gij’l)

for 7,7,k > 0 and —I" satisfies the transformation rule (6.8) (formulated for the Coriolis
coefficients). Here we use

¢ =—-Gy and gy =-G . (6.11)

Proof. This is well known, see [7, §86]. We have the following transformation rules

gF oY = 3 Vi Y g™ for y = Y(y*),

nm

93 = SV gh0¥ Tory” =Y ().
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Now inserting this, we obtain

El: (gjl’i + girj — gij’l)

l\')\)—l

(g Y mYim)oY™ ((g;qOY*YP*/J’Yq*’l) %

mpq
+(9540Y YY) i (954 °Y Y, Y05) /l)

N

Inm

Y*) /z‘Yp*’j Yq*’l

*
gpq °©

(
pq°Y") sz}a*’qu*'j)

N =

( *ank’n}/I /m)OY* (
Inm

* *
) Y Yi -

mpq
+(9pg0Y
Jo¥™ (Q;qoy* (Y55 Y5n)

1 *nm
+ Z ( Yk/n}/l/m

2 Inmpq

05 0Y  (ViYgn) 1) = G0V (Vi) ) -
The first sum is

Z (g*ank'nY'm)OY*((QZQOY*) Y* *
+(9p40Y7) VoY = (954°Y) ’lYIJ*'qu*'j>

| =

S YirmoY

1 *nm * * *
=3 ,Z (07" Vi)Y (GRS R
I — |
= 0gm
+(g;qu*)/jYp i ;Yq*/le'mOY* _ l (gpq ) Yo Y* Y* )
I —|
:5qm

1 *nm * * * * * * *
9 % ( Yk’n)oy ((gpmoy )’iYP'j + (gpm Y )’jyp'i
=S50V Y YimoY” YY)
—_ 1
= 6rm

1 * * *
=3 267" Vim)o¥ < %g;mwy:;’iyp*’j + %gpm/qu*’jyp*’i

1. ]
_ * * *
- qum/p}/])’i)/q’j
rq
* * * *
- ngq’moy Yp’i%’j)
Pq

5 Y s )V

l\')\»—l

The second sum is
Z (g*ank mYp ’m)oY* (g;qu* (};*’qu*/l) "q
mpq

= G50V (VY y5) ’l)

N | =

0¥ (V)
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l 2 (g*nmg;qyk'"yl'm)oy* (Yp*’ijyzz*'l + Yp*’qu*'iz
nmpq

DN | =

Yy Yy + Y Yo — Yy Yooy — Y}a*'qu*’jl)
= Z (g*nmg;qyk’nyl’m)oy* Yp*/ij}/q*’l

Inmpq

B nﬂ%q(g*nmg;qyk m) oY Y i Xl: Y, YirmoY™

= 2 (97" g Y)Y Yy = 3 Ve oY Y0y
nmp n

Together we have shown that
1
F?j =35 > g" (gjl’i + gty — gij’l)
l

1 .
T2 > (" Yern) oY (G p + Gpmrg = Gpgrm) OY " YV

nmpq
+2Yk/noy* Y;/ij
* 1 *nMm (% * * * \ K * *
- Zn: Yemo¥ (5 n%;q (g (Ggmp + Ipmrq = gpq’m)) oYY Yo+ YW“)
= ;Yk InOY* ( %F;ZOY* Yp*'i}/q*'j + YTT’Z]) 5

that is

rq

The equation (6.12) is equivalent to

k
%Y:/krw = %F;ZO}/* Yp*’qu*’j + YTT”L]

and this is equivalent to

S (YipYjrg)oY Iy = 3 Vi oY * TitoY ™ + 3 (Yirn YirpYjrg)oY * Yy

n'iy "
i nij

Since
~Yirpg = Z(Yk’nyi’pyj’q) Yij0Y
nij
it is equivalent to
ZYi’ij’q I‘i?joY =2 Yo I8 — Yerpg
ij n
which is (6.8) for —T'. O

Therefore it is of interest to take the Christoffel symbols for a relativistic sequence and
show that in the classical limit they converge to the formulas for the Coriolis coefficients
in 6.2. The following lemma holds.

6.4 Identity for I'. The Christoffel symbols satisfy (we use the definition (6.11))

gier = 2 (gl + gimLly) -

m

This is well known, see [7, §86].
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Contains mass equation

It is an essential step to prove that the 4-momentum system (6.2) contains as part the
mass equation. To explain this let us assume for the moment that the 4-tensor 7" has the
form

Tij = ovu; + 1L for 4,5 >0, (6.13)

where v is a 4-velocity as in 5.2 and p is an objective scalar, the mass density. If we
multiply this with the component e; of the vector e and sum over i we get using that
ev =1

g = &1 = ov; + Zieiﬂij for j > 0, (6.14)

where ¢ has the form (5.7), that is, ¢ is identical with a mass flux. We convert this to
an argument with test functions by looking at the weak version (6.3). By (6.4) the test
function ¢ must be a covariant vector. With an objective scalar test function n we can
set ( = me. Since e is a covariant vector this is a possible test function. Thus we obtain
a weak equation written in 7 which is the “e-component” of the relativistic momentum
equation (6.2) and is identical to the mass conservation (5.2). Doing so for arbitrary T
we get the

6.5 Mass conservation (Reduction). A part of the 4-momentum equation (6.1) reads
divg=r (6.15)
with
g = ely, r:=7) er;,+ el;.
i i Y]
If T is as in (6.13) then
¢ =ov; +J;, J;:=2elly,
r = Zei (fi - Q(Q'Z)Qi) + Zei’jﬂi]’
i i

=eef + > (esCP +€,1)) T}y -

pq

Remark: We mention that the condition ), ;j€ie;1l; ; =0 implies eeJ = 0.

Proof. We take
(:=ne (6.16)

as test function. If 7 is an objective scalar then

C* :n*e* IT]*DYTGOYIDYTCOY,
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hence ( is an allowed test function and it follows from (6.3)
0= /u (X8,GTy + > Giry) ALY
0 i
= /u ( %: Oy, (nei)Tij +n ZZ: e;r;) dL*
— /u (;8%.77 Zi:eiTij +n( 2(9y,e)T; +zi:eiﬁi )) dL*.

Z)j
| I | 1 1

If T is as in (6.13) then

45 = Zei(QQiﬁj + Eij) = Q(G’Q)Qj + ZeiHij
with eev = 1, and one term of r = 3 e;r; + >, €1, T} is

D€y = o (€iV;) 0V, — D €0V = —0 € ) U
%, ,J ©,J 7 j

again since eev is constant, and (veV)v = Dvwv. Also r equals
r=>e (ii +3° Ozqupq> + > eirTi
i P.q 12

=y ef, +>° (€07 + €prg) Tg »

p.q

whish gives the second representation of r. O

It is now clear that the mass equation is a part of the 4-momentum system. A question
is how one formulates in general the momentum system without the mass equation.

6.6 Reduced momentum equation. This equation reads

3 ~ 3 ~
/ ( Z (9ij1- . ﬂj + Z szz) dL4 =0 for C'GO = 0.
R4 =0

ij=0
Here f is the remaining force (without reaction term)
f:=1r—reeyep.

Remark: So this differential equation together with (6.15) is equivalent to the 4-momen-
tum system (6.2).

Proof. The equation ( = ne; implies n = (eey. Or z = ( — nej, with n 1= (eeg gives
(eeg = 0. And the definition of f gives (er = (of. Therefore

Cor = (C+nep)or = nepor + Cof

where ejer = r — pe(*Dvv. The n-term is the contribution in the mass equation and the
(-term the contribution in the reduced system. O
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7 Moving particle

The mass-momentum equation of section 6 should be consistent with the law of moving
particles. Therefore we consider the differential equation (6.1)

divl'=r

now for distributions based on an evolving point I' C R*. We refer to 7.4 and 7.5 for the
distributional version of differential equations on I'.

By an evolving point I' C R* we mean that for y € ' the scalar product e(y)er >
0 for some 7 € Ty (') \ {0}, where T(I') denotes the spacetime tangent space of I'.
Multiplying 7 by a positive constant we obtain e(y)er = 1. This way, since I' is one-
dimensional, the tangential vector becomes unique. Thus we obtain a 4-vector

vr(y) € T,(I') with e(y)evp(y) =1, (7.1)
which we call the 4-velocity of I', a notion which we already introduced in 5.2.

7.1 Remark. It follows from (7.1) that v = ey + vp with vp € W = {e}L. And vy is a
contravariant vector, i.e. it satisfies the transformation rule

vroY = DYvp.,
where Y is the observer transformation.
Proof. If I' = Y/(I'*) it follows for y = Y (y*) that DY (y*) maps Ty (I'*) into T,(I"). O

In order to get an impression of a differential equation on I' we prove the following
lemma.

7.2 Lemma (Objectivity on I'). For an evolving point I" the following holds:

/idle/ g_dHl’
r [vr r- [Vp-|

if g:T' — R is an objective scalar. The velocity vy is the 4-velocity as in 7.1. Here |vp|
denotes the Euclidean norm in spacetime of vp.

Proof. Let y = Y (y*) be an observer transformation and I' = Y (I'*). Then the transfor-
mation formula from Mathematics says that for every local function f: T' — R

dH!.

/del = / foY | detDY ]|y ey

r * Y

We have to bring this in our statement. If we choose tangent vectors
T(y) =DY(y") 7°(y") € Ty(I) for  77(y") € Ty-(I"),

and if we choose 7*(y*) as unit vector |7*(y*)| = 1 then

| det DY |, (pey | = |T0Y].
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Since v (y) = DY (y*)vp«(y*) by 7.1 we can choose

¥/ % YF*(?J*) YF(?J)
) =, TW) =
v« (y*)] v« (y)]
and obtain v
| det DY | ey | = [vroY|

Therefore the above formula reads

[ ra = [ (o fil

Setting g(y) := f(y)|vr(y)| we obtain

Y
/idle/ 9% qH'.
I“XF’ * | Vs

If g is an objective scalar, that is goY = ¢*, the assertion follows. [

The 4-velocity v is a contravariant vector, but the transformation rule for |vp| is not
so easy, it is more convenient to consider the measure

W = H1|_F (7.2)

|VI‘|

and therefore one can write the result of 7.2 as

/w%z/fww (73)
R4 R4

We can view this also as a transformation rule for pp:
7.3 Remark. If Y is an observer transformation and I' = Y/(I'*) then
pr(B) = pp-(B”) for B =Y (B").

We now write down differential equations on the curve I' in order to describe the
movement of a “tiny mass”. First let us use the distributional version of the mass equation
(5.5) taking 7.2 into account. We mention that here we only consider a single mass point.

7.4 Mass equation. We define the distributional mass equation by
divg=r,
q = MVl , r=7ryr,

where the mass m of the particle is an objective scalar and the velocity v = v and also
the rate r is an objective scalar. For scalar test functions 7 this reads

0=(n, —divg+1),q, = /4 (Vne(mu) +nr) dpr
R

= [ (@) ) (5 = [on( i ([5) + ) e



163

hence
(M) -
|vr| |vr|
For the last integral the regularity of I' and m are required.
Hint: We refer to section 8 where the notion of the scalar m is motivated.

Proof. Since n is an objective scalar, that is noY = n* we deduce that Vn satisfies
Vn* = (DY)" VnoY. Then in the first integral the pp-integrand

g = Nne(my) +nr
satisfies
g* = Nne(m ) + 0" = (DY) VnoY)s(m*v*) + (noY)r"
= (VYnoY)e(m*'DYv*) + (noY)r* = (Vne(muv) + nr)oY = goY,

that is, g is an objective scalar. Hence by (7.3)

(n, —divg+1) 40, :/gdur:/ 9" dppe = (", —divg" + 1) 50 -
r

*

This shows that the distributional equation is the distributional mass equation. To derive
the strong version note that mv = myvy € T(T'). O

Similarly, we treat the momentum equation for a single particle.
7.5 Momentum equation. The distributional 4-momentum system is defined by
divl’ =r with
Tij = muu;pr,  T; = Tifbp -

Here the mass m of the particle is an objective scalar and the velocity v = v and on the
right-hand side r satisfies the transformation rule

roY = ¥ mYig it + X Yoar]

£ 1) =
1,520 120

With this matrix distribution 7" and this vector distribution r the system reads for co-
variant vector valued test functions (

0=(C, —divT + 1) 50y = (D¢, T)guy + (¢ )y

= /R4 (D¢3(muv") + Cor) dup
/R4 ( > OiGmyp v + Y gm) dpr

i,j>0 i>0

= ZCZ( - divr(myﬁ = > + >dH1.

ri>0 @ |KF|

For the second integral the regularity of I' and m are required, and for the last identity
vp € T(I") is used. (See also section 8.)
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Proof. The test function ( is a covariant vector, that is ¢* =DYT (oY, hence
Girj = ZZ]: YiiYj5 GrjoY + ;YHJ GioY .
Then g := D(3T' + (er satisfies
7' =DCRT 4 ¢or = Gy + G
i,J
= ,X]:CmoY_Z;K/zY T + ZQOYZYZ,UT;
& .7
+ZCiOYZE/gr$
= ZCZ oY T, OY—f—ZQoYTZoY Z
= (QC.T+ (er)oY = goY |

that is, g is an objective scalar. Hence by (7.3)

(¢, =divT +1) 5u0 :/gdur :/ g dpr = (¢ —dVT" +17) gy -
r I*

Altogether this shows that we deal with the 4-momentum equation. O

We remark that the mass equation is a special case of the 4-momentum equation as
shown in 6.5.

7.6 Example. Let the coordinates be y = (t,z) € R* and let the moving point be given
by I' := {(¢,£(t)); t € R} and define {(t) := (,£(¢)). Then { = (1,&) € T(I'), and we
assume that the derivative points in the same direction as vr, that is, for y = ¢ (t)

vely) = Aly) TED, Al) > 0.

Then the 4-momentum equation for the evolving point I' is with v = v for all test
functions ¢

0= (¢, —div(muvu") —|—T> o) = myQT/R4 (D¢3(muv") 4 Cer) dpp
dt

= /R (ZajCimyiyj + Zi:(ﬂ’i) (taf(t))m

2( (Gt 6(0) mu(1€(1) + G (1. €(1) )

> g( M) S e (1, E(0) + (1, 6(6)

/< (mase®) +r) 5

This is with respect to an arbitrary e: R* — R%.

dt
A(t, €(1))
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Proof. Since I' C R* is one-dimensional we have v = vp = A(1, f), and A > 0 by assump-

tion, therefore
_H'LT  H'LT

/1'1"_ - )
’Kr‘ A /1+‘§'|2

Y CR0))
o= | S

d . 1 1
a(@(taf(t») = V(e (1,6) = XZQ"Q =3 ;ajé} Uy,

hence for every function g
Since

we obtain the result. OJ

This shows that the 4-momentum equation for a moving point ¢ — £(¢) is equivalent

to the ODE
d

AE< A%gt)) —r, (7.4)

where A > 0 is given by /\§ = Vr.

7.7 Case 1. If e = g, that is, ¢ is the “normal” time variable, then A = 1 and the ODE

reads
i () ==

Writing mass and momentum equations separately we get

ums, B = o=[}]

Proof. It is 1 = eevp = /\90-(1,5) = X and therefore

i == d(nden) = 2(m[2])

I

O

7.8 Case 2. If e is arbitrary and I" is an evolving curve, that is A > 0, then ¢ is a time
variable which is specific to the observer.

(1) If the factor A is known, the observer can choose to a variable s defined by t = ¢(s)
and

t'(s) = AE(t(s))) -

Then I' = {{(t(s)); s € R} and we obtain the differential equation

(= gfo(s)) =1
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(2) If asin 3.9

~
T
2

v V| <c,

eo = LVV] , e=e¢)=
then £oV < ¢2, which is satisfied if [£] < c.
(3) The ODE cannot be split as in 7.7. But we have, if e is a constant,
r=rey+f
according to 6.6, a formula which is well known in classical physics.

Proof (1). For every function ¢ — h(t)

d o .d d
h(H(s)) = ()5 hl) = ME LA

]
Proof (2). 1t is
: Y 1 1
1 =eevp = Neef = Y . =M (1 ——=Ve
hence ) .
= (1= ZVe).
0< ~ ( C2V 3
O

Proof (3). The pure force f := r — reejey has been defined in 6.6. And reej = e by 6.5 if
e is constant. ]

The following example is based on the coordinates in 7.8. You will find this in [4, I §5
Additionstheorem der Geschwindigkeiten].

7.9 Addition of velocities. Let y* = (¢t*,2*) € R* and y = (t,2) € R? be connected
by a Lorentz transformation y = Y (y*) := L.(V,Q)y* and consider two moving points
I = {(t,&(t)); t € R} and '™ = {(t*,&*(t")); t* € R} with I' = Y(I'*). Define

u(t,§(t)) := &£(t) and u(#7,€7(¢)) = £°(17).

(1) Then

1
V4 BeV)Qu

u= i
c
if the denominator is positive.
(2) If @ =Id and V' € span {u*} then
V+u
u =

1
1 + —2V°’LL*
C

if the denominator is positive.
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Proof (1). The identity (¢,£(t)) = Y (t*,£*(t%)) is

L@]:

If s is a common parameter, that is (¢(s), £(t(s))) = Y (t*(s), " (t*(s))), then the derivative
with respect to s gives the result. O

T+ SVTQE) |
AV 4 Be(V)QE' (1)

Proof (2). It is u* = (u*-\A/) V and BC(V)X/} =4V. O

If one takes instead the velocities v and vps« of the moving points, one has at corresponding
points (¢,&(t)) and (¢*,£*(t*)) the relation vp = L.(V, Q)vr+ and

U

vr =

) Q::§7 §<t> = (t7§<t))7 U= (17u>7

eeu

similarly for vp«. Compare the identity in 5.4(2).

8 Approximation of particles

A particle is a mass concentrated at an evolving point I' C R*. The aim is to approximate
this particle by a mass density in a neighbourhood of this curve which converges to the
particle mass on I'. This is necessary in order to prove that the distributional equations
of section 7 are really the 4-momentum equations.

In the general situation this means that we have functions g. : R* — R with support
in a neighbourhood of I' such that for a limit function gr:I' = R

1
gL' = grppr  ase — 0, where  pp = mHlLF
Vp

is the measure from (7.2). This means that for test functions n € C$°(R?)

/ ng. dL* — /ngp dpur  ase — 0. (8.1)
R4 r

In this situation we prove the following Theorem 8.3 for objective scalars g. in spacetime
which as € — 0 behave like a Dirac sequence around I'. Before we do so it is useful to
prove the following quite general statements.

8.1 Lemma. The vector e = e, satisfies

A A
(1) ’60/\"'/\€3|:u-
o
(2) |eg A - -+ Aes| is an objective scalar.

Remark: Tt is |eg A -+~ ANeg| = |eg A --- A eg] = 1 if the observer is connected with the
standard Lorentz observer.



168

Proof (1). {ef, e1, ..., e} is a basis of R* and hence eq = pey+ 7 vje; and 1 = efeey =
ptlepl?. Therefore the vector & := e — Y7 vje; = pep satisfies éee; = 0 for i > 1. We
conclude

leo A= Negl=]eNer A Neg| = |e]-|es A+ Nes|

where |&] = |ue)| = |eh| ™" (see the proof of 3.3) O
Proof (2). By 4.2 we have the transformation rule e;0Y = DY'e;. Hence

leo A s Aeg|oY = [0 Y Ao N O Y|

=leg A A€l |0Y A ADsY|
and |OpY A--- AN 03Y| = |detDY| = 1. O

8.2 Lemma. For any function h:{(y,2); z€ W(y)} = R

dH3(2)
/w<y> A A Aeay)

) by dIBE)
- /W«y*) MY ), DY ) S A A el

Remark: This lemma is applied to the case that h*(y*, 2*) := h(Y (y*), DY 2*).
Proof. 1t follows with the transformation DY (y*): W™ (y*) — W (y)

| o2 A = fdet DY (1)l | [ BlY () DY) AP ).
W(y) W™ (y*)

If {e1, e, ex } is an orthonormal basis of W* then

|det, DY |,y

= [0t Y Neo AN Op Y|
Since {e, 5, €5} is a basis of the same space W* we get
O Y Ao NOesY | = [ef Ao Aeg| [0t Ao ANOLY
and since DYe! = e;0Y for i > 1 by 4.2 we see that
0 Y N-o - NOe Y| = |eroY A--- AegoY | = |eg Ao+ AegloY .
This gives

- |61/\"'/\€3|OY
iAo A

|det DY~

and finishes the proof. O

We use this in order show that a mass point is the limit of an distributed objective
mass density.
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8.3 Theorem (Convergence to I'). We assume that I' is an evolving point and let
g- : R* — R be objective scalars whose support is in the e-neighbourhood of I'.  We
assume that for y € I and z. — z € W (y)

ler(y) A Nes(y)| g-(v +e2:) — le(y)| g(y,z) ase— 0. (8.2)
Then for n € C5°(R*)

lim [ ng.dL* :/ngp dpr (8.3)
N0 Jpa r
where aH ( )
z
arly 3:/ g\y, =z . 8.4
"= L I A A el 84)

The function gr:I' — R is an objective scalar.

Proof. We let T' = {{(s); s € R} where the parameter s can be chosen so that £'(s) =
vp(&(s)). It follows that for every function h:I' - R

[hw) ductn = [ h<y>g—;§§"> - [ et arics. (8.5)

Now we use the transformation

(5,2) =y = y(s,2) = &(s) + 3 zief (€(s)) € R,

i>1

where {ef- ( ), e%(y) 1+ (y)} is an orthonormal basis of W (). We compute its determinant,
since {€, ef, e3, s} is an orthonormal basis of R, in an e-neighbourhood of I" as
det Dy(s, 2)| = (€' + 3 #De () A ek A+ Aed
i>1

=|¢Net A Ney|+O(e) =¢ee+ O(e),

"(s)ee(£(s)) = v (€(s))ee(£(s)) = L
hence )
|det Dy(s, 2)| = e(€()] +O(e)

It then follows that for e — 0

[t = [ [ gt 2plderyts, ] L) ant o

e
= [ f e g + 0

Therefore we consider the following function

_ o )
h5<y) T /R?)(Tlge)(y( ))’6< ( >>| 5(8
_ B dH3(2) _ 5 . dH3(2)
-/ e g = [ e

— () /W Sy 5”%/(;) L),
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and (8.5) gives
[ et = [ hiw) () + OC).

By assumption (8.2) as € — 0 for z € W(y)

eg-(y + €2) 9(y, )
el A Aes)]

Y

and this is why we obtain

dH3(2) _ B
he(y) = n(y) /W(y)g(y,Z)|el(y) n A n(y)gr(y) = h(y),

and this is the convergence as € — 0 of (8.3).
It remains to prove that gr is an objective scalar. We know that g. is an objective
scalar, hence ¢.(y) = g*(y*) for y = Y(y*). By 8.1 the value

Ay) = leo(y) A+~ Nes(y)| = i) /Te'(.y‘)? e

is an objective scalar, and therefore also A(y)g.(y) = XN (y*)gZ(y*) for y = Y (y*). Thus, if
in addition z = DY (y*)z*, z* € W*(y*), from assumption (8.2)

9 ) e SN+ ) = ALY+ )
=Ny + 22, 2= (V) Y (),

— g(y,2), since z. — DY (y")z* =: 2z € W(y),

that is,

g (y*, z*) = gy, 2) for y = Y (y*), 2 = DY (y*)2*. (8.6)
From this it follows gr«(y*) = gr(y), since we prove in 8.2 that the integral which defines
gr is frame independent. O

We wanted to clarify the connection between the mass m:I" — R of a moving point
I' and the mass density o.:R* — R in spacetime, which is concentrated near I'. We have
shown in 8.3 that a certain convergence of the usually called mass in the point y € R*

2z er(y) A Aes(y)| ooy +e2)

implies that o.L* — mpur in distributional sense where the mass of the particle in y € T’

1
- lim (e%0.(y + 2)) dH?(2)
le()] Jwy) fng )

m(y)

is a mean value of the mass density across {y+z; z € W(y)}. This mass m is an objective
scalar. Accordingly, if the 4-velocity v, converges strongly to v we have convergence of
the mass and the momentum equation.



171

9 Fluid equations

In this section we consider the 4-momentum equation (6.2)
divl =71 with tensor T = pv®v +1I.

The characteristic behaviour of T' for a fluid is that it depends on the gradients of the
velocity D v, where here we take a 4-velocity v as defined in 5.2. We prove the following
theorem for the tensor II, which is the generalization of the fact, that in classical physics
the dependence on the symmetric part of the velocity gradient is the only objective version
of such a dependence.

9.1 Theorem. Let v be a 4-velocity (as in 5.2).
(1) The tensor S = DvG 4 (DvG)" — (veV)G is a contravariant tensor.
(2) Also S := DuG® + (DuG®)" — (+V)G* is a contravariant tensor.

Proof of contravariance. Let G be an arbitrary symmetric contravariant tensor, that is a
tensor with the property
GoY =DYG*DY?T (9.1)

for observer transformations y = Y (y*). The 4-velocity v satisfies

*
v;oY = ZY;’EQZ .
i

Therefore one obtains for the derivative

05(v;0Y) = 3 Yirjui + 3 Yindu

1] =1

and from the chain rule 9;(v;0Y) = >~ .(9;v;)0Y Y5, that is
2_(050;)0Y Y5 = 3 Yirjvj + 3. YinOjug

J

or in matrix notation
(DvoY)DY = Y wiDY; + DY D"

Multiplying this identity from the right side by G*DY™ one obtains using the property
(9.1)
(DvG)oY = Y vfDY;G*DY" + DY (Dv*G*) DY .

This is the transformation rule for Dv G (and it is, for G = G. and ¢ — oo, identical with
the classical formula). From this we obtain the transposed version (G* is symmetric)

(DvG)'oY =3 v;DYG*DYT; + DY (Du*G*)' DY™ .

The sum of both equations has as inhomogeneous term

M := 3 vDY;G*DY" + 3 viDY G DY
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and reads
(DvG)oY +(DvG) oY = M + DY (Dv*G* + (Dv*G*)" ) DY .

The M-term also occurs in the transformation rule of ) v,G;, since

(L uGn)oY = S ¥iwi (GreY)

i7

— DV (£ uiG5)DYT + v (DY DYT + DY G DY)
’ | ' ]
=M

Hence subtracting both equations gives S := Dv G + (Dv G)T — (v V)G and this matrix
satisfies SoY = DY S*DY™. O
Proof (1). Because G := G satisfies (9.1). O
Proof (2). Also G := G® = G — G" satisfies (9.1), since G = —Zegep” and ¢ is a
contravariant vector. O

9.2 Theorem. Let v be a 4-velocity as in 5.2.
(1) Define J :=e€" S for the tensor S in 9.1(2). The vector satisfies

Ji = Zei’k(Qszs'zp - QiGZIl))
ik

and is a contravariant vector.
(2) Tt iseeJ =0.
Proof (1). It is

(eT S)] = ZeiSij

_ Sp Sp Sp
=2 ev,,G + >0 Y eGy Vi — > vkeiGiy
J J
—_
=0

= Zk: Ok (Zeiyi) : Gi}; - %ei’kﬁi(}?;

|Z_|
=1

- %Qkak ( ; ez‘ng) + % lez"kGZp

| I—
=0

= ;ei/k<QkG§§) - Qz’GZI}) :
(2
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Thus
e"'S); = Zkiei’k(ykG§§) - Qz‘GZI;‘) : (9.2)
Now €. + ey €1 — €L/
€1 = %‘FEM; Ei, = %7

and since the bracket in (9.2) is antisymmetric in (i, k), it follows that

Jj=("'9); = ;Eik(QkGif —2:Gyj)

a term which we handled already in 5.6. This is because €; = > _.Y;se;0Y’, and hence

i = > YigeioY + > YiYigeinoY .
7 ik

Since Y 7 is symmetric in (i, k), we obtain

G =2 YiYpEwoY
ik

a property which was assumed in 5.6. O
Proof (2). Since ) e;G% = 0 for every k. O
For fluids one has the following momentum system on the basis of 9.1(2)
div(euy' + ) =7, II=pG* -5,
S = p(DuGP 4 (DvGP)" — (1o V)G?) + A divo G*
where p, p, and A\ are objective scalars. It contains the mass equation

diviov+J) =1, J=ecll=e°S5,

where esJ =0 and r = es7 + Des (v (ov + nt +1I).

10 Higher moments

We now present the relativistic version of higher moments. We consider moments of
order N with flux T = (Tﬁ)ﬂe{o ..... gyvei- Writing T = Ti,; with g = («a,j), where a €
{0,...,3}" and j € {0,...,3}, the system of N*-moments reads in the version for test

-----

/ Z(Z%Ca-TaﬁCa-ga) dL* = 0. (10.1)
R

4o V>0

The strong version of this system is divT = g or

>0y Taj = 9o forae{0,...,3}". (10.2)

320
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The definition of the physical quantities of this system of N*-moments is the follow-
ing: We demand from the test functions that they satisfy the transformation rule

Cgl"'l_fN = Z Yk’l ’El e }/;‘;N /];;NCkl...kNOY

ki,....kn2>0

for all ky,...,ky € {0,...,3}, where Y is a relativistic observer transformation. Hence
these test functions ¢ are covariant N-tensors. Here y, T', g, and ( are the quantities for
one observer and similarly y*, T, ¢g*, and (* are these quantities for another observer, and
y = Y (y*) is the observer transformation where we as always assume that det DY = 1.
Therefore it holds

[ S (St T+t a) = [ ST o615+ G0 aut
R4 « 7>0 R4 « 7>0

and this is satisfied if the physical quantities T and g fulfill the following transformation
rule (see the result in 11.1 below)

Tk1~~'kMOY = Z Ykl eyt YkM”_CMTgr“EM (103>

ky,...kar>0

for kq,...,ky € {0,...,3} and M = N + 1, and

gkl"'kNOY - Z (Yk‘l 'k T 'YkN ,EN) ’jTl_;kl---l_CNj
Rty ki i >0
b ) (10.4)
+ 2 Yk Yy ity
k1,....,kn>0
for ky,...,ky € {0,...,3}. If one wants to express a high moment in terms of another

observer, one needs all moments of the other observer up to this order. As symmetry
condition one might assume that 75, and g, are symmetric in the components of «, but
in general there is no symmetry with respect to the last index j. Thus for N = 1 the
relativistic Navier-Stokes equations are included. And it is important to say that also
for arbitrary N we do not prescribe a constitutive relation for T, we only assume that
they are a solution of system (10.1). The form of this system is the only connection to
section 2.

So far no special relativistic argument has occurred. But obviously the question arises,
how the lower order momentum equations are contained in this presentation, are the
(N — 1)*-moments part of the N""-moments as in the non-relativistic case? So we have
to find a relativistic version of the reduction in 2.1. On the other hand what is clear is
that the usual representation of the tensor

Ts = oug, -~ v, + 14 (10.5)

with M = N + 1 can be used also in the relativistic case. Here we choose the 4-velocity v
as defined in 5.2 and o as the mass density which is an objective scalar. Then the tensor
T satisfies (10.3), if II does it, because v is a contravariant vector, that is,

3
*
v;oY = Y7

=0
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This implies

(2

M M M 3
(@ 1 Ql@) oY = oY [ 0¥ = o" |1 ( Ym&i)
=1 i=1 ki=0

i=1

=

3
_ >k _ _ * *
=0 i Z Ykl'kl”'}/kM'kMyl_cl'”yl_cM
k1,....kpr=0

3 M
= > Yok o Yeu 'k <Q I1 Q;;i>

k1,....,kn=0 i=1

and gives (10.3) for T

Reduction of the system

The system of N**-moments (10.2) consists of 4V differential equations (without taking
symmetry of T,; and g, in (ai,...,ay) into account) and it should contain the 4%~*
differential equations of the (N — 1) -moments equation. We realize this the same way as
we did for N = 1 in section 6. There we considered the 4-moment system and we showed
in 6.6 that it contains the mass equation. Here we present a generalization. We use as
special test function

COQ“'OLN = eozanzQ"'aN (106)

where the vector e is the time vector from section 3. The function 7 is a covariant
(N — 1)-tensor.

10.1 Reduction lemma. The system of N*"-moments (10.2) contains as part the system
of (N — 1)*™-moments

> 0y Ta; = go foraed0,... 33N
0

with

Ty = ZeiTiaj y Yo = Z (ei’j Tiaj +€; gia) .
Remark: The case N = 1is included by writing >_,.,0,,T; = g. Since }_,e;v; = 1, this is
consistent with (10.5), that is, (10.5) holds for all orders of moments.

Proof. We choose the test function as in (10.6). If  is a covariant (N — 1)-tensor then
since e is a covariant vector

* * *
Caran = €a1Manan
= Z Yo, /61€0,0Y - Z Yoo ray 'YaN’@NT]Oéz"'aNOY

a1>0 ag,...,an >0

- Z Yal ‘ap " YQN ‘an€ay OynazmaN oY

at,...,an >0

= Z Yo, a6 "'YOZN’O_ZNCOQ'"CVNOY'

at,...,an >0
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This means that ¢ is an allowed test function and it follows from (10.1) writing o = (¢, )

OZ/R Z(;anga'Taj‘FCa'ga) dr*

4 «

= [ S (S0, meaTis+ g, ) au

4 Gy
[ S (S Set tn (et ren) Yt
R4 v J % Iz |
=T, = Yy
This gives the result. O]

Coriolis coefficients
The transformation formula (10.4) gives rise to the following definition of the coefficients

Cy = (05)56{0 gy (this is a generalization of 6.1)
Be{0,...,3}N+1 ’

With these Coriolis coefficients the system (10.2) has the form

ST~ X CiTy=f, forae{o...3}" (10.8)

>0 BEf0,...,3}N+1

with transformation rule (10.3) for the tensor 7', that is, 7" is a contravariant M-tensor
(M =N +1), and

£ gy oY = Z Vi Y i £rpiy (10.9)

.....

for a Comparlson with the classical case.) The Corlolis coefficients satisty the following
transformation rule.

10.2 Rule for the Coriolis coefficients. The rule (10.4) for g is equivalent to the fact
that f is a contravariant N-tensor and

mym
Z le 'y " YmN+1 /mN+1Ck1~--kN oY

_ *m1 m]\]+1
- _ Z Yk‘1 /k‘l YkN/kNCk k (Ykl 'm1 " 'S/;CN/T?LN)

= "M N 41

for all ky,....ky and mq, ..., Myi1.
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Proof. We take the equation (10.4). Using the definition (10.7) and the above transfor-
mation rule (10.9) for f this equation becomes for ki,...,kxy € {0,...,3}

< Z CzlkV;NH Tm1-~mN+1> oY

mi,...,mN412>0

— — .. - ol
- Z (Yk‘l’/ﬁ Y;ﬂleN) /kalmkNj (1010)
ki,....kn,j>0
. B ¥ TN +1 %
+7 Z Yk‘1’1€1 YkN’kN _ Z Ei-kn Tml'”mN-H
k1,....,kn>0 mi,...,mN4+12>0
Using (10.3), that is
_ *
Tml"-mN+10Y - Z Ym1 'm1 "7 'YmN+1 'mNJrlel"'mN-H ’

the left-hand side of (10.10) becomes
Z le 'mp " YmN+1 'mN+1C]:Z.1....];;:’$N+1 oY 7“’f

miMmN41 "
mi,...,mny1 >0,
mi,...,mny41 >0

Now compare the coefficients of 7* with the one of the right-hand side of (10.10) and
obtain

mi-Mmpy 41
Z le 'yt YmN+1 'mN+1Ck1---kN oY
mi,...,mn41>0

- B B KM MN 41
- (Ykllml ”'YkN/mN) Z Y]ﬁ'kl "'YkleNC L )

'm _ — ];:1“']{3]\7
N kN30

which is the assertion. O

11 Appendix: Divergence systems

We consider a spacetime domain & C R""!, n = 3, and in U/ integrable fluxes ¢* and

functions 7%, k = 0,..., M, which solve the divergence system in U/
> 0,qF =rF for k=0,..., M. (11.1)
i=0

Further, we suppose that an invertible matrix Z = Z(y*),

Z(y") = (Z(W )0, - (11.2)
is given. We consider the following transformation rule for observer transformations y =
Y(y)

qfOY = %ZﬂY;/jZqu;l > J = det Dy*Y > 0,
TkOY = % (Z]lel’]q;l —+ Zle-ﬂ"*l> s
foralli=0,...,nand k=0,..., M,

where j runs from 0 to n, and [ from 0 to M.

(11.3)

In [2, Section I.5] it has been proved that the system (11.1) is invariant under observer
transformations if (11.3) is satisfied:
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11.1 Theorem. If the quantities ¢*, r*, k = 0,..., M, satisfy the transformation rule
(11.3) for a matrix Z as in (11.2), then with U = Y (U*)

M n
S [ (L oG g+t au
u*

=0 7=0

u (11.4)
=5 [ (Songadt +art)
k=0Ju \i=0
where the test functions satisfy
¢ =2"CoY . (11.5)

In the case Z = DY this theorem is used in this paper for the relativistic theory
special for the 4-momentum system. In this case the condition (11.3) on the fluxes are
fori,k=0,...,n

1 .
oY = = 3 YiyYing)',
J jiZo

and the test function ( is a covariant vector. For the hierarchical theory the matrix Z is
Z:(Z(Z- (G f)il i B = ., with
- Y F P Y i

1N ) (015050 N) i1741 iN'in

In this case the property (11.5) says that the test function is a covariant N-tensor. In the
special case Z = Id this theorem can be used for the introduction to elasticity theory, see
e.g. [2, Section 1.6].

12 Appendix: Theorem on Lorentz matrix

The following is a well known theorem.
12.1 Theorem. The following sets of matrices are the same.
(1) The set of all matrices M satisfying
Ge = MG.M"
with the normalization, that My, > 0 and det M > 0.

(2) The set of all matrices
M =L.(V,Q)

with V € R3, |[V| < ¢, and @ an orthonormal matrix with determinant 1.

The Lorentz matrices L.(V, Q) are given by

Y T
=V Q
L.(V,Q) = 7 2 ;
( ) ~V ]%C(V)Q

where Bo(V) :=Id + 2=V VT and vy = (1 — ‘Z—f)_% for [V] <.

c(y+1)
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